A Additional related work

Soudry et al.| [2018]] showed that gradient descent on linearly-separable binary classification problems
with exponentially-tailed losses (e.g., the exponential loss and the logistic loss), converges to the
maximum ¢5-margin direction. This analysis was extended to other loss functions, tighter convergence
rates, non-separable data, and variants of gradient-based optimization algorithms [Nacson et al.,[2019]
Ji and Telgarsky, 2018b} J1 et al., 2020l |Gunasekar et al., [2018a, Shamir}, 2020, |Ji and Telgarsky,
2021]).

As detailed in Section E], Lyu and Li [2019] and Ji and Telgarsky| [2020] showed that GF on
homogeneous neural networks with exponential-type losses converge in direction to a KKT point
of the maximum-margin problem in parameter space. The implications of margin maximization
in parameter space on the implicit bias in predictor space for linear neural networks were studied
in |Gunasekar et al.| [2018b] (as detailed in Section E]) and also in Jagadeesan et al.|[2021], Ergen
and Pilanci| [2021abl]. Moreover, several recent works considered implications of convergence to
a KKT point of the maximum-margin problem, without assuming that the KKT point is optimal:
Safran et al.| [2022] proved a generalization bound in univariate depth-2 ReLU networks, |Vardi
et al.|[2022]] proved bias towards non-robust solutions in depth-2 ReLU networks, and [Haim et al.
[2022]] showed that training data can be reconstructed from trained networks. Margin maximization
in predictor space for fully-connected linear networks was shown by Ji and Telgarsky| [2020] (as
detailed in Section [2), and similar results under stronger assumptions were previously established
in |Gunasekar et al.| [2018b]] and in [Ji and Telgarsky| [2018a]. The implicit bias in predictor space
of diagonal and convolutional linear networks was studied in Gunasekar et al.|[2018b]], Moroshko
et al.[[2020], Yun et al.|[2020]. |(Chizat and Bach| [2020] studied the dynamics of GF on infinite-width
homogeneous two-layer networks with exponentially-tailed losses, and showed bias towards margin
maximization w.r.t. a certain function norm known as the variation norm. |Sarussi et al.|[2021]] studied
GF on two-layer leaky-ReLLU networks, where the training data is linearly separable, and showed
convergence to a linear classifier based on a certain assumption called Neural Agreement Regime
(NAR). Phuong and Lampert| [2020]] studied the implicit bias in depth-2 ReL.U networks trained on
orthogonally-separable data.

Lyu et al.| [2021]] studied the implicit bias in two-layer leaky-ReLU networks trained on linearly
separable and symmetric data, and showed that GF converges to a linear classifier which maximizes
the ¢, margin. They also gave constructions where a KKT point is not a global max-margin solution.
We note that their constructions do not imply any of our results. In particular, for the ReLU activation
they showed a construction where there exists a KKT point which is not a global optimum of the
max-margin problem, however this KKT point is not reachable with GF. Thus, there does not exist an
initialization such that GF actually converges to this point. In our construction (Theorem 3.2)) GF
converges to a suboptimal KKT point with constant probability over the initialization. Moreover,
even their construction for the leaky-ReL.U activation (which is their main focus) considers only
global suboptimality, while we show local suboptimality for the ReL.U activation.

Finally, the implicit bias of neural networks in regression tasks w.r.t. the square loss was also
extensively studied in recent years (e.g.,|Gunasekar et al.|[2018c]], [Razin and Cohen! [[2020], Arora
et al.| [2019], Belabbas| [2020], Eftekhari and Zygalakis| [2020], [Li et al.| [2018]], Ma et al.| [2018]],
Woodworth et al.| [2020], |Gidel et al.| [2019]], |Li et al.| [2020]], Yun et al.|[2020]], Vardi and Shamir
[2021]],|Azulay et al.|[2021]], Timor et al.|[2022]). This setting, however, is less relevant to our work.

For a broader discussion on the implicit bias in neural networks, in both classification and regression
tasks, see a survey in Vardi| [2022].

B Preliminaries on the KKT conditions

Below we review the definition of the KKT condition for non-smooth optimization problems (cf. |[Lyu
and Li|[2019], Dutta et al.|[2013]]).

Let f : RY — R be a locally Lipschitz function. The Clarke subdifferential [Clarke et al., [2008] at
x € R9 is the convex set

0° f(x) := conv { lim Vf(x;) | lim x; = x, f is differentiable at xi} .
1—> 00 1—> 00

If f is continuously differentiable at x then 0° f (x) = {V f(x)}.
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Consider the following optimization problem
min f(x) st Vn € [N] g.(x) <0, (5)

where f,g1,...,gn : R® = R are locally Lipschitz functions. We say that x € R? is a feasible point
of Problem []if x satisfies g,,(x) < 0 for all n € [N]. We say that a feasible point x is a KKT point
if there exists A1,..., Ay > 0 such that

L0 €0°f(x) + X en) Andgn(X);:
2. For all n € [N] we have A\, g, (x) = 0.

C Proofs

C.1 Auxiliary lemmas

Throughout our proofs we use the following two lemmas from Du et al.|[2018]]:

Lemma C.1 (Du et al.| [2018]]). Let m > 2, and let ® be a depth-m fully-connected linear or
ReLU network parameterized by 0 = [W1, ..., W,,]. Suppose that for every j € [m| we have
W; € R% *di-1. Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF. Then, for every j € [m — 1] at all time t we have

d
= (W3l = 1Wysal3) = 0.

Moreover, for every j € [m — 1] and i € [d;] we have

LW, = W17 = 0.

where W;[i,:] is the vector of incoming weights to the i-th neuron in the j-th hidden layer (i.e.,
the i-th row of W;), and W1, 1] is the vector of outgoing weights from this neuron (i.e., the i-th
column of W;_1).

