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Abstract

Latent variables (LVs) play a crucial role in encoder—decoder models by enabling
effective data compression, prediction, and generation. Although their theoretical
properties, such as generalization, have been extensively studied in supervised
learning, similar analyses for unsupervised models such as variational autoencoders
(VAESs) remain insufficiently underexplored. In this work, we extend information-
theoretic generalization analysis to vector-quantized (VQ) VAEs with discrete
latent spaces, introducing a novel data-dependent prior to rigorously analyze the
relationship among LVs, generalization, and data generation. We derive a novel
generalization error bound of the reconstruction loss of VQ-VAEs, which depends
solely on the complexity of LVs and the encoder, independent of the decoder.
Additionally, we provide the upper bound of the 2-Wasserstein distance between
the distributions of the true data and the generated data, explaining how the regu-
larization of the LVs contributes to the data generation performance.

1 Introduction

Encoder—decoder (ED) models have demonstrated remarkable performance [23] in (un)supervised
tasks such as classification [2, 4] and data generation [39, 68], compressing input data into latent
variables (LVs) via an encoder. The success of ED models hinges on how effectively the encoder can
represent essential features of the input in LVs, stimulating analyses of the relationship between LVs
and ED model performance, as well as developing algorithms designed to appropriately control LVs.

In supervised learning, the information bottleneck (IB) hypothesis [65, 59] has gained significant
attention for proposing that minimizing the mutual information (MI) between input data and LVs
enhances generalization by ensuring LVs retain the minimal information necessary for prediction.
This hypothesis has motivated numerous learning algorithms for deep neural networks and empirical
studies exploring their performance [64, 60, 55, 22, 1, 2]. Moreover, theoretical research about how
LVs contribute to generalization has been actively pursued [69, 28, 38, 70] within the IB hypothesis.
Recently, Sefidgaran et al. [56] has highlighted the limitations of these analyses, particularly in
terms of assumptions and the sample complexity represented by the MI. To address these limitations,
they proposed extending the supersample setting of information-theoretic (IT) analysis [62]. Their
approach induces a symmetric, data-dependent prior over LVs that facilitates rigorous analysis, which
successfully characterizes generalization performance using the Kullback-Leibler (KL) divergence
between the posterior distribution of the LVs and this prior. These results suggest that, by carefully
constructing the data-dependent prior distribution, we can obtain a decoder-independent bound,
which illustrates clearly how LVs contribute to the generalization for ED models in classification.
Their analysis has recently been extended to multi-view learning settings [57, 58].

LVs play a key role in deep generative models for unsupervised learning tasks such as data compres-
sion and generation. For example, variational autoencoders (VAEs) [39] are trained by optimizing an
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objective function that includes the KL divergence of the posterior from the prior in the LV space as a
regularization term. Extended methods such as 5-VAE [34] highlight the importance of appropriately
tuning the strength of KL regularization to improve LV representations. Additionally, methods like
vector-quantized VAEs (VQ-VAEs) [68], which discretize the latent space, have been developed to
address posterior collapse. Numerous empirical studies have also evaluated model performance based
on the MI, such as the IB hypothesis and rate-distortion theory [3, 9, 67, 12].

In contrast to supervised learning, theoretical insights into the relationship between the generalization
of ED models and LVs in unsupervised learning remain limited. Although Chérief-Abdellatif et al.
[13] has employed probably approximately correct (PAC) Bayes analysis [47, 6] to investigate the
generalization error defined in terms of reconstruction loss, they consider the posterior and prior
distributions over the encoder and decoder parameters. Similarly, Epstein & Meir [19] focused on
the complexity of encoder and decoder parameters to analyze the generalization capability. Therefore,
these studies lack the analysis of the relationship between LVs and generalization capability. Mbacke
et al. [46] attempted to address this problem by deriving PAC-Bayes bounds based on the KL
divergence within prior and posterior distributions over LVs; however, their analysis relies on the
impractical assumption that decoders are not trained, leaving significant challenges in achieving a
practical understanding of the role of LVs in generalization performance.

