Appendix: Performance Bounds for Policy-Based
Average Reward Reinforcement Learning Algorithms

1 Discussion on Assumption 3.1

1.1 Assumption 3.1(a)

In order to ensure every policy induces an irreducible Markov chain, we modify the MDP where at
every time step with probability €, an action is chosen from the set of all possible actions with equal
probability. Simultaneously, with probability 1 — €, we choose an action dictated by some policy. Let
the transition kernel of the MDP associated with policy 1 be denoted as I,,. We denote the modified

kernel by @#, where the transition probability from state % to j is given by:

P (jli) = (1 = )P, (jl3) QAEZPma>

acA

Let P, (jli) = g 2,4 P(jli. a), where p represents randomized policy, that is p(ali) = 47 Let
(Jyu, V,.) be the average reward and state value function vector associated with the policy . Then
they the satisfy the following Bellman Equation:

J/L + ‘//L =Tu + ]P/L‘//u

where 7,(7) = >, 4 (ali)r(i, a). Similarly (JA,L, ‘7“) be the average reward and state value function
vector that satisfy the following Bellman Equation,

Ju+ V=7, +P,V,
where 7, = (1 — €)r,, + er,. Since @u = (1 —¢)P, + €P,, the above equation can be rewritten as:
Tu= =0 (r 4 BT~ V) + e (rp + BV - V)

Multiplying the above equation by the vector P’;,, which is the invariant distribution over the state
space due to policy i, we obtain,

ju =(1-¢) (]P’Zru) + e]P’; (7",, + Pp‘Afu — ‘A/M)
since IP’ZIP’H = ]P’Z. We also know that J,, = ]P’;ru.. Hence we obtain,
ju =(1—¢)Ju + P, (Tp + Pp‘/}u - ‘7“)
Therefor we obtain the following result,
Ju=Tu=e (T =Py (r,+ P,V = 7))
Since the rewards are bounded, so are .J,,,7, and P, YA/M - XA/# for all . Hence we obtain,

Ju = Ju = 0(e)
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The difference in the average reward associated with the original MDP and the modified MDP
vary by O(e). Let the optimal policy corresponding to original MDP be p* and the optimal policy
corresponding to modified MDP be j1*. Then,

T = T = e = T+ T — T
Since fi* is the optimizing policy for the modified MDP, we have J, s = jﬁ* < 0. Hence, we obtain,
Jyo = Jp < Ty = Jpe = O(e).
Similarly,
JM* — Jﬁ* = J}J«* — JI/Z* + Jﬁ* — JIZ*
Since p* is the optimizing policy for the original MDP, we have J,,~ — J;= > 0. Hence we obtain,
JN* - Jﬁ* Z Jﬁ* — JI’;* = 0(6)
Thus the optimal average reward of the original MDP and modified MDP differ by O(¢). That is,
[Jux = Ja-| < O(e)

1.2 Assumption 3.1 (b)

To ensure Assumption 3.1 (b) is satisfied, an aperiodicity transformation can be implemented. Under
this transformation, the transition probabilities of the original MDP are modified such that the
probability of staying in any state under any policy is non-zero. In order to compensate for the change
in transition kernel, the single step rewards are analogously modified such that the Bellman equation
corresponding to the original and transformed dynamics are scaled versions of one another. This thus
ensures that the optimality of a policy remains the same irrespective of this transformation, along
with yielding quantifiable convergence properties. Mathematically, this transformation is described
below.

Definition 1.1 (Aperiodicity Transformation). Let x € (0, 1). For every policy p € II and for all
states 7, j € S, consider the following transformation:

P, (ili) = £+ (1 = k)P, (ili) )
P (jli) = (L= k)P (li),  j#i )
Ri, (i) = (1= K)r(i, p(@) 3)

Theorem 1.2. Given the transformation in Equation —Equation , forevery p € 11, let (J,,, hy,)
and (J,, h,) be the solution to the Bellman Equation (Equation 2) corresponding to the original
MDP (P, r,,) and the transformed MDP (P,,,7,,). Then,

(juaﬁu) =((1—&)Ju hy)

Proof. The proof of this theorem can be found in [Sch71]. O

Remark 1.3. Due to this bijective relationship between the original and the transformed problem, it
suffices to solve the transformed problem. Given that the trajectory used for algorithms such as TD
Learning corresponds to the original system, such a transformation necessitates a mild change in how
samples from a given policy are utilized in TD learning. More specifically, for each (state, action)
sample, with probability s, we have to add the same sample to the data set for the next time instant.
With probability 1 — « choose the next state in the trajectory. Hence, this transformation is easy to
incorporate in RL algorithms.

