LEARNING CURVES OF CLASSIFICATION METRICS

Supplementary Material of Learning Curves of Classification

Metrics based on Confusion Matrices

Appendix A. Technical Details.

We elaborate the technical details of the two synthetic, four real-world datasets, and the
settings of the six non-neural, two neural classification algorithms used in our experiments.

The two synthetic datasets include a simple dataset and the Exp2 dataset. For a
simple dataset D, = {(x;,v:)};, it has a binary class label y; € {+,—} with P(y; =
+) =Py, = —) = % and ten predictors jointly drawn from two conditional Gaussian
distributions, i.e. xi]y,- =+ ~ N(0.510,2110) and xi|yi = -~ N(Olo,lm), where 01¢ and
0.519 denote the ten-dimensional vector with the elements of all 0 and 0.5 and I;9 denotes
the ten-order identity matrix. For the Exp2 dataset, it is a binary-class variant of the EXP6
dataset. The EXP6 dataset has a six-class label y; € { Yj}?:l and two predictors drawn with
replacement from an uniform grid space of resolution 0.1 over the region X = [0, 15] x [0, 15],
where class label y; is decided as follows:

Y1 w2 — fi(x1) >0 A 23 — fo(x1) >

Yo @ — fi(x1) <0 A 22 — fa(z1) >
Nzg — f3(z1) >0

Y3 29— fi(x1) >0 A 22 — fo(z1) <0

Yi @2 — fi(z1) <0 A 22 — fa(w1) <0
Nzg — f3(x1) >0

Ys w9 — fo(x1) >0 A 29— f3(x1) <O

Yo w2 — fo(21) <0 A 22— f3(71) <0

0
0

Yi

where f1, fo and f3 are decision boundary functions:
fi(z) =2 —4x +6, folz) = 4sin(z/2) + 8,

fa(z) = —2—15(952 — 108z) + 236. (30)

Here, we convert the EXP6 dataset to a binary-class dataset where the original six class
labels of the EXP6 dataset are combined as two classes (Y7 to Y3) versus (Ys to Ys).

For two synthetic datasets, six popular non-neural classification algorithms are consid-
ered as follows.

o Logistic Regression (LR): The glm package in R software with a binomial link
function is used.

o Linear Discriminant Analysis (LDA): The M ASS package in R software with
default settings is used.

o Naive Bayes (NB): The €1071 package in R software with default settings is used.
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Table 6: Logarithmic transformations of learning curves for the other nine baselines.

Baseline Formula Transform
POW2 en=a-n"" en=a-n""
LOG2 en, = —alog(n) + ¢ en, = —alog(n) + ¢
EXP2 en = aexp(—bn) en = aexp(—bn)
EXP3 en, = aexp(—bn) + ¢ log(en, — ¢) = log(a) — bn
LIN2 en=—an—+>b en=—an—+b
VAP3 e, =expla+ % + clog(n))  log(en) =a+ % + clog(n)
WBL4 en = ¢ — bexp(—an?) log(c — e,) = log(b) — an®
ILOG2 en:c—m en:c—%

EXPD3 e, =c— (c—a)exp(—bn) log(c—e,)=log(c—a)—bn

o Classification Tree (TREE): The rpart package in R software with default settings
is used.

o Random Forest (RF): The randomForest package in R software with ntree = 500
and nodesize = 8 is used.

o Multilayer Perceptron (MLP): The nnet package in R software with a initial ran-
dom weights on [—0.5,0.5] and 25 units in the hidden layer is used.

The four real-world datasets include Cat VS Dog dataset, Cifarl0 dataset, COVID-19
Chest X-Ray dataset, and binary gender classification dataset. For Cat VS Dog dataset,
COVID-19 Chest X-Ray dataset, and binary gender classification dataset, we use random-
sized crop to 224 x 224 and random horizontal flipping. For Cifarl0 dataset, we pad by 4
pixels and use a random 32 x 32 crop and random horizontal flipping. On these real-world
datasets, two deep neural networks without pretrained, i.e., ResNet18 and DenseNet are
used, where the default Pytorch implementations of networks, an optimizer of Stochastic
gradient descent (SGD), a learning rate of 0.005, and a training epoch size of 200 are used.