Lemma C.2 (Du et al|[2018]). Let m > 2, and let ® be a depth-m linear or ReLU network in N,
parameterized by @ = [u'l) ... u(m)]. Consider minimizing any differentiable loss function (e.g.,
the exponential or the logistic loss) over a dataset using GF. Then, for every j € [m — 1] at all time t

we have ) )
4 (H“U)H ~ Ju| ) _o.
dt

Note that Lemma|[C.2] considers a larger family of neural networks since it allows sparse and shared
weights, but Lemma [C.1] gives a stronger guarantee, since it implies balancedness between the
incoming and outgoing weights of each hidden neuron separately. In our proofs we will also need
to use a balancedness property for each hidden neuron separately in depth-2 networks with sparse
weights. Since this property is not implied by the above lemmas from Du et al.|[2018]], we now prove
it.

Before stating the lemma, let us introduce some required notations. Let ® be a depth-2 network in
Nao-share- We can always assume w.l.0.g. that the second layer is fully connected, namely, all hidden
neurons are connected to the output neuron. Indeed, otherwise we can ignore the neurons that are not
connected to the output neuron. For the network ® we use the parameterization 6 = [w, ..., W, V],
where k is the number of hidden neurons. For every j € [k] the vector w; € RPJ is the weights
vector of the j-th hidden neuron, and we have 1 < p; < d where d is the input dimention. For
an input x € R? we denote by x/ € RPJ a sub-vector of x, such that x7 includes the coordinates
of x that are connected to the j-th hidden neuron. Thus, given x, the input to the j-th hidden
neuron is (w;, x7). The vector v € R¥ is the weights vector of the second layer. Overall, we have

D(0;x) =3 i vjo(w)] x7).
Lemma C.3. Let ® be a depth-2 linear or ReLU network in Nyy_ghare, parameterized by 6 =

[W1,...,wWg, v]. Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF. Then, for every j € [k] at all time t we have

& (Iwil? =) =o0.
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Proof. We have

/3(9)225( (0;x;)) ZE ylzvlawl

i€[n] i1€[n] le[k]
Hence
d dw
= (Iws1?) = 20w, 2 = —2(w;, Var, £(9))
=-2 Z AR Z vio(w]x}) | -y’ (w]x]w] ]
1€[n] le(k]
=23 |y wo(wx) | -ywjo(w/x]).
1€[n] le(k]
Moreover,
d dv;
T (v]) =20 o = 20V, L)
= —2v, Z Oy Z vo(w] X)) | - yio (WTXJ)
(7] Le[K]
Hence the lemma follows. O

Using the above lemma, we show the following:

Lemma C4. Let ® be a depth-2 linear or ReLU network in Noo-ghare, parameterized by 0 =
[W1, ..., Wy, v]. Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF starting from 0(0). Assume that lim;_, . ||0(t)|| = oo and that
0(t) converges in direction to 0 = [W, ..., Wy, V], i.e., 0 = ||0]] - lim;_,0 %. Then, for every
l € [k] we have || W] = |0].

Proof. For every | € [k], let A; = [|w;(0)]* — v;(0)2. By Lemma we have for every | € [k]
and t > 0 that ||w;(t)||* — v (t)2 = A, namely, the differences between the square norms of the

incoming and outgoing weights of each hidden neuron remain constant during the training. Hence,
we have

2
_ . Joi(t)] [wi()]I” — Ay
o =191 Jmn, gy =190 i, gy
Thus, if lim, o [[wi(t)]| = o0, then we have || = [|8]] - lim, oo Ll = (%
Assume now that ||w;(t)|| 4 oc. By the definition of @ we have ||W;|| = ||@] - lim;_, oo ”HV;((?””
Since lim;_, o ””";l(gt))H” exists and lim;_, o ||0(t)|| = oo, then we have lim;_, o ””v;’((t’;)‘l“ = 0. Hence,
limy e JOL = iy o YINUOI =20 — 0 Therefore ||, | = 5, = 0. O

C.2 Proof of Theorem 3.1]

Suppose that the network ® is parameterized by 8 = [W®), ... W™, By Theorem - GF
converges in direction to a KKT point § = [W1) .. W(m)] of Probleml For every | € [m] let
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A = HW(Z)(O)HjJ — HW(l)(O)Hi,. By Lemma , we have for every | € [m] and ¢ > 0 that

ol ol - Z ool -l
j=1

(G0 o |12 0l
_ J _ J
> [werol, - wool,

2 2
= W(l)OH ’W(l)OH A
WO o =a
Hence, we have
ol o VOOl _ o VITOOIG+ A
o], = 160 i = = 8- leta
R T A AL < 131
Since by Theoremwe have lim;_, [|(t)|| = oo, then limy_,o |[W M) (2) )|| » = oo, and we have
< W (¢t .
HW(l)H — 10| - w - HW(DH
0]

By i and Telgarsky| [2020]] (Proposition 4.4), when GF on a fully-connected linear network w.r.t. the
exponential loss or the logistic loss converges to zero loss, then we have the following. There are unit
vectors vy, . . ., V,;, such that
w®(t)
lim ————— = v;v;_
i=o0 [WO)]] i

for every | € [m]. Moreover, we have v,,, = 1, and vo = u where

u ;= argmax min yiuTxi
[ull=1 €[]

is the unique linear max margin predictor.