2 Proof of Theorem 3.3

Prior to presenting the proof, we define
up, = max(Thy, — hy)(i), “)
lk = mll’l(Thk — hk)(l)

A key lemma in the proof of convergence of approximate policy iteration in the context of average
reward is:



Lemma 2.1. Let J* be the optimal average reward associated with the transformed MDP. For all

ke N:
Iy —e <y, <J* <y
Proof. From definition,
Izl < Thg — hy
Since || Thy — Ty, hrlloo <
Ikl < Ty hie — hy + €l
= Tupsr T Pupii b — hi + €1
sz+1lk1 < ]P’:‘LleMJrl + ]P’ZHl]P’MHhk — P;thk + IP’ZkHeI

where I}, it is a matrix whose rows are identical and are the invariant distribution associated with
the probability transition kernel P, . Since P}, Py, ., =F; .

11 < IP’;leMH + €l
Ll—el<J, 1

Hk+1

ly—e< ‘]/Lk+1
From definition,

* j—
Jr=max Sy 2 i
Let p* be the policy corresponding to the optimal average reward J* and value function h*, ie.,

J* +h* =maxr, +P,h"
nw

= TN* -+ ]P)H* h*
Then,
ul > Thy — hy

(@)

> Tpehy, — hy,

= ’l"ﬂ* + ]P)y,*hk — hk

PZ* url > P;*Tﬂ* + P;*Pu*hk — P;*hk
upl > Ppary
up > J*

where (a) is due to the fact that T is the maximising Bellman operator.
Hence Vk € N,

I — €< Jupoy <J* <up

k+1

O

Without any approximation, the above lemma indicates that there exists a state whose value function
changes by an amount less than the average reward associated with the optimizing policy at that
iteration, and also that there exists a state whose value function increases by an amount larger than
the optimal average reward.

The proof proceeds by showing a geometric convergence rate for l;,. More precisely, the following
lemma is proved.

Lemma 2.2. Forall k € N, it is true that:
(J* — lk) < (1 —’y) (J* — lkfl) +e+26
Proof. Define:
gr (i) = (Thy — hg) (i)
9r (@) > (Tp b — ha) (4)

Since T is the maximizing Bellman operator.
We know that:



Loflhg = byl <0
2. For all constant p € R:

Tpp. (hie +p1) =1y, + Py, (i + p1)
= Tuy + P/tk hk +p1

=T, hr+pl
‘We thus obtain,
9 (1) 2 Ty (g = 6) = (hyuye +9) )
> (TP = Toy) (i) = 26 (6)
Recall that f,, = limy, o0 T7 By

T2 hyey = T2 T by
=T77 (rpy + Py — 7 (271 = (B hi—1) (2)1)
=T (Tuhioy = (T i) (27)1)
= T T (Thios = (T hin) (27)1)
= T2 (rpy + By (Thimt = Ty i1 (@) = (@)1 = (P (Tuehioy = Thioa(27))) (27)1)
= —T_:Z:Q (e + Puy (T he—1) = Ty h—1(2) — 1y, (@)1 = By (T h—1) (27)1 + Ty hg—1(27))
=T 2 (T2 by — T2, by (27)1)