Appendix B. Results and Analysis

For the experimental results, a fraction of typical results of the comparisons between POW3
baseline and the proposed curve lines on the simple dataset, Cifar10 dataset and COVID-19
Chest X-Ray dataset have been listed in the Table 2,3 and 4 of the submitted paper. The
remaining results of the comparisons between POW3 baseline and the proposed curve lines
on the two synthetic datasets are showed in Table 7-19. In Table 7, the RMSE values of
the POW3 baseline and our proposed method are compared for the metrics of test error,
precision, recall, and F; score and the confidence bands of test error are evaluated on the
simple dataset. From this Table, we can see that most values of RMSE of our proposed
learning curves are lower than those in POW3 baseline, which illustrates that our proposed
learning curves have a benefit in the fitting of learning curves. From the Table 11, 12 and
19, the similar results can be obtained from the different datasets and classifiers.

In Table 13, 14, 15 and 16, the comparison results of confidence bands of POW3 baseline
and our proposed method are compared for the metrics of precision, recall, and F score.
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From these tables, we can see that our proposed confidence bands frequently possess DoC
values higher than the desired degree 1 —a = 0.95. It is illustrated that the confidence bands
of the POW3 baseline are liberal and the proposed confidence bands are more reasonable
than the baseline methods.

Table 7: Comparison of RMSE values of learning curves on the simple dataset.

. POW3 Our proposed method
Classifier
40 80 160 320 640 1280 40 80 160 320 640 1280
Test error
LR 3.26 248 259 2.72 294 3.83 2.88 2.37 2.48 2.67 2.93 3.34
RF 2.80 2.18 2.20 2.28 2.61 3.55 2.61 1.95 2.07 2.25 2.48 2.76
Precision
LR 4.25 3.01 2.97 3.15 3.52 4.38 3.24 2.78 2.88 3.12 3.42 3.79
RF 3.56 2.68 2.46 2.68 3.14 4.13 2.92 2.26 2.36 2.65 2.92 3.32
Recall
LR 5.20 3.78 3.89 4.13 4.56 5.82 4.61 3.59 3.78 4.06 4.41 4.87
RF 4.34 3.31 3.17 3.09 3.52 4.83 4.18 3.01 2.96 3.03 3.39 3.80
Fq score
LR 3.69 2.81 2.87 298 3.20 4.13 3.36 2.63 2.73 2.91 3.17 3.60
RF 2.91 228 220 221 250 3.33 2.76 1.97 2.05 2.17 2.39 2.64
Table 8: Comparison of confidence bands of test error on the simple dataset.
Measure 40 80 160 320 640 1280 40 80 160 320 640 1280
LR
DoC 0.21 0.17 0.13 0.16 0.18 0.16 1.00 1.00 1.00 1.00 0.95 0.78
IL(XIOfl) 0.15 0.10 0.08 0.10 0.13 0.15 4.53 3.25 2.32 1.60 1.14 0.81
RF
DoC 0.21 0.21 0.14 0.15 0.20 0.16 1.00 1.00 1.00 1.00 0.97 0.82
IL(x107') 0.14 0.10 0.08 0.09 0.13 0.15 4.24 3.11 215 148 1.04 0.75

Besides the POW3 baseline, we also compare our method with other nine types of
parametric learning curves, namely POW2, LOG2, EXP2, EXP3, LIN2, VAP3, WBIL4,
ILOG2, and EXPD3 baselines. The specific formulae of these nine learning curves have been
summarized in Table 6. For the fitting of learning curves, similar to the POW3 baseline, a
logarithmic transformation of parametric formula as shown in the Table 6 and a weighted

least squares method are used to fit these parametric learning curves.

The comparison

results of RMSE values of learning curves are showed in Table 20, 21, and 22. The bond
values of RMSE represent the smallest RMSE values among the nine baseline learning curves
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Table 9: Comparison of learning curves and confidence bands on Cifarl0 dataset and
DenseNet Classifier.

Metric POW3 Our proposed method
N;(x10) 125 250 500 1000 2000 4000 125 250 500 1000 2000 4000

Test error 0.99 1.89 1.15 1.93 2.57 4.02 1.18 1.63 1.10 2.13 2.66 2.29
Precision 2.02 2.00 0.92 2.35 3.11 4.32 1.12 1.71 0.86 2.24 2.90 2.37

Recall 1.80 2.19 2.15 2.13 3.25 3.30 1.82 1.61 1.74 2.09 3.42 3.13
Fqscore 1.32 1.88 1.35 2.04 2.60 3.42 1.32 1.60 1.22 2.09 268 2.31

Evaluation of the confidence bands of test error.