Note that we have

1 z V; . ()
w® _ w® B 16| - limy— o V\}/Ttgﬁ) o WO (¢) .
c W(l) A . Hw(z)(t)” tlggo HW(Z) H =V|V;_q-

Thus, W = Cvyv, | forevery | € [m].
Leta =W . WO = C™u. Since 6 is a KKT point of Problem we have for every [ € [m]

~ 0P ( 0: x;
WO — Z&yz el )’

where A; > 0 forevery ¢, and A; = 0if y; (0 xl) # 1. Since W) are non-zero then there is i € [n]
such that 1 = yZ<I>(0 X;) = ylu X; = yZC’mu x;. Likewise, since 0 satisfies the constraints of

Probleml then for every i € [n] we have 1 < y; (0 x;) = y;C™u'x;. Since, u is a unit vector
that maximized the margin, then we have

[ = C™ = min ||u|| s.t. y;u'"x; > 1foralli € [n]. (6)
Assume toward contradiction that there is 8" with ||| < @] that satisfies the constraints in
Problem Letu = W' . ... W' By Eq.@we have ||u’|| > ||a]| = C™. Moreover, we have
'] = [[w’em WD < T [WP] - due to the submultiplicativity of the Frobenius
norm. Hence [ ], [m ||W’ @ || = C™. The following lemma implies that

ol = 3 [we = mc2= 3 W], = ol
le[m) le[m]

in contradiction to our assumption, and thus completes the proof.
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Lemma C.5. Let aq, ..., a,, be real numbers such that | |
Z]E[m] a?>m-C2

jefm] % > C™ for some C > 0. Then

Proof. 1t suffices to prove the claim for the case where []; efm) @ = C™. Indeed, if I1; em] 4 >
C™ then we can replace some a; with an appropriate a’; such that |a;| < |a;| and we only decrease
> jetm) @ ] Consider the following problem

min% Z al st H a; =C™".
Jjelm]

J€[m]

Using the Lagrange multipliers we obtain that there is some A € R such that for every [ € [m]
we have a; = A - [[, a;. Thus, al = \- [1e LIt implies that a? = ... = a2,. Since

[Licm @j = C™ then |a;| = C forevery j € [m ] Hence Z]E[m] 2 =mC? O

C.3 Proof of Theorem [3.2]

Consider an initialization €(0) is such that w; (0) satisfies (w1(0),x;) > 0 and (w1(0),x2) > 0,
and wo(0) satisfies (w2(0),x;) < 0 and (w2(0), x2) < 0. Moreover, assume that v1(0) > 0.

Note that for every 6 such that (w2, x1) < 0 and (w2, x2) < 0 we have
2
=D C(yi®(8;x:)) - 4 Ve, 2(6: %)
2
= ZE’(yT;(I)(B; X)) * Yi Vw, [010(W] X;) + v20 (W3 x;)]
2
= Zgl(yiq)(eﬁ(i)) - Yiva0’ (Wy x:)%; = 0.
and
2
Vo, L£(0) = Ze’(yi@(e;xi)) Yi Vo, ©(6;%;)
2
= ZE'(yié(H; X)) Yi Vi, [Ula(wlTXi) + Uga(w;xi)]
2
= Zfl(yiq’(e;xi)) o (wy x;) =0
i=1
Hence, wy and v, get stuck in their initial values. Moreover, we have
2
= Zﬂ’(yl@(e;xi)) YV, [v10(W] ;) + v20(Wg x;)]
—Zﬁ'yz (0;x;)) - o(w] x;) <0.

Therefore, for every t > 0 we have vy (t) > v1(0) > 0.

We denote wi = (wq[1],w:[2]). Since (w1(0),x;) > 0 for j € {1,2} then w;[2](0) > 0. Assume
w.Lo.g. that wy[1](0) > 0 (the case where w;[1](0) < 0 is similar). For every w; that satisfies
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wi[2] > 0and 0 < wq[1] < wq[1](0) we have (w1,x1) > (w1,X2) > 0. Thus,

2
Ve, £(0) = > ' (4:®(0:%))) - 4V, [010(W] x;) + v20(w; x;)]
=1

2
= Zél(yi(vla(wixi) +0)) - yivio’ (w) x3)%;
=1

2
= E O (1w ;) - 01X .
i=1
. . . . . . . dwq 1
Since ¢ is negative and monotonically increasing, and since v; w{ x; > v;W| Xo, then %[] <0.

dw1 [1]
dt

Also, d“(’iltm > 0. Moreover, if w1 [1] = 0 then v;w x; = v;W{ x5 and thus = 0. Hence, for

every ¢t we have w1 [2](¢) > w1[2](0) > 0and 0 < w1 [1](¢) < wq[1](0).

If £(8) > 1 then for some i € {1,2} we have £(y;®(8;x;)) > % and hence ¢'(y;®(8;x;)) < c for
some constant ¢ < 0. Since we also have v; > v1(0) > 0, we have

dt 4
Therefore, if the initialization 6(0) is such that £(0) > 1 then w;[2](¢) increases at rate at least
00 while w1 [1](t) remains in [0, w1[1](0)]. Note that for such wy[1] and v; > v1(0) > 0, if
wy [2] is sufficiently large then we have v1 (w1, x;) > 1 fori € {1, 2}. Hence, there is some ¢ such
that £(6(tp)) < 2¢(1) < 1 for both the exponential loss and the logistic loss.

> —c-v1(0) -

Therefore, by Theorem [2.1] GF converges in direction to a KKT point of Problem [2] and we have
lim; 0o £(0(t)) = 0 and lim;_, ||@(t)|| = co. It remains to show that it does not converge in
direction to a local optimum of Problem[2]

Let 8 = limy_, o %. We denote 8 = [Wy, W, U1, 2. We show that w; = %(0, nho = %,
wy = 0 and 72 = 0. By Lemma we have for every ¢ > 0 that vy (£)2 — [|[w1(t)||> =
v1(0)2 — ||w1(0)||* := A. Since for every ¢ we have w(t) = w(0) and va(t) = v5(0), and since
lim;_, [|0(t)]| = oo then we have lim;_, o, ||w1(t)|| = oo and lim;_, |v1(t)] = co. Also, since
lim; o0 ||W1 (2)|| = 0o and wq [1](¢) € [0, w1 [1](0)] then lim;—, o w1 [2](¢) = oo. Note that

o)l = \/HWl(t)ll2 +o1(t)? + [ wa(0)* + v2(0)2 = \/A + 2 [wi()” + [w2(0)]* + v2(0)?.
Since w1 [1](¢) € [0, w1[1](0)] and ||0(t)|| — oo, we have

_ _ wi[l](t)
il =22 e =
Moreover,
Wl[Q] = 11m Wi [2](t) = l1m <w1 [2](t))2 _ i
t=oo [|O(t)] t=oo \[ A 4 2(w [1](2))2 + 2(w1 [2](1))2 + ||w2(())||2 + v5(0)2 V2’
and

- wa(t) m w2 (0)
i—oo |0()]| % o~

Finally, by Lemma and since v1(t) > 0, we have 71 = ||w1]| = % By Lemmawe also

have |U2| = ||W2| = 0.