Iterating, we thus obtain,

h = lim Tzzhk—l —Tﬁhk_l(x*)l

il m—r 00

Substituting back in Equation (3),

(i) > (TM ( dim To e~ T hk_l(x*)1> — lim TPy =T hk_l(m*)l) (i) — 26

m—00
= (To (i Ticn) = fim Thecs ()1 = o T = Jim T3 b (27)1) ) = 25
= (T (Jim Tohis) — tim T A ) ()~ 25
Since T, is a continuous operator, it is possible to take the limit outside. We thus obtain,

gk(i) > lim (T hy_y — T hy—y) (i) — 20

m—so0 Kk

= lim (T T et — T2 hyoy) (i) — 20

m—+00
= lim (PP (Tyuhie1 = 1)) (i) — 20
=P, (Tuphr—1 — hi—1) (i) — 20
Since || T, hx—1 — Thr_1]| <e,
gr(1) > Py, (Thi—1 — hix—1) (i) =25 — €
= (]P’Zkgk_l) (i) — 26 —¢
Note that from Lemma 3.2 in the mainpaper, we know that

e
min Py, (jli) > v >0

Also, since every policy is assumed to induce an irreducible Markov Process, we have a limiting
distribution with all positive entries. We thus obtain the following crucial relationship,

96(1) > (1 = )lp—1 + yug—1 — 20 — ¢ @)



Since the above inequation is true for all states 4, it has to also be true for argmin; (Thy — hy) (7).

Hence, we obtain,
Ig > (1 —y)lg—1 +yup—1 — 20 —¢

Note that from Lemma|2.1, we know that u;, > J* forall £k € N.
Hence we obtain,

b > (1 =)lg—1 +7J" =26 —¢
Upon rearranging we obtain the result, that is,

(J" =) (L= (J" —lk—1) +20 + €

We now present the proof of Theorem 3.3.

From Lemma[2.2] we thus have,
(J" =) (A=) (J" —lk—1) +20 + €

However, we know that,

®)

lp—e< J*
In order to iterate Equation (8)), need to ensure the terms are non-negative. Rearranging the terms
thus yields,
(J =L+ €) < (1—) (J* = Lot +€) + 26 + (1 +7)e
Let
w=204+(1+7)e
and

ar=J " — 1l +e
Then upon iterating, we obtain,

(1—9)ag—1 +w

ag <
<A =)A= v)ag—2+w) +w

1—(1—~)k
< w& + (1 —)*aq
Y
Substituting back, we obtain,
1—(1—~)k
(J"=1lg+e) < (W) (260 + (1 +7v)e)+ (1 — 'y)k(J* —lo+e)

(1) < (““y‘”)k) (26 -+ (14+7)0) — ¢ + (1= (" ~ o +¢)

Note that from Lemma 2.1l we know that

lng# +6§J*+6

k+1
Hence we get,

(‘]* - J#k+1) < (‘]* =l + 6)
Thus we obtain,

(J* = Ju,s) < (1_(17_7)]6) 26+ (1 +7)e) + (1 =T —lo+¢)

©))

Theorem 3.3 presents an upper bound on the error in terms of the average reward. Recall that, for the
optimal relative value function h, the following relationship holds: Th — h = J*1. Thus, it is also
interesting to understand how T'hj, — hy behaves under approximate policy iteration. The following

proposition characterizes the behavior of this term.



Proposition 2.3. The iterates generated from approximate policy iteration algorithm/[l]satisfy the
following bound:

1—(1—~)F 20+ ¢ L—y)FJ —1g+e
(up—1 — 1) < <(27)> (26 + (1 +7)e) + 4 (1 —7)"( 0 )’
v Y ¥
approximation error initial condition error

where uy, Ui, are defined in Equation (@).

Proof. 1t is known from Equation that,
96(1) > (1= )lp—1 + yug—1 — 20 — €
This further yields,
Ig > (1 =) lp—1 +yup—1 — 20 — €

From Lemma [2.I] we know that,
lk S J* +€

J+e>(1—)lg—1+yur—1—25—¢
J* —lk—i—eZ'y(uk,l —lkfl) —20—¢
Y(ug—1 —lg—1) < (J" =l +e)+20+¢
From Equation (9)), we thus obtain,

1—(1—~)k
Y(ug—1 —lg—1) < (W) (20 + (14 )e)+ (A —F(T* —lo+e€)+25 +¢
We thus obtain the result in Proposition 3.11,
1—(1—=~)k 20 + € 1—)F(J* =1 +e¢
(ug—1 — lg—1) < ((,VQFY)) (26 4+ (14 7)e) + . + ( ) (’7 0+e€)