DoC 0. 00 00 00 00 00 10 10 10 1.0 05 00
IL(x107') 0.03 0.02 0.02 0.03 0.04 004 270 1.79 1.15 0.70 0.42 0.25

Evaluation of the confidence bands of precision.

DoC 0. 00 00 00O 00 00 10 10 10 1.0 05 0.3
IL(x107') 0.03 0.02 0.02 0.03 0.04 004 275 1.82 1.18 0.72 0.44 0.27

Evaluation of the confidence bands of recall.

DoC 01 00 00 00 00 01 10 10 1.0 1.0 04 0.3
IL(x107Y) 0.03 0.02 0.02 0.03 0.04 0.04 2.75 1.82 1.17 0.69 040 0.23

Evaluation of the confidence bands of F score.

DoC 01 00 0O 00 01 00 10 1.0 1.0 1.0 05 0.0
IL(x107Y) 0.03 0.02 0.02 0.03 0.04 0.04 275 1.82 1.17 0.71 042 0.25

and our proposed curve for a specific training set size. Compared our proposed method with
each baseline method, most values of RMSE of our proposed learning curve are smaller
than those in each baseline learning curve, which illustrates the proposed learning curves
are better than the other existing learning curves in most experimental settings.

Table 10: The comparison results on Gender dataset and ResNet Classifier.
Metric POW3 Our proposed method

N; 125 250 500 1000 2000 125 250 500 1000 2000

Test error 5.73 2.64 126 234 4.83 559 4.05 095 2.77 5.59
Precision 3.37 251 2.75 341 6.32 298 275 218 438 791

Recall 10.71 6.05 3.04 2.02 5.35 1144 7.01 343 1.75 3.32
Fq{score 7.08 3.17 1.40 219 5.06 7.14 475 1.27 258 b5.34

Measure Evaluation of the confidence bands of test error.

DoC 0.0 00 02 01 01 1.0 1.0 1.0 08 0.0
IL(x107Y) 0.67 0.60 0.48 0.80 0.74 24.10 15.80 10.74 6.97 5.35
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Table 11: Comparison of RMSE values of learning curves on the Exp2 dataset.

. POW3 Our proposed method
Classifier
40 80 160 320 640 1280 40 80 160 320 640 1280
Test error
LR 239 2.04 197 201 216 247 2.24 1.88 1.95 2.01 2.09 2.18
LDA 2.44 2.05 2.02 204 223 252 2.31 1.90 1.99 2.04 2.12 2.20
NB 2.64 224 217 223 246 286 2.42 2.05 2.14 2.23 2.32 2.41
TREE 2.79 2.16 1.73 1.72 1.73 294 3.19 253 1.63 1.68 1.74 1.91
RF 2.11 161 152 134 137 1.93 259 1.58 1.34 1.34 1.37 2.08
MLP 2.16 1.49 1.30 1.15 1.13 1.93 343 185 1.51 1.14 131 2.19
Precision
LR 3.41 282 2.66 2.71 291 340 3.18 2.78 2.74 280 2.85 2.96
LDA 3.28 2.75 2.67 2.69 290 3.35 3.18 2.68 2.74 2.78 2.85 2.96
NB 3.40 2.88 2.78 2.84 3.09 3.67 3.25 2.85 290 295 3.02 3.15
TREE 445 3.07 2.31 2.22 2.57 3.07 4.19 3.61 237 225 2.36 2.58
RF 2.70 216 1.89 1.78 1.86 2.43 3.64 1.89 1.77 1.78 1.87 2.46
MLP 2.80 2.06 1.73 151 1.53 2.30 463 1.96 1.71 1.50 1.73 2.36
Recall
LR 3.3 295 2.78 283 3.07 3.66 3.24 2.64 2.73 2.83 2.93 3.13
LDA 3.50 295 279 2.89 3.17 3.67 3.26 2.68 2.76 2.90 3.01 3.12
NB 3.82 3.19 3.00 3.12 347 4.06 3.50 2.89 2.95 3.12 3.26 3.39
TREE 5.66 5.35 281 2.89 2.98 533 6.89 6.34 2.78 3.13 344 3.69
RF 3.35 2.43 2.16 190 187 2.71 4.02 250 1.93 1.90 1.86 2.57
MLP 3.27 2.29 1.93 158 1.66 2.65 4.79 281 220 1.57 2.02 2.80
F score
LR 242 2.08 2.01 2.04 218 246 2.31 1.95 2.00 2.06 2.11 2.20
LDA 246 2.10 2.06 2.09 226 255 2.38 1.98 2.06 2.11 2.17 2.25
NB 271 231 2.23 2.30 250 287 2.55 2.17 224 233 2.40 2.47
TREE 3.14 2.41 181 1.79 1.76 3.14 3.84 2.75 1.70 1.83 1.88 2.02
RF 2.21 165 154 134 1.35 1.87 2.80 1.57 1.34 1.32 1.38 2.13
MLP 2.21 1.53 1.31 114 1.11 1.87 3.67 180 146 1.13 1.33 2.23