Next, we show that @ does not point at the direction of a local optimum of Problem Let 8 =
[W1, Wa, U1, D2] be a KKT point of Problemthat points at the direction of 6. Such 0 exists since
0(t) converges in direction to a KKT point. Thus, we have Wy = 0, 05 = 0, W1 = «(0,1) T and
07 = « for some o > 0. Since 0 satisfies the KKT conditions, we have

2 2
W= AV, (yiq’(é;xi)) =3 iy (0107 (W] x0)x;)
i=1 i=1
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where \; > 0and \; = 0 if yiq)(é; x;) # 1. Note that the KKT condition should be w.r.t. the Clarke
subdifferential, but since W, x; > 0 for i € {1,2} then we use here the gradient. Hence, there is
i € {1, 2} such that y;®(6;x;) = 1. Thus,

1= yi(I)(é;Xi) = D10(W, X;) + Do0(Wy X;) = o - & +0= iy

Therefore, o = 2 and we have w; = (0,2) " and #; = 2.

In order to show that 6 is not a local optimum, we show that for every 0 < ¢’ < 1 there exists some
0’ such that ‘ 0 — éH < ¢, @ satisfies ®(0';x;) > 1 for every i € {1,2}, and ||@’| < ||0]|. Let
e= < 1 Let@ = [wi, wh,v},vh] besuch that w} = (5,2 —2¢)T, wh = (—v26,0)T, v =2
and v}, = 1/2¢. Note that

d(0:x))=2 0 ((;,2 —26)(1, i)T) +V2e 0 ((—x/%, 0)(1 1)T>

:2-a(§+;—;)+\/%-o(—\/%)=1,

and

D(O;%x) =20 ((;,2 —2)(—1, i)T> +V2 -0 ((—\/Z, 0)(—1, i)T>

1
2-0<;+2;)+\/26-J<\/26)12e+261.
We also have
A 2_ / ~ 12 / ~ 12 / ~ \2 ’ ~ \2
0 — 0| =|[wi—Wi[]" + [[wy — Wa|" + (v} —01)7 + (v3 — D2)

2
= <€4+462) +2 4042 <9 =¢?.

Finally, we have

2 17¢ 17 =12
[0 = G +4 -84 +2e+4+2e =8 —de+ —— <8—de+ - <8=|8] .

Thus, ||€’|| < ||6]].

C.4 Proof of Theorem 4.1]

Let x = (1,2)" and y = 1. Let 8(0) such that w1 (0) = w2(0) = (1,0)". Note that £(6(0)) =
£(1) < 1 for both linear and ReLU networks with the exponential loss or the logistic loss, and

therefore by Theorem GF converges in direction to a KKT point 6 of Problem |2 and we
have lim;_,, £(0(¢)) = 0 and lim;_,. [|@(¢)|| = co. We denote w; = (wy[1],wy[2])" and
wo = (wa[l], w2[2]) T. Note that the initialization 6(0) is such that the second hidden neuron has 0
in both its incoming and outgoing weights. Hence, the gradient w.r.t. w1[2] and w3[2] is zero, and the
second hidden neuron remains inactive during the training. Moreover, w1 [1] and w[1] are strictly

increasing. Also, by Lemma we have for every ¢ > 0 that w [1)(£)? = wy[1](t)2. Overall, 6
is such that w; = wo = (1,0) ' . Note that since the dataset is of size 1, then every KKT point of

Problem 2] must label the input x with exactly 1.

It remains to show that @ is not local optimum. Let 0 < ¢ < 1, and let 8 = [w/, w}] with
wi=wh=(V1—¢, \/g)—r Note that ~0/ satisfies the constraints of Problem since y- ®(0';x) =
1—€+2- £ = 1. Moreover, we have [|0]|?> =2 and [|0'||> =2 (1 — e + £) = 2 — € and therefore
16" < [161]-
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C.5 Proof of Theorem
C.5.1 Proof of part 1

We assume w.l.o.g. that the second layer is fully-connected, namely, all hidden neurons are connected
to the output neuron, since otherwise we can ignore disconnected neurons. For the network ® we
use the parameterization @ = [w1, ..., wy, v] introduced in Section|C.1] Thus, we have ®(8;x) =

Tl
Zle[k] uw, X'

By Theorem GF converges in direction to 8 = [W1, ..., W, V] which satisfies the KKT
conditions of Problem Thus, there are Ag, . .., Ay, such that for every j € [k] we have

= 3" AV, (w®Bix)) = > Aty (7)

i€[n] i€[n]

and we have \; > 0 for all i, and \; = 0if y; (0 x;) = y; e 5%, X! # 1. By Theorem
we also have limy_, [|0(t)]| = oo. Hence, by Lemma|C.4|we have ||w; | = |,| for all j € [k].