Corollary 2.4. The asymptotic behavior of the relative value function iterates is given by

1+2 20 (1
limsup (ur — lx) < e+ ’Y)J; (L+7)
k—o0 i

Comment of the Novelty of our Proof Technique: As mentioned in the main body of the paper,
our proof is inspired by the proof of convergence of modified policy iteration in [VAW80]. However,
since our algorithm is quite different from modified policy iteration due to the presence of errors in
each step of the algorithm, special care is needed to obtain useful performance bounds. Specifically,
the impact of the errors at each step have to be carefully bounded to ensure that the performance
bounds do not blow up to infinity as it does when we obtain a similar result for the discounted-reward
case and let the discount factor go to one.

3 Proofs from Section 4

Algorithm 2 and its analysis, adapted to the context of @) function with time dependent approximation
errors is presented in this section. Most RL algorithms use the state-action relative value function
@ instead of the relative state value function h to evaluate a policy. The corresponding Bellman
Equation in terms of () associated with any state-action pair (s, a) is given by

Ju + QH(S, CL) = T(Sv Cl) + (QHQH) (3’ a)

where Q,, (s, a'|s,a) = p(a’|s")P(s'|s, a). Since we are interested in randomized policies for explo-
ration reasons, the irreducibility assumptions imposed on IP,, also hold true for the transition kernel
Q.. The state relative value function h, and state-action relative value function (), are related as
hu(s) = >, 1(als)Qu(s, a). Consider the following similar definitions of the Bellman operators
corresponding to the state-action value function:

(TRQ)(s,a) = r(s,a) + (QuQ) (s, a)



and

(TAQ)(s,a) = r(s,a) + max (Q,Q) (s, a)-

Let (s*,a*) represent some fixed state. Then the relative Bellman operator, relative to (s*,a*) is
defined as:

(T8Q) (s.0) = r(s,0) + (QuQ) (5,0) = 7(s",0") = (QuQ) (5", a").

The algorithm, thus adapted to state action relative value function is given below:

Algorithm 1 Approximate Policy Iteration: Average Reward

1: Require @y € R"

2: for k=0,1,2,...do
3 1. Compute g1 € ITsuch that [|[TQy — T, Qklloc < €
4: 2. Compute Q1 such that [[Qri1 — hyyyy lloo < Oy
5
6

where Q,,,, = lim,, ;00 (-T—SHJ Qrk
: end for

Define
gr(s,a) = (TQQk — Qk) (s,a), V(s,a) € S x A,

and set
I, = i = .
E= i ge(sa), o ue= max ge(sa)

We prove the convergence in three parts:

1. We prove that [, — €5, < J,, < J* < uy.

2. We use the result from [I]to prove Lemma 4.1.

k41
3. We iteratively employ the result in Lemma 4.1 to prove Proposition 4.2.

3.1 Proof of part 1

By definition, we have
1:1 < TQk — Q.

Since | TQx — TZ,,, Qklloo < €, it follows that

K1<TY  Qr—Qr+el
=T + Quk+1Qk - Qk + Ek]..

Multiplying by Q7;, . |, we get
* * * * *
Quk+1 k1 < Qltk+1 T+ Quk+1 QﬂkJrl Qr — Qltk+1 Qr + Qllk+1 exl
= Q;‘LkHr + el (10)
where Q7, hit is a matrix whose rows are identical and are the invariant distribution associated with

the probability transition kernel Q,, . Note that Q1 =1,and that Q;, = Q,, ., =Qj, .