Table 12: Comparison of confidence bands of test error on the Exp2 dataset.
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Measure 40 80 160 320 640 1280 40 80 160 320 640 1280
LR
DoC 0.15 0.13 0.10 0.12 0.17 0.17 1.00 1.00 1.00 1.00 0.95 0.81
IL(x107Y) 0.10 0.07 0.05 0.06 0.09 0.11 3.21 2.19 1.48 1.03 0.79 0.52
LDA
DoC 0.15 0.15 0.10 0.13 0.14 0.19 1.00 1.00 1.00 1.00 0.94 0.81
IL(x10-%) 0.10 0.07 0.05 0.06 0.09 0.11 3.21 2.19 1.48 1.03 0.81 0.55
NB
DoC 0.17 0.14 0.10 0.13 0.16 0.18 1.00 1.00 1.00 1.00 0.94 0.79
IL(x10~Y) 0.10 0.08 0.06 0.07 0.10 0.12 3.21 250 1.61 1.17 0.88 0.59
TREE
DoC 0.19 0.16 0.18 0.19 0.27 0.18 1.00 1.00 1.00 0.99 091 0.75
IL(x107') 0.13 0.08 0.07 0.08 0.11 0.13 3.82 2.19 148 0.97 0.63 0.39
RF
DoC 0.17 0.17 0.15 0.21 0.26 0.22 1.00 1.00 1.00 1.00 0.92 0.48
IL(x107') 0.10 0.07 0.06 0.07 0.10 0.11 3.82 2.19 1.33 0.78 047 0.32
MLP
DoC 0.18 0.21 0.18 0.26 0.35 0.27 1.00 1.00 1.00 1.00 0.87 0.32
IL(x107') 0.11 0.08 0.06 0.07 0.10 0.13 3.21 1.81 1.16 0.60 0.40 0.35
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Table 13: Comparison of confidence bands of precision on the simple dataset.

Measure 40 80 160 320 640 1280 40 80 160 320 640 1280

LR

DoC 0.17 0.17 0.15 0.15 0.18 0.21 1.00 1.00 1.00 0.98 0.92 0.71
IL(x107') 0.18 0.14 0.10 0.12 0.17 0.20 4.72 3.37 232 162 1.15 0.83

LDA

DoC 0.16 0.18 0.12 0.15 0.19 0.20 1.00 1.00 1.00 0.98 0.91 0.71
IL(x107') 0.18 0.14 0.10 0.12 0.17 0.20 4.72 3.37 232 1.58 1.10 0.81

NB

DoC 0.17 0.16 0.14 0.15 0.18 0.16 1.00 1.00 0.99 0.97 0.86 0.69
IL(x107') 0.16 0.10 0.09 0.10 0.14 0.16 4.24 3.11 2.08 1.36 0.95 0.66

TREE

DoC 0.22 0.22 0.19 0.22 0.21 0.16 1.00 1.00 1.00 1.00 0.86 0.70
IL(x107Y) 0.19 0.18 0.12 0.14 020 0.27 4.81 346 245 1.69 1.19 0.87

RF

DoC 0.21 0.20 0.15 0.16 0.20 0.16 1.00 1.00 1.00 0.99 0.93 0.75
IL(x107') 0.16 0.13 0.09 0.11 0.15 0.19 4.53 3.25 227 1.58 1.09 0.79

MLP

DoC 0.18 0.21 0.17v 0.19 0.21 0.18 1.00 1.00 1.00 1.00 0.95 0.73
IL(x107') 0.19 0.15 0.10 0.13 0.17 0.21 4.72 3.37 241 1.68 1.18 0.82

LR

DoC 0.19 0.15 0.13 0.15 0.17 0.16 1.00 1.00 1.00 0.96 0.83 0.62
IL(x107Y) 0.22 0.15 0.12 0.15 0.20 0.23 4.53 3.37 237 1.62 1.13 0.77

LDA

DoC 0.18 0.14 0.12 0.16 0.15 0.15 1.00 1.00 1.00 0.96 0.84 0.63
IL(x107Y) 0.22 0.15 0.12 0.14 0.19 0.23 4.72 346 241 1.66 1.17 0.82
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Table 14: Comparison of confidence bands of recall on the simple dataset.