To address these challenges, we provide the first rigorous theoretical analysis of the relationship among
LVs, generalization, and data generation in ED models, with a focus on VQ-VAEs [68]. Motivated by
Sefidgaran et al. [56], we construct a data-dependent prior over LVs using the supersample setting
from IT analysis [62, 30, 32]. This approach yields a generalization error bound for the reconstruction
loss, characterized by the KL divergence between the prior and the posterior over LVs (Theorem 2).
Similar to Sefidgaran et al. [56], our bound remains independent of decoder complexity even when
the encoder and decoder are trained jointly, underscoring the critical role of designing the encoder
network for the generalization.

However, we observe that the bound based on the supersample setting does not necessarily converge
to 0 asymptotically with respect to the number of samples. To address this issue, we extend the super-
sample framework by introducing a novel data-dependent prior, called the permutation symmetric
prior distribution, which explicitly accounts for the inherent symmetries specific to unsupervised
learning tasks (Theorem 3). This formulation enables us to derive a generalization error bound that
asymptotically converges to 0 as the number of samples increases and is independent of the decoder.

Finally, we investigate the data generation capability of VQ-VAESs by deriving the upper bound on the
2-Wasserstein distance between the true data and the generated data distributions (Theorem 5). Our
analyses reveal that the generalization and data-generating capabilities of VQ-VAEs depend solely on
the parameters of the encoder and LVs, remaining entirely independent of the decoder.

2 Background

In this section, we introduce the VQ-VAE and define the reconstruction-based generalization error,
which forms the basis of our analysis (Sections 2.1 and 2.2). We then present the IT analysis using
supersamples (Section 2.3), highlighting its limitations in unsupervised settings (Section 2.4).

Notations: We use uppercase letters for random variables and lowercase letters for their realizations.
The distribution of X is denoted by p(X), and the conditional distribution of Y given X by p(Y|X).
Expectations are written as [E,, x) or Ex. The MI and conditional MI (CMI) are denoted by 1(X;Y")
and I(X;Y|Z), respectively. The KL divergence from p(X) to p(Y") is written as KL(p(X)||p(Y)).
For a € N, we define [a] := {1,...,a}.

2.1 VQ-VAE and its stochastic extensions

Let X C R? denote the data space, and assume an unknown data-generating distribution D. The
latent space is represented as Z C R%, where both X’ and Z are equipped with the Euclidean metric
|| - ||- The discrete latent space comprises K distinct points, collectively referred to as the codebook,
denoted by e = {e;}/<, € ZX, which are learned from the training data.

The VQ-VAE model consists of the encoder network f,: X — Z and the decoder network go: Z —
X responsible for (i) data compression and (ii) reconstruction, where ¢ € ® C R% and§ € © CR%
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denote the parameters of the encoder and decoder, respectively. In the compression phase, a data
point x is mapped to f,(z), and the discrete representation e; is selected from the codebook e. Then,
the posterior distribution of the discrete representation indexed by j is denoted as ¢(J = j|e, ¢, x)
forallj =1,..., K. In the original VQ-VAE [68], the following deterministic posterior is used:

. 1 for j = argmin x) — egl,
7= les ) = { L ord = s lofe) e

0 otherwise,
where the distance between the encoder output and the codebook entries determines the posterior.
Recent extensions of VQ-VAE [79, 61, 54, 63] introduce a stochastic posterior defined by

q(J=]|e,¢,a:) X exp (_ﬁ|‘f¢(x) _ej||2) ’ 2
where a softmax is applied over codebook indices, and the temperature parameter 3 € R™ controls
the level of stochasticity. The data is then reconstructed by passing the selected latent representation

ej—; through the decoder, resulting in gg(es—;). The fidelity of the reconstruction to the original
input is measured by the reconstruction loss, defined as I(x, gg(ej—;)), where [ : X x X — R™.