Consider the Bellman Equation corresponding to the state-action relative value function associated
with the policy pig+1:

J#k+1 + Q#k+1 =r+ Q#k+1 Q#k+1
It follows that
* * * *
Q#k+1 Jl‘k+1 + Q/tk+1 QﬂkJrl = Q#k+1 T+ Q/tk+1 Ql‘kﬂ QW@H '



Since sz+1(@uk+1 = szﬂ, we have that

J,

Hr+1

1=Q" r

HEk+1
Hence, Equation (T0) yields

I < Jﬂk+1 + €k.
Equivalently, we have

by —er < Jllfk-%—l'

From definition,

J* =maxJ, > J,

pelt k41t

Let p* be the policy corresponding to the optimal average reward J*. Let Q* denote the state-action
relative value function associated with the policy p*. Note that (J*, Q*) is the solution of the Bellman
optimality equation, i.e.,

J 4+ Q ZT‘*’TQFI(QHQ
=r+Q.,Q.
Then,

upl > Ty, — Qy,

@ _q
> T-Qr — Qk

=7+ QuQr — Q,
where (a) is due to the fact that TQ is the Bellman optimality operator. Therefore, we have

Qprurl > Qur + Qe Qs Qr — Q) Qi

Equivalently,
upl > Q.1
Therefore, we conclude that
up > J*
Hence, forall k € N,
Iy —ex < Jypyy <J" < g (1D)

3.2 Proof of Lemma 4.1
Recall that
gi(s,a) = (TQ) — Q) (s,a) > (TSka — Q) (s,a),

where the inequality follows by the fact that T is the Bellman optimality operator. Note that the
Bellman operator TSk_ is shift-invariant, i.e., for all p € R:

TR (Qr+p1) =7+ Qu (Qk +p1)
=r+Q,Qr+pl
=TS Qu+pl

Recall that [|Qr — Qp, || ., < dx. Hence, we have

gk(saa) 2 TSk (Qltk - 5’61)(57“) - (QHk (s,a)+ 5k)
> (T, Qu. — Qu,) (s,a) — 26, (12)



Recall that Q,,, = litty_ o0 (TSHI)m Op. Therefore,
(78)" e = (78) " (72) @0
(T2)" 0+ QuQur (5™, 01~ (@ @s1) (57, 0)D)
= (78)" (18,041~ (T804 1) ("))
(78)" (72) (T8, Qa1 — (T8,Qu1) (5%,0)1)
= <:I:8k)m72 (7” +Qu, (T3, Q-1 — (TR, Qrr) (57, a")1)
(", a")1 = (Quy (T2, Qi1 = (TR, Qi) (57, a)1) (s*,a*n)
= (72)"7 (r+ @ (TR0 = (TR, Qi) (0
—r(s*,a")1 = Qu, (T, Qu—1) (s",a")1 + (TF Qu—1) (s, a*)1>

~ m—2 2 9 . .
= (7)) (187 Qs — (T3)% @ea(s7,a701)
Iterating, we thus obtain,

Quy = lim (T)"Quey — (TS)" Qi (%, a")1

m—0oQ

Substituting back in Equation (12)),

gr(s,a) > (TSk ( lim (Tgk)ka_l _ (Tgk)ka—l(S*,a*ﬂ)

m—r oo

m— o0

— lim (T9)" Q-1 - (TSk)kal(s*,a*ﬂ) (s,a) — 20

m— oo

= (Tffk ( lim (TSk)ka,l) = lim (T3)™Qk-1(s",a")1

— lim (T3)" Qu-1 — lim_ (TSk)ka_us*,a*)l)(s,a)26k

m—r o0
. m . m
- (TS’“ (m}gnoo (Tgk) Qk*l) o m}gnoo (Tlcfk) Qk*1> (87 CL) — 20y,
Since TSk is a continuous operator, it is possible to take the limit outside. We thus obtain,

gk(s7a) 2 lim ((Tgk)m—H Qk*1 - (Tgk)m Qk*l) (S,CL) o 26k

m—0o0
= Jim ((T8)" T8, Qe = (T3)" Qe ) (5,0) — 20,
= Him (@ (TR Qr1— Qi-1)) (s,a) — 20
=Q, (TSka—l — Qi—1) (s,a) — 20%.
Since || TS, Qr—1 — TQx_1|| _ < er—1,
gr(s,a) > sz (TQQkfl - Qkfl) (S, a) — 20 — €x—1
= (szgk—l) (5701) — 20, — €p—_1.

Recall the definition of 7 > 0 in Lemma 4.1. Note that all entries of Qj;, are bounded from below by
v. Hence, we have

gr(s,a) > (1 —y)lk—1 + yug—1 — 20 — €x—1.



