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Abstract

Latent variables (LVs) play a crucial role in encoder–decoder models by enabling1

effective data compression, prediction, and generation. Although their theoretical2

properties, such as generalization, have been extensively studied in supervised3

learning, similar analyses for unsupervised models such as variational autoencoders4

(VAEs) remain insufficiently underexplored. In this work, we extend information-5

theoretic generalization analysis to vector-quantized (VQ) VAEs with discrete6

latent spaces, introducing a novel data-dependent prior to rigorously analyze the7

relationship among LVs, generalization, and data generation. We derive a novel8

generalization error bound of the reconstruction loss of VQ-VAEs, which depends9

solely on the complexity of LVs and the encoder, independent of the decoder.10

Additionally, we provide the upper bound of the 2-Wasserstein distance between11

the distributions of the true data and the generated data, explaining how the regu-12

larization of the LVs contributes to the data generation performance.13

1 Introduction14

Encoder–decoder (ED) models have demonstrated remarkable performance [23] in (un)supervised15

tasks such as classification [2, 4] and data generation [39, 68], compressing input data into latent16

variables (LVs) via an encoder. The success of ED models hinges on how effectively the encoder can17

represent essential features of the input in LVs, stimulating analyses of the relationship between LVs18

and ED model performance, as well as developing algorithms designed to appropriately control LVs.19

In supervised learning, the information bottleneck (IB) hypothesis [65, 59] has gained significant20

attention for proposing that minimizing the mutual information (MI) between input data and LVs21

enhances generalization by ensuring LVs retain the minimal information necessary for prediction.22

This hypothesis has motivated numerous learning algorithms for deep neural networks and empirical23

studies exploring their performance [64, 60, 55, 22, 1, 2]. Moreover, theoretical research about how24

LVs contribute to generalization has been actively pursued [69, 28, 38, 70] within the IB hypothesis.25

Recently, Sefidgaran et al. [56] has highlighted the limitations of these analyses, particularly in26

terms of assumptions and the sample complexity represented by the MI. To address these limitations,27

they proposed extending the supersample setting of information-theoretic (IT) analysis [62]. Their28

approach induces a symmetric, data-dependent prior over LVs that facilitates rigorous analysis, which29

successfully characterizes generalization performance using the Kullback–Leibler (KL) divergence30

between the posterior distribution of the LVs and this prior. These results suggest that, by carefully31

constructing the data-dependent prior distribution, we can obtain a decoder-independent bound,32

which illustrates clearly how LVs contribute to the generalization for ED models in classification.33

Their analysis has recently been extended to multi-view learning settings [57, 58].34

LVs play a key role in deep generative models for unsupervised learning tasks such as data compres-35

sion and generation. For example, variational autoencoders (VAEs) [39] are trained by optimizing an36
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objective function that includes the KL divergence of the posterior from the prior in the LV space as a37

regularization term. Extended methods such as β-VAE [34] highlight the importance of appropriately38

tuning the strength of KL regularization to improve LV representations. Additionally, methods like39

vector-quantized VAEs (VQ-VAEs) [68], which discretize the latent space, have been developed to40

address posterior collapse. Numerous empirical studies have also evaluated model performance based41

on the MI, such as the IB hypothesis and rate-distortion theory [3, 9, 67, 12].42

In contrast to supervised learning, theoretical insights into the relationship between the generalization43

of ED models and LVs in unsupervised learning remain limited. Although Chérief-Abdellatif et al.44

[13] has employed probably approximately correct (PAC) Bayes analysis [47, 6] to investigate the45

generalization error defined in terms of reconstruction loss, they consider the posterior and prior46

distributions over the encoder and decoder parameters. Similarly, Epstein & Meir [19] focused on47

the complexity of encoder and decoder parameters to analyze the generalization capability. Therefore,48

these studies lack the analysis of the relationship between LVs and generalization capability. Mbacke49

et al. [46] attempted to address this problem by deriving PAC-Bayes bounds based on the KL50

divergence within prior and posterior distributions over LVs; however, their analysis relies on the51

impractical assumption that decoders are not trained, leaving significant challenges in achieving a52

practical understanding of the role of LVs in generalization performance.53

To address these challenges, we provide the first rigorous theoretical analysis of the relationship among54

LVs, generalization, and data generation in ED models, with a focus on VQ-VAEs [68]. Motivated by55

Sefidgaran et al. [56], we construct a data-dependent prior over LVs using the supersample setting56

from IT analysis [62, 30, 32]. This approach yields a generalization error bound for the reconstruction57

loss, characterized by the KL divergence between the prior and the posterior over LVs (Theorem 2).58

Similar to Sefidgaran et al. [56], our bound remains independent of decoder complexity even when59

the encoder and decoder are trained jointly, underscoring the critical role of designing the encoder60

network for the generalization.61

However, we observe that the bound based on the supersample setting does not necessarily converge62

to 0 asymptotically with respect to the number of samples. To address this issue, we extend the super-63

sample framework by introducing a novel data-dependent prior, called the permutation symmetric64

prior distribution, which explicitly accounts for the inherent symmetries specific to unsupervised65

learning tasks (Theorem 3). This formulation enables us to derive a generalization error bound that66

asymptotically converges to 0 as the number of samples increases and is independent of the decoder.67

Finally, we investigate the data generation capability of VQ-VAEs by deriving the upper bound on the68

2-Wasserstein distance between the true data and the generated data distributions (Theorem 5). Our69

analyses reveal that the generalization and data-generating capabilities of VQ-VAEs depend solely on70

the parameters of the encoder and LVs, remaining entirely independent of the decoder.71

2 Background72

In this section, we introduce the VQ-VAE and define the reconstruction-based generalization error,73

which forms the basis of our analysis (Sections 2.1 and 2.2). We then present the IT analysis using74

supersamples (Section 2.3), highlighting its limitations in unsupervised settings (Section 2.4).75

Notations: We use uppercase letters for random variables and lowercase letters for their realizations.76

The distribution of X is denoted by p(X), and the conditional distribution of Y given X by p(Y |X).77

Expectations are written as Ep(X) or EX . The MI and conditional MI (CMI) are denoted by I(X;Y )78

and I(X;Y |Z), respectively. The KL divergence from p(X) to p(Y ) is written as KL(p(X)∥p(Y )).79

For a ∈ N, we define [a] := {1, . . . , a}.80

2.1 VQ-VAE and its stochastic extensions81

Let X ⊂ Rd denote the data space, and assume an unknown data-generating distribution D. The82

latent space is represented as Z ⊂ Rdz , where both X and Z are equipped with the Euclidean metric83

∥ · ∥. The discrete latent space comprises K distinct points, collectively referred to as the codebook,84

denoted by e = {ej}Kj=1 ∈ ZK , which are learned from the training data.85

The VQ-VAE model consists of the encoder networkfϕ : X → Z and the decoder network gθ : Z →86

X responsible for (i) data compression and (ii) reconstruction, where ϕ ∈ Φ ⊂ Rdϕ and θ ∈ Θ ⊂Rdθ87
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denote the parameters of the encoder and decoder, respectively. In the compression phase, a data88

point x is mapped to fϕ(x), and the discrete representation ej is selected from the codebook e. Then,89

the posterior distribution of the discrete representation indexed by j is denoted as q(J = j|e, ϕ, x)90

for all j = 1, . . . ,K. In the original VQ-VAE [68], the following deterministic posterior is used:91

q(J = j|e, ϕ, x) =
{

1 for j = argmink∈[K] ∥fϕ(x)− ek∥,
0 otherwise,

(1)

where the distance between the encoder output and the codebook entries determines the posterior.92

Recent extensions of VQ-VAE [79, 61, 54, 63] introduce a stochastic posterior defined by93

q(J = j|e, ϕ, x) ∝ exp
(
−β∥fϕ(x)− ej∥2

)
, (2)

where a softmax is applied over codebook indices, and the temperature parameter β ∈ R+ controls94

the level of stochasticity. The data is then reconstructed by passing the selected latent representation95

eJ=j through the decoder, resulting in gθ(eJ=j). The fidelity of the reconstruction to the original96

input is measured by the reconstruction loss, defined as l(x, gθ(eJ=j)), where l : X × X → R+.97

2.2 Generalization error based on reconstruction loss98

Hereafter, let the set of parameters be denoted as W := {e, ϕ, θ} ∈ W (:= ZK × Φ × Θ).99

Given the training dataset S = (S1, . . . , Sn) ∈ Xn consisting of independently and identically100

distributed (i.i.d.) data points sampled from the data distribution D, these parameters are learned101

jointly using a randomized algorithm A : Xn → W that minimizes the reconstruction loss between a102

data point x and a reconstructed data gθ(ej), i.e., l(x, gθ(ej)). Consequently, the learned parameters103

e, ϕ, θ follow the conditional distribution q(e, ϕ, θ|S). For simplicity, we define the expected recon-104

struction loss for an input x and w as l0 : W ×X → R, where l0(w, x) := Eq(J|e,ϕ,x)[l(x, gθ(eJ))].105

In this study, we consider the squared distance as l. Accordingly, our objective is to minimize106

l0(w, x) := Eq(J|e,ϕ,x)[∥x− gθ(eJ)∥2] over the training dataset x ∈ S. We introduce the following107

assumption about the data space imposed on our analysis.108

Assumption 1. There exists a positive constant ∆ such that supx,x′∈X ∥x− x′∥ < ∆1/2.109

This assumption ensures that the reconstruction loss l(x, gθ(ej)) is bounded by ∆ for all x, ej , and θ.110

Our goal is to theoretically characterize the relationship between generalization performance and LVs111

in VQ-VAEs. To this end, we analyze the following generalization error:112

gen(n,D) :=
∣∣∣ES,XEq(W |S)l0(W,X)− 1

n

n∑
m=1

l0(W,Sm)
∣∣∣, (3)

where the first term denotes the expected test reconstruction loss, and the second term is the empirical113

training loss. Following the success of Sefidgaran et al. [56], we also consider analyzing Eq. (3)114

under the IT analysis framework with the supersample (or ghost sample) setting [62, 30, 32].115

2.3 Supersample settings for IT analysis116

Now, we introduce the supersample setting for IT analysis. The supersample X̃ ∈ Xn×2 is defined117

as an n× 2 matrix, where each entry is drawn i.i.d. from D. Each column of X̃ is associated with an118

index set {0, 1}, determined by U = (U1, . . . , Un) ∼ Uniform({0, 1}n), independent of X̃ . In this119

setting, we consider X̃U := (X̃m,Um)nm=1 as the training dataset and X̃Ū := (X̃m,Ūm
)nm=1 as the120

test dataset, where Ūm = 1− Um. The m-th row of X̃ is denoted as X̃m with entries (X̃m,0, X̃m,1).121

Using the supersamples, l0(A(X̃U ), X̃) denotes an n× 2 loss matrix, where l0(A(X̃U ), ·) is applied122

elementwise to X̃ . The IT analysis of Eq. (3) under the supersample setting gives the following result.123

124

Theorem 1 (Hellström & Durisi [32]). Under Assumption 1 and the supersample setting, we have125

gen(n,D) ≤ ∆

√
2I(l0(W, X̃);U |X̃)/n. (4)

The complete proof is provided in Appendix C. We refer to this bound as the basic IT-bound, as126

it arises from the direct application of existing IT analysis [32] developed for supervised learning.127

Unfortunately, we find that the basic IT-bound is insufficient to fully understand the role of LVs in128

the generalization performance of VQ-VAE. The next section elaborates on this limitation.129
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Figure 1: Graphical models illustrating different dependency structures for LVs. The left panel shows
the structure considered in the standard supersample setting (Theorem 1). The right panel depicts our
proposed structure tailored for unsupervised learning. See Appendix B.3 for further details.

2.4 Limitation of the direct application of IT analysis130

The limitation of the basic IT-bound is that it does not offer a clear interpretation of how the LVs131

contribute to the generalization performance independently of other random variables. Specifically,132

let J̃ denote the random variable that follows the distribution q(J̃ |e, ϕ, X̃), which is defined by133

applying q(J |e, ϕ, ·) elementwise to X̃ . With this definition, we can upper bound Eq. (4) as134

I(l0(W, X̃);U |X̃) ≤ I(θ;U |X̃) + I(J̃ ;U |X̃, θ). (5)

See Appendix C.2 for the proof. This result implies that the generalization of VQ-VAE can be135

bounded by the CMI related to the decoder parameter θ and the selected index J̃ . Note that selecting136

J corresponds to selecting an LV eJ from the codebook. Therefore, the second term above illustrates137

how LVs contribute to generalization. However, since conditioning on θ is taken, it does not allow138

the independent analysis of eJ and θ. This dependence hinders a precise theoretical analysis of how139

LVs affect generalization performance.140

We can better understand this difficulty by considering how IT-based generalization analysis is141

typically formulated: it is framed as the problem of inferring which samples were used for training,142

given a random supersample index, U , that determines the shuffling of the dataset. The randomness143

introduced by this shuffling is governed by the design of the prior, which plays a central role in144

applying the Donsker–Varadhan inequality to derive an upper bound on the generalization error.145

In the basic IT-bound (Theorem 1), shuffling via U leads to randomly altering the training dataset,146

producing a bound that jointly depends on both model parameters and LVs, thereby entangling θ and147

J . This illustrates that a straightforward extension of standard IT analysis is insufficient to isolate the148

contribution of LVs to generalization, motivating the development of a new analytical framework.149

3 Proposed IT analysis under supersamples and its limitations150

In this section, we first present the results of our generalization analysis for VQ-VAE (Section 3.1).151

We then offer a detailed interpretation of the resulting generalization error bound and discuss its152

limitations (Section 3.2). All corresponding proofs are provided in Appendix D.153

3.1 Our supersample setting and result154

As discussed in Section 2.4, the naive application of the existing supersample setting in IT analysis is155

insufficient to capture the role of LVs. To address this limitation, we introduce posterior and prior156

distributions over J that explicitly encode the dependence between the supersample index U and the157

LVs, on the basis of the approach of Sefidgaran et al. [56].158

To this end, we define the following posterior distributions based on both X̃U and X̃Ū :159

q(J|e, ϕ, X̃U ) :=
∏n
m=1 q(Jm|e, ϕ, X̃m,Um

) and q(J̄|e, ϕ, X̃Ū ) :=
∏n
m=1 q(J̄m|e, ϕ, X̃m,Ūm

). For160

notational simplicity, we write QJ,U := q(J|e, ϕ, X̃U ). We then define the following joint distribution161

to capture the dependence of the LVs on both X̃U and X̃Ū : QJ̃,U := q(J̄|e, ϕ, X̃Ū ) · q(J|e, ϕ, X̃U ).162

We consider two types of prior distribution to facilitate the analysis of VQ-VAEs: a data-independent163

prior P and a data-dependent prior QJ̃ defined as164

P :=

n∏
m=1

π(Jm|e, ϕ), and QJ̃ := EUQJ̃,U = EUq(J̄|e, ϕ, X̃Ū )q(J|e, ϕ, X̃U ), (6)

where π(Jm|e, ϕ) denotes an arbitrary distribution over LVs that is independent of both X̃ and the165

supersample index U . For the data-dependent prior, we adopt the supersample setting specifically166
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Figure 2: The behavior of the generalization gap and the empirical KL term (KL(QJ,U∥P)/n) on
the MNIST dataset when increasing the number of residual blocks to enlarge the decoder dimension
dθ (K = 128, dz = 64). See Appendix G for detailed experimental settings.

tailored to the LVs. The basis for introducing both types of prior is discussed following the main167

theorem. Figure 1 illustrates the distinction in LV dependencies between the conventional supersample168

setting (as used in Theorem 1) and our approach. The central idea is to apply supersample-based169

shuffling to the LVs directly. Under these settings, the following is our main result.170

Theorem 2. Under Assumption 1 and the supersample setting, we have171

gen(n,D) ≤ 2∆

√
EX̃,UEq(e,ϕ|X̃U )(KL(QJ,U∥P) + KL(QJ̃,U∥QJ̃))

n
+

∆√
n
. (7)

The upper bound comprises two distinct complexity terms. The first, KL(QJ,U∥P), captures the172

complexity of the LVs. The second, KL(QJ̃,U∥QJ̃), reflects the complexity of the LVs and the degree173

of overfitting when learning parameters e and ϕ, as we will further discuss in Section 3.2.174

Consistent with the findings of Sefidgaran et al. [56], our bound is independent of the decoder175

gθ. This indicates that increasing the complexity of gθ has a limited effect on the generalization176

performance. Empirical results in the top line of Figure 2 support this implication: adding a single177

ResBlock—introducing approximately 74, 000 additional parameters—has a negligible effect on178

the generalization gap. Further experiments across various datasets and decoder architectures in179

Appendix G reinforce this observation.180

We emphasize that our results do not imply that the decoder is unimportant. Although our gener-181

alization bound is independent of decoder complexity, a sufficiently expressive decoder is still182

required to fit the training data. Otherwise, the test loss may remain high since Test Loss ≤183