Measure 40 80 160 320 640 1280 40 80 160 320 640 1280

LR

DoC 0.19 0.15 0.13 0.15 0.17 0.16 1.00 1.00 1.00 0.96 0.83 0.62
IL(x107Y) 0.22 0.15 0.12 0.15 0.20 0.23 4.53 3.37 237 1.62 1.13 0.77

LDA

DoC 0.18 0.14 0.12 0.16 0.15 0.15 1.00 1.00 1.00 0.96 0.84 0.63
IL(x107Y) 0.22 0.15 0.12 0.14 0.19 0.23 4.72 3.46 241 1.66 1.17 0.82

NB

DoC 0.16 0.15 0.09 0.13 0.16 0.15 1.00 1.00 1.00 0.95 0.85 0.64
IL(x107Y) 0.18 0.14 0.10 0.12 0.16 0.20 4.24 3.11 221 1.51 1.05 0.74

TREE

DoC 0.18 0.10 0.14 0.16 0.16 0.14 1.00 1.00 1.00 0.95 0.76 0.49
IL(x1071) 0.26 0.19 0.15 0.18 0.24 0.27 4.72 352 245 1.68 1.15 0.88

RF

DoC 0.18 0.17 0.14 0.19 0.22 0.18 1.00 1.00 1.00 0.97 0.86 0.65
IL(x107') 0.20 0.14 0.12 0.14 0.19 0.22 4.24 3.11 208 1.36 0.93 0.67

MLP

DoC 0.15 0.18 0.16 0.16 0.18 0.18 1.00 1.00 1.00 0.99 0.82 0.45
IL(x107') 0.25 0.18 0.13 0.14 020 0.29 481 352 248 1.71 1.24 0.86




Table 15: Comparison of confidence bands of F; score on the simple dataset.
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Measure 40 80 160 320 640 1280 40 80 160 320 640 1280
LR
DoC 0.20 0.15 0.13 0.17 0.18 0.19 1.00 1.00 1.00 0.99 0.95 0.77
IL(x107Y) 0.17 0.11 0.10 0.12 0.16 0.18 4.72 3.37 237 1.62 1.14 0.81
LDA
DoC 0.20 0.16 0.12 0.15 0.18 0.18 1.00 1.00 1.00 0.99 0.94 0.77
IL(x107Y) 0.17 0.12 0.10 0.12 0.16 0.18 4.72 3.37 237 1.62 1.13 0.81
NB
DoC 0.20 0.16 0.13 0.13 0.18 0.16 1.00 1.00 1.00 0.99 0.95 0.78
IL(x107Y) 0.14 0.09 0.08 0.09 0.12 0.14 4.24 3.11 215 145 0.99 0.71
TREE
DoC 0.20 0.19 0.17 0.21 0.24 0.17 1.00 1.00 1.00 1.00 0.94 0.73
IL(x107Y) 0.19 0.15 0.12 0.14 0.19 0.22 481 352 245 1.69 1.18 0.87
RF
DoC 0.21 0.18 0.16 0.18 0.24 0.19 1.00 1.00 1.00 1.00 0.97 0.83
IL(x107') 0.15 0.11 0.09 0.11 0.15 0.17 4.53 3.25 221 148 1.03 0.74
MLP
DoC 0.20 0.19 0.19 0.17 0.23 0.19 1.00 1.00 1.00 1.00 0.96 0.67
IL(x107') 0.20 0.14 0.10 0.12 0.17 0.22 4.72 3.46 245 1.69 121 0.84
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Table 16: Comparison of confidence bands of precision on the Exp2 dataset.