Since the above inequality is true for all states (s,a) € S x A, we obtain,
I > (1 =) lp—1 + yug—1 — 20, — €x—1.
The above inequality combined with Equation (TT), yields
Iy > (L —)l—1 +9J" — 201 — €x—1.
Upon rearranging the above inequality, we obtain the result, that is,
(J" =) < (L =) (J* = lg—1) + 20k + €1
Subsequently,

(J* - l(fnln (TQr — Q) (s, )) <(1-7) (J* - ]([?1(3 (TQr-1 — Qr—1) (57a)>
+2|1Qk — Quylloe + | TRk — T2, Qi1 |

3.3 Proof of Proposition 4.2

We now prove Proposition 4.2. From Lemma 4.1, we have
(J* =1p) < (1 =7) (" = lp—1) + 20k + €1 (13)
To iterate over Equation (T3), we need to ensure the terms are non-negative. Note that by the first
part I — e < J*.
Hence, rearranging the terms thus yields,
(J" =l te) <A =7) (T = lpe—1 +€ex—1) + € + 20k + -1 — (1 = 7)€p—1.
This is equivalent to

(J" =l +ex) (L =) (J" = lp—1 + €x—1) + (€ + vex—1) + 205

Let
r=J" =l + €.
Then, we obtain,
ar < (1 —7v)ag—1+ € + vep—1 + 20k
<A =9)[1=7v)ag—2+ €x—1 + ver—2 + 20p—1] + €1 + 76k 1+ 20

k-1 k-1
—W)kao-FZ(l—V)zﬁkfz-i-WZ(l—7 €k—1— H‘QZ (1 =) 6—¢
=0 =0

Since ¢g = 0,

k—1
akg(l—'y)kao—kek—k (1— Z_ €k e+2z 1— 6k£
(=1
Substituting for ay, we get
k—1
(J* =) < (19" +Z 7 e e-l-QZ (1 =) drr.
=1
Since from part 1, we know that J* — J,, ., < J* — I + €, we have

T = Tn < (1= )" [J* = min (T90 — Qo) (1)

S LR | P R |

(=1

k—
Z HQk £ Q“k*@Hoo]'
£=0

10



Taking expectation, we have

E[J* = Ju] < (1=7)E [ — min (T9Qo — Qo) (1)
k—1

SR R U [ PP

{=1

+ 22( — ’y)eE [HQkfé - Quk_eHoo] :
£=0

3.4 TD Learning for () function

One RL algorithm to estimate the state-action relative value function with linear function approxima-
tion, associated with a policy p is TD(A). Finite-time sample complexity of TD(\) has been recently
studied in [ZZM21]]. Invoking their results, restating it in terms of the state-action relative value
function rather than the state relative value function, we characterize the sample complexity required
to achieve certain accuracy in the approximation.

We estimate Q,, (s, a) linearly by ¢(s, a) " 6%, for some 0% € R?, where ¢(s,a) =

[p1(s,a), -+, da(s,a)]T € R? is the feature vector associated with (s,a) € S x A. Here, 0y, is
a fixed point of ®0 = IlIp W¢TQ @0, where ® is an |S| x d matrix whose k-th column is ¢y,

+
TN = (1= N A™ ( N) where TS = TQ — J,1, D is the diagonal matrix with
diagonal elements given by the stationary distribution of the policy u on S x A, and Ilp w, =

®(®"D®)~1® " D is the projection matrix onto Wg = {®6|0 € R¢} with respect to the norm
I - |lp- Note that this fixed point equation may have multiple solutions. In particular, if &6, = 1,
then ¢, + pf. is also a solution for any p € R. Hence, we focus on the set of equivalent classes

E where we say 0, ~ 0y if ®(6; — 65) = 1. The value of E[|[II5,z(6 — 67,)||3] characterizes the

accuracy of our approximation, where I,  is the projection onto E with respect to || - ||2. Suppose
that {¢1, ¢2,- -+, ¢q} are linearly independent and that max(, qyesx.4 |¢(s,a)[2 <