Training Loss + Generalization Gap. Our analysis specifically focuses on bounding the general-184

ization gap, under the implicit assumption that the decoder can adequately fit the training data. In185

practice, this suggests that improving generalization in VQ-VAEs hinges more on careful encoder186

design, since overly complex encoders can increase the KL divergence of the LVs. We discuss this187

point further in Section 6.188

Why two types of prior are required: Our proof reveals that isolating the LVs from the decoder189

parameter and obtaining a decoder-independent generalization bound requires the prior to satisfy two190

essential conditions: (A) it allows random shuffling without changing the LV distribution, and (B)191

it supports a swap between training and test samples to assess overfitting. From this perspective,192

the shuffling induced by U in the basic IT-bound (Theorem 1) satisfies condition (B) but violates193

condition (A), as it changes the distribution of LVs. To address this issue, the proof of Theorem 2194

decomposes the generalization gap into two components: the term associated with condition (A),195

which is controlled using a data-independent prior P, and the term associated with condition (B),196

which is controlled using a data-dependent prior QJ̃. By combining both priors, we can derive the197

final upper bound in Eq. (7). For a detailed explanation, see Appendices B.3 and D.1.198

Remark 1. When K = 1, VQ-VAEs map all input data to the same LV, effectively estimating the199

low-dimensional mean of the data distribution. In this case, the generalization error should not200
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depend on the decoder. It is straightforward to show—without using our IT-based analysis—that201

gen(n,D) = O(1/
√
n). Notably, our bound in Eq. (7) correctly reflects this behavior, as the square202

root term vanishes when K = 1 (see Appendix C.3 for details).203

3.2 Further analyses of our bound and limitations on convergence204

In this section, we further analyze the properties of the two KL divergence terms in Theorem 2 and205

discuss their asymptotic behavior as the sample size n increases.206

Regarding KL(QJ̃,U∥QJ̃)): We can derive the following upper bound:207

EX̃,UEq(e,ϕ|X̃U )KL(QJ̃,U∥QJ̃) ≤ I(e, ϕ;U |X̃) + I(J̃;U |e, ϕ, X̃). (8)

Since X̃U = S, the data processing inequality implies that I(e, ϕ;U |X̃) ≤ I(e, ϕ;S). This quantity208

captures how much information about the training data is retained in the encoder, thereby reflecting209

the degree of overfitting of the encoder parameters. The term I(J̃;U |e, ϕ, X̃) can be viewed as a210

regularization term for the LVs, analogous to the IB hypothesis; see Appendix D.6 for further details.211

Next, we investigate whether each term in Eq. (8) exhibits asymptotic convergence as the sample size212

n increases, which is a key requirement for a valid generalization error bound. We begin by analyzing213

the asymptotic behavior of I(J̃;U |e, ϕ, X̃).214

Lemma 1. Let the posterior distribution over J be deterministic as defined in Eq. (1), and we denote215

the composition of this mapping with the encoder fϕ by f ′e,ϕ : X → [K]. If the function class to216

which f ′e,ϕ belongs has a finite Natarajan dimension, then I(J̃;U |e, ϕ, X̃)/n = O(log n/n).217

This result implies that if the encoder is appropriately regularized, the quantity I(J̃;U |e, ϕ, X̃)/n218

converges asymptotically to zero. We also empirically evaluated this term in practical settings (see219

Appendix G) and observed that it indeed decreases as the sample size n increases.220

Next, the CMI term I(e, ϕ;U |X̃) has been extensively analyzed under the standard supersample221

setting of IT analysis [62]. Prior works have established its asymptotic convergence through various222

approaches, including algorithmic stability [62], analyses of specific optimization methods such as223

stochastic gradient descent (SGD) [75] and stochastic gradient Langevin dynamics (SGLD) [20], and224

complexity-based arguments using covering numbers [80], all showing that I(e, ϕ;U |X̃)/n → 0225

as n→ ∞. In conclusion, the term EX̃,UEq(e,ϕ|X̃U)KL(QJ̃,U∥QJ̃))/n can be shown to converge226

asymptotically under certain algorithmic conditions. For a detailed discussion, see Appendix D.8.227

Regarding KL(QJ,U∥P): This term can be rewritten as KL(QJ,U∥P)/n =228
1
n

∑n
m=1 KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ)), where the training data is selected via U , i.e.,229

X̃U = S = (S1, . . . , Sn). This quantity corresponds to the empirical KL divergence, which also230

appears in the analysis of Mbacke et al. [46], and reflects the complexity of the LVs. Such a term is231

commonly used as the regularization term appearing in many VAE training procedures [39, 33, 63].232

A key factor in minimizing KL(QJ,U∥P) is the choice of the prior P. In VQ-VAEs, a uniform distri-233

bution is typically adopted [63]; however, is this choice optimal for minimizing the KL divergence?234

The following lemma addresses this question.235

Lemma 2. Assume that for any fixed training dataset S = (s1, . . . , sn) and any permuta-236

tion τ , the posterior satisfies permutation invariance, i.e., q(e, ϕ, θ|S) = q(e, ϕ, θ|Sτ ), where237

Sτ = (sτ1 , . . . , sτn). Then, the optimal prior that minimizes ESEq(e,ϕ|S)KL(QJ,U∥P) is238

given by P∗ =
∏n
m=1 Eq(Sm|e,ϕ)q(Jm|e, ϕ, Sm). Moreover, under this prior, we obtain239

ESEq(e,ϕ|S)KL(QJ,U∥P∗) =
∑
m I(Jm;Sm|e, ϕ).240

This connection provides insight into the choice of prior distributions in practical implementations—241

for instance, encouraging the use of mixture priors similar to the VampPrior [66] (see Appendix D.2242

for further discussion). We also note that the assumption in Lemma 2, namely permutation invariance243

of the posterior, is standard in the analysis of randomized algorithms [42], and is satisfied by244

commonly used training methods such as SGD and SGLD [78].245

Next, we present the asymptotic behavior of the empirical KL divergence term as follows:246
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Lemma 3. Suppose the assumptions in Lemma 1 hold. Then, even under the optimal prior P∗ given247

in Lemma 2, we have ESEq(e,ϕ|S)KL(QJ,U∥P∗)/n = O(1).248

This result indicates that asymptotic convergence cannot be achieved, even when using the optimal249

prior P∗, which minimizes KL(QJ,U∥P), to regularize the complexity of the encoder. To see why,250

suppose that KL(QJ,U∥P∗) → 0 as n → ∞. By Lemma 2, this would imply that the mutual251

information
∑
m I(Jm;Sm|e, ϕ) also vanishes asymptotically. In turn, this would mean that the252

encoder’s representations become independent of the training data as n increases, contradicting253

the fundamental requirement for learning. In the supervised learning context, it has similarly been254

observed that empirical KL terms analogous to KL(QJ,U∥P)/n do not necessarily converge, even255

for models that generalize well [21, 56]. Our findings are consistent with these results.256

Remark 2. Even when the posterior of J is defined by Eq. (2), a comparable upper bound on the KL257

regularization term can still be derived by analyzing the encoder’s complexity via metric entropy. For258

further details, see Section 4.2 and Appendix E.4.259

4 Proposed IT analysis under the new permutation symmetric setting260

The observations presented in the previous section motivate the derivation of a generalization error261

bound that avoids explicit dependence on KL(QJ,U∥P). We conjecture that the appearance of this262

term in Theorem 2 arises from a fundamental limitation of the supersample setting, which necessitates263

the use of a data-independent prior P (as defined in Eq. (6)) to satisfy the necessary conditions264

(A) and (B) described in Section 3.1. To overcome this limitation, in this section, we introduce an265

extension of the supersample framework—namely, a novel permutation symmetric setting. This new266

setting enables the construction of a data-dependent prior that satisfies both conditions simultaneously,267

thereby yielding a generalization error bound that achieves asymptotic convergence. All the proofs of268

this section are provided in Appendix E.269

4.1 Permutation symmetric setting270

To simultaneously satisfy the two conditions in Section 3.1, we propose randomly shuffling all 2n271

data points in X̃ using a uniform distribution and taking their expectation as the data-dependent prior272

distribution. By definition, this distribution is permutation-invariant, thereby satisfying conditions273

(A) and (B), allowing us to obtain the improved bound.274

Formally, let us denote a random permutation of [2n] as T = {T1, . . . , T2n}, where each permutation275

appears with uniform probability, P (T) = 1/(2n)!. Given a supersample X̃ = (X̃1, . . . , X̃2n) ∈276

X 2n, a set of 2n RVs drawn i.i.d. from D, we reorder the samples using T expressed as X̃T =277

(X̃T1
, . . . , X̃T2n

). The first n samples (X̃T1
, . . . , X̃Tn

) are used for the test dataset and the remaining278

n samples (X̃Tn+1
, . . . , X̃T2n

) are used for the training dataset. We further express T = {T0,T1},279

and X̃T0
= (X̃T1

, . . . , X̃Tn
) and X̃T1

= (X̃Tn+1
, . . . , X̃T2n

) represent the test and training datasets,280

respectively.281

Given X̃ and T, we define the posterior distributions over the LVs of the test and train-282

ing data, respectively, as q(J̄|e, ϕ, X̃T0) :=
∏n
m=1 q(J̄m|e, ϕ, X̃Tm), q(J|e, ϕ, X̃T1) :=283 ∏n

m=1 q(Jm|e, ϕ, X̃Tn+m). We then define the joint posterior distribution as QJ̃,T :=284

q(J̄|e, ϕ, X̃T0)q(J|e, ϕ, X̃T1).285

Finally, we define our new data-dependent prior as286

QJ̃ := ETQJ̃,T = ETq(J̄|e, ϕ, X̃T0)q(J|e, ϕ, X̃T1). (9)

We refer to these settings as the permutation symmetric (supersample) setting. The following is287

our main result.288

Theorem 3. Under Assumptions 1 and the permutation symmetric setting, we have289

gen(n,D) ≤ 3∆

√
EX̃,TEq(e,ϕ|X̃T1

)KL(QJ̃,T∥QJ̃)

n
+

∆√
n
.

Remark 3. Unlike the existing supersample setting, where {Um}s are independent, the elements of290

T are dependent, which makes the analysis more complicated.291

7



Explanation of Theorem 3: Similar to Theorem 2, this bound is independent of the decoder gθ.292

The key difference is that the empirical KL term, KL(QJ,U∥P), is eliminated owing to our new293

data-dependent prior distribution QJ̃. The proposed permutation satisfies both conditions (A) and294

(B) in Section 3.1, eliminating the need for a data-independent prior P.295

Next, we analyze the KL term in the bound. Similar to Eq. (8), we have296

EX̃,TEq(e,ϕ|X̃T1
)KL(QJ̃,T∥QJ̃) ≤ I(e, ϕ;T|X̃) + I(J̃;T|e, ϕ, X̃).

Since X̃T1 corresponds to the training dataset S, I(e, ϕ;T|X̃) ≤ I(e, ϕ;S) holds. Then, we can297

show that our generalization bound becomes298

gen(n,D) ≤ 3∆

√
I(e, ϕ;S) + I(J̃;T|e, ϕ, X̃)

n
+

∆√
n
. (10)

Our bound consists of the complexity of LV (I(J̃;U |e, ϕ, X̃)) and the overfitting caused by learning299

the encoder parameters (I(e, ϕ;S)) similar to Theorem 2. This implies the two key factors identified300

in Theorem 2 of Kawaguchi et al. [38]: how much information the LV retains from the input data and301

how much information from the training dataset is used to train the encoder.302

As discussed in Section 3.2, when using a sufficiently regularized deterministic encoder, f ′e,ϕ : X →303

[K], the CMI term satisfies I(J̃;U |e, ϕ, X̃)/n = O(log n/n); see Appendix D.7 for details. The304

parameter overfitting term can be controlled by specifying the training algorithm, as discussed in305

Section 3.2. Under these conditions, the generalization bound decreases as n → ∞, meaning that306

Theorem 3 successfully characterizes generalization.307

Comparison with Theorem 2: Although Theorem 3 shares a similar structure with Theorem 2, it308

introduces a refined shuffling strategy with T, which resolves the issues of the supersample settings309

as discussed in Section 3.2. This shuffling is based on the fact that the marginal distribution of the310

dataset, which is invariant under permutation, can be expressed by the LV model. This new symmetry311

allows defining a data-dependent prior that satisfies necessary conditions while preserving decoder312

independence. On the other hand, the shuffling in Theorem 2 is based on the supersample setting and313

suitable for supervised learning, where overfitting is measured by swapping test and training data314

points. Practically, however, Theorem 2 relies on an n-dimensional variable, U (with independent315

components), which facilitates CMI estimation and algorithm design. In contrast, Theorem 3 uses a316

2n-dimensional variable, T (with dependent components), which is theoretically more preferable but317

more difficult to estimate the CMI.318

4.2 Generalization bound based on metric entropy319

When using a softmax distribution in Eq. (2) for J , we show that the generalization bound is governed320

by the metric entropy under the permutation symmetric setting. Consequently, it does not require321

specifying a learning algorithm, which is required to discuss the convergence of Theorem 3 and322

provides a uniform convergence bound that depends solely on the function class of the encoder.323

Let F be the encoder function class equipped with the metric ∥·∥∞. Given xn := (x1, . . . , xn) ∈ Xn,324

define the pseudo-metric dn on F as dn(f, g) := maxi∈[n] ∥f(xi) − g(xi)∥∞ for f, g ∈ F . The325

δ-covering number of F with respect to dn is denoted as N (δ,F , xn), and we define N (δ,F , n) :=326

supxn∈Xn N (δ,F , xn).327

Theorem 4. Assume that there exists a positive constant ∆z such that supz,z′∈Z ∥z − z′∥ < ∆z .328

Then, when using Eq. (2) and under the same setting as Theorem 3, for any δ ∈ (0, 1], we have329

gen(n,D) ≤ 4∆
√
2βnδ∆z + 3∆

√
2 logN (δ,F , 2n)

n
+

∆√
n
.

We note that the parameter overfitting term does not appear in the bound. Since the encoder is330

parameterized by ϕ ∈ Rdϕ , the metric entropy is O(dϕdz log(1/δ)) [71]. Setting δ = O(1/n) gives331

gen(n,D) = O
(√

dϕdz log n/n
)

. This result suggests that regularizing the complexity of the332

encoder improves generalization, whereas the complexity of the decoder has limited influence on the333

generalization. See Appendix E.3 for the proof and further discussion.334
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5 IT analysis for data generation performance335

Mbacke et al. [46] provided statistical guarantees for the generalization error and data generation336

performance of VAEs, albeit under the strong assumption of an untrained decoder. Building on their337

approach, we provide a theoretical guarantee for the data generation performance of VQ-VAEs from338

an IT analysis perspective when both the encoder and decoder are trained jointly.339

We first briefly summarize the data generation process in VQ-VAEs. After training, new data is340

generated by sampling an index J from a prior distribution, π(J |e, ϕ), often chosen as a uniform341

distribution [63], and using the decoder network gθ to reconstruct the corresponding latent representa-342

tion eJ from the learned codebook e. Thus, the prior imposed on the latent representation is defined343

as π(e = ej |e, ϕ) for all j = 1, . . . ,K, and the data distribution generated through this procedure344

can be expressed as µ̂ := gθ#π(e|e, ϕ), where gθ#π denotes the pushforward of the distribution π345

by the decoder network. See Appendix F for the formal definition.346

The following is the result of our analysis on the data generation performance of VQ-VAEs.347

Theorem 5. Suppose that gθ is measurable for any θ, and Assumption 1 holds. Then, for any348

data-independent prior π(J |e, ϕ) as defined in Eq. (6), we have ESEq(e,ϕ,θ|S)W 2
2 (D, µ̂) ≤ 2∆√

n
+349

E
S

E
q(e,ϕ,θ|S)

[ 2
n

n∑
m=1

E
q(Jm|e,ϕ,Sm)

l(Sm, gθ(eJm)) + 4∆

√√√√ 2

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(J |e, ϕ))
]
,

whereW2(D, µ̂) is the 2-Wasserstein distance between the data distribution D and the generated-data350

distribution µ̂.351

The complete proof can be seen in Appendix F. The results indicate that the quality of approximating352

D by µ̂ can be enhanced by minimizing the reconstruction loss and the KL regularization term353

on LVs, which aligns with common training strategies for VQ-VAEs. Furthermore, this bound354

holds for any prior that satisfies the conditions outlined in Theorem 2. Thus, designing a prior that355

reduces this bound could lead to improved data generation accuracy. One potential approach is to356

use the data-dependent prior defined in Eq. (9). However, since this prior was originally designed357

to yield a reasonable generalization error upper bound, its practicality for data generation tasks358

remains debatable. Although our analysis does not identify an optimal and practical prior design for359

minimizing this upper bound, we can expect that our findings will stimulate further discussions on360

prior designs that effectively improve the generalization performance and data generation capabilities361

of VQ-VAEs.362

6 Conclusion and limitations363

We conclude this paper by discussing the practical implications of our results and summarizing364

their limitations. For an additional comparison with existing work, see Appendix B.2. The key365

insights derived from Theorems 2, 3, 4, and 5 are that the generalization performance of VQ-VAEs366

is primarily governed by the complexity of the LVs induced by the encoder and the complexity of367

the encoder parameters (e, ϕ), while the decoder complexity (θ) plays a limited role. This suggests368

that it is crucial to employ regularization strategies for LVs, designed to effectively reduce the upper369

bounds derived in our analysis. The above results also substantiate the validity of many VQ-VAE370

training strategies that employ objective functions with KL regularization on LVs for improving371

generalization performance.372

The limitation of our findings is that the upper bound presented in Theorem 3 is challenging to373

compute numerically, making it impractical as an evaluation metric for generalization performance374

at present (see Sections 3.2 and 4 for details). This difficulty stems from the CMI term in Eq. (10),375

where the T is 2n-dimensional dependent random variable. Consequently, the numerical evaluation376

methods commonly used in existing IT analyses cannot be directly applied. Developing an alternative377

bound that enabling numerical evaluation for VQ-VAEs is another essential avenue for future research.378