Consider the following problem

min Z [lw ]| st Vien] y Z u'xt>1. (8)

l€[k]

For every | € [k] we denote &; = ¥; - W;. Since we assume that w; # 0 for every [ € [k], and

since ||W;|| = |0 [k]. Note that since W1, . . ., Wy, V satisfy the constraints
in Probleml then uy, ..., Uy satisfy the constraints in the above problem. In order to show that
uay,..., Uy satisfy the KKT condition of the problem, we need to prove that for every j € [k] w
have

Z Nyix! ©)

for some A} > 0 such that A} = 0 if y; >,y ﬁl—rxé # 1. From Eq.and since ||W;|| = || for
every [ € [k], we have

u; =0 W; = ; Z /\Zyzvjx = Uz Z )\Zle = [|5;w;]| Z /\zyzx = [lay]| Z A\iyix;

i€[n) i€[n] 1€[n]

||uJ||

Note that we have \; > 0 forall i, and A; = 0if ; 374y O u x! =y 2 ie(k] oW, x| # 1. Hence

Eq. @]holds with \{, ..., \/ that satisfy the requirement. Since the objectlve in Problemlls convex
and the constraints are afﬁne functions, then its KKT condition is sufficient for global optimality.
Namely, @y, . . ., G, are a global optimum for problem [§]

We now deduce that 8 is a global optimum for Probleml Assume toward contradiction that there
is a solution 8’ = [w},..., w},v ] for the constraints in Probleml 2| such that [|6"]|? < ||@]%. Let
u; = v;w;. Note that the vectors u; satisfy the constraints in Problem|[8] Moreover, we have

1 1 L2
3 ) = Z ofl il < 32 5 (i + Iwil?) = S 116701 < 5 9]

le[k] le[k]

= Z 5 (|m|2 + ||v”vz||2) -
le[k]

Since ||w;]| = |71,
> Iwl* = Z [l - Il =D
le[k] le[k]
which contradicts the global optimality of Gy, ..., Ug.
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C.5.2 Proof of part 2

Let {(x;,¥;)}{_, be a dataset such that y; = 1 for all i € [4] and we have x; = (0,1)7,
xo = (1,0)7, x3 = (0,—1) and x4, = (—1,0). Consider the initialization 6(0) =
[w1(0), w2(0), w3(0), w4(0), v(0)] such that w;(0) = 2x; and v;(0) = 2 for every i € [4]. Note
that £(0(0)) = 4¢(4) < 1 for both the exponential loss and the logistic loss, and therefore by Theo-
remGF converges in direction to a KKT point 8 of Problem and we have lim;_, ., £(0(t)) =0
and lim;_, . ||0(¢)|| = oo

We now show that for all ¢ > 0 we have w;(t) = a(t)x; and v;(t) = «(t) where a(t) > 0 and
lim;_, o () = oo. Indeed, for such 8(t), for every j € [4] we have

ki R VWJ£ Zgl yz 9 Xz yszj(b(gaxz)

4
= Zé’ (Z vla(wlTXi)) . ('Uj (W;rxi)xi)

4
a- Z 0'(W;xi)xi =l (a?) ax; ,
i=1

and

d

4
_% = V'UJE(O) = Zf/<yz(l)(07xz yzvvjq)(e XZ = Z (Z e wl X; ) . U(W;Xi)
=1 i=1
4
=0(a®) - o(w]x;) =l(e?) a.

Moreover, since lim;_,, ||8(¢)]| = oo then lim;_, o, a(t) = 0.

Hence, the KKT point 6 is such that for every Je [4] the vector w; points at the direction X and
we have 0; = ||WJH Also, the vectors W1, Wa, W3, W4 have equal norms. That is, W; = ax; and
v; = & for some & > 0. Moreover, since it satisfies the KKT condition of Problem@, then we have

4
= AV, @(6;x))
i=1
where \; > 0 and \; = 0 if yifl)(é; x;) # 1. Hence, there is i such that yﬁb(é; x;) = 1.Therefore,
&? = 1. Thus, we conclude that for all j € [4] we have w; = x; and ¥; = 1. Note that w; # 0 for
all j € [4] as required.

Next, we show that 6 is not a local optimum of Probleml We show that for every 0 < € < 1 there
OH < ¢, 8’ satisfies the constraints of Problem L and ||0'|| < 6]

Let € = zf Let ' be such that v} = 0; = 1 forall j € [4], and we have w} = (¢,1—¢€)T,
wh=(1-¢,—€)", wh = (—¢ ,—1+e) and w) = (=1 +¢,€)T. Itis easy to verify that 6’
satisfies the constraints. Indeed, we have ®(0';x;) = ((1 — €/) + ¢ + 0+ 0) = 1. Also, we have

’ 0 — é” — V4262 — 2/2¢ — e. Finally,

exists some 6’ such that

102 =4 (*+(1—¢)?)+4=8+8 (€ —1) <8=0]>.

C.6 Proof of Theorem[4.3]

We assume w.l.0.g. that the second layer is fully-connected, namely, all hidden neurons are connected
to the output neuron, since otherwise we can ignore disconnected neurons. For the network ® we
use the parameterization @ = [w1, ..., wy, v] introduced in Section|C.1] Thus, we have ®(0;x) =

Zle[ ’UlO'(WTXl)
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We denote 6 = [W1,..., W, V]. Since 0 is a KKT point of Probleml 2| then there are Aq,..., \,
such that for every j € [k] we have

Z Ai ij (yz 0 y X ) Z )\zyﬂfg ) ) (10)
i€[n]

and we have \; > 0 for all ¢, and \; = 0 if yitb(é;xi) =y Zle[ fo(w; xt) # 1. Note
that the KKT condition should be w.r.t. the Clarke subdifferential, but since for all i, j we have
W x] # 0 by our assumption, then we can use here the gradient. By Theorem [2.1] we also have
hmtﬁOo |0(t)] = oo. Hence, by Lemma|C.4|we have ||w; | = |0;| forall j [k .