(D

2.2 Generalization error based on reconstruction loss

Hereafter, let the set of parameters be denoted as W = {e,$,0} € W (= ZK x & x ©).
Given the training dataset S = (S1,...,S,) € X™ consisting of independently and identically
distributed (i.i.d.) data points sampled from the data distribution D, these parameters are learned
jointly using a randomized algorithm A : X™ — WV that minimizes the reconstruction loss between a
data point & and a reconstructed data gy (e;), i.e., [(x, go(e;)). Consequently, the learned parameters
e, ¢, 0 follow the conditional distribution ¢(e, ¢, 8|.5). For simplicity, we define the expected recon-
struction loss for an input = and w as [y : W x X — R, where lo(w, ) := Ey(jje,0.2)[l(x, go(e1))].
In this study, we consider the squared distance as [. Accordingly, our objective is to minimize
lo(w, x) == Ey(jje,6.2)[[|& — go(es)||?] over the training dataset # € S. We introduce the following
assumption about the data space imposed on our analysis.

Assumption 1. There exists a positive constant A such that sup,, . ||z — 2| < A2,
This assumption ensures that the reconstruction loss I(x, gg(e;)) is bounded by A for all x, e;, and 6.

Our goal is to theoretically characterize the relationship between generalization performance and LVs
in VQ-VAE:s. To this end, we analyze the following generalization error:

1 n
gen(n, D) := |Es xEqws)lo(W, X) — > (W, Sm), 3)
m=1

where the first term denotes the expected test reconstruction loss, and the second term is the empirical
training loss. Following the success of Sefidgaran et al. [56], we also consider analyzing Eq. (3)
under the IT analysis framework with the supersample (or ghost sample) setting [62, 30, 32].

2.3 Supersample settings for IT analysis

Now, we introduce the supersample setting for IT analysis. The supersample X € X"*2 s defined
as an n X 2 matrix, where each entry is drawn i.i.d. from D. Each column of X is associated with an
index set {0, 1}, determined by U = (U3, ..., U,,) ~ Uniform({0, 1}"), independent of X. In this
setting, we consider Xy == (X,.t7,, )% —; as the training dataset and X = ()N(m, b, =1 as the
test dataset, where U,,, = 1 — U,,. The m-th row of X is denoted as X,,, with entries (Xm,O, Xm,1)~
Using the supersamples, Io(A(X), X) denotes an n x 2 loss matrix, where lo(A(X), -) is applied
elementwise to X . The IT analysis of Eq. (3) under the supersample setting gives the following result.

Theorem 1 (Hellstrom & Durisi [32]). Under Assumption 1 and the supersample setting, we have

gen(n, D) < Ay/21(1o(W, X); U|X) /n. 4)

The complete proof is provided in Appendix C. We refer to this bound as the basic IT-bound, as
it arises from the direct application of existing IT analysis [32] developed for supervised learning.
Unfortunately, we find that the basic IT-bound is insufficient to fully understand the role of LVs in
the generalization performance of VQ-VAE. The next section elaborates on this limitation.
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Figure 1: Graphical models illustrating different dependency structures for LVs. The left panel shows
the structure considered in the standard supersample setting (Theorem 1). The right panel depicts our
proposed structure tailored for unsupervised learning. See Appendix B.3 for further details.

2.4 Limitation of the direct application of IT analysis

The limitation of the basic IT-bound is that it does not offer a clear interpretation of how the LVs
contribute to the generalization performance independently of other random variables. Specifically,
let J denote the random variable that follows the distribution ¢(.J|e, ¢, X), which is defined by
applying ¢(Jle, ¢, -) elementwise to X. With this definition, we can upper bound Eq. (4) as
I(lo(W, X); U|X) < 1(0; U|X) + I(J;U| X, ). ©)
See Appendix C.2 for the proof. This result implies that the generalization of VQ-VAE can be
bounded by the CMI related to the decoder parameter ¢ and the selected index .J. Note that selecting
J corresponds to selecting an LV e ; from the codebook. Therefore, the second term above illustrates
how LVs contribute to generalization. However, since conditioning on 6 is taken, it does not allow

the independent analysis of e ; and #. This dependence hinders a precise theoretical analysis of how
LVs affect generalization performance.