It should also be noted as a limitation that our analysis is currently justified only for VQ-VAEs, which379

are based on discrete LVs. Extending our analysis to models that handle continuous LVs is a crucial380

step toward a deeper understanding of the fundamental role of LVs.381
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1. Claims590

Question: Do the main claims made in the abstract and introduction accurately reflect the591

paper’s contributions and scope?592

Answer: [Yes]593

Justification: The claims in the abstract and Section 1 match our theoretical and numerical594

claims in the paper.595

Guidelines:596

• The answer NA means that the abstract and introduction do not include the claims597

made in the paper.598

• The abstract and/or introduction should clearly state the claims made, including the599

contributions made in the paper and important assumptions and limitations. A No or600

NA answer to this question will not be perceived well by the reviewers.601
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much the results can be expected to generalize to other settings.603

• It is fine to include aspirational goals as motivation as long as it is clear that these goals604

are not attained by the paper.605

2. Limitations606

Question: Does the paper discuss the limitations of the work performed by the authors?607

Answer: [Yes]608

Justification: Assumptions for each theorem are explicitly shown. Following each theorem,609

there is a discussion about the theorem’s limitations and implications. Additionally, Section 6610

includes a discussion on the limitations of the entire paper.611
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• The answer NA means that the paper has no limitation while the answer No means that613

the paper has limitations, but those are not discussed in the paper.614

• The authors are encouraged to create a separate "Limitations" section in their paper.615

• The paper should point out any strong assumptions and how robust the results are to616

violations of these assumptions (e.g., independence assumptions, noiseless settings,617

model well-specification, asymptotic approximations only holding locally). The authors618

should reflect on how these assumptions might be violated in practice and what the619

implications would be.620

• The authors should reflect on the scope of the claims made, e.g., if the approach was621

only tested on a few datasets or with a few runs. In general, empirical results often622

depend on implicit assumptions, which should be articulated.623

• The authors should reflect on the factors that influence the performance of the approach.624

For example, a facial recognition algorithm may perform poorly when image resolution625

is low or images are taken in low lighting. Or a speech-to-text system might not be626

used reliably to provide closed captions for online lectures because it fails to handle627

technical jargon.628

• The authors should discuss the computational efficiency of the proposed algorithms629

and how they scale with dataset size.630

• If applicable, the authors should discuss possible limitations of their approach to631

address problems of privacy and fairness.632

• While the authors might fear that complete honesty about limitations might be used by633

reviewers as grounds for rejection, a worse outcome might be that reviewers discover634

limitations that aren’t acknowledged in the paper. The authors should use their best635

judgment and recognize that individual actions in favor of transparency play an impor-636

tant role in developing norms that preserve the integrity of the community. Reviewers637

will be specifically instructed to not penalize honesty concerning limitations.638

3. Theory assumptions and proofs639

Question: For each theoretical result, does the paper provide the full set of assumptions and640

a complete (and correct) proof?641
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Answer: [Yes] .642

Justification: Complete proofs of all theorems are provided in Appendices C and D. For the643

reader’s convenience, the exact location of each proof is explicitly indicated alongside the644

corresponding theorem in the main text.645
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4. Experimental result reproducibility657

Question: Does the paper fully disclose all the information needed to reproduce the main ex-658

perimental results of the paper to the extent that it affects the main claims and/or conclusions659

of the paper (regardless of whether the code and data are provided or not)?660

Answer: [Yes] .661

Justification: The experimental setup for reproducing our results is detailed in Appendix G.662

We submitted our source codes through OpenReview.663
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• The answer NA means that the paper does not include experiments.665
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well by the reviewers: Making the paper reproducible is important, regardless of667

whether the code and data are provided or not.668

• If the contribution is a dataset and/or model, the authors should describe the steps taken669

to make their results reproducible or verifiable.670

• Depending on the contribution, reproducibility can be accomplished in various ways.671

For example, if the contribution is a novel architecture, describing the architecture fully672

might suffice, or if the contribution is a specific model and empirical evaluation, it may673

be necessary to either make it possible for others to replicate the model with the same674

dataset, or provide access to the model. In general. releasing code and data is often675

one good way to accomplish this, but reproducibility can also be provided via detailed676

instructions for how to replicate the results, access to a hosted model (e.g., in the case677

of a large language model), releasing of a model checkpoint, or other means that are678

appropriate to the research performed.679

• While NeurIPS does not require releasing code, the conference does require all submis-680

sions to provide some reasonable avenue for reproducibility, which may depend on the681

nature of the contribution. For example682

(a) If the contribution is primarily a new algorithm, the paper should make it clear how683

to reproduce that algorithm.684

(b) If the contribution is primarily a new model architecture, the paper should describe685

the architecture clearly and fully.686

(c) If the contribution is a new model (e.g., a large language model), then there should687

either be a way to access this model for reproducing the results or a way to reproduce688

the model (e.g., with an open-source dataset or instructions for how to construct689

the dataset).690

(d) We recognize that reproducibility may be tricky in some cases, in which case691

authors are welcome to describe the particular way they provide for reproducibility.692

In the case of closed-source models, it may be that access to the model is limited in693

some way (e.g., to registered users), but it should be possible for other researchers694

to have some path to reproducing or verifying the results.695
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versions (if applicable).721
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6. Experimental setting/details724

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-725

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the726

results?727

Answer: [Yes] .728
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We submitted our source codes through OpenReview.730
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• The answer NA means that the paper does not include experiments.732

• The experimental setting should be presented in the core of the paper to a level of detail733

that is necessary to appreciate the results and make sense of them.734

• The full details can be provided either with the code, in appendix, or as supplemental735

material.736

7. Experiment statistical significance737

Question: Does the paper report error bars suitably and correctly defined or other appropriate738

information about the statistical significance of the experiments?739

Answer: [Yes] .740

Justification: We reported the mean ± std. of the generalization gap and our bound values741

for all experiments.742
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• The answer NA means that the paper does not include experiments.744

• The authors should answer "Yes" if the results are accompanied by error bars, confi-745

dence intervals, or statistical significance tests, at least for the experiments that support746

the main claims of the paper.747
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• The factors of variability that the error bars are capturing should be clearly stated (for748

example, train/test split, initialization, random drawing of some parameter, or overall749

run with given experimental conditions).750

• The method for calculating the error bars should be explained (closed form formula,751

call to a library function, bootstrap, etc.)752
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of Normality of errors is not verified.758

• For asymmetric distributions, the authors should be careful not to show in tables or759

figures symmetric error bars that would yield results that are out of range (e.g. negative760

error rates).761

• If error bars are reported in tables or plots, The authors should explain in the text how762

they were calculated and reference the corresponding figures or tables in the text.763

8. Experiments compute resources764

Question: For each experiment, does the paper provide sufficient information on the com-765

puter resources (type of compute workers, memory, time of execution) needed to reproduce766

the experiments?767

Answer: [Yes]768

Justification: We used NVIDIA GPUs with 32GB memory (NVIDIA DGX-1 with Tesla769

V100 and DGX-2) in our experiments.770
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• The answer NA means that the paper does not include experiments.772
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experimental runs as well as estimate the total compute.776
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than the experiments reported in the paper (e.g., preliminary or failed experiments that778

didn’t make it into the paper).779

9. Code of ethics780
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Justification: We confirmed that our paper does not have issues concerning the NeurIPS784

Code of Ethics, although the primary emphasis of this paper is on theoretical analysis.785
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• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.787
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deviation from the Code of Ethics.789

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-790

eration due to laws or regulations in their jurisdiction).791

10. Broader impacts792

Question: Does the paper discuss both potential positive societal impacts and negative793

societal impacts of the work performed?794

Answer:[Yes] .795
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the potential impacts of our research are presented in Sections 1 and 6.797
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• The answer NA means that there is no societal impact of the work performed.799

• If the authors answer NA or No, they should explain why their work has no societal800

impact or why the paper does not address societal impact.801

• Examples of negative societal impacts include potential malicious or unintended uses802
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any negative applications, the authors should point it out. For example, it is legitimate808

to point out that an improvement in the quality of generative models could be used to809

generate deepfakes for disinformation. On the other hand, it is not needed to point out810

that a generic algorithm for optimizing neural networks could enable people to train811

models that generate Deepfakes faster.812
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being used as intended and functioning correctly, harms that could arise when the814

technology is being used as intended but gives incorrect results, and harms following815
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• If there are negative societal impacts, the authors could also discuss possible mitigation817
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11. Safeguards821

Question: Does the paper describe safeguards that have been put in place for responsible822

release of data or models that have a high risk for misuse (e.g., pretrained language models,823

image generators, or scraped datasets)?824

Answer: [NA] .825
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raised in the question do not apply.828
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13. New assets864
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provided alongside the assets?866

Answer: [NA] .867
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experiments, their purpose is to numerically validate the theory. Therefore, the concerns869

raised in the question do not apply.870
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• The answer NA means that the paper does not release new assets.872
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limitations, etc.875

• The paper should discuss whether and how consent was obtained from people whose876

asset is used.877

• At submission time, remember to anonymize your assets (if applicable). You can either878

create an anonymized URL or include an anonymized zip file.879

14. Crowdsourcing and research with human subjects880

Question: For crowdsourcing experiments and research with human subjects, does the paper881

include the full text of instructions given to participants and screenshots, if applicable, as882

well as details about compensation (if any)?883

Answer: [NA] .884

Justification: We do not utilize such services, so the concerns raised in the question are not885

applicable to us.886
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• Including this information in the supplemental material is fine, but if the main contribu-890
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institution) were obtained?901

Answer: [NA] .902

Justification: The primary focus of this paper is theoretical analysis, and it has been con-903

firmed that the concerns raised in the question are not applicable.904
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guidelines for their institution.913
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scientific rigorousness, or originality of the research, declaration is not required.920
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A Notation used in the main paper928

We summarize the notation we used in the main part of our paper.929

Category Symbol Meaning

Data and model

n ∈ N The sample size
X ,Z A data and latent space
D An unknown data generating distribution
∆ ∈ R+ A radius of a data space
X ∈ X ⊂ Rd A data
S = {Si}ni=1 ∈ Xn A training dataset
e = {ej}Kj=1 ∈ ZK A codebook, where K is the size of a codebook
ϕ ∈ Φ ⊂ Rdϕ An encoder parameter
θ ∈ Θ ⊂ Rdθ A decoder parameter
W = {e, ϕ, θ} A set of model parameters
fϕ : X → Z An encoder network
gθ : Z → X A decoder network
q(J |e, ϕ,X) A posterior distribution over J given e, ϕ,X
β ∈ R+ A temperature parameter used in a softmax
N (δ,F , n) A δ-covering number with n input for the encoder function class F

Algorithm and loss functions

A : Xn → W A randomized algorithm
q(e, ϕ, θ|S) A randomized algorithm given S
l : X × X → R a reconstruction loss function
l0 : W ×X → R An expected loss function over J
gen(µ,D) The expected generalization error based on a reconstruction loss
W2(D, µ̂) The 2-Wasserstein distance between D and µ̂

Supersample setting

X̃ ∈ X 2n A supersample used in the IT analysis
X̃m The m-th row of X̃
U = (U1, . . . , Un) ∼ Uniform({0, 1}n) Random index used in the IT analysis
X̃U := (X̃m,Um

)nm=1 A training dataset in the supersample setting
X̃Ū := (X̃m,Ūm

)nm=1 A test dataset in the supersample setting, where Ūm = 1− Um
q(J|e, ϕ, X̃U ) :=

∏n
m=1 q(Jm|e, ϕ, X̃m,Um) A joint distribution over index on the training dataset

q(J̄|e, ϕ, X̃Ū ) :=
∏n
m=1 q(J̄m|e, ϕ, X̃m,Ūm

) A joint distribution over index on the test dataset
QJ̃,U := q(J̄|e, ϕ, X̃Ū )q(J|e, ϕ, X̃U ) A joint posterior distribution over J
QJ̃ := EUq(J̄|e, ϕ, X̃Ū )q(J|e, ϕ, X̃U ) A data-dependent prior distribution over J
π(J |e, ϕ) A data-independent prior distribution over J

Permutation symmetric setting

T = {T1, . . . , T2n} ∼ P (T) = 1/(2n)! A random permutation following a uniform distirubiton
X̃T = (X̃T1

, . . . , X̃T2n
) Randomly permuted supersamples

X̃T0 = (X̃T1 , . . . , X̃Tn) The test dataset
X̃T1 = (X̃Tn+1 , . . . , X̃T2n) The training dataset
q(J̄|e, ϕ, X̃T0

) =
∏n
m=1 q(J̄m|e, ϕ, X̃Tm

) A joint distribution over index on the test dataset
q(J|e, ϕ, X̃T1

) =
∏n
m=1 q(Jm|e, ϕ, X̃Tn+m

) A joint distribution over index on the training dataset
QJ̃,T = q(J̄|e, ϕ, X̃T0

)q(J|e, ϕ, X̃T1
) A joint posterior distribution over J

QJ̃ = E
T
q(J̄|e, ϕ, X̃T0)q(J|e, ϕ, X̃T1) A data-dependent prior distribution over J

B Additional discussion and related work930

Here, we provide additional discussion and a comparison between our study and existing work.931

B.1 Related work932

Here we briefly introduce additional related existing work, especially about the IT analysis. In IT933

analysis [80], the generalization error is evaluated on the basis of the MI between learned parameters934

and training data. This approach is closely related to the PAC-Bayes theory and has been extended935

through supersample settings [62] to exploit the symmetry between test and training data. This setting936

has been applied to the study of generalization based on outputs of functions [30], losses [32, 76],937

and hypothesis entropy [17]. The relationship between IT analysis and the IB hypothesis has been938

discussed from numerical and algorithmic perspectives [77, 44]. More recently, Sefidgaran et al. [56]939

theoretically studied latent variable models using IT analysis, demonstrating that generalization can940

be characterized by the complexity of the encoder and latent variables without relying on decoder941

information. They also developed a theoretical link among IT analysis, the IB hypothesis, and MDL942

by using compression bounds [10].943
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B.2 Comparison with existing bounds944

Here, we compare our bounds with those in existing work. Theorem 2 resembles the results of945

Mbacke et al. [46] since both bounds include the empirical KL term in the upper bounds, and the946

posterior distribution corresponds to the variational posterior distribution. The key difference is that947

Mbacke et al. [46] assumed a fixed decoder, whereas our analysis incorporates the learning process948

under the assumption of a discrete latent space and a squared reconstruction loss. Another distinction949

is that their generalization bound does not become 0 as n → ∞ due to two reasons. One is the950

presence of the empirical KL term, which we address in Theorem 3 using permutation symmetry. Our951

technique can be regarded as developing the appropriate prior distribution in PAC-Bayes bound. The952

second reason is the presence of the average distance 1
n

∑n
m=1 EX∥X − Sm∥ in the existing bound,953

which is inherent to the data distribution and may not vanish as n→ ∞. Our use of the squared loss954

in the analysis mitigates this problematic term, as detailed in Appendix D.1.955

Our proof techniques are based on Sefidgaran et al. [56]. However, we could not directly apply956

their methods, as the reconstruction loss reuses input data, unlike in classification settings. We957

resolve this by combining the data regeneration technique used in the proof of Mbacke et al. [46].958

Additionally, we introduced a new permutation symmetric setting, leading to a bound that controls959

mutual information in Theorem 3. Our setting is closely related to the type-2 symmetry proposed960

in Sefidgaran et al. [56], which involves random permutations selecting n indices from 2n with961

a uniform distribution 1/
(
2n
n

)
, whereas our setting requires the consideration of the order of the962

permutation index to evaluate the exponential moment (see Appendix E.1). Finally, we theoretically963

studied the behavior of the CMI (Theorem 4) focusing on the complexity of the encoder, whereas964

Sefidgaran et al. [56] provided the bounds based on the CMI without such discussion.965

The existing analyses based on the IB hypothesis [69, 28, 38, 70] assumed that both the latent966

variables and data are discrete, and their obtained bounds explicitly depend on the latent space size967

or show exponential dependence on the MI. In contrast, we assume that only latent variables are968

discrete and the resulting bound does not explicitly depend on the number of discrete states nor969

exhibit exponential dependence on MI. Furthermore, our bound shows the dependency on dz not K,970

which is the significant difference compared with existing bounds.971

B.3 Discussion and comparison of our prior and posterior and existing work972

l0(W, X̃)e, ϕ, θU
J̃e, ϕU

Figure 3: Graphical models illustrating the different dependency structures of the random variables
considered in the basic IT analysis and in this study. The left figure represents the dependency
structure in the basic IT analysis, which simply evaluates the loss function in supervised learning
settings, whereas the right figure corresponds to our analysis in the unsupervised learning setting.