Fori € [n]and j € [k] let A;; = ]l(v~vaxg > 0). Consider the following problem
min Z lwl] st Vien] y Z Agu x> 1. (11)
le[k] le[k]

For every [ € [k] let iy = ¥; - W;. Since we assume that the inputs to all neurons in the computations

®(0;x;) are non-zero, then we must have w; # 0 for every [ € [k]. Since we also have ||%;|| = |/,
then @; # O for all [ € [k]. Note that since W1, . .., Wy, V satisfy the constraints in Probelm then
ay, ..., Uy satisfy the constraints in the above problem. Indeed, for every i € [n] we have
inAilﬁlTxli:in]l(wlx > 0)v é—ylzvlowlxi >1.
le[k] le[k] le[k]

In order to show that 1y, . . . , i, satisfy the KKT condition of Probelm we need to prove that for
every j € [k] we have

= > Nyidyx] (12)

||u] || Le[ ]

for some A1, ..., A}, such that for all i we have Aj > 0, and A} = 0if y; 3y Ayax! # 1. From
Eq.[10]and since ||w; | = |5 for every [ € [k], we have

U =0, W, =05 ) At Aigx] =05 Y Nigidigx] = [[9%5] D NiyiAigx

1€[n] 1€[n] i€[n]

= i) > Aiwidijx

1€[n]
Note that we have \; > 0 for all 4, and \; = 0 if
yi Yy Aat) xi =y Y Bl(W X, > 00w/ x; =i Yy Do (W x}) £ 1.
lE[K] le[K] le[k]

Hence Eq. holds with \f, ..., A/ that satisfy the requirement. Since the objective in Problem
is convex and the constraints are affine functions, then its KKT condition is sufficient for global

optimality. Namely, @y, . . ., G, are a global optimum for Problem T}

We now deduce that 6 is a local optimum for Probleml Since for every i € [n] and | € [k] we
have w;'x! # 0, then there is € > 0, such that for every 4, and every w, with ||w] — w;|| < €
we have ]l(wl xt > 0) = 1(w]"x! > 0). Assume toward contradiction that there is a solution
0 = [wi,.. wk, v'] for the constraints in Problemlsuch that ||0’ 0| < eand |0’ ||2 < ||t9||2
Note that we have ||Wl wi| < eforeveryl € [k]. We denote u; = v;wy;. The vectors u, ..., u)

satisfy the constraints in Problem|[TT] since we have

i Z Agu)Txt =y Z 1(w) xt > 0)vjw)Txt = y; Z 1(w) xt > 0)vjw) " x!
l€[k] le[k] le[k]

—ylzvla Txh)>1,

1€[k]
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where the last inequality is since @ satisfies the constraints in Probelm [2| Moreover, we have

1 2 1 2 12
> il = D7 il - will < 37 5 (il + Iwill*) = 5 6')1° < 5 |
le[k] Le[k] le[k]

- Z = (1 + Il
Since ||w;|| = |©], the above equals
> Wl = Z RIREA RSB
le[k] 1€ (]
which contradicts the global optimality of Gy, ..., Ug.

It remains to show that 6 may not be a global optimum of Problem even if the network @ is fully
connected. The following lemma concludes the proof.

Lemma C.6. Let ® be a depth-2 fully-connected ReLU network with input dimension 2 and two
hidden neurons. Consider minimizing either the exponential or the logistic loss using GF. Then,
there exists a dataset {(x;,y;) }_, and an initialization 0(0), such that GF converges to zero loss,

converges in direction to a KKT point 6 = [W1, Wy, V] ofProblem@such that (W;,%;) # 0 for all
je{1,2} and i € [n], and 0 is not a global optimum.

Proof. Let x; = (17 i)—r, Xy = (—17 i)—r, x3 = (0,—-1), y1 = yo = y3 = 1. Let
{(x1,41), (x2,¥2), (X3,y3) } be a dataset. Consider the initialization 6(0) such that w4 (0) = (0, 3),
v1(0) = 3, w2(0) = (0, —2) and v2(0) = 2. Note that £(6(0)) = 2¢ () + £(4) < 1 for both the
exponential loss and the logistic loss, and therefore by Theorem [2.1] GF converges in direction to a
KKT point 8 of Problem 2

Note that for @ such that w; = - (0,1) T and wo = 8- (0, —1) " for some v, 8 > 0, and vy, vy > 0,
we have

3
= 3 (0:x)) 5T, 20 )

3
= Zf’ (vio(W] x;) + va0(W3 x;)) - v10” (W x;)%;
i=1

2 2
o
= 2t v = ot () 3o
and
Vo, £(0) =Y 0 (1:®(0;x:)) - yi Vo, B(6; %) Zz’ yi®(0;%x;)) - o(w] x;) .

Hence, — V., £(8) points in the direction (0,1) " and —V,, £(8) > 0. Moreover, we have

vwzﬁ ZZ/ yz 0 Xz yszQ‘?(O,Xz)

3
= ZE’(Ula(WIXi) + 00 (Wy X;)) - V20 (Wq X;)X;
i=1
= {'(v20(W3 X3)) - vax3 = val' (v23)x3
and
3

3
Vi, L(0) = Zﬂ’(m(@;xm YV, ®(0;x;) = Y (n10(w] %) + va0 (w3 x;)) - 0(W3 X;)

i=1

= ' (vyo(Wg x3))o(Wy x3) = £/ (v23) - 5.
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Therefore, —V,£(0) points in the direction (0,—1)" and —V,,£(6) > 0. Hence for every ¢
we have wy(t) = a(t) - (0,1)T for some a(t) > 0 and v;(t) > 0. Also, we have wy(t) =
B(t) - (0,—1)T for some B(t) > 0 and va(t) > 0. By Lemma we have for every ¢t > 0 that
lwi ()" = 01(6)? = [w1(0)]* = v1(0)* = 0 and [[w2(t)]* = va(t)? = [wa(0)]|* = v2(0)* = 0.
Hence, we have vy (t) = a(t) and v3(t) = B(t). Therefore, we have w; = & - (0,1)" and 9; = &
for some & > 0. Likewise, we have Wy = /3 - (0, —1)T and 9, = 3 for some 3 > 0. Since 8 satisfies
the constraints in Probelml then @ > 2 and 3 > 1. Note that (W;,x;) # 0 for all j € {1,2} and
i€{1,2,3}.