Upon making a new observation (sz11, a;+1) for t > 0, the average reward T'D()) uses the following
update equations:

Eligibility trace: z; = Azi—1 + &(s¢t, at)
TD error: dt = ’I"(St, Clt) — Jt + ¢)(St+1, at+1)T9t
_¢(3t»at)—r9t (14)
average-reward update: Ji11 = Ji + coBe(r(se, a) — Ji),
parameter update: 0;1 = 6; + £5:6:(0)zt,

where [, is the scalar step size, ¢, > 0 is a constant, and z_; is initialized to be zero. Following
the same argument as in [ZZM21]], we get the following theorem which characterizes the number of
samples required to get a certain accuracy in the approximation.

Theorem 3.1. Let f; = 7~ +c , and suppose that the positive constants cy, cs, and c, are properly
chosen. Then, the number of samples required to ensure an approximation accuracy of E[||lla, g (0 —

92)”%] < 4, is given by
L Klog(3)116;13
T=0|—"2 L2,
AT(1— A)i62

where K is the minimum mixing time constant across all probability transition matrices induced by
the policies,

A= min 677D - QMdH >0,
||10]|2=1,0€ E

and Q* = (1 — \) Z;O:o AmQmtL

11



Proof. The proof is a simple adaptation of the proof in [ZZM21]] for the state relative value function.
O

Let Q = PO, where 0y, is the output of TD()) algorithm with 7" samples. Then, we have

1Qk — Quillos < N12(0k — 0, )l + |20, — Qpuy oo,
where the second term above is the error associated with the choice of ®.

Since maX(s.a)eSx.A ||¢(Sa a) ||2 <1, we get

Ok = dl|Ok = 0}, lloo + 196}, — Qi loo-

Kk

Using Theorem [3.1, we get a bound on the value of [|0) — 0}, ||~ Note that if ®0. = 1 for

some 6. € R, then we can pick 0 and 0}, so that ¢(s", a*)T0py1 = o(s*, a*)T@Zk+1 =0.
Otherwise, there is a unique choice for HZHI, and we have E = R,

The expected value of learning error can thus be expressed as:

E [6x] = E [01p,x) + E [d0,4]

where 61p k= d[|0k+1 — 0};, ., || represents the TD learning error of the parameter vector 0y, |
and 8o, = [|P0};, ., — Qu.,. llo represents the function approximation error associated with the

span of the feature vector matrix .

07D, has a direct dependence on the number of samples utilized for TD learning and the mixing time
of the corresponding Markov Chain induced by the policy (.. More precisely, from Theorem 3.1,

K log(3)116;, I3
E — Mk
o} =0 \/A4(1—)\)4T ’

Hence as long as the mixing constant A is uniformly greater than zero, and the feature vectors 6},
are such that they are uniformly upper bounded in %, it is true that

c

E [01p.x) = 7

for some constant C' > 0.

Next, we prove the corollaries for specific policy improvement algorithms. Since the policy improve-
ment part does not depend on whether the problem is a discounted-reward problem or an average
reward problem, we can borrow the results from [CM22] to identify € in each of the corollaries.

3.5 Proof of Corollary 4.3

Recall the greedy update rule. Let a* = argmax,, Qx(s,a’). Given a parameter 5 > 0, at any time
instant k, the greedy policy update (51 is given by:

s if a # a*
s (als) = {“'

1 1 : % (15)
m_Fl_E? lfa—a

Let n, = max g |Qx(s’,a")|. The policy improvement approximation can be shown to be the
a'eA
following:

€ = (TQQk - T8k+1Qk) (s,a)

2
< Z P(s'|5,a)§ glgﬁ\Qk(slaa/N
s'eS
< 2.
g
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Recall the error due to TD Learning
E [5k] =K [5TD,I€] +E [50,k] .
Let 09 = max; do ¢ Then we obtain the following:

o
N

Substituting for expressions in Proposition 4.2, we obtain,
E[J* = Jurs] < (1= )" E 7" = min (T2Q0 — Qo) (3]
T—1 v c
+2;(1—'y) (50+\ﬁ> +
Let co = E [J* — min; (T®Qo — Qo) (i)] be the error associated with the initial condition. Let