Here, we explain how the prior distribution is used in our proof and why two prior distributions973

are introduced in our bound. First, the IT analysis with supersample reformulates generalization974

analysis as the problem of estimating which samples were used for training when data is randomly975

shuffled based on U . If this estimation is difficult, our model generalizes well. In the basic IT analysis976

(Theorem 1), such difficulty is measured by the CMI between U and the loss function l0.977

Of course, such shuffling is not performed in actual algorithms; it is introduced only for theoretical978

analysis using the Donsker-Varadhan inequality [25], where such shuffling is defined by the prior and979

posterior distributions dependent on U .980

In basic IT analyses (Theorem 1) for supervised learning, by shuffling with U , we observe how the981

loss l0(W, X̃) changes. Here, the goal is to estimate U from the observed losses. As depicted in982

Figure 3, U and l0(W, X̃) depend on all parameters, including the decoder, resulting in a bound that983

depends on all parameters.984
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Our goal is to eliminate the dependency between the decoder and latent variables (LVs). To achieve985

this, we introduce a prior and posterior that establish the dependency as depicted in Figure 3. The key986

idea is that by introducing a new dependency between U and LVs, we can directly shuffle U , leading987

to a bound that isolates the role of LVs without involving the decoder. For additional discussions on988

the necessary conditions for the prior, see Appendix D.2.989

Finally, we show the additional explanation of Figure 1. The figure illustrates the difference between990

the existing fCMI and our new CMI. The left figure illustrates the setting of existing fCMI where991

J̃ follows the distribution in the setting of Eq. (5), see Appnexdix C.2 for the detail. Thus, in the992

existing fCMI, J̃ and U are conditionally independent given e and ϕ and X̃ . On the other hand,993

the right figure is our setting and there is an edge between U and J̃ directly, and thus J̃ and U are994

conditionally independent given e and ϕ and X̃ , which results in the difference of existing fCMI and995

our CMI. See Appendix D.5 and Appendix D.3 for the additional discussion about the fCMI.996

C Proofs for Section 2 and additional discussion997

C.1 Proof of Theorem 1998

This is just the consequence of the existing eCMI bound [32]. We can confirm this as follows;999

Note that the generalization error can be expressed as the supersample1000

gen(n,D)

=

∣∣∣∣∣ES,XEq(e,ϕ,θ|S)
(
Eq(J|e,ϕ,X)l(X, gθ(eJ))−

1

n

n∑
m=1

Eq(Jm|e,ϕ,Sm)l(Sm, gθ(eJm))
)∣∣∣∣∣

=

∣∣∣∣∣ Ẽ
X,U

E
q(e,ϕ,θ|XU )

( 1
n

n∑
m=1

Eq(J̄m|e,ϕ,Xm,Ūm
)l(Xm,Ūm

, gθ(eJm))

− 1

n

n∑
m=1

Eq(Jm|e,ϕ,Xm,Um )l((Xm,Um
, gθ(eJm))

)∣∣∣∣∣.
Given that the loss is bounded by [0,∆], the integrated is a ∆-sub-Gaussian random variable. Thus,1001

from Hellström & Durisi [32], the generalization error bound that satisfies the σ2 sub Gaussianity1002

is bounded as
√

2σ2

n I(l(A(X̃U ), X̃);U |X̃), we obtain the result. Finally I(l0(W, X̃);U |X̃) ≤1003

I(W ;U |X̃) holds by the data processing inequality.1004

C.2 Proof for Eq. (5) and additional discussion1005

Here we prove Eq. (5). It is important to note that this upper bound is characterized by the CMI1006

I(l0(W, X̃);U |X̃). This CMI depends on the decoder and encoder information, distinguishing1007

it from the results presented in our main Theorems 2 and 3, which do not require the decoder’s1008

information.1009

To clarify this distinction, let us introduce the necessary notation. Following the notation in Sec-1010

tion 3.1, we define Ỹ = gθ(eJ̃), where gθ(eJ̃) implies applying gθ(·) elementwise to eJ̃ . Under these1011

notations, we have the following relations:1012

I(l0(W, X̃);U |X̃) ≤ I(Ỹ ;U |X̃) ≤ I(θ;U |X̃) + I(eJ̃;U |X̃, θ),

where the first inequality is obtained by the data processing inequality (DPI) and the second inequality1013

is obtained by the chain rule of CMI and the DPI. This result demonstrates that the decoder information1014

cannot be eliminated from the basic IT bound, which clarifies the fundamental difference compared to1015

our result (Theorems 2 and 3). Moreover, since the decoder and encoder are learned simultaneously1016

using the same training data, they are not independent. This makes it unclear how the latent variables1017

and the encoder’s capacity affect generalization, as it is difficult to eliminate the decoder’s dependency1018

on them.1019

24



C.3 Additional discussion when K = 11020

Another limitation of the basic IT-bound arises when considering K = 1 as a limiting setting. From1021

the definition of the squared loss, the generalization error is given by:1022

gen(n,D) ≤
√

Var[X]
E∥gθ(e)∥2

n
≤ ∆√

n
. (11)

The proof of this is described below. This upper bound is intuitive: for K = 1, the model effectively1023

ignores the input data and embeds all samples into the same latent variable, which can be interpreted1024

as a form of strong regularization. Consequently, the impact of overfitting due to training the decoder1025

network is relatively limited, and the generalization error can be seen, in a sense, as being comparable1026

to the inherent variability of the data itself.1027

The above observations motivate us to develop a more sophisticated generalization bound that1028

explicitly captures the role of representation.1029

Proof of Eq. (11). Since K = 1, we express e = {e}. By using the definition of the squared loss, we1030

have1031

gen(n,D) =
∣∣∣ESEq(e,ϕ,θ|S)

(
E[X]− 1

n

n∑
m=1

Sm

)
· gθ(e))

∣∣∣,
where we used the fact that the generated data always use e as a latent variable since e = {e} when1032

K = 1. Then by using the Cauchy-Schwartz inequality, we have1033

gen(n,D) ≤
√

Var[X]
E∥gθ(e)∥2

n
≤ ∆√

n
,

where we used the fact that the diameter of the instance space is bounded by ∆.1034

D Proofs for Section 31035

In the proofs, we repeatedly use the following type of exponential moment inequality, which is often1036

used in the proof of McDiarmid’s inequality. A function f : Xn → R has the bounded differences1037

property if for some nonnegative constants c1, . . . , cn, the following holds for all i:1038

sup
x1,...,xn,x′

i∈X
|f(x1, . . . , xn)− f(x1, . . . , xi−1, x

′
i, xi+1, . . . , xn)| ≤ ci, 1 ≤ i ≤ n.

Assuming X1, . . . , Xn are independent random variables taking values in X , we have the following1039

lemma:1040

Lemma 4 (Used in the proof of McDiarmid’s inequality). Given a function f with the bounded1041

differences property, for any t ∈ R, we have:1042

E
[
et(f(X1,...,Xn)−E[f(X1,...,Xn)])

]
≤ e

t2

8

∑n
i=1 c

2
i .

D.1 Proof of Theorem 21043

We express q(J̃|e, ϕ, X̃) = q(J̄,J|e, ϕ, X̃Ū , X̃U ) = q(J̄|e, ϕ, X̃Ū )q(J|e, ϕ, X̃U ). Hereinafter, we1044

simplify the notation by expressing X̃ as X . For simplification in the proof, we omit the absolute1045

operation for the generalization gap. The reverse bound can be proven in a similar manner. We first1046
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express the generalization error of the reconstruction loss using the supersample as follows1047

K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,Xm,Ūm
)q(e,ϕ,θ|XU )l(Xm,Ūm

, gθ(ek))1k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,Xm,Um )q(e,ϕ,θ|XU )l((Xm,Um
, gθ(ek))1k=Jm

=

K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,Xm,Ūm
)q(e,ϕ,θ|XU )∥Xm,Ūm

− gθ(ek)∥21k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,Xm,Um )q(e,ϕ,θ|XU )∥Xm,Um − gθ(ek)∥21k=Jm , (12)

where the first term corresponds to the test loss and the second term corresponds to the training loss.1048

Recall the learning algorithm and posterior distribution:1049

e, ϕ, θ ∼ q(e, ϕ, θ|XU ),

Jm ∼ q(J|e, ϕ, Sm).

Here e = {e1, . . . , eK} is the codebook, and J and J = {J1, . . . , jn} represents the index chosen1050

from the codebook.1051

Conditioned on X and U , we then decompose Eq. (12) as follows1052

K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))Eq(J̄m|e,ϕ,Xm,Ūm

)1k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))Eq(Jm|e,ϕ,Xm,Um )1k=Jm

+

K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))Eq(Jm|e,ϕ,Xm,Um )1k=Jm

−
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Um
, gθ(ek))Eq(Jm|e,ϕ,Xm,Um )1k=Jm . (13)

We will separately upper bound these terms.1053

D.1.1 Bounding first and second terms1054

The decomposition of the generalization error, as shown in Eq. (13), allows us to bound the first and1055

second terms as follows.1056

We apply Donsker-Varadhan’s inequality between the following two distributions:1057

Q := P (U)q(e, ϕ, θ|XU )q(J̄,J|e, ϕ,XŪ , XU )

PS := P (U)q(e, ϕ, θ|XU ) E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′). (14)

These correspond to the posterior and data-dependent prior distributions defined in Section 3.1.1058

Then, for any λ ∈ R+, we have1059

K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))

(
Eq(J̄m|e,ϕ,Xm,Ūm

)1k=J̄m − Eq(Jm|e,ϕ,Xm,Um )1k=Jm

)
≤ 1

λ
KL(Q|PS) +

1

λ
logEPS

exp

(
λ

n

K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=J̄m − 1k=Jm

))
.
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To simplify the notation, we express J̄ = J0, J̄m = Jm,0, J = J1, and Jm = Jm,1. Let U ′′ be a1060

random variable taking 0, 1 with a uniform distribution. Since PS is symmetric with respect to the1061

permutation of J0 and J1, we can bound the exponential moment as:1062

logEP (U)q(e,ϕ,θ|XU ) E
P (U′)

q(J0,J1|e,ϕ,XŪ′ ,XU′ ) exp

(
λ

n

K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,0 − 1k=Jm,1

))
= logEP (U)q(e,ϕ,θ|XU )P (U ′′)n E

P (U′)
q(J0,J1|e,ϕ,XŪ′ ,XU′ )P (U ′′)N

exp

(
λ

n

K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,Ū′′ −1k=Jm,U′′

))
= logEP (U)q(e,ϕ,θ|XU ) E

P (U′)
q(J0,J1|e,ϕ,XŪ′ ,XU′ )EP (U ′′)n

exp

(
λ

n

K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,Ū′′ − 1k=Jm,U′′

))
.

In the final line, we apply McDiarmid’s inequality since U ′′n are n i.i.d. random variables. To use1063

McDiarmid’s inequality in Lemma 4, we use the stability caused by replacing one of the elements of n1064

i.i.d. random variables. To estimate the coefficients of stability in Lemma 4, letU ′′n = (U ′′
1 , . . . , U

′′
N ),1065

then1066

sup
{U ′′

m}n
m=1,U

′′′
m′

∣∣∣∣∣λn
K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,Ū′′

m
− 1k=Jm,U′′

m

)
(15)

− λ

n

K∑
k=1

n∑
m̸=m′

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,Ū′′

m
− 1k=Jm,U′′

m

)

− λ

n

K∑
k=1

l(Xm′,Ū ′
m
, gθ(ek))

(
1k=Jm′,Ū′′′

m′
− 1k=Jm′,U′′′

m′

) ∣∣∣∣∣
= sup

{U ′′
m}n

m=1,U
′′′
m′

∣∣∣∣∣λn
K∑
k=1

l(Xm′,Ū ′
m
, gθ(ek))

(
1k=Jm′,Ū′′

m′
− 1k=Jm′,U′′

m′

)
− λ

n

K∑
k=1

l(Xm′,Ū ′
m
, gθ(ek))

(
1k=Jm′,Ū′′′

m′
− 1k=Jm′,U′′′

m′

) ∣∣∣∣∣ ≤ 2λ∆

n
.

Here, the maximum change caused by replacing one element of U ′′ is 2λ∆/n, thus, its log of the1067

exponential moment is bounded by (2λ∆/n)2/8× n = λ2∆2/2n. Thus from Lemma 4, we have1068

logEP (U)q(e,ϕ,θ|XU ) E
P (U′)

q(J0,J1|e,ϕ,XŪ′ ,XU′ ) exp

(
λ

n

K∑
k=1

n∑
m=1

l(Xm,Ūm
, gθ(ek))

(
1k=Jm,0

−1k=Jm,1

))

≤ λ2∆2

2n
.

The first and second terms in Eq. (13) are upper bounded by1069

1

λ
EXKL(Q|PS) +

λ∆2

2n
. (16)

D.1.2 Bounding third and fourth terms1070

Next, we upper bound the third and fourth terms in Eq. (13);1071

K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))Eq(Jm|e,ϕ,Xm,Um )1k=Jm

−
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Um
, gθ(ek))Eq(Jm|e,ϕ,Xm,Um )1k=Jm . (17)

27



We simplify the notation by expressing Eq(Jm|e,ϕ,Xm,Um )1k=Jm as Pk,m and use the square loss:1072

EX,U
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Ūm
, gθ(ek))Pk,m−

K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )l(Xm,Um , gθ(ek))Pk,m

= EX,U
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XU )

(
∥Xm,Ūm

∥2 − ∥Xm,Um
∥2
)
Pk,m

+ EX,U
K∑
k=1

2

n

n∑
m=1

Eq(e,ϕ,θ|XU )

(
Xm,Ūm

−Xm,Um

)
· gθ(ek)Pk,m

= EX,U
1

n

n∑
m=1

(
∥Xm,Ūm

∥2 − ∥Xm,Um∥2
)
Eq(e,ϕ,θ|XU )

K∑
k=1

Pk,m

+ ES
2

n

n∑
m=1

(EXX − Sm) · Eq(e,ϕ,θ|S)
K∑
k=1

gθ(ek)Pk,m

= ES
2

n

n∑
m=1

(EXX − Sm) · Eq(e,ϕ,θ|S)
K∑
k=1

gθ(ek)Pk,m, (18)

where we express S = (X1,U1
, . . . , Xn,Un

) = (S1, . . . , Sn) as the training samples. In the last1073

inequality, we used
∑K
k=1 Pk,m = 1 and EX,U 1

n

∑n
m=1

(
∥Xm,Ūm

∥2 − ∥Xm,Um
∥2
)
= 0 since X1074

and U are i.i.d.1075

To evaluate the final line, we use the Donsker-Valadhan inequality between1076

Q := q(e, ϕ, θ|S)
n∏

m=1

q(Jm|e, ϕ, Sm),

PS := q(e, ϕ, θ|S)
n∏

m=1

π(Jm|e, ϕ),

where π(Jm|e, ϕ) is the prior distribution, which never depends on the training data.1077

Then we have1078

ES
2

n

n∑
m=1

(EXX − Sm) · Eq(e,ϕ,θ|S)
K∑
k=1

gθ(ek)Pk,m

≤ ES
1

λ
KL(Q|PS) + ES

1

λ
logEPS

exp

(
2λ

n

n∑
m=1

(EXS −Xm) · Eq(e,ϕ,θ|S)
K∑
k=1

gθ(ek)1k=Jm

)

≤ ES
1

λ
KL(Q|PS)

+ ES
1

λ
logEPS

exp

(
2λ

n

n∑
m=1

(EXX − Sm) ·
K∑
k=1

gθ(ek)(1k=Jm − P ′′
k,m)

)

+ ESEPS

2

n

n∑
m=1

(EXX − Sm) ·
K∑
k=1

gθ(ek)P
′′
k,m, (19)
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where P ′′
k,m = Eq(Jm|ϕ,e)1k=Jm . Clearly, this does not depend on the index m, so we express1079

P ′′
k,m = P ′′

k . Then the last term becomes1080

ESEPS

1

n

n∑
m=1

(EXX − Sm) ·
K∑
k=1

gθ(ek)P
′′
k ≤ ESEPS

∥∥∥∥∥EXX − 1

n

n∑
m=1

Sm

∥∥∥∥∥ ∥
K∑
k=1

gθ(ek)P
′′
k ∥

≤ ES

∥∥∥∥∥EXX − 1

n

n∑
m=1

Sm

∥∥∥∥∥√∆

≤

√√√√∆Var

(
1

n

n∑
m=1

Sm

)

≤
√

∆
Var (X)

n

≤
√

∆

4n

√
∆ =

∆

2
√
n
, (20)

where we used the fact that the variance of random variables with bounded in (a, b] is upper bounded1081

by (b − a)2/4n (the extension to the d-dimensional random variable is straightforward) and thus,1082

Var (X) ≤ ∆/4. Then the exponential moment term becomes1083

ES
1

λ
logEPS

exp

(
2λ

n

n∑
m=1

(EXX − Sm) ·
K∑
k=1

gθ(ek)(1k=Jm − P ′′
k,m)

)

= ES
1

λ
logEPS

exp

(
2λ

n

n∑
m=1

(EXX − Sm) ·
K∑
k=1

gθ(ek)(1k=J − P ′′
k )

)
.

Here we use the McDiarmid’s inequality for n random variables J. Then we estimate the stability1084

coefficient similarly to Eq. (15), which is upper bounded by λ∆/n. Then from Lemma 4, the1085

exponential moment is bounded by (2λ∆/n)2/8 × n = λ∆2/2n Thus, the second term is upper1086

bounded by1087

1

λ
KL(Q|PS) +

λ∆2

2n
+

∆√
n
. (21)

By optimizing the first and second terms of Eqs. (16) and (21), we have1088

2∆

√
(EX̃,UEq(e,ϕ,θ|XU )KL(Q1∥Q2) + ESEq(e,ϕ,θ|S)KL(Q|PS))

n
+

∆√
n
,

where1089

Q1 := q(J̄,J|e, ϕ,XŪ , XU )

Q2 := E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′),

Q :=

n∏
m=1

q(Jm|e, ϕ, Sm),

PS :=

n∏
m=1

π(Jm|e, ϕ).