We can better understand this difficulty by considering how I'T-based generalization analysis is
typically formulated: it is framed as the problem of inferring which samples were used for training,
given a random supersample index, U, that determines the shuffling of the dataset. The randomness
introduced by this shuffling is governed by the design of the prior, which plays a central role in
applying the Donsker—Varadhan inequality to derive an upper bound on the generalization error.
In the basic IT-bound (Theorem 1), shuffling via U leads to randomly altering the training dataset,
producing a bound that jointly depends on both model parameters and LVs, thereby entangling 6 and
J. This illustrates that a straightforward extension of standard IT analysis is insufficient to isolate the
contribution of LVs to generalization, motivating the development of a new analytical framework.

3 Proposed IT analysis under supersamples and its limitations

In this section, we first present the results of our generalization analysis for VQ-VAE (Section 3.1).
We then offer a detailed interpretation of the resulting generalization error bound and discuss its
limitations (Section 3.2). All corresponding proofs are provided in Appendix D.

3.1 Our supersample setting and result

As discussed in Section 2.4, the naive application of the existing supersample setting in IT analysis is
insufficient to capture the role of LVs. To address this limitation, we introduce posterior and prior
distributions over J that explicitly encode the dependence between the supersample index U and the
LVs, on the basis of the approach of Sefidgaran et al. [56].

To this end, we define the following posterior distributions based on both X v and X o
qJle, ¢, Xv) =110 _ d(Jmle, o, Ximv,.) andg(J|e7 ¢, Xg) =1lm_1a(Jmle, ¢, X,, 5, ). For
notational simplicity, we write Qy i := g(J|e, ¢, Xy7). We then define the following joint distribution
to capture the dependence of the LVs on both X;; and Xp: Qi = aJle, ¢, X5) - a(J|e, ¢, Xu).

We consider two types of prior distribution to facilitate the analysis of VQ-VAEs: a data-independent
prior P and a data-dependent prior Q3 defined as

P =[] n(Jmle,¢), and Qj:=EyQj, =EvqJle,¢,Xg)q(Ile, ¢, Xv),  (6)
m=1

where 7(J,,|e, ) denotes an arbitrary distribution over LV that is independent of both X and the
supersample index U. For the data-dependent prior, we adopt the supersample setting specifically
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Figure 2: The behavior of the generalization gap and the empirical KL term (KL(Qy ¢/||P)/n) on
the MNIST dataset when increasing the number of residual blocks to enlarge the decoder dimension
dg (K =128, d, = 64). See Appendix G for detailed experimental settings.

tailored to the LVs. The basis for introducing both types of prior is discussed following the main
theorem. Figure 1 illustrates the distinction in LV dependencies between the conventional supersample
setting (as used in Theorem 1) and our approach. The central idea is to apply supersample-based
shuffling to the LVs directly. Under these settings, the following is our main result.

Theorem 2. Under Assumption 1 and the supersample setting, we have

gen(n, D) < 2A\/]E)2,UEq(e,¢XU)(KL(QJ,UHP) +KL(Q37U||Q3)) . A -
" Vn

The upper bound comprises two distinct complexity terms. The first, KL(Qjy i/ ||P), captures the
complexity of the LVs. The second, KL(Qj ,,||Qj), reflects the complexity of the LVs and the degree

of overfitting when learning parameters e and ¢, as we will further discuss in Section 3.2.

Consistent with the findings of Sefidgaran et al. [56], our bound is independent of the decoder
go. This indicates that increasing the complexity of gy has a limited effect on the generalization
performance. Empirical results in the top line of Figure 2 support this implication: adding a single
ResBlock—introducing approximately 74, 000 additional parameters—has a negligible effect on
the generalization gap. Further experiments across various datasets and decoder architectures in
Appendix G reinforce this observation.