Measure 40 80 160 320 640 1280 40 80 160 320 640 1280

LR

DoC 0.12 0.11 0.09 0.11 0.16 0.16 1.00 0.99 0.97 0.92 0.82 0.65
IL(x107') 0.12 0.09 0.06 0.08 0.11 0.13 3.82 250 1.61 1.08 0.82 0.54

LDA

DoC 0.11 0.11 0.08 0.10 0.13 0.15 1.00 0.99 0.97 0.92 0.80 0.65
IL(x107') 0.12 0.10 0.07 0.08 0.11 0.14 3.82 250 1.61 1.08 0.84 0.56

NB

DoC 0.12 0.13 0.09 0.10 0.14 0.14 1.00 0.99 0.98 0.94 0.81 0.63
IL(x10~Y) 0.12 0.10 0.07 0.08 0.11 0.14 3.82 250 1.73 1.21 0.91 0.57

TREE

DoC 0.14 0.11 0.13 0.18 0.21 0.19 0.99 0.94 0.95 0.92 0.78 0.59
IL(x107') 0.15 0.09 0.09 0.11 0.14 0.14 4.24 250 1.48 091 0.56 0.42

RF

DoC 0.16 0.18 0.13 0.18 0.25 0.20 0.97 0.99 0.98 094 0.74 0.40
IL(x107Y) 0.12 0.09 0.07 0.08 0.11 0.13 3.82 2.19 1.33 0.85 0.58 0.43

MLP

DoC 0.19 0.18 0.16 0.22 0.34 0.23 0.97 1.00 1.00 0.92 0.63 0.25
IL(x107Y) 0.13 0.10 0.07 0.09 0.12 0.14 3.82 2.19 1.33 0.78 0.50 0.35
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Table 17: Comparison of confidence bands of recall on the Exp2 dataset.

Measure 40 80 160 320 640 1280 40 80 160 320 640 1280
LR
DoC 0.15 0.15 0.12 0.12 0.17 0.15 0.99 1.00 0.98 093 0.82 0.64
IL(x107Y) 0.14 0.10 0.07 0.09 0.12 0.15 3.21 250 1.61 1.08 0.77 0.52
LDA
DoC 0.16 0.15 0.09 0.12 0.16 0.16 0.99 0.99 0.99 094 0.82 0.64
IL(x107') 0.14 0.11 0.07 0.09 0.12 0.15 3.82 250 1.61 1.13 0.81 0.55
NB
DoC 0.13 0.13 0.09 0.12 0.15 0.16 1.00 1.00 0.99 0.95 0.82 0.65
IL(x107') 0.15 0.12 0.08 0.09 0.13 0.17 3.82 274 1.83 1.25 0.88 0.62
TREE
DoC 0.13 0.11 0.13 0.14 0.24 0.17 0.96 1.00 0.98 0.77 0.60 0.44
IL(x107') 0.22 0.14 0.10 0.11 0.16 0.24 453 2.74 1.73 1.17 0.82 0.52
RF
DoC 0.19 0.21 0.15 0.21 0.30 0.24 0.99 1.00 0.98 0.95 0.77 0.39
IL(x107Y) 0.16 0.11 0.08 0.10 0.14 0.16 4.24 2.50 1.33 0.78 0.58 0.38
MLP
DoC 0.19 0.20 0.16 0.24 033 0.24 0.96 1.00 0.99 0.94 0.59 0.22
IL(x107Y) 0.14 0.11 0.08 0.09 0.13 0.17 3.82 2.19 1.16 0.78 0.50 0.37
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Table 18: Comparison of confidence bands of F score on the Exp2 dataset.

Measure 40 80 160 320 640 1280 40 80 160 320 640 1280
LR
DoC 0.15 0.14 0.10 0.13 0.17 0.19 1.00 1.00 1.00 0.99 0.93 0.79
IL(x10~Y) 0.10 0.07 0.05 0.06 0.09 0.11 3.82 250 1.61 1.08 0.79 0.52
LDA
DoC 0.17 0.16 0.11 0.13 0.16 0.17 1.00 1.00 1.00 0.99 0.93 0.80
IL(x107') 0.10 0.07 0.05 0.07 0.09 0.11 3.82 250 1.61 1.13 0.82 0.56
NB
DoC 0.16 0.14 0.12 0.12 0.16 0.18 1.00 1.00 1.00 0.98 0.92 0.76
IL(x1071) 0.11 0.08 0.06 0.07 0.10 0.12 3.82 2.74 1.73 1.21 0.90 0.60
TREE
DoC 0.18 0.13 0.17 0.17 0.28 0.19 1.00 1.00 1.00 0.96 0.86 0.70
IL(x107') 0.14 0.09 0.07 0.08 0.12 0.14 4.24 250 1.61 1.03 0.65 0.40
RF
DoC 0.19 0.18 0.16 0.23 0.28 0.21 1.00 1.00 1.00 0.99 0.87 0.40
IL(x107Y) 0.10 0.08 0.06 0.07 0.10 0.11 4.24 250 1.48 0.85 0.50 0.33
MLP
DoC 0.18 0.21 0.16 0.26 0.36 0.28 0.99 1.00 1.00 0.97 0.79 0.26
IL(x107%) 0.11 0.08 0.06 0.07 0.10 0.12 3.82 2.19 1.33 0.69 0.43 0.36
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Table 19: Comparison of learning curves and confidence bands on the Cat VS Dog dataset.