D.2 Necessarily conditions for the prior and the limitation of the existing supersample setting1090

Here, we further discuss the necessary conditions for the prior distribution to derive a meaningful1091

generalization bound. The proof strategy in Appendix D.1 clarifies this point: in the proof, we1092

decompose the generalization bound in Eq. (13) and separately upper bound the first two terms and1093

the latter two terms.1094
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For the first and second terms, the analysis follows standard generalization error techniques. When1095

using a prior and posterior distribution characterized by the shuffling of the supersample X̃ , such as1096

the index variable U , the shuffling must swap test and training data to enable generalization evaluation.1097

By ensuring this swap, we can properly assess overfitting.1098

For the third and fourth terms, after applying the Donsker-Valadhan lemma, it is crucial to ensure that1099

the probability P ′′
k,m does not depend on the sample index m to control the exponential moment in1100

Eq. (19). This requires satisfying P ′′
k,m = P ′′

k , meaning that the probability of assigning the m-th1101

data point to the k-th codebook must be independent of m. By definition, this condition holds when1102

the distribution of the latent variables remains invariant after shuffling.1103

From these observations, we conclude that the prior used for shuffling must: (A) Preserve the1104

distribution of the LVs to eliminate interdependencies between LVs and the decoder, and (B)1105

Swap test and training data points to evaluate overfitting, as discussed in Section 3.1.1106

Using the supersample ensures condition (B). For condition (A), we employ the prior distribution1107

π(Jm|e, ϕ), which removes sample index dependency and guarantees P ′′
k,m = P ′′

k . Consequently,1108

the empirical KL divergence in Theorem 2 arises from the third and fourth terms in Eq. (13), as1109

detailed in AppendixD.1.2.1110

Based on these findings, we propose the following type of prior distribution:1111

PS := q(e, ϕ, θ|S)
n∏

m=1

n∑
m′=1

1

N
q(Jm|e, ϕ, Sm′),

which provides an empirical approximation of the marginal distribution using available samples.1112

Since this distribution does not explicitly depend on the sample index, we can bound the exponential1113

moment similarly to the approach in Appendix D.1.2.1114

However, using the prior distribution in Eq. (14) to bound the third and fourth terms of Eq. (13) is1115

not feasible. The issue is that applying the Donsker-Valadhan lemma with Eq. (14) to these terms1116

does not yield a bound of order O(1/
√
n), as achieved in Eq. (20). This limitation arises because the1117

dependency on the sample index in Eq. (14) prevents us from leveraging the symmetry between the1118

test and training datasets via the supersample index U . As a result, the prior distribution’s symmetry1119

cannot be exploited to simplify the bounds for these terms.1120

D.3 Comparison with the fCMI1121

Here, we analyze the relationship between our CMI and existing forms of fCMI in more detail. As1122

highlighted in the main paper, a key distinction is that our CMI is conditioned on all model parameters,1123

whereas existing fCMI methods marginalize over these parameters.1124

To further explore this difference, we consider marginalizing over the encoder parameter, ϕ. In the1125

proof of Theorem 2, we perform this marginalization over ϕ in Eq. (12) and obtain1126

K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,Xm,Ūm
)q(e,ϕ,θ|XU )l(Xm,Ūm

, gθ(ek))1k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,Xm,Um )q(e,ϕ,θ|XU )l((Xm,Um , gθ(ek))1k=Jm

=

K∑
k=1

1

n

n∑
m=1

Eq(J̄m|θ,e,Xm,Ūm
)q(e,θ|XU )∥Xm,Ūm

− gθ(ek)∥21k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|θ,e,Xm,Um )q(e,θ|XU )∥Xm,Um
− gθ(ek)∥21k=Jm ,

and proceed with the proof in the same way. We apply the Donsker-Varadhan inequality between the1127

following distributions, instead of Eq. (14):1128

Q := P (U)P (U ′)q(e, θ|XU )q(J̄,J|, e, θ,XŪ , XU )

P := P (U)q(e, θ|XU )EP (U ′)q(J̄,J|e, θ,XŪ ′ , XU ′).
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This incorporates marginalization over ϕ in Eq. (14), resulting in the following KL divergence in the1129

upper bound:1130

EXKL(Q|P) = EX E
P (U)q(e,ϕ|XU )

KL(q(J̄,J|e, θ,XŪ , XU )|EP (U ′)q(J̄,J|e, θ,XŪ ′ , XU ′))

= I(J̄,J;U |e, θ,X).

Unlike Theorem 2, this CMI explicitly involves the decoder parameter θ. By marginalizing over ϕ,1131

decoder information is integrated into the upper bound, making Theorem 2 distinct from existing1132

fCMI bounds. In Appendix D.5, further discussion from the viewpoint of the difference of the1133

graphical model between our CMI and existing fCMI is given.1134

D.4 Proof of Lemma 21135

We remark that the following relationship holds for m = 1 . . . , n by definition;1136

I(Jm;Sm|e, ϕ) = Eq(e,ϕ)Eq(Sm|e,ϕ)Eq(Jm|e,ϕ,Sm) log
q(Jm|e, ϕ, Sm)

Eq(Sm|e,ϕ)q(Jm|e, ϕ, Sm)
(22)

= ESEq(e,ϕ|S)Eq(Jm|e,ϕ,Sm) log
q(Jm|e, ϕ, Sm)

Eq(Sm|e,ϕ)q(Jm|e, ϕ, Sm)
.

Next, we show Eq(S1|e,ϕ)q(J1|e, ϕ, S1) = · · · = Eq(Sn|e,ϕ)q(Jn|e, ϕ, Sn) holds under the given1137

assumption. To prove this, it is suffice to show that q(S1|e, ϕ) = · · · = q(Sn|e, ϕ) holds. Under the1138

given assumption1139

q(e, ϕ|S1) = · · · = q(e, ϕ|Sn)

holds, see Li et al. [42] for the proof. Then for i ∈ [n], we have1140

q(e, ϕ|Si)p(Si) = q(Si|e, ϕ)p(e, ϕ)

and since all training data points are drawn i.i.d form D, we have1141

q(e, ϕ|Si)D = q(Si|e, ϕ)p(e, ϕ).

Then, for any j ̸= i ∈ [n], we also have1142

q(e, ϕ|Sj)D = q(Sj |e, ϕ)p(e, ϕ)

since q(e, ϕ|Sj) = q(e, ϕ|Si), we conclude that q(Si|e, ϕ) = q(Sj |e, ϕ). This implies1143

Eq(S1|e,ϕ)q(J1|e, ϕ, S1) = · · · = Eq(Sn|e,ϕ)q(Jn|e, ϕ, Sn) holds under the given assumption. So we1144

use the joint distribution these as P =
∏n
m=1 Eq(Sm|e,ϕ)q(Jm|e, ϕ, Sm). From Eq. (22), we have1145

ESEq(e,ϕ|S)KL(QJ,U∥P) = I(Jm;Sm|e, ϕ).

Finally, we show that above P minimizes the ESEq(e,ϕ|S)KL(QJ,U∥P). We consider the prior1146

P′ that satisfies the assumption of the Theorem 7, that is, prepare some distributions that satisfies1147

q(J1|e, ϕ) = · · · = q(Jn|e, ϕ) and define P′ :=
∏n
m=1 π(Jm|e, ϕ)1148

By the definition, we have that1149

ESEq(e,ϕ|S)KL(QJ,U∥P′) = I(Jm;Sm|e, ϕ) + ESEq(e,ϕ|S)KL(P∥P′).

Thus, when using P′ = P minimizes the empirical KL divergence.1150
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D.5 Proof of Eq. (8)1151

Here we discuss how we can upper bound of the complexity term of the obtained bound. From the1152

definition, we have the following relation;1153

EX,UEq(e,ϕ,θ|XU )KL(QJ̃,U∥QJ̃)

= EP (X)P (U)q(e,ϕ,θ|XU )q(J̄,J|e,ϕ,XŪ ,XU ) log
q(J̄,J|e, ϕ,XŪ , XU )

E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

= EP (X)P (U)q(e,ϕ|XU )q(J̄,J|e,ϕ,XŪ ,XU ) log
q(J̄,J|e, ϕ,XŪ , XU )

E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

= EP (X)P (e,ϕ|X)EP (U |e,ϕ,X)q(J̄,J|e,ϕ,X,U) log
q(J̄,J|e, ϕ,XŪ , XU )

E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

= EP (X)P (e,ϕ|X)EP (U |e,ϕ,X)q(J̄,J|e,ϕ,X,U) log
q(J̄,J|e, ϕ,XŪ , XU )

E
P (U ′|e,ϕ,X)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

+ EP (X)P (e,ϕ,|X)EP (U |e,ϕ,X)q(J̄,J|e,ϕ,X,U) log

E
P (U ′|e,ϕ,,X)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

= I(J̄,J;U |e, ϕ,X) + EP (X)P (e,ϕ|X)EP (U |e,ϕ,X)q(J̄,J|e,ϕ,X,U) log

E
P (U ′|e,ϕ,X)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

E
P (U ′)

q(J̄,J|e, ϕ,XŪ ′ , XU ′)

≤ I(J̄,J;U |e, ϕ,X) + EP (X)P (e,ϕ|X)EP (U |e,ϕ,X) log
P (U ′|e, ϕ,X)

P (U ′)

= I(J̄,J;U |e, ϕ,X) + EP (X)P (e,ϕ|X)EP (U |e,ϕ,X) log
P (e, ϕ|X,U ′)P (U ′|X)

EP (U ′′|X)P (e, ϕ|X,U ′′)P (U ′)

= I(J̄,J;U |e, ϕ,X) + EP (X)P (e,ϕ|X)EP (U |e,ϕ,X) log
P (e, ϕ|X,U ′)P (U ′)

EP (U ′′)P (e, ϕ|X,U ′′)P (U ′)

= I(J̄,J;U |e, ϕ,X) + I(e, ϕ;U |X),

where we used the data processing inequality of the KL divergence.1154

D.6 The role of I(J̃;U |e, ϕ, X̃)1155

The role of I(J̃;U |e, ϕ, X̃) is clarified through the following upper bound:1156

I(J̃;U |e, ϕ, X̃) ≤
n∑

m=1

I(eJ ; X̃m,Ūm
|e, ϕ)

+ ESEq(e,ϕ|S)KL(QJ,U∥P). (23)

The first term represents the information retained by the LVs from the training data in the IB1157

hypothesis, while the second term corresponds to the regularization based on the empirical KL1158

divergence discussed earlier.1159

Here we prove Eq. (23). We define π(J̄|e, ϕ) =
∏n
m=1 π(J̄m|e, ϕ), π(J|e, ϕ) =

∏n
m=1 π(Jm|e, ϕ),1160

and π(J̃|e, ϕ) = π(J̄,J|e, ϕ) = π(J̄|e, ϕ)π(J|e, ϕ) where each π(J̄m|e, ϕ) is the marginal distribu-1161

tion of π(Jm|e, ϕ,Xm).1162
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Then by the definition of the CMI, we have1163

I(J̃;U |e, ϕ, X̃)

= EX̃,UEq(e,ϕ|X̃U )KL(q(J̃|e, ϕ, X̃)∥EU ′q(J̄,J|e, ϕ, X̃Ū ′ , X̃U ′))

≤ EX̃,UEq(e,ϕ|X̃U )KL(q(J̃|e, ϕ, X̃)∥π(J̄,J|e, ϕ))

= EX̃,UEq(e,ϕ|X̃U )KL(q(J̄|e, ϕ, X̃Ū )∥π(J̄|e, ϕ)) + EX̃,UEq(e,ϕ|X̃U )KL(q(J|e, ϕ, X̃U )∥π(J|e, ϕ))

= EX̃,UEq(e,ϕ|X̃U )

n∑
m=1

KL(q(J̄m|e, ϕ, X̃m,Ūm
)∥π(J̄m|e, ϕ))

+ EX̃,UEq(e,ϕ|X̃U )

n∑
m=1

KL(q(Jm|e, ϕ, X̃m,Um)∥π(Jm|e, ϕ))

= nI(J ;X|e, ϕ) + ESEq(e,ϕ|S)
1

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ))

≤ nI(eJ ;X|e, ϕ) + ESEq(e,ϕ|S)
1

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ)).

D.7 Proof of Lemma 1 and 3 and additional discussion1164

Proof of Lemma 1. From the definition of the CMI, we have1165

I(J̄,J;U |e, ϕ,X) = H[J̃|e, ϕ,X]−H[J̃|U, e, ϕ,X] ≤ H[J̃|e, ϕ,X] ≤ H[J̃|X].

Here, we consider the case where fϕ : X → [K] represents a deterministic encoder that maps1166

input data to one of the K indices. This scenario can be viewed as a K-class classification problem,1167

allowing us to directly apply the results from Harutyunyan et al. [30]. They demonstrated that the1168

CMI for multi-class classification problems can be upper-bounded using the Natarajan dimension, a1169

combinatorial measure that generalizes the VC dimension to the multiclass setting.1170

Using this concept, we obtain the following characterization:1171

When employing a deterministic encoder network f ′ϕ : X → [K] that belongs to a class with finite1172

Natarajan dimension dK and assuming 2n > dK + 1, we derive the following bound:1173

I(J̃;U |e, ϕ, X̃) ≤ dK log

((
K

2

)
2en

dK

)
. (24)

The proof follows exactly as in Theorem 8 of Harutyunyan et al. [30].1174

Thus, by regularizing the capacity of the encoder model (via the Natarajan dimension), the CMI term1175

scales as O(log n), ensuring controlled generalization behavior. Examples of models that satisfy the1176

finite Natarajan dimension are shown in Jin [36] and Daniely et al. [16]. Also, see Bendavid et al. [8],1177

which shows that the VC dimension of the multiclass loss function characterizes the graph dimension,1178

and the graph dimension upper bounds the Natarajan dimension.1179

Proof of Lemma 3. Since we consider the setting of Lemma 2, we consider the case of1180

KL(QJ,U∥P) =
∑
m I(Jm;Sm|e, ϕ). Following the above setting of I(J̃;U |e, ϕ, X̃), that is,1181

f ′e,ϕ : X → [K] satisfies the Natarajan dimension dK > 1. Then for each m, we have1182

I(Jm;Sm|e, ϕ) = H[Jm|e, ϕ]−H[Jm|Sme, ϕ] = H[Jm|e, ϕ] ≤ logK ≤ (dK + 1) logK.