We emphasize that our results do not imply that the decoder is unimportant. Although our gener-
alization bound is independent of decoder complexity, a sufficiently expressive decoder is still
required to fit the training data. Otherwise, the test loss may remain high since Test Loss <
Training Loss + Generalization Gap. Our analysis specifically focuses on bounding the general-
ization gap, under the implicit assumption that the decoder can adequately fit the training data. In
practice, this suggests that improving generalization in VQ-VAESs hinges more on careful encoder
design, since overly complex encoders can increase the KL divergence of the LVs. We discuss this
point further in Section 6.

Why two types of prior are required: Our proof reveals that isolating the LVs from the decoder
parameter and obtaining a decoder-independent generalization bound requires the prior to satisfy two
essential conditions: (A) it allows random shuffling without changing the LV distribution, and (B)
it supports a swap between training and test samples to assess overfitting. From this perspective,
the shuffling induced by U in the basic IT-bound (Theorem 1) satisfies condition (B) but violates
condition (A), as it changes the distribution of LVs. To address this issue, the proof of Theorem 2
decomposes the generalization gap into two components: the term associated with condition (A),
which is controlled using a data-independent prior P, and the term associated with condition (B),
which is controlled using a data-dependent prior Q3. By combining both priors, we can derive the
final upper bound in Eq. (7). For a detailed explanation, see Appendices B.3 and D.1.

Remark 1. When K = 1, VQ-VAEs map all input data to the same LV, effectively estimating the
low-dimensional mean of the data distribution. In this case, the generalization error should not
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depend on the decoder. It is straightforward to show—without using our IT-based analysis—that
gen(n, D) = O(1/+/n). Notably, our bound in Eq. (7) correctly reflects this behavior, as the square
root term vanishes when K = 1 (see Appendix C.3 for details).

3.2 Further analyses of our bound and limitations on convergence

In this section, we further analyze the properties of the two KL divergence terms in Theorem 2 and
discuss their asymptotic behavior as the sample size n increases.

Regarding KL(Qj ;(|Qz)): We can derive the following upper bound:
E 0 Eye.050) KL(Q3 4 1Qz) < I(e,¢;UIX) + 1(J; Ule, ¢, X). (8)

Since Xy = S, the data processing inequality implies that I (e, ¢; U|X) < I(e, ¢; S). This quantity
captures how much information about the training data is retained in the encoder, thereby reflecting
the degree of overfitting of the encoder parameters. The term I(J; Ule, ¢, X ) can be viewed as a
regularization term for the LVs, analogous to the IB hypothesis; see Appendix D.6 for further details.

Next, we investigate whether each term in Eq. (8) exhibits asymptotic convergence as the sample size
n increases, which is a key requirement for a valid generalization error bound. We begin by analyzing

the asymptotic behavior of I(J; Ule, ¢, X).

Lemma 1. Let the posterior distribution over J be deterministic as defined in Eq. (1), and we denote
the composition of this mapping with the encoder fq by fé o X = [K]. If the function class to

which f s belongs has a finite Natarajan dimension, then 1(J;Ule, ¢, X)/n = O(logn/n).

This result implies that if the encoder is appropriately regularized, the quantity I(J; Ule, ¢, X)/n
converges asymptotically to zero. We also empirically evaluated this term in practical settings (see
Appendix G) and observed that it indeed decreases as the sample size n increases.

Next, the CMI term I (e, ¢; U|X) has been extensively analyzed under the standard supersample
setting of IT analysis [62]. Prior works have established its asymptotic convergence through various
approaches, including algorithmic stability [62], analyses of specific optimization methods such as
stochastic gradient descent (SGD) [75] and stochastic gradient Langevin dynamics (SGLD) [20], and
complexity-based arguments using covering numbers [80], all showing that (e, ¢; U|X)/n — 0
asn — oo. In conclusion, the term E ¢ /B, 4 x1/)KL(Qj3 ;[/Qj3))/n can be shown to converge
asymptotically under certain algorithmic conditions. For a detailed discussion, see Appendix D.8.