POW3 Our proposed method
625 1250 2500 5000 10000 625 1250 2500 5000 10000

Metric Classifier

RMSE
ResNet18 1.03 3.52 2.69 1.02 2.83 1.10 3.23 2.24 0.93 5.64

Testerror 1y eNet 2.13 2.86 1.74 0.89 246 1.40 3.07 224 1.02 2.30
recisioy  ResNetl8 0.96 261 2.39 166 4.86 134 2.20 1.82 1.63 7.36
FeCISIon  hyonseNet 1.69 3.16 1.43 1.17 241 1.29 3.16 1.64 123 2.23
Recqy  ResNetl8 415 712 408 214 4.64 3.23 6.83 3.45 2.00 5.57
eea DenseNet 2.79 3.12 3.26 1.49 2.70 1.96 3.33 3.71 1.60 2.86
B sope ResNetl8 200 469 297 110 242 177 4.54 2.59 0.98 553
1SCOTC DenseNet 240 2.88 1.92 0.89 256 1.54 3.13 245 1.05 2.33
Evaluation of the confidence bands on the ResNet18.
et DoC 01 00 00 01 00 1.0 1.0 09 0.1 03
VETOT I(x1071) 0.04 0.02 0.03 0.05 0.06 1.29 0.87 059 0.38 0.28
Procisio DoC 01 01 00 02 01 1.0 1.0 09 08 0.1
PO I (x1071) 0.04 0.02 003 005 007 1.30 086 057 037 0.27
Recall DoC 00 00 00 00 00 1.0 02 06 07 02
IL(x1071) 0.06 0.03 0.03 0.06 0.08 1.30 0.89 0.61 0.39 0.28
' soore DoC 00 00 00 00 01 1.0 06 08 1.0 03
1 IL(x1071) 0.05 0.02 0.03 0.05 0.07 1.30 0.88 0.59 0.38 0.28
Evaluation of the confidence bands on the DenseNet.

st errer . DOC 01 00 00 00 00 1.0 09 06 09 0.1
IL(x1071) 0.04 0.02 0.03 0.05 0.06 114 0.72 044 028 0.18
. DoC 00 00 00 02 03 1.0 07 09 08 05

Precision -1
IL(x1071) 0.04 0.02 0.03 0.05 0.06 1.14 070 044 027 0.18
Recall DoC 01 01 01 00 01 1.0 06 04 07 00
At IL(x107Y) 0.04 0.03 003 005 0.07 117 075 045 028 0.17
DoC 01 00 00 00 00 1.0 09 05 09 0.1

F4 score

IL(x10~Y) 0.04 0.02 0.03 0.05 0.06 1.16 0.73 0.45 028 0.18




XUE WANG CAO YANG LI

Table 20: Comparison of RMSE values of learning curves between the other nine baselines
and our proposed method on the simple dataset.

Classifier LR LDA
Method 40 80 160 320 640 1280 40 80 160 320 640 1280

POW2 570 3.52 2,55 3.78 7.12 11.54 597 3.25 253 3.76 6.94 11.19
LOG2 320 3.01 3.03 274 3.09 6.03 299 274 287 271 3.03 5.4l
EXP2 515 2.32 295 3.04 2.82 9.76 472 232 275 2.86 2.79 888
EXP3 4.60 251 3.72 3,57 291 1530 4.19 240 341 3.36 290 13.79
LIN2 432 278 4.16 3.86 292 1955 392 260 3.80 3.62 291 17.49
VAP3 426 280 2.70 2.69 293 454 414 278 269 267 294 4.48
WBL4 2.81 259 255 267 3.02 370 2.73 244 251 2.65 295 3.45
ILOG2 290 249 255 267 3.00 387 279 236 251 265 294 3.59
EXPD3 423 293 435 399 292 2149 384 271 397 3.73 291 19.14