7 = maxy 1 (77 can be the uniform upper bound of the estimates (), of relative state action value
function @, over k.) Then we obtain the result in the corollary,

. T 2 (= C 1+v)\ 27
E[J* = Jupea] (1 —7) c0+7<60+ﬁ)+(7) 3 (16)

E [0] = 6o +

T-1

— | _ et 20r—e 207
;( VT =g+

3.6 Proof of Corollary 4.4

Recall the softmax policy update. Given a parameter 5 > 0, at any time instant k, the Softmax update
policy fig41 is:
exp (BQk (s, a))
i1 (als) = .
> weaexp (BQr(s,a’))
The policy improvement approximation for this update rule turns out to be time independent and is
given by:

17)

e = (TOQk — T8, Q) (s.0) <
Given 6y = max; do,+ the following is true,

E [6¢] = do + 577_

Substituting for expressions in Proposition 4.2, we obtain,

E[J = Jur] <1=-9"E [J* —min (T2Qo — Qo) (iﬂ

T-1 T-1
2 (3 C) _ye-1loglAl | log|A]
+2€§(1 ’Y)(o-i-ﬁ +;(1 7) 5t 3

Letcg = E [J * — min, (TQQO — Qo) (z)] be the error associated with the initial condition. Then
we obtain the result in the corollary,

. 2/, ¢ 147 log (|4
B[ = Jura] < (L=7)Teo + = (60 + ﬁ) + (:7) w. (18)

3.7 Proof of Corollary 4.5

Recall the mirror descent update. Given /5 > 0 the mirror descent update is given by:

,uk'(a|8)elBQk(S,a)
e ti(a']s)ef@n(s.a’)

prt1(als) = 5 (19)
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The policy improvement error for this update rule and is given by:

= (1% - T8,.) (0)
—lo !
=3 % Minses e (@ (5)]s)”

where a*(s) is the optimal action at state s. Let w11 = minges pg+1 (a*(s)|s) Given that the TD
learning error is of the form

<
\/77_7

Substituting for expressions in Proposition 4.2, we obtain,

E[J* = Jup] < (1=9)"E [J" — min (T8Qs - Qo) (3]

= C i 2 1 2 1
+2> (1- ‘(5 +>+§ 1-9)" 2o + Zlog —.
z:o( ’Y) 0 ﬁ ( 7) 3 gw 3 g

— w
—1 T—¢ T

Let co = E [J* — min; (T2Qo — Qo) (7)] be the error associated with the initial condition. Let
w = min; wy Then we obtain the result in the corollary,

. 2/(- C + 1
E[J _JMT+1} < (I_V)TCO‘F; (50+\/7»_) +< 76’7/)1 g<w>- (20)

3.8 Regret Analysis

Recall the pseudo regret defined as follows:
K
Res(K)=> (J* = Ju,), 1)
t=1
where p; us the policy utilized at time ¢ and obtained through mirror descent, and K is the time
horizon. Since K = 7T, we have

MH

RPS =T (22)

H
Il
—

Substituting for J* — J,,,, it is true that

Rps(K)—T(é(l— )co+1771 <i> i(éwﬁ))' (23)

Let 8 = /7. The above regret can be simplified as:

Ros () = 2 4 (0 tog (1) 2 ) 4 220 9

v oWT
Let c5 = (1 4+ ) log(1/w) + 2c3. We then have

TCO + KC5 QKSO
wr Ty
KCr;

2/3
Optimizing for regret involves equating TC" and P This yields 7 = (%) . Further substituting

Rps(K) = (25)

for T yields

Kecs 2/3 Co KC581/3 2K 3y
Rps(K) = — 26
m() = (B2) 0y T 2K 6)
3 1/3 3 1/3 <
_ (Kc5)2/3 . C(]/ N (Kc5)2/3 . C()/ N 2K, on
Y Y Y
2/3  1/3 2/3 5y
2 . K 2K
=% % 4 2% (28)
Y Y

14



Letcg = 20?30(1)/3. We have

K?2/3 2K b0
= c 42270
y v

Res(K) (29)
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