Regarding KL(Qj y||P): This term can be rewritten as KL(Qjul||P)/n =
%,Z:L”ZI KL(g(Jmle, @, Sm)ll7(Jm|e, ), where the training data is selected via U, ie.,

Xy =8 = (51,...,5,). This quantity corresponds to the empirical KL divergence, which also
appears in the analysis of Mbacke et al. [46], and reflects the complexity of the LVs. Such a term is
commonly used as the regularization term appearing in many VAE training procedures [39, 33, 63].

A key factor in minimizing KL(Qy /|| P) is the choice of the prior P. In VQ-VAEs, a uniform distri-
bution is typically adopted [63]; however, is this choice optimal for minimizing the KL divergence?
The following lemma addresses this question.

Lemma 2. Assume that for any fixed training dataset S = (si1,...,8,) and any permuta-
tion T, the posterior satisfies permutation invariance, i.e., q(e,¢,0|S) = q(e, ¢,0|S7), where
ST = (Sr,...,5r,). Then, the optimal prior that minimizes EsE e ¢/5)KL(Qu||P) is
given by P* = T["_, Eq(s,le,4)0(Iml€, @, Sm).  Moreover, under this prior, we obtain
EsEg(e,05)KL(QaulP*) = >, I(Jm; Smle, ¢).

This connection provides insight into the choice of prior distributions in practical implementations—
for instance, encouraging the use of mixture priors similar to the VampPrior [66] (see Appendix D.2
for further discussion). We also note that the assumption in Lemma 2, namely permutation invariance
of the posterior, is standard in the analysis of randomized algorithms [42], and is satisfied by
commonly used training methods such as SGD and SGLD [78].

Next, we present the asymptotic behavior of the empirical KL divergence term as follows:
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Lemma 3. Suppose the assumptions in Lemma 1 hold. Then, even under the optimal prior P* given
in Lemma 2, we have EsEyc 4/5)KL(Qg v ||P*)/n = O(1).

This result indicates that asymptotic convergence cannot be achieved, even when using the optimal
prior P*, which minimizes KL(Qjy v ||P), to regularize the complexity of the encoder. To see why,
suppose that KL(Qy ¢||P*) — 0 as n — co. By Lemma 2, this would imply that the mutual
information ), I(Jpm;Sm|e, ¢) also vanishes asymptotically. In turn, this would mean that the
encoder’s representations become independent of the training data as n increases, contradicting
the fundamental requirement for learning. In the supervised learning context, it has similarly been
observed that empirical KL terms analogous to KL(Qg ¢ ||P)/n do not necessarily converge, even
for models that generalize well [21, 56]. Our findings are consistent with these results.

Remark 2. Even when the posterior of J is defined by Eq. (2), a comparable upper bound on the KL
regularization term can still be derived by analyzing the encoder’s complexity via metric entropy. For
further details, see Section 4.2 and Appendix E.4.

4 Proposed IT analysis under the new permutation symmetric setting

The observations presented in the previous section motivate the derivation of a generalization error
bound that avoids explicit dependence on KL(Qy 7||P). We conjecture that the appearance of this
term in Theorem 2 arises from a fundamental limitation of the supersample setting, which necessitates
the use of a data-independent prior P (as defined in Eq. (6)) to satisfy the necessary conditions
(A) and (B) described in Section 3.1. To overcome this limitation, in this section, we introduce an
extension of the supersample framework—namely, a novel permutation symmetric setting. This new
setting enables the construction of a data-dependent prior that satisfies both conditions simultaneously,
thereby yielding a generalization error bound that achieves asymptotic convergence. All the proofs of
this section are provided in Appendix E.

4.1 Permutation symmetric setting

To simultaneously satisfy the two conditions in Section 3.1, we propose randomly shuffling all 2n

data points in X using a uniform distribution and taking their expectation as the data-dependent prior
distribution. By definition, this distribution is permutation-invariant, thereby satisfying conditions
(A) and (B), allowing us to obtain the improved bound.