Ours 2.88 237 2.48 2.67 293 3.34 280 2.29 2.47 2.65 288 3.19

NB TREE

POW2 9.02 264 446 7.85 10.31 1197 6.09 2.11 221 3.41 5.33 9.09
LOG2 286 266 261 232 267 504 2.61 201 211 250 292 5.75
EXP2 450 1.54 1.78 1.80 1.75 5.12 552 224 260 345 3.08 12.69
EXP3 3.87 228 3.16 297 251 1273 498 195 3.28 4.04 3.15 19.31
LIN2 3.65 249 351 3.20 252 16.10 4.65 2.00 3.76 4.44 3.20 25.91
VAP3 398 2.60 240 229 256 3.85 421 276 247 245 3.00 5.13
WBL4 2.64 238 224 226 262 3.18 278 1.94 2.07 243 291 3.54
ILOG2 270 226 223 225 259 327 266 199 2.06 2.42 2.89 3.58
EXPD3 3.58 2.67 3.75 3.35 252 1798 4.54 207 396 4.60 3.22 28.82

Ours 2.73 212 216 226 249 2.69 296 223 228 244 295 3.57

RF MLP

POW2 871 255 272 536 890 11.59 5.51 243 197 296 545 8.38
LOG2 279 245 247 231 269 516 2.60 2.05 210 223 2.69 4.16
EXP2 499 201 230 247 232 794 425 226 213 240 258 8.20
EXP3 436 211 3.29 331 259 15.01 3.75 2.05 258 284 265 12.16
LIN2 4.09 231 3.71 3.62 261 19.54 347 2.06 294 3.12 2.67 15.60
VAP3 4.04 265 240 226 260 4.11 426 277 230 220 259 3.51
WBL4 2.50 2.06 2.07 225 257 3.01 261 190 192 219 259 3.1
ILOG2 253 2.00 2.07 2.24 256 3.13 261 1.90 1.92 219 259 3.49
EXPD3 4.01 245 3.92 3.76 262 2159 3.38 211 3.10 3.23 2.67 17.16

Our 2.61 1.95 2.07 225 248 2.76 268 191 194 2.19 2.56 3.55
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Table 21: Comparison of RMSE values of learning curves between the other nine baselines
and our proposed method on the Cat VS Dog dataset.

Classifier ResNet18 DenseNet

Method 625 1250 2500 5000 10000 625 1250 2500 5000 10000
POW2 6.68 6.52 944 784 497 0.43 489 390 213 141
LOG2 1.22 393 268 0.82 334 254 269 148 0.87 2.49
EXP2 431 234 0.49 0.74 539 5.09 193 0.59 0.70 4.79
EXP3 4.68 2.18 0.74 0.97 1287 554 147 160 0.90 16.83
LIN2 479 2.07 1.04 1.18 19.05 5.59 1.29 1.95 1.07 24.28
VAP3 3.26 1.67 2.07 141 1.81 4.22 217 2.09 1.30 1.08
WBL4 1.26 5.58 3.83 0.92 787 0.95 4.24 2.66 0.57 252
ILOG2 0.85 493 3.45 0.72 6.12 1.58 3.62 221 0.72 1.13
EXPD3 482 203 1.13 1.24 21.20 5.60 1.25 2.03 1.11 2648
Ours 1.10 3.23 224 093 564 140 3.07 224 1.02 2.30

Table 22: Comparison of RMSE values of learning curves between the other nine baselines
and our proposed method on the Cifarl0 dataset.

Classifier ResNet18 DenseNet
N;(x10) 125 250 500 1000 2000 4000 125 250 500 1000 2000 4000
POW2 10.07 4.28 8.03 4.73 2.32 1.16 1.21 3.72 3.54 397 3.60 2.14
LOG2 271 154 260 0.47 193 136 3.43 0.71 0.71 1.18 3.05 7.24
EXP2 4.09 1.01 1.00 357 1.85 7.07 924 191 286 226 181 6.64
EXP3 4.87 1.00 2.11 5.70 2.71 25.04 9.51 1.25 446 4.36 1.30 26.82
LIN2 498 0.84 269 6.64 3.16 44.09 9.45 0.86 5.09 5.11 1.25 45.21
VAP3 1.75 3.04 167 098 1.73 1.19 230 124 122 241 275 1.61
WBL4 6.29 4.47 543 0.78 4.27 837 0.30 3.08 2.19 231 1.67 0.90
ILOG2 4.92 3.07 425 0.65 2.75 4.55 1.60 1.89 098 1.86 248 2.72
EXPD3 500 0.78 2.85 6.89 3.29 51.67 943 0.75 5.26 5.30 1.25 51.77
Our Method 2.37 0.34 1.50 1.08 1.62 5.69 1.18 1.63 1.10 2.13 2.66 2.29