We now show that there exists a solution 6’ to Problemwith a smaller norm, and hence 0 is not
a global optimum. Let 8 = [w}, w}, v'] such that w} = el V) =&, wh = % -(=%,-1), and
= ﬁ It is easy to verify that @' satisfies the constraints in Problem and we have
1012 = 25 +6+ = (Db 1) + P < s +a 4134 P < PHa+a+ 5 = 9]
a2 32 16 4 '
O
C.7 Proof of Theorem 4.4

Let x = (4,i —4, %)T and y = 1. Let 8(0) = [w(0),v(0)] where w(0) = (0,1)" and

.
v(0) = (\% %) Note that ¥(6(0); x) = 1 and hence £(8(0)) < 1 for both the exponential

loss and the logistic loss. Therefore, by Theorem. GF converges in d1rect10n to a KKT point 0 of
Problem 2] and we have lim;_, £(6(t)) = 0 and lim;_, [|0(t)|| =

The symmetry of the input x and the initialization 6(0) implies that the direction of w does not
change during the training, and that we have v (t) = vy(¢) > 0 for all ¢ > 0. More formally, this
claim follows from the following calculation. For j € {1, 2} we have

Vo, £(8) = ' (y®(8;x)) - yV,, ®(8;x) = £'(y®(6;%)) - o(w ' xV) .

Moreover,
VwL(0) ={(y®(0;x))yVw®(0;x) = E’(y@(@;x))-(vla’(WTx(l))x(l) + UQO'/(WTX(Z))X(Q)> .

Hence, if v; = vo > 0 and w points in the direction (0,1) T, then it is easy to verify that V,,, £(0) =
V., £(8) < 0and that V, £(0) points in the direction of —(x(" +x(®) = —(0,1/2) . Furthermore,
by Lemma [C.2} for every ¢ > 0 we have ||w(#)[|* = [v(£)[|* = [w(0)]|* = |[v(0)]|* = 0.
Therefore, the KKT point @ = [w, ¥] is such that W points at the direction (0,1)T, &, = @ > 0, and
|[W|| = ||¥]|- Since @ satisfies the KKT conditions of Problem then we have

W = AV, (ycb(é;x)) ,

where A > 0 and X\ = 0 if y®(8; x) # 1. Hence, we must have y®(8; x) = 1. Letting z := @) = 0y

and using 222 = |[v||* = ||w]||* = @2, we have

1=00(W xW) 4+ b0(w x?) = 2w x4+ 2w 'x? = 20" (x(l) + X(Q)) = 2 - yV2

=2 V2 =l

V2

Therefore, w = (0,1) " and v = ( ) Note that we have (%, x(1)) % 0 and (%, x(®)) # 0.

V2’ V3

It remains to show that  is not a local optimum of Problem We show that for every 0 < ¢/ < 1

there exists some 8’ = [w’, v’] such that

— éH < ¢, 0’ satisfies the constrains in Problem and
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_ / .
10']] < [|]|. Lete = &= € (0,1/2), and let w' = (y/&,1 — ¢) T and v/ = (L SRECR 7) .
Note that

J6']]° = Iw'* + [V'I* = e+ (1— ) + (1+ﬁ)2+ (1_ \/5)2

V2 o2 V2 o2
12
:e+1+e2—26+1+5:2—5+e2<2—5+5:2:||€v||2+||{z|\2:HaH .
2 2 2 2
Moreover,
~ 12 € € 3¢ €* 3?2 2 3€?
O/fHH: T << _ 2
’ e+6+4+4 6+2 4+4 4+4 €

Finally, we show that @’ satisfies the constraints:

(0" x) = vio(w' T xW) + vho(w'Tx?)

(o) (o) () (o dy o)
:$.(1—e)(\}§+2€+12—26>+4\/E<¢1§+2€—12+2€)
—1l—etde=1+3e>1.

C.8 Proof of Theorem

Letx = (1,1) " and y = 1. Consider the initialization 8(0) = [w1(0), ..., W,,(0)], where w;(0) =
(1,1) " for every j € [m]. Note that £(6(0)) = £(2) < 1 for both linear and ReL.U networks with
the exponential loss or the logistic loss, and therefore by Theorem [2.1| GF converges in direction to a

KKT point 8 of Problem and we have lim;_,, £(0(t)) = 0 and lim;_, -, ||@(¢)|| = co. It remains
to show that it does not converge in direction to a local optimum of Problem

From the symmetry of the network ® and the initialization 6(0), it follows that for all ¢ the network
®(0(t); -) remains symmetric, namely, there are «;(t) such that w;(t) = («;(t), o5 (t)). Moreover,
by Lemma|C.2} for every ¢ > 0 and j, ! € [m] we have a;(t) = ay(t) := a(t). Thus, GF converges

in direction to the KKT point @ = [W1, . .., W,,] such that w; = (2=1/m, Z*I/m)—r forall j € [m).
Note that since the dataset is of size 1, then every KKT point of Problem 2] must label the input x
with exactly 1.