Thus KL(QJ,U∥P)/n =
∑
m I(Jm;Sm|e, ϕ)/n ≤ logK = O(1).1183

The difference between I(J̃;U |e, ϕ, X̃) and I(Jm;Sm|e, ϕ) lies in their conditioning. Since1184

I(J̃;U |e, ϕ, X̃) is conditioned on all 2n data points, it only depends on the combinatorial num-1185

ber of distinct index values. In contrast, I(Jm;Sm|e, ϕ) does not condition on the input data, making1186

regularization based solely on the Natarajan dimension insufficient to control complexity.1187

For the discussion of the stochastic encoder, see Appendix E.4, where we consider the metric entropy1188

of fϕ(·), which leads to a similar discussion.1189
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D.7.1 Additional discussion for the Natarajan dimension1190

Here, we briefly discuss the Natarajan dimension. First, it can be both upper and lower bounded by1191

the graph dimension, another common combinatorial measure for multi-class classification problems1192

(see Lemma 4 and Proposition 1 in Guermeur [27]).1193

The Natarajan dimension can also be upper bounded by the γ fat-shattering dimension of each class.1194

Specifically, given f ′e, ϕ : X → [K], let the k-th element of its output be denoted as fe, ϕ
′(k) for1195

k = 1, . . . ,K. If each f
′(k)
e,ϕ has a finite γ-shattering dimension, then the Natarajan dimension of1196

f ′e,ϕ can be bounded by the sum of the γ-shattering dimensions of its components, multiplied by a1197

constant coefficient (see Lemma 10 in Guermeur [27]).1198

Examples of fat-shattering dimension evaluations can be found in Bartlett & Maass [7], which1199

analyzes neural network models, and Gottlieb et al. [24], which examines the fat-shattering dimension1200

of Lipschitz function classes. If our encoder network satisfies these properties, its covering number1201

can be appropriately bounded.1202

D.8 Discussion about the overfitting term1203

Here, we discuss how the overfitting terms relate to different algorithms. First, from the data
processing inequality [15], we obtain

I(e, ϕ;U |X̃) ≤ I(e, ϕ;S),

where we express X̃U as the training dataset S. Since this expression does not include conditioning,1204

we refer to it as the parameter MI. Several existing studies have analyzed parameter MI under1205

commonly used algorithms.1206

Pensia et al. [51] first established the relationship between noisy iterative algorithms and parameter1207

MI. Subsequently, Wang et al. [73] and Wang et al. [74] investigated the parameter MI of the SGLD1208

algorithm from the perspective of noisy iterative algorithms, while Futami & Fujisawa [20] analyzed1209

it in the continuous-time limit. Neu et al. [50] was the first to examine parameter MI in SGD, with1210

Wang & Mao [75] later improving its dependency on the step size. Furthermore, Haghifam et al. [29]1211

provided formal limitations in the context of stochastic convex optimization.1212

In addition to these, in the Bayesian setting, where we assume that the training dataset is conditionally
i.i.d (see Clarke & Barron [14] for the formal settings), Clarke & Barron [14] (see also Rissanen
[52], Haussler & Opper [31]) clarified that the mutual information between learned parameter and
training dataset is described as follows: if w takes a value in a d-dimensional compact subset of Rd
and p(y|x;w) is smooth in w, then as n→ ∞, we have

I(W ;S) =
d

2
log

n

2πe
+ h(W ) + E log detJ + o(1),

where h(W ) is the differential entropy of W , and J is the Fisher information matrix of p(Y |X;W ).1213

Steinke & Zakynthinou [62] clarified that the CMI is upper bounded by the the stability. For example,1214

if the training algorithm satisfies
√
2ϵ-differentially private (DP) algorithm, then CMI is upper-1215

bounded by ϵn. So this ϵ is controlled by the DP algorithm. The Gibbs algorithm equipped with1216

[0, 1] bounded loss function, satisfies O(1/n)-DP, thus its CMI is controlled adequately. Steinke &1217

Zakynthinou [62] also clarified that if the algorithm is δ stable in total variation distance, then CMI is1218

upper bounded by δn. Li et al. [42] studied the total variation stability for the SGD, and Mou et al.1219

[48] studied such stability of the SGLD algorithm and its relation to the PAC-Bayesian bound. [49]1220

investigated the CMI of SGLD as the noisy iterative algorithm.1221

E Proofs for Section 41222

E.1 Proof of Theorem 31223

We define T = {T0,T1}, where X̃T0
= (X̃T1

, . . . , X̃Tn
) serves as the test dataset and X̃T1

=1224

(X̃Tn+1
, . . . , X̃T2n

) serves as the training dataset. We further express X̃T0
= (X̃T1

, . . . , X̃Tn
) =1225

(X̃T0,1
, . . . , X̃T0,n

) and X̃T1
= (X̃T1,1

, . . . , X̃T1,n
). To emphasize the dependence of the1226
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dataset on T, we write the posterior distribution as q(J̃|e, ϕ, X̃T) = q(J̄,J|e, ϕ, X̃T) =1227

q(J̄,J|e, ϕ, X̃T0 , X̃T1) = q(J̄|e, ϕ, X̃T0)q(J|e, ϕ, X̃T1).1228

Hereinafter, we express X̃ as X to simplify the notation. Under the permutation symmetric settings,1229

the generalization error can be expressed as1230

E
S,X

Eq(e,ϕ,θ|S)

(
Eq(J|e,ϕ,X)l(X, gθ(eJ))−

1

n

n∑
m=1

Eq(Jm|e,ϕ,Sm)l(Sm, gθ(eJm))

)

= EX,T
K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,XT0,m
)q(e,ϕ,θ|XT1

)l((XT0,m
, gθ(ek))1k=J̄m

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)l(XT1,m
, gθ(ek))1k=Jm

= EX,T
K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,XT0,m
)q(e,ϕ,θ|XT1

)∥XT0,m − gθ(ek)∥21k=J̄m

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT1,m
− gθ(ek)∥21k=Jm .

We then decompose the loss as follows1231

gen(n,D) (25)

= EX,T
K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,ϕ,XT0,m
)q(e,ϕ,θ|XT1

)∥XT0,m
− gθ(ek)∥21k=J̄m

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT0,m
− gθ(ek)∥21k=Jm

+ EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT0,m − gθ(ek)∥21k=Jm

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT1,m
− gθ(ek)∥21k=Jm .

First, we upper bound the first two terms by applying the Donsker-Varadhan inequality. Consider the1232

joint distribution and the prior distribution, defined as follows:1233

Q := P (T)q(e, θ, ϕ|XT1
)q(J̄,J|e, ϕ,XT), (26)

P := P (T)q(e, θ, ϕ|XT1
) E
P (T′)

q(J̄,J|e, ϕ,XT′).

This corresponds to the posterior and data-dependent prior distributions defined in Section 4.1.1234

Then we then obtain1235

EX,T
K∑
k=1

1

n

n∑
m=1

Eq(e,ϕ,θ|XT1
)∥XT0,m

−gθ(ek)∥2
(
Eq(J̄m|e,ϕ,XT1,m

)1k=J̄m−Eq(Jm|e,ϕ,XT0,m
)1k=Jm

)
≤ EX

1

λ
KL(Q|P)+EX

1

λ
logEP exp

(
λ

n

K∑
k=1

n∑
m=1

∥XT0,m − gθ(ek)∥2
(
1k=J̄m−1k=Jm

))
. (27)
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Note that E
P (T′)

q(J̄,J|e, ϕ,XT′) is symmetric with respect to the permutation of T. Thus, we have1236

logEP (T)q(e,θ,ϕ|XT1
) E
P (T′)

q(J̄,J|e,ϕ,XT′ ) exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=J̄m − 1k=Jm

))

= logEP (T)q(e,θ,ϕ|XT1
) E
P (T′)

q(J̄,J|e,ϕ,XT′ )P (T′′)

exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=JT′′

0,m
− 1k=JT′′

1,m

))
= logEP (T)q(e,θ,ϕ|XT1

) E
P (T′)

q(J̄,J|e,ϕ,XT′ )

EP (T′′) exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=JT′′

0,m
− 1k=JT′′

1,m

))
.

To simplify the notation, we define T′′ = {T′′
0 ,T

′′
1} = {T′′

0,1, . . . ,T
′′
0,n,T

′′
1,1, . . . ,T

′′
1,n}. Note1237

that T′′
j,m for m = 1, . . . , n and j = 0, 1 are not independent of each other due to the permutation1238

that generates them. Therefore, we cannot directly apply standard concentration inequalities, as is1239

possible in the existing supersample setting.1240

To address this, we use the results from Joag-Dev & Proschan [37], which concern the negative1241

association of permutation variables. From Theorem 2.11 in Joag-Dev & Proschan [37], the distri-1242

bution P (T) satisfies negative association. Additionally, as discussed in Section 3.3 of Joag-Dev &1243

Proschan [37] and further in Proposition 4 and 5 of Dubhashi & Ranjan [18], we have that1244

logEP (T)q(e,θ,ϕ|XT1
) E
P (T′)

q(J̄,J|e,ϕ,XT′ )

EP (T′′) exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m , gθ(ek))
(
1k=JT′′

0,m
− 1k=JT′′

1,m

))
≤ logEP (T)q(e,θ,ϕ|XT1

) E
P (T′)

q(J̄,J|e,ϕ,XT′ )

E∏n
m=1

∏
j=0,1P (T′′

j,m) exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m , gθ(ek))
(
1k=JT′′

0,m
−1k=JT′′

1,m

))
,

where P (T′′
j,m) is the marginal distribution, implying that T′′

j,m are now 2n independent random1245

variables. Intuitively, the results in Joag-Dev & Proschan [37] indicate that the elements of the1246

permutation index, which follow the permutation distribution, are negatively correlated. As a result,1247

the expectation of the marginal distribution is larger than that of the joint distribution.1248

Since {T′′
j,m} are independent, we can apply McDiarmid’s inequality, which leads to the results in1249

logEP (T)q(e,θ,ϕ|XT1
) E
P (T′)

q(J̄,J|e,ϕ,XT′ )

exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=J̄m − 1k=Jm

))
≤ logEP (T)q(e,θ,ϕ|XT1

) E
P (T′)

q(J̄,J|e,ϕ,XT′ )

E∏n
m=1

∏
j=0,1P (T′′

j,m) exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m , gθ(ek))
(
1k=JT′′

0,m
−1k=JT′′

1,m

))

≤ λ2∆2

n
. (28)

This is derived similarly to Eq. (15). Note that there are 2n variables so the calculation of the upper1250

bound is (∆λ/n)2/8× 2n = λ2∆2/4n.1251
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Next, we focus on the third and fourth terms in Eq. (25). Similarly to Eq. (18), we have1252

EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT0,m
− gθ(ek)∥21k=Jm

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT1,m
− gθ(ek)∥21k=Jm

= EX,T
2

n

n∑
m=1

(
XT1,m

−XT0,m

)
· Eq(Jm|e,ϕ,XT1,m

)q(e,ϕ,θ|XT1
)

K∑
k=1

gθ(ek)1k=Jm

≤ EX
1

λ
KL(Q|P) + EX

1

λ
logEP exp

(
2λ

n

n∑
m=1

(
XT1,m −XT0,m

)
·
K∑
k=1

gθ(ek)1k=Jm

)

≤ EX
1

λ
KL(Q|P)

+ EX
1

λ
logEP (T)q(e,θ,ϕ|XT1

) E
P (T′)

q(J̄,J|e,ϕ,XT′ )E∏n
m=1

∏
j=0,1P (T′′

j,m)

exp

(
2λ

n

n∑
m=1

(
XT1,m

−XT0,m

)
·
K∑
k=1

gθ(ek)1k=Jm

)
. (29)

We first evaluate the expectation of the exponential moment;1253

Ω := EP (T)q(e,θ,ϕ|XT1
)
2

n

n∑
m=1

(
XT1,m

−XT0,m

)
· E E

P (T′)
q(J̄,J|e,ϕ,XT′ )

K∑
k=1

gθ(ek)1k=Jm .(30)

Let us now focus on the expectation E
P (T′)

q(J̄,J|e, ϕ,XT′). Due to the permutation symmetry,1254

E E
P (T′)

q(J̄,J|e,ϕ,XT′ )

∑K
k=1 1k=Jm is the same for all m.1255

For instance, when n = 2, the possible permutations of T are T =1256

(1, 2, 3, 4), (1, 2, 4, 3), (1, 3, 2, 4), . . . , resulting in 24 distinct patterns and thus1257

Pk,1 = E E
P (T′)

q(J̄,J|e,ϕ,XT′ )1k=J̄1 = E 1
4 q(J1|e,ϕ,X1)+

1
4 q(J1|e,ϕ,X2)+

1
4 q(J1|e,ϕ,X3)+

1
4 q(J1|e,ϕ,X4)1k=J1

Pk,2 = E E
P (T′)

q(J̄,J|e,ϕ,XT′ )1k=J̄2 = E 1
4 q(J2|e,ϕ,X1)+

1
4 q(J2|e,ϕ,X2)+

1
4 q(J2|e,ϕ,X3)+

1
4 q(J2|e,ϕ,X4)1k=J2

....
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Thus, all Pk,m does not depend on the index m. So we express E E
P (T′)

q(J̄,J|e,ϕ,XT′ )

∑K
k=1 1k=Jm as1258

Pk. Then Eq. (30) can be written as1259

EXEP (T)q(e,θ,ϕ|XT1
)

(
1

n

n∑
m=1

XT1,m
− 1

n

n∑
m=1

XT0,m

)
·
K∑
k=1

gθ(ek)Pk

= EP (T)EX

(
1

n

n∑
m=1

XT1,m
− 1

n

n∑
m=1

XT0,m

)
· q(e, θ, ϕ|XT1

)

K∑
k=1

gθ(ek)Pk

= EP (T)EXT1
EXT0

(
1

n

n∑
m=1

XT1,m
− 1

n

n∑
m=1

XT0,m

)
· q(e, θ, ϕ|XT1

)

K∑
k=1

gθ(ek)Pk

= EP (T)EXT1

(
1

n

n∑
m=1

XT1,m − EXT0

1

n

n∑
m=1

XT0,m

)
· q(e, θ, ϕ|XT1)

K∑
k=1

gθ(ek)Pk

= EP (T)EXT1

(
1

n

n∑
m=1

XT1,m
− EXX

)
· q(e, θ, ϕ|XT1

)

K∑
k=1

gθ(ek)Pk

≤ EP (T)EXT1
q(e,θ,ϕ|XT1

)

∥∥∥∥∥ 1n
n∑

m=1

XT1,m
− EXX

∥∥∥∥∥EP (T)EXT1
q(e,θ,ϕ|XT1

)

∥∥∥∥∥
K∑
k=1

gθ(ek)Pk

∥∥∥∥∥
≤ EP (T)EXT1

q(e,θ,ϕ|XT1
)

∥∥∥∥∥ 1n
n∑

m=1

XT1,m − EXX

∥∥∥∥∥EP (T)EXT1
q(e,θ,ϕ|XT1

)

∥∥∥∥∥
K∑
k=1

gθ(ek)Pk

∥∥∥∥∥
≤ EP (T)EXT1

∥∥∥∥∥ 1n
n∑

m=1

XT1,m − EXX

∥∥∥∥∥√∆.

We bound the above exactly same ways as Eq. (20), that is, we can upper bound the above by the1260

variance of bounded random variable and thus, we have1261

EP (T)EXT1

∥∥∥∥∥ 1n
n∑

m=1

XT1,m
− EXX

∥∥∥∥∥ ≤
√

∆

4n
.

Thus, we have1262

Ω = EXEP (T)q(e,θ,ϕ|XT1
)

(
2

n

n∑
m=1

XT1,m
− 2

n

n∑
m=1

XT0,m

)
·
K∑
k=1

gθ(ek)Pk ≤ ∆√
n
,

Let us back to the evaluation of the exponential moment in Eq. (29), we will evaluate the following1263

EX
1

λ
KL(Q|P) + EX

1

λ
logEP exp

(
2λ

n

n∑
m=1

(
XT1,m

−XT0,m

)
·
K∑
k=1

gθ(ek)1k=Jm − λΩ

)
+Ω.

(31)
We then evaluate this similarly to Eq. (28), which uses the negative association of the permuta-1264

tion distribution and McDiarmid’s inequality. The the exponential moment is upper bounded by1265

(2∆λ/n)2/8× 2n = λ2∆2/n We then obtain1266

EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT1,m
)q(e,ϕ,θ|XT1

)∥XT1,m
− gθ(ek)∥21k=Jm

− EX,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,ϕ,XT0,m
)q(e,ϕ,θ|XT1

)∥XT0,m − gθ(ek)∥21k=Jm

≤ EX
1

λ
KL(Q|P) + EX

1

λ
logEP exp

(
2λ

n

n∑
m=1

(
XT1,m

−XT0,m

)
·
K∑
k=1

gθ(ek)1k=Jm−λΩ

)
+Ω

≤ EX
1

λ
KL(Q|P) +

λ∆2

n
+

∆√
n
. (32)
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In conclusion, from Eqs. (28) and (32) we have1267

gen(n,D) ≤ EX
2

λ
KL(Q|P) +

5λ∆2

4n
+

∆√
n
,

and optimizing the λ, we have1268

gen(n,D) ≤ 2∆

√
5EXKL(Q|P)

2n
+

∆√
n
.

We can slightly improve the coefficient of the first term in the above bound as follows. The above1269

proof follows the approach in Appendix D.1. We separately apply the Donsker-Valadhan lemma for1270

the first two terms and latter two terms in Eq. (25). However, since the posterior and prior distributions1271

used for the Donsker-Valadhan lemma are the same as shown in Eq. (26), we only need to use the1272

Donsker-Valadhan lemma once. This leads to an improved coefficient.1273

Specifically, the proof goes as follows; combining Eqs. (27) and (31), we have simultaneously treat1274

all terms in Eq. (25). By Donsker-Valadhan lemma, we have1275

gen(n,D)

≤ EX
1

λ
KL(Q|P) + EX

1

λ
logEP

exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=J̄m−1k=Jm

)
+

2λ

n

n∑
m=1

(
XT1,m

−XT0,m

)
·
K∑
k=1

gθ(ek)1k=Jm − λΩ

)
+Ω.

From the negative association property, the exponential moment term can be upper-bounded as1276

logEP (T)q(e,θ,ϕ|XT1
) E
P (T′)

q(J̄,J|e,ϕ,XT′ )E∏n
m=1

∏
j=0,1P (T′′

j,m)

exp

(
λ

n

K∑
k=1

n∑
m=1

l(XT0,m
, gθ(ek))

(
1k=JT′′

0,m
−1k=JT′′

1,m

)
+

2λ

n

n∑
m=1

(
XT1,m

−XT0,m

)
·
K∑
k=1

gθ(ek)1k=JT′′
1,m

− λΩ

)
,

Since {T′′
j,m} are independent, we can apply McDiarmid’s inequality. The the exponential moment1277

is upper bounded by ((1 + 2)∆λ/n)2/8× 2n = 9λ2∆2/4n. Thus, we have1278

gen(n,D) ≤ EX
1

λ
KL(Q|P) + 9λ2∆2/4n+

∆√
n
.

By optimizing λ, we have1279

gen(n,D) ≤ 3∆

√
EXKL(Q|P)

n
+

∆√
n
.