Formally, let us denote a random permutation of [2n] as T = {T7, ..., Ts,}, where each permutation
appears with uniform probability, P(T) = 1/(2n)!. Given a supersample X = (X1,..., Xs,) €
X?", a set of 2n RVs drawn i.i.d. from D, we reorder the samples using T expressed as Xt =
(X1, ..., X1,,). The first n samples (X7, ..., X7, ) are used for the test dataset and the remaining
n samples (XTHH, ..., Xp,, ) are used for the training dataset. We further express T = {T¢, T},
and X1, = (Xr1,,...,X7,) and X1, = (X7,

. 1y X T,,, ) Tepresent the test and training datasets,
respectively.

Given X and T, we define Ehe post~erior distributions over the L:Vs of the test gnd train-
ing data, respectively, as q(Jle,¢,Xt,) = [['_,q(Jnle, ¢, X1,), a¢(Jle,¢,XT1,) =
Iy a(Jmle, . X1,,,.). We then define the joint posterior distribution as Qj =
q(j‘ea¢7XT0)Q(J|ea¢7XT1)-

Finally, we define our new data-dependent prior as

Qj = IETC’ZiT = ETq(j|e7¢7 XTo)q(J|e7¢7 XT1)' (9)
We refer to these settings as the permutation symmetric (supersample) setting. The following is
our main result.
Theorem 3. Under Assumptions 1 and the permutation symmetric setting, we have

gen(n, D) < 3A EX’TEq(e’(b‘XTl)KL(Qj’THQ:T) + A
T n Vn'

Remark 3. Unlike the existing supersample setting, where {U,, }s are independent, the elements of
T are dependent, which makes the analysis more complicated.
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Explanation of Theorem 3: Similar to Theorem 2, this bound is independent of the decoder gy.
The key difference is that the empirical KL term, KL(Qj ¢/||P), is eliminated owing to our new
data-dependent prior distribution Q3. The proposed permutation satisfies both conditions (A) and
(B) in Section 3.1, eliminating the need for a data-independent prior P.

Next, we analyze the KL term in the bound. Similar to Eq. (8), we have
Ez vE(e 4152, KL(Q3 1 Qz) < I(e,¢; T|X) + I(J; Tle, ¢, X).

Since X, corresponds to the training dataset S, I(e, ¢; T|X) < I(e, $;S) holds. Then, we can
show that our generalization bound becomes

n vn
Our bound consists of the complexity of LV (I(J; Ule, ¢, X)) and the overfitting caused by learning
the encoder parameters (I (e, ¢;.5)) similar to Theorem 2. This implies the two key factors identified
in Theorem 2 of Kawaguchi et al. [38]: how much information the LV retains from the input data and
how much information from the training dataset is used to train the encoder.

As discussed in Section 3.2, when using a sufficiently regularized deterministic encoder, f o X —

[K], the CMI term satisfies I(J; Ule, ¢, X)/n = O(logn/n); see Appendix D.7 for details. The
parameter overfitting term can be controlled by specifying the training algorithm, as discussed in
Section 3.2. Under these conditions, the generalization bound decreases as n — co, meaning that
Theorem 3 successfully characterizes generalization.

Comparison with Theorem 2: Although Theorem 3 shares a similar structure with Theorem 2, it
introduces a refined shuffling strategy with T, which resolves the issues of the supersample settings
as discussed in Section 3.2. This shuffling is based on the fact that the marginal distribution of the
dataset, which is invariant under permutation, can be expressed by the LV model. This new symmetry
allows defining a data-dependent prior that satisfies necessary conditions while preserving decoder
independence. On the other hand, the shuffling in Theorem 2 is based on the supersample setting and
suitable for supervised learning, where overfitting is measured by swapping test and training data
points. Practically, however, Theorem 2 relies on an n-dimensional variable, U (with independent
components), which facilitates CMI estimation and algorithm design. In contrast, Theorem 3 uses a
2n-dimensional variable, T (with dependent components), which is theoretically more preferable but
more difficult to estimate the CMI.