We now show that 8 is not a local optimum of Problem 2| The following arguments hold for both
linear and ReLU networks. Let 0 < e < 1. Let &' = [w,..., w/,] such that for every j € [m] we

T
have w’; = ((%)Um , (176)1/7”) . We have

2

o () ()

Hence, @’ satisfies the constraints in Problem We now show that for every sufficiently small € > 0
we have ||6’||? < ||@]|>. We need to show that

2/m 2/m 2/m
1+e€ 1—c¢ 1
r 2 — .
m( 9 > +m< 5 ) < m<2>

Therefore, it suffices to show that

1+e¥m+(1-em<2.

Let g : R — R such that g(s) = (1 + s)%™ + (1 — 5)*/™. We have g(0) = 2. The derivatives of g
satisfy

2 2 _q 2 2 _ 9
/ = (1 m_ (1 —=g)m
g6 =~ (L4 = S (1-g)nt,
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and
" — 2 _ 731. -2 2 2 _ _ 37, -2
g"(s) = (m 1) (1+s) + 1)(1—y9) .

Since m > 3 we have ¢’(0) = 0 and ¢”’(0) < 0. Hence, 0 is a local maximum of g. Therefore for
every sufficiently small € > 0 we have g(¢) < 2 and thus ||0'||* < ||0]|2.

2
m

Finally, note that the inputs to all neurons in the computation <I>(é; X) are positive.

C.9 Proof of Theorem

By Theorem GF converge in direction to a KKT point 6= [ﬁ(l)]{gl of Problem We now show
that for every layer [ € [m] the parameters vector (") is a global optimum of Problem w.r.t. 6.

Since 6 is a KKT point of Problem then there are A1, ..., A, such that for every [ € [m] we have
9 (yiq)(é§xi))

() N )
u'’ = Z by a0 ,

1€[n]

where \; > 0 for all i, and \;, = 0 if y3;®(0;x;) # 1. Letting 8'(u®) =
a®, ... al=b u® al+v @], the above equation can be written as

a = 3 5, 2O (D))

' ou® ’

i1€[n]

where \; > 0 for all 4, and \; = 0 if y1;<I>(0’(ﬁ(l));x7;) = y,@(é;xi # 1. Moreover, if the
constraints in Problem are satisfies in 6, then the constrains in Problem 4{are also satisfied for every
I € [m]in @) w.rt. . Hence, for every | € [m] the KKT conditions of Problem@w.r.t. 6 hold.
Since the constraints in Problem [] are affine and the objective is convex, then this KKT point is a
global optimum.

C.10 Proof of Theorem 3.3

Let {(x;,y:)}?_, be a dataset such that y; = 1 foralli € [4] and we have x; = (0,1) ", x2 = (1,0) T,
x3 = (0,—1) and x4 = (—1,0). In the proof of Theorem (part 2) we showed that for an
appropriate initialization, for both the exponential loss and the logistic loss GF converges to zero loss,
and converges in direction to a KKT point 6 of Problem Moreover, in the proof of Theorem we
showed that the KKT point  is such that for all j € [4] we have W; = x; and #; = 1.

We show that wy, Wa, W3, Wy is not a local optimum of Problemw.r.t. 0. Tt suffices to prove that
for every 0 < e < 1 there exists some 8" such that v; = 0, for all j € [4], |6’ — 8] < ¢, 6’ satisfies

the constraints, and ||@’|| < ||@||. The existence of such @’ is shown in the proof of Theorem |4.2
Hence, we conclude the proof of the theorem.

C.11 Proof of Theorem 5.4

By TheoremGF converge in direction to a KKT point @ = [a)]™ | of Problem Let! € [m)]
and assume that for every ¢ € [n] the inputs to all neurons in layers [, ..., m — 1 in the computation
<I>(é; x;) are non-zero. We now show that the parameters vector (") is a local optimum of Problem
w.rt. 6.

For i € [n] and k € [m — 1] we denote by X,Ek) € R the output of the k-th layer in the computation
®(0;x;), and denote xgo) = x;. If ] € [m — 1] then we define the following notations. We
denote by f; : R* — R the function computed by layers [ + 1,...,m of @(é; -). Thus, we have
3(0:;x;) = fix") = fioc (W(l)xglfl)), where W is the weight matrix that corresponds to

@), For i € [n] we denote by h; the function u” — f; o U(W(l)xl(l_l)) where W) is the weights
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matrix that corresponds to u). Thus, ®(0;x;) = h;(a")). If | = m then we denote by h; the
function u(™ W(’”)xl(-mfl), thus we also have ®(8; x;) = hy(a™).

Since 6 is a KKT point of Problem then there are \q, ..., A, such that

N 9 yiq’(é§xi) 0
al =2 x ( du® >: g[:] A G

i€[n]

{yi . hi(ﬁ(l))} 7

where \; > Oforall ¢, and \; = Oif y;-h; (ﬁ(l)) = 1. Note that since the inputs to all neurons in layers

l,...,m — 1in the computation ®(6;x;) are non-zero, then the function h; is differentiable at al®.
Therefore in the above KKT condition we use the derivative rather than the Clarke subdifferential.
Moreover, if the constraints in Problem are satisfies in 0, then the constrains in Problem are also
satisfied in 1" w.r.t. 8. Hence, the KKT condition of Problemw.r.t. 0 holds.

Also, note that since the inputs to all neurons in layers [, ..., m — 1 in the computation ®(0;x;)

are non-zero, then the function h; is locally linear near ). We denote this linear function by h;.
Therefore, ") is a KKT point of the following problem

1 2 -
m(llr)1§ ’u(l)H st. VYien yihi(uW)>1.
Since the constrains here are affine and the objective is convex, then u(*) is a global optimum of the

above problem. Thus, there is a small ball near i) where a() is the optimum of Problem w.rt. 0,
namely, it is a local optimum.

Finally, note that in the proof of Lemmathe parameters vector 6’ is obtained from 0 by changing
only the first layer. Hence, in ReLU networks GF might converge in direction to a KKT point of
Problem [2] which is not a global optimum of Problem[4] even if all inputs to neurons are non-zero.
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