E.2 Proof of Eq. (10) and discussion about the deterministic encoder1280

First, we can show1281

EX̃,TEq(e,ϕ|X̃T1
)KL(QJ̃,T∥QJ̃) ≤ I(e, ϕ;T|X̃) + I(J̃;T|e, ϕ, X̃).

exactly same way as Appendix D.6.1282

By the definition of the CMI, the CMI is expressed as the difference of entropy and conditional1283

entropy. Since J̃ is discrete, the entropy is always larger than 0. Thus, we have1284

I(J̃;T|e, ϕ, X̃) ≤ H[J̃|e, ϕ, X̃] ≤ H[J̃|X̃].

where H is the Shannon entropy. Note that the entropy is bounded by the growth function, i.e., the1285

maximum number of different ways in which a dataset of size 2n can be classified in K. And such1286

quantity is bounded in the proof of Theorem 8 of Harutyunyan et al. [30], thus1287

I(J̃;T|e, ϕ, X̃) ≤ dK log

((
K

2

)
2en

dK

)
.

holds similarly to Eq. (24).1288

Thus, by regularizing the capacity of the encoder model (via the Natarajan dimension), the CMI term1289

I(J̃;T|e, ϕ, X̃)/n scales as O(log n). See Appendix D.7 for the additional discussion.1290
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E.3 Proof of Theorem 41291

To prove the theorem, we prove a more general result than Theorem 4, and then we apply that result1292

to the specific setting of Theorem 4. Therefore, we first derive such a general result.1293

E.3.1 Discretization in encoder function1294

Here, we present the results for a general stochastic encoder. For fixed ϕ and e, assume that for1295

all x ∈ X̃ , for any j ∈ [K], and for a fixed δ ∈ R+, the following holds: q(J = j|e, fϕ(x)) ≤1296

eh(δ)q(J = j|e, f̂(x))) with h : R+ → R+.1297

Theorem 6. Assume that there exists a positive constant ∆z such that supz,z′∈Z ∥z − z′∥ < ∆z .1298

Then, when using Eq. (2) and under the same setting as Theorem 3, for any δ ∈ (0, 1], we have1299

gen(n,D) ≤ 2∆
√
nh(δ) + 3∆

√
2 logN (δ,F , 2n)

n
+

∆√
n
.

We can show that Eq. (2) satisfies h(δ) = 8β∆zδ, see Appendix E.3.3 for this proof. Thus by1300

substituting this into the above Theorem, we obtain Theorem 4.1301

Proof. When analyzing the contribution of the encoder model to generalization, it is often necessary1302

to discretize the function or parameters of the encoder to control the CMI using the metric entropy of1303

the model. To achieve this, we consider a δ-cover f̂ of the function . In this derivation, we examine1304

both the supersample and permutation-invariant settings, highlighting that the supersample setting1305

fails to establish a uniform convergence bound.1306

First, we begin with the supersample setting. Given a supersample X̃ , we recall the definition of1307

the indices. In this theorem, we focus on the distribution of the index defined by the codebook e1308

and z ∈ Z , where z represents the output of the encoder fϕ(·). Thus, we express it as q(J |e, z).1309

Moreover, in this section, we use the notation q(e, ϕ, θ|X̃, U) = q(e, ϕ, θ|X̃U ). The joint distribution1310

is then given by:1311

Q′ :=P (X̃)P (U)q(e, ϕ, θ|X̃, U)q(J̃|e, f̃)p(f̃ |f , U)p(f |ϕ, X̃),

Q′
δ :=P (X̃)P (U)q(e, ϕ, θ|X̃, U)q(J̃|e, f̃)p(f̃ |̂f , U)p(f̂ |f)p(f |ϕ, X̃),

where q(J̃|e, f̃) represents the elementwise application of q(J |e, ·) to f̃ ∈ Z2n. And p(f |ϕ, X̃) is1312

the elementwise application of p(f |ϕ, ·) to X̃ , which simply computes the encoder output for each1313

sample in X̃ .1314

Then, in p(f̂ |f), the discretization process is performed using the δ-cover (thus, it is represented by1315

the Dirac mass). We express this as p(f̂ |f) = δ(f̂ , f̂ϕ), where f̂ϕ is the selected point from the δ-cover.1316

Then, for p(f̃ |̂f , U), we randomly shuffle f̂ ∈ R2n with U , formally defining f̂Ũ := (fU , fŪ ). Thus,1317

we write p(f̃ |̂f , U) = δ(f̃ , f̂Ũ ). Similarly, we define p(f̃ |f , U) = δ(f̃ , fŨ ).1318

This definition differs slightly from the posterior distribution in Eq. (14), where we first shuffle X̃1319

with U before passing it through the encoder. This simple modification allows us to derive the bound1320

based on metric entropy. When evaluating the generalization error bound, we are only concerned1321

with J̃ . By integrating out f̃ , ϕ, and f̂ , we focus on the following posterior distributions:1322

Q :=P (X̃)P (U)q(e, f , θ|X̃, U)p(J̃|e, fŨ ),
Qδ :=P (X̃)P (U)q(e, f , θ|X̃, U)p(J̃|e, f̂ϕ

Ũ
).
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To prove this lemma, we first replace the output of the encoder with that obtained using the δ-cover1323

of the encoder network. First note that the generalization error can be written as1324

gen(n,D) = Ep(X̃)P (U)

K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,fϕ(Xm,Ūm
))q(e,ϕ,θ|XU )l(Xm,Ūm

, gθ(ek))1k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,fϕ(Xm,Um )))q(e,ϕ,θ|XU )l((Xm,Um
, gθ(ek))1k=Jm

= Ep(X̃)p(U)q(e,ϕ,θ|X,U)p(J̃|e,fŨ )

[
K∑
k=1

1

n

n∑
m=1

l(Xm,Ūm
, gθ(ek))1k=J̄m − l((Xm,Um

, gθ(ek))1k=Jm

]
.

We also define the generalization under the delta cover of original function, conditioned o1325

gen(n,D, δ) := Ep(X̃)p(U)q(e,ϕ,θ|X,U)

[ K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,̂f(Xm,Ūm
))l(Xm,Ūm

, gθ(ek))1k=J̄m

−
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,̂f(Xm,Um )))l((Xm,Um
, gθ(ek))1k=Jm

]
= Ep(X̃)p(U)q(e,ϕ,θ|X,U)p(J̃|e,f̂ϕ

Ũ
)

[
K∑
k=1

1

n

n∑
m=1

l(Xm,Ūm
, gθ(ek))1k=J̄m − l((Xm,Um

, gθ(ek))1k=Jm

]
.

For the latter purpose, we define1326

∆L :=

K∑
k=1

1

n

n∑
m=1

l(Xm,Ūm
, gθ(ek))1k=J̄m −

K∑
k=1

1

n

n∑
m=1

l((Xm,Um
, gθ(ek))1k=Jm .

To evaluate these gap, we apply the Donsker-Valadhan lemma between the two distributions QJ and1327

Qδ,J .1328

gen(n,D) (33)

≤ gen(n,D, δ) + E
U,X

Eq(e,ϕ,θ|XU )
1

λ
KL(Q∥Qδ) + E

U,X
Eq(e,ϕ,θ|XU )

1

λ
logEp(J̃|e,f̂ϕ

Ũ
) exp

(
λ∆L − Ep(J̃|e,f̂ϕ

Ũ
)λ∆L

)

≤ gen(n,D, δ) + 2nh(δ)

λ
+
λ∆2

2
,

where we evaluated the KL divergence as1329

KL(Q∥Qδ) = EQ log
Q

Qδ
≤ 2nK log eh(δ) = 2nh(δ).

The inequality is owing to the proper that for all x ∈ X̃ , for any j ∈ [K], and for a fixed δ ∈ R+,1330

q(J = j|e, fϕ(x)) ≤ eh(δ)q(J = j|e, f̂(x))) holds by assumption. We also evaluated the exponential1331

moment term by using the fact that −λ∆ ≤ λl(X, gθ(eJ)) − λ
n

∑n
m=1 l(Sm, gθ(eJm)) ≤ λ∆ to1332

upper bound the exponential moment.1333

This implies that the first term corresponds to the generalization bound when using the δ-cover of the1334

encoder network. We can bound this term similarly to Theorem 2,1335

gen(n,D, δ) ≤ 2∆

√
KL(Q′

δ∥P′
δ) + KL(Q′

δ∥P)

n
+

∆√
n
,

where we consider the following posterior and data-dependent, and data-independent prior distribu-1336

tions:1337

Q′
δ :=P (X̃)P (U)q(e, ϕ, θ|X̃, U)q(J̃|e, f̃)p(f̃ |̂f , U)p(f̂ |f)p(f |ϕ, X̃),

P′
δ :=P (X̃)P (U)q(e, ϕ, θ|X̃, U)p(J̃|e, f̃)EU ′p(f̃ |̂f , U ′)p(f̂ |f)p(f |ϕ, X̃),

P :=P (X̃)P (U)q(e, ϕ, θ|X̃, U)q(J̃|e, f̃)p(f̃ |̂f , U)π(f̂)p(f |ϕ, X̃),
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where π(f̂) is the data independent prior distribution over the δ-covering, such as the uniform1338

distribution.1339

Combining these, we have1340

gen(n,D) ≤ 2∆
√
nh(δ) + 2∆

√
KL(Q′

δ∥P′
δ) + KL(Q′

δ∥P)

n
+

∆√
n
.

As for the CMI term, we have1341

KL(Q′
δ∥P′

δ) ≤ 2 logN (δ,F , 2n). (34)

The proof of Eq. (34) is shown in below and this term can be bounded O(log n) under moderate1342

assumptions.1343

However, the second term KL(Q′
δ∥P), which corresponds to the empirical KL term, cannot be small1344

as discussed in Theorem 2. That is, under the settings of Lemma 2, the empirical KL behaves O(1),1345

which is undesirable behavior.1346

So we consider using the permutation symmetric setting. We can proceed the discretization almost1347

the same in the above super sample setting. IUnder this distribution, the generalization gap can again1348

upper bounded similar to Eq. (33). Then from Theorem 3, we have1349

gen(n,D) ≤ EX̃,T
K∑
k=1

1

n

n∑
m=1

Eq(J̄m|e,f̂(XT0,m
))q(e,ϕ,θ|XT1

)∥XT0,m
− gθ(ek)∥21k=J̄m

− EX̃,T
K∑
k=1

1

n

n∑
m=1

Eq(Jm|e,f̂(XT1,m
))q(e,ϕ,θ|XT1

)∥XT1,m − gθ(ek)∥21k=Jm + 2∆
√
nh(δ)

≤ 3∆

√
KL(Q′

δ∥P′
δ)

n
+

∆√
n
+ 2∆

√
nh(δ),

where1350

Q′
δ :=P (X̃)P (T)q(e, ϕ, θ|X̃,T)q(J̃|e, f̃)p(f̃ |̂f ,T)p(f̂ |f)p(f |ϕ, X̃),

P′
δ :=P (X̃)P (T)q(e, ϕ, θ|X̃,T)p(J̃|e, f̃)ET′p(f̃ |̂f ,T′)p(f̂ |f)p(f |ϕ, X̃),

We can show that1351

KL(Q′
δ∥P′

δ) ≤ 2 logN (δ,F , 2n). (35)

see Appendix E.3.2 for the proof. We can analyze the behavior of the upper bound of Eq. (35) in1352

Appendix E.4.1353

Thus, we have1354

gen(n,D) ≤ 3∆

√
2 logN (δ,F , 2n)

n
+

∆√
n
+ 2∆

√
nh(δ).

1355

E.3.2 Proof of Eq. (34)1356

We consider the following posterior and data-dependent prior distributions1357

Q := P (X̃)P (U)q(e, ϕ, θ|X̃, U)p(J̃|e, f̃)p(f̃ |f , U)p(f |ϕ, X̃)

PS := P (X̃)P (U)q(e, ϕ, θ|X̃, U)p(J̃|e, f)Ep(U ′)p(f̃ |f , U ′)p(f |ϕ, X̃)
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When using the Donsker-Valadhan inequality, all calculation remains the same except for the KL1358

divergence term as described below1359

EQ log
Q

PS
= Ep(X̃)P (U)q(e,ϕ,θ|X̃,U)p(J̃|e,f̃)p(f̃ |f ,U)p(f |ϕ,X̃) log

p(f̃ |f , U)

Ep(U ′)p(f̃ |f , U ′)

= Ep(X̃)P (U)q(f |X,U)p(f̃ |f ,U) log
p(f̃ |f , U)

Ep(U ′)p(f̃ |f , U ′)

= Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
p(f̃ |f , U)

Ep(U ′)p(f̃ |f , U ′)

= Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
p(f̃ |f , U)

Ep(U ′|f ,X)p(f̃ |f , U ′)

+ Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
Ep(U ′|f ,X)p(f̃ |f , U ′)

Ep(U ′)p(f̃ |f , U ′)

= I(f̃ ;U |f , X) + Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
Ep(U ′|f ,X)p(f̃ |f , U ′)

Ep(U ′)p(f̃ |f , U ′)

≤ I(f̃ ;U |f , X) + Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
p(U ′|f , X)

p(U ′)

= I(f̃ ;U |f , X) + Ep(X̃)P (f |X)EP (U |f ,X)p(f̃ |f ,U) log
p(U ′|X)p(f |U ′, X)

Ep(U ′|X)p(f |U ′, X)p(U ′)

= I(f̃ ;U |f , X) + I(f ;U |X)

We can derive the similar arguments for Q′
δ and P′

δ , and we have1360

KL(Q′
δ∥P′

δ) ≤ I(f̃ ;U |f̂ , X) + I(f̂ ;U |X)

Note that we consider the CMI for the discrete variable, it is upper bounded by the entropy [15], and1361

we have1362

I(f̃ ;U |f̂ , X) ≤ H[f̃ |f̂ , X]−H[f̃ |U, f , X] ≤ H[f̃ |X] ≤ logN (δ,F , 2n).
and1363

I(f̂ ;U |X) ≤ H[f̂ |X]−H[f̂ |U,X] ≤ H[f̂ |X] ≤ logN (δ,F , 2n).

The first inequality follows from the fact that MI is defined as the difference between the entropy1364

and the conditional entropy, and the entropy of discrete variables is always non-negative. The1365

second inequality arises because J̄,J are outputs of a function evaluated at 2n points. Thus, we1366

considered the covering number at 2n points, defined as N (δ,F , n) := supx2n∈X 2n N (δ,F , x2n).1367

Since the entropy is bounded above by the logarithm of the maximum cardinality, we obtain the1368

second inequality.1369

E.3.3 Behavior of Eq. (2)1370

Finally, we show that Eq. (2) satisfies h(δ) = 8β∆zδ because1371

q(J = j|e, fϕ(x))
q(J = j|e, f̂(x))

=
e−β∥fϕ(x)−ej∥

2

e−β∥f̂(x)−ej∥
2
×
∑K
k=1 e

−β∥f̂(x)−ek∥2∑K
k=1 e

−β∥fϕ(x)−ek∥2

= e−β∥fϕ(x)−ej∥
2+β∥f̂(x)−ej∥2

×
∑K
k=1 e

β∥fϕ(x)−ek∥2∑K
k=1 e

β∥f̂(x)−ek∥2

≤ eβ(f̂(x)−fϕ(x))·(f̂(x)+fϕ(x))−2βej ·(f̂(x)−fϕ(x)) × sup
k∈[K]

e−β∥f̂(x)−ek∥
2+β∥fϕ(x)−ek∥2

≤ e4β∆zδ × e4β∆zδ.
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E.4 Discussion about the metric entropy for regularized model1372

Here we discuss the upper bound of metric entropy in our setting. Since the latent variable lies in1373

Rdz , the encoder network operates as fϕ : Rd → Rdz , making it a multivariate function.1374

Let us define a function class Fi : X → R for i = 1 . . . , dzand define F0 =
∏dz
i=1 F . Then by1375

definition, F ⊂ F0 holds. We define the covering number for each Fi; Given xn := (x1, . . . , xn) ∈1376

Xn, define the pseudo-metric d′n on Fi as d′n(f, g) := maxi∈[n] |f(xi)− g(xi)| for f, g ∈ Fi. The1377

δ-covering number of Fi with respect to d′n is denoted as N (δ,Fi, xn), and we define N (δ,Fi, n) :=1378

supxn∈Xn N (δ,Fi, xn). Then by definition, the cardinality of F is smaller than F0, so we have1379

N (δ,F , n) ≤
dz∏
i=1

N (δ,Fi, n).

We can see a similar argument in Lemma 1 in Guermeur [26], which considers more general settings.1380

For simplicity, we assume that F ′ = F1 = · · · = Fdz holds. Then, we can rewrite Theorem 4 as1381

follows1382

gen(n,D) ≤ 4∆
√
2nβ∆zδ + 3∆

√
2dz logN (δ,F ′, 2n)

n
+

∆√
n
.

For example, assume that the encoder function, which has dϕ dimensional parameters, shows L0-1383

Lipschitz continuity (L0 > 0) with respect to parameter, then we can obtain logN (F , ∥ · ∥∞, δ) ≍1384

dϕ log
L0

δ [72]. Thus, by setting δ = O(1/(n)), we have that1385

gen(n,D) = O

(√
dϕdz log(n)

n

)

Instead of using the assumption of parametric function class, the metric entropy can be bounded1386

by the fat-shattering dimension of each function, as discussed in Lemma 3.5 of Alon et al. [5].1387

Examples of fat-shattering dimension evaluations can be found, for instance, in Bartlett & Maass [7],1388

which discusses neural network models, and Gottlieb et al. [24], which addresses the fat-shattering1389

dimension of Lipschitz function classes. If our encoder network adheres to these properties, we can1390

bound its covering number accordingly.1391

As discussed in Appendix D.7.1, when we use the deterministic decoder, we can use the Natarajan1392

dimension to quantify the complexity of the LVs and such Natarajan dimension can be bounded1393

by the fat-shattering dimension. Thus, it is essential to bound the fat-shattering dimension in both1394

deterministic and stochastic settings.1395

F Proof of Theorem 51396

Before the proof, we define the Wasserstein distance. Given a metric d(·, ·) and probability distribu-1397

tions p and q on X , let Π(p, q) denote the set of all couplings of p and q. The 2-Wasserstein distance1398

is defined as:1399

W2(p, q) =

√
inf
ρ∈Π

∫
X×X

d(x, x′)2dρ(x, x′).

In this work, we use the Euclidean metric | · | as d(·, ·).1400

Next, we define the pushforward. Let π represent a distribution on Z , and let us assume that for any1401

θ ∈ Θ, the decoder gθ(·) : Z → X is measurable. The pushforward of the distribution π by the1402

decoder, denoted as gθ#π, defines a distribution on X as gθ#π(A) = π(g−1
θ (A)) for any measurable1403

set A ⊆ X .1404

Proof. Conditioned on the encoder parameter, codebook, and input X , selecting the index J corre-1405

sponds to selecting the latent representation eJ . Since the posterior over the index is q(J |e, ϕ,X), we1406

express the posterior imposed on the latent representation as q(e = ej |e, ϕ,X) for all j = 1, . . . ,K.1407
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Using this notation, we first define the distribution obtained by the training dataset as follows;1408

conditioned on e, ϕ, S, we have1409

µ̂S =
1

n

n∑
m=1

gθ#q(e|e, ϕ, Sm).

From the triangle inequality, we have1410

W2(D, µ̂) ≤W2(D, µ̂S) +W2(µ̂S , µ̂). (36)
We then have1411

W 2
2 (D, µ̂) ≤ 2W 2

2 (D, µ̂S) + 2W 2
2 (µ̂S , µ̂).

The first term of Eq. (36) is bounded as follows;1412

ESEq(e,ϕ,θ|S)W 2
2 (D, µ̂S) ≤ ESEq(e,ϕ,θ|S)EX

1

n

n∑
m=1

Eq(e|e,ϕ,Sm)∥X − gθ(e)∥2

= ESEq(e,ϕ,θ|S)EX
K∑
k=1

∥X − gθ(ek)∥2
1

n

n∑
m=1

Eq(Jm|e,ϕ,Sm)1k=Jm .(37)

The first inequality is obtained by the definition of the Wasserstein distance.1413

This term corresponds to the first term of Eq. (17), where X corresponds to the test data Xm,Ūm
.1414

Therefore, Eq. (37) can be upper-bounded by applying Eq. (21), which serves as the upper bound for1415

Eq. (17).1416

ESEq(e,ϕ,θ|S)W 2
2 (D, µ̂S) (38)

≤ ESEq(e,ϕ,θ|S)
1

n

n∑
m=1

Eq(Jm|e,ϕ,Sm)∥Sm − gθ(eJm)∥2 + 1

λ
KL(Q|P) +

λ∆2

2n
+

∆√
n
,

where1417

Q := q(e, ϕ, θ|S)
n∏

m=1

q(Jm|e, ϕ, Sm), P := q(e, ϕ, θ|S)
n∏

m=1

π(Jm|e, ϕ).

Next, the second term of Eq. (36) is bounded as follows; we use the weighted CKP inequality1418

[11].From the particular case 2.5. in Bolley & Villani [11], we directly have1419

ESEq(e,ϕ,θ|S)W 2
2 (µ̂S , µ̂) ≤ ∆

√
2KL(µ̂S∥µ̂) ≤ ∆

√√√√2
1

n

n∑
m=1

KL(gθ#q(e|e, ϕ, Sm)∥gθ#π(e|e, ϕ))

(39)

≤ ∆

√√√√2
1

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ))

Combining Eqs. (38) and (39), we have1420

ESEq(e,ϕ,θ|S)W 2
2 (D, µ̂) ≤ 2ESEq(e,ϕ,θ|S)

1

n

n∑
m=1

Eq(e(m)|e,ϕ,Sm)∥Sm − gθ(e(m))∥2

+
2

λ
KL(Q|P) +

λ∆2

n
+

2∆√
n
+ 2∆

√√√√2
1

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ)).

Then by optimizing λ, we have1421

ESEq(e,ϕ,θ|S)W 2
2 (D, µ̂)

≤ ESEq(e,ϕ,θ|S)
2

n

n∑
m=1

Eq(e(m)|e,ϕ,Sm)∥Sm − gθ(e(m))∥2 + 4∆

√√√√2
1

n

n∑
m=1

KL(q(Jm|e, ϕ, Sm)∥π(Jm|e, ϕ)) + 2∆√
n
.

1422
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G Experimental settings and additional experimental results1423

Our experiments were based on the Gaussian stochastically quantized VAE (SQ-VAE) model proposed1424

by Takida et al. [63], and were conducted by adapting the code from their GitHub 1to suit our1425

experimental configurations. Therefore, we first introduce the basics of (Gaussian) SQ-VAE in1426

Sections G.1 and G.2 and finally explain our experimental settings in Section G.3.1427

G.1 Overview of SQ-VAE1428

The SQ-VAE is a generative model that, similar to VQ-VAE, employs a learnable codebook e =1429

{ek}Kk=1 ∈ ZK . The objective of SQ-VAE is to learn the stochastic decoder x ∼ pθ(x|Zq)1430

using latent variables Zq to generate samples belonging to the data distribution pdata(x), where1431

pθ(x|Zq) = N (gθ(Zq), σ
2I), N (m,σI) is the Gaussian distribution with mean and equal variance1432

parameter {m, σ2I}, σ2 ∈ R+, and I is the identity matrix. Here, Zq is sampled from a prior1433

distribution P (Zq) over the discrete latent space edz .1434

In the main training process of SQ-VAE, we assume P (Zq) to be an i.i.d. uniform distribution,1435

identical to VQ-VAE, meaning each codebook element is selected with equal probability (P (zq,i =1436

bk) = 1/K for k ∈ [K]). Subsequently, a second training stage is conducted to learn P (Zq).1437

Since computing the posterior pθ(Zq|x) exactly is intractable, we utilize an approximate posterior1438

distribution qϕ(Zq|x) instead.1439

At the encoding process, directly mapping from x to the discrete Zq is challenging due to the discrete1440

nature of Zq . To overcome this issue, Takida et al. [63] proposed to construct a stochastic encoder by1441

introducing the following two processes:1442

• Stochastic Dequantization Process: The transformation function from Zq to the auxiliary1443

continuous variable, Z, denoted as pψ(Z|Zq), where ψ is its parameters.1444

• Stochastic Quantization Process: The transformation from Z to Zq is given by1445

P̂ϕ(Zq|Z) ∝ pϕ(Z|Zq)P (Zq) obtained via Bayes’ theorem, which is represented as the1446

categorical distribution q(J |e, ϕ, x) through the softmax function as in Eq. (2).1447

We can obtain Ẑq from a deterministic encoder fϕ(x), where we expect that Ẑq is close to Zq.1448

Therefore, we can similarly define the dequantization process of Ẑq as Z|Ẑq ∼ pψ(Z|Ẑq). By1449

combining this process with the stochastic quantization process, we can establish the following1450

stochastic encoding process from x to Zq: Eqω(Z|x)[P̂ϕ(Zq|Z)], where ω := {ϕ, ψ} and qω(Z|x) :=1451

pψ(Z|fϕ(x)).1452

According to these facts, we can derive the following evidence lower bound (ELBO) for SQ-VAE:1453

−LSQ(x; θ, ω, e)

:= Eqω(Z|x),P̂ϕ(Zq|Z)

[
log

pθ(z|Zq)pϕ(Z|Zq)
qω(Z|x)

]
︸ ︷︷ ︸

=KL(Q∥P)

+Eqω(Z|x)H(P̂ϕ(Zq|Z)) + (Const.),

where H(P̂ϕ(Zq|Z)) is the entropy of P̂ϕ(Zq|Z).1454

From the above, the optimization problem of SQ-VAE is minimizing Epdata(x)[LSQ(x; θ, ω, e)]1455

w.r.t. {θ, ω, e}. This approach eliminates the need for heuristic techniques traditionally required, such1456

as stop-gradient, exponential moving average (EMA), and codebook reset [79].1457

Moreover, the categorical posterior distribution P̂ϕ(Zq|Z) = q(J |e, ϕ, x) can be approximated using1458

the Gumbel–Softmax relaxation [35, 45], where the Gumbel–Softmax function is defined as, for all k1459

(1 ≤ k ≤ K),1460

exp(−β∥fϕ(x)− ek∥2 +Gk)/τ)∑K
j=1 exp(−β∥fϕ(x)− ej∥2 +Gj)/τ)

,

1https://github.com/sony/sqvae/tree/main/vision
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Table 1: Experimental settings on MNIST.
Experimental setup for MNIST experiments

Model Gaussian stochastically quantized VAE (SQ-VAE) [63]
Network archtecture ConvResNets with three convolutional layers, two transpose convolutional layers, and one ResBlocks.
The size of a codebook (K) and the dimension of the latent space dz K = {16, 32, 64, 128}; dz = 64
Optimizer Adam with 0.001 initial learning rate
Batch size 32
Num. of training/validation samples [250, 1000, 2000, 4000]
Num. of epochs 200
Num. of samples for CMI estimation 3
Num. of samplings for U 5

Table 2: Experimental settings on CIFAR10.
Experimental setup for CIFAR10 experiments

Model Gaussian stochastically quantized VAE (SQ-VAE) [63]
Network architecture ConvResNets with three convolutional layers, two transpose convolutional layers, and one ResBlocks.
The size of a codebook (K) and the dimension of the latent space dz K = {16, 32, 64, 128}; dz = 64
Optimizer Adam with 0.001 initial learning rate
Batch size 32
Num. of training/validation samples [1000, 5000, 10000, 20000]
Num. of epochs 200
Num. of samples for CMI estimation 3
Num. of samplings for U 5

where Gk is an i.i.d. sample from the Gumbel distribution and τ is the temperature parameter that is1461

deferent from β in Eq. (2). This allows the application of the reparameterization trick from VAEs1462

during backpropagation, enabling efficient gradient computation and model training.1463

G.2 Gaussian SQ-VAE1464

Gaussian SQ-VAE assumes that the dequantization process pψ(Z|Zq) follows a Gaussian distribution.1465

In this paper, we set the following Gaussian distribution: pψ(Zi|Zq) = N (Zq,i, σ
2
ψI), where σ2

ψ ∈1466

R+. Then, the stochastic decoder and the stochastic dequantization process in SQ-VAE can be written1467

as pθ(x|Zq) = N (gθ(Zq), σ
2I) and pψ(Zi|Ẑq) = N (Ẑq,i, σ

2
ψI).1468

G.3 Details of experimental settings1469

Dataset: We used the MNIST dataset [41], which is 28 × 28 gray scale images with 10 classes.1470

We prepared the subset dataset with {1000, 2000, 4000, 8000} samples from the default training1471

dataset (60000 samples). Then, we split it as the training and the validation datasets following the1472

supersample setting as in Section 2.3.1473

Model architecture and training procedure: We adopted the ConvResNets with the architecture1474

provided by Google DeepMind 2. We summarize the details of this model in Table 1.1475

Regarding the training procedure, we adopted the settings in Takida et al. [63] as follows. We used1476

the Adam optimizer with 0.001 initial learning rate. The learning rate was halved every 3 epochs if1477

the validation loss is not improving. We trained the model 200 epochs with 32 mini-batch size. As1478

for the annealing schedule for the temperature parameter of the Gumbel-softmax sampling, we set1479

τ = exp(10−5 · t) as in Jang et al. [35], where t is the global training step size.1480

GPU environment: We used NVIDIA GPUs with 32GB memory (NVIDIA DGX-1 with Tesla1481

V100 and DGX-2) in our experiments.1482

Mutual information estimation: To estimate the mutual information I(J̃;U |e, ϕ, X̃) in Eq. (7),1483

we developed a plug-in estimator for it, which is computed using estimators for the prob-1484

ability density of J̃ and X̃ , as well as their joint probability density, employing k-nearest-1485

neighbor-based density estimation [43]. The estimation strategy is incorporated into the1486

sklearn.feature_selection.mutual_info_classif function 3. We set k = 3 fol-1487

lowing the default setting of this function and Kraskov et al. [40], Ross [53].1488

2https://github.com/deepmind/sonnet/blob/v2/examples/vqvae_example.
ipynb

3https://scikit-learn.org/stable/modules/generated/sklearn.feature_
selection.mutual_info_classif.html
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Figure 4: The behavior of the generalization gap and the empirical KL term (KL(QJ,U∥P)/n) on the
CIFAR-10 dataset when increasing the number of residual blocks to enlarge the decoder dimension
dθ (K = 128, dz = 64).

G.4 Additional experimental results1489

Here, we summarize our additional experimental results. We first show the results on CIFAR-10 in1490

Figure 4. This results also support our implication even on the more complex dataset than MNIST that1491

increasing the complexity of gθ has a limited effect on the generalization performance because adding1492

a single ResBlock—introducing approximately 74, 000 additional parameters—has a negligible effect1493

on the generalization gap.1494

We further numerically evaluated the bound in Theorem 4 using estimation techniques from prior1495

work in IT analysis [30] under the MNIST setting.1496

As shown in Figure 5, the first KL term does not decrease monotonically with n, consistent with1497

Lemmas 2 and 3, due to the use of a data-independent prior. In contrast, the second KL term decreases1498

steadily with n, supporting our claim (in Section 3.2) that the data-dependent prior effectively captures1499

generalization behavior in VQ-VAE. We also varied the latent dimension K under fixed n, and1500

observed that both KL terms increased with larger K, further confirming our theoretical predictions.1501

Furthermore, we conducted additional numerical experiments to evaluate how the complexity of the1502

decoder network (gθ) and the dimension of the latent space (dz) influence the generalization gap,1503

using SQ-VAE, which utilizes a stochastic mechanism, and VQ-VAE, which employs a deterministic1504

mechanism. The results are shown in Figure 6.1505

For SQ-VAE experiments, the setups are almost identical to those of Table 1, except that we used1506

a batch size of 64 and set K = 256. The size of the training data is specified in the figure. In the1507

most left panel, we fixed dz , increased the number of decoder ResBlocks across four commonly used1508

datasets, and evaluated how generalization gaps are affected. We observed that the number of decoder1509

ResBlocks does not significantly impact the generalization gaps. In the second panel from the left, we1510

fixed the number of ResBlocks and increased the latent dimension dz . We found a tendency for the1511

generalization gap to increase as dz increases. These results are consistent with Theorem 4, which1512

suggests that when using a stochastic mechanism for LV, then the upper bound of the generalization1513

gap is independent of the decoder complexity, while it depends on dz .1514

In addition to SQ-VAE, we conducted a similar experiment using VQ-VAE, which uses a deterministic1515

mechanism, following the settings of the image experiments in Van Den Oord et al. [68]. The1516

differences between our experimental setting and Van Den Oord et al. [68] are that we used K = 2581517

and the training epoch is set to 20.1518

When using the deterministic mechanism shown in the rightmost panel, we observed that increasing1519

dz tends to increase the generalization gap, consistent with the experimental findings under the1520

SQ-VAE setting. The effect of the decoder is shown in the second panel from the right. Our1521
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Figure 5: The behavior of the generalization gap and the empirical KL term (KL(QJ,U∥P)/n) on the
CIFAR-10 dataset when increasing the number of residual blocks to enlarge the decoder dimension
dθ (K = 128, dz = 64).
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Figure 6: The behavior of the generalization gap when increasing the number of residual blocks of
the decoder network and the latent dimension dz in SQ-VAE and VQ-VAE models

numerical experiments confirm that the influence of decoder complexity is limited, as predicted by1522

our theoretical results (Theorems 2 and 3). Specifically, we significantly increased the decoder size1523

beyond the commonly used range, yet its impact on the generalization gap remained limited.1524

However, we also observed that increasing decoder complexity within a moderate range (e.g., from 21525

to 6 ResBlocks) tends to increase the generalization gap. This does not contradict our theory. Indeed,1526

Theorems 2 and 3 state that the upper bound on the generalization gap becomes independent of the1527

decoder. This implies that, although increasing decoder complexity substantially does not further1528

affect the generalization gap beyond a certain point, some increase within a moderate range can still1529

worsen generalization as long as it remains under the upper bound. We believe that our numerical1530

results correspond precisely to this regime.1531

We further conjecture that this behavior can be attributed to the fact that Theorems 2 and 3 do not1532

depend solely on architectural properties. The upper bounds in these theorems depend on the learning1533

algorithm q(w|S), and increasing decoder complexity can influence the learned distributions e and ϕ,1534

which are defined as the marginal distributions under q(w|S). This provides a plausible explanation1535
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for why decoder architecture may still affect the generalization gap in the moderate-complexity1536

regime.1537

In contrast, the experimental results for SQ-VAE are explained by Theorem 4, which is independent1538

of the learning algorithm q(w|S) and fully eliminates the influence of the decoder. This explains the1539

consistent lack of decoder impact observed in the SQ-VAE experiments. Overall, the experimental1540

findings from both SQ-VAE and VQ-VAE suggest that the influence of decoder complexity depends1541

on whether the latent variable mechanism is stochastic or deterministic. A more refined theoretical1542

analysis of how stochastic mechanisms affect the generalization gap is an important direction for1543

future work.1544
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