4.2 Generalization bound based on metric entropy

When using a softmax distribution in Eq. (2) for J, we show that the generalization bound is governed
by the metric entropy under the permutation symmetric setting. Consequently, it does not require
specifying a learning algorithm, which is required to discuss the convergence of Theorem 3 and
provides a uniform convergence bound that depends solely on the function class of the encoder.

Let F be the encoder function class equipped with the metric || - || . Given 2™ := (x1,...,2,) € X",
define the pseudo-metric d,, on F as d,,(f,g) = max;cp,) || f(2:) — g(2i)||co for f,g € F. The
d-covering number of F with respect to d,, is denoted as N (8, F, z™), and we define N (8, F,n) =
SUPgnexn N (9, F, ™).

Theorem 4. Assume that there exists a positive constant A, such that sup, ez ||z — 2'|| < A..
Then, when using Eq. (2) and under the same setting as Theorem 3, for any 6 € (0, 1], we have

\/ 21og N'(8, F, 2n) N A
n

Vi
We note that the parameter overfitting term does not appear in the bound. Since the encoder is
parameterized by ¢ € R%, the metric entropy is O(dyd. log(1/8)) [71]. Setting § = O(1/n) gives
gen(n,D) = O (w/d(bdz log n/n) This result suggests that regularizing the complexity of the

encoder improves generalization, whereas the complexity of the decoder has limited influence on the
generalization. See Appendix E.3 for the proof and further discussion.

gen(n, D) < 4A/28ndA, + 3A
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5 IT analysis for data generation performance

Mbacke et al. [46] provided statistical guarantees for the generalization error and data generation
performance of VAEs, albeit under the strong assumption of an untrained decoder. Building on their
approach, we provide a theoretical guarantee for the data generation performance of VQ-VAEs from
an IT analysis perspective when both the encoder and decoder are trained jointly.

We first briefly summarize the data generation process in VQ-VAEs. After training, new data is
generated by sampling an index J from a prior distribution, 7(J|e, ¢), often chosen as a uniform
distribution [63], and using the decoder network gy to reconstruct the corresponding latent representa-
tion e ; from the learned codebook e. Thus, the prior imposed on the latent representation is defined
as (e = ejle, ¢) forall j = 1,..., K, and the data distribution generated through this procedure
can be expressed as [i := gp#m(e|e, ¢), where gg#m denotes the pushforward of the distribution 7
by the decoder network. See Appendix F for the formal definition.

The following is the result of our analysis on the data generation performance of VQ-VAEs.

Theorem 5. Suppose that gy is measurable for any 0, and Assumption 1 holds. Then, for any
data-independent prior w(J|e, ) as defined in Eq. (6), we have EsEq(e,¢79‘S)W22 (D,p) < %

n

23 B USmanes,) 48 2 Y KLg(Unle, 0, Su)ln(le,0) |,

E E |
S q(e,9,0|9) nm=1Q(Jm‘e~,¢'7Sm) m=1

where Wy(D, [i) is the 2-Wasserstein distance between the data distribution D and the generated-data
distribution [i.

The complete proof can be seen in Appendix F. The results indicate that the quality of approximating
D by [i can be enhanced by minimizing the reconstruction loss and the KL regularization term
on LVs, which aligns with common training strategies for VQ-VAEs. Furthermore, this bound
holds for any prior that satisfies the conditions outlined in Theorem 2. Thus, designing a prior that
reduces this bound could lead to improved data generation accuracy. One potential approach is to
use the data-dependent prior defined in Eq. (9). However, since this prior was originally designed
to yield a reasonable generalization error upper bound, its practicality for data generation tasks
remains debatable. Although our analysis does not identify an optimal and practical prior design for
minimizing this upper bound, we can expect that our findings will stimulate further discussions on
prior designs that effectively improve the generalization performance and data generation capabilities
of VQ-VAEs.

6 Conclusion and limitations

We conclude this paper by discussing the practical implications of our results and summarizing
their limitations. For an additional comparison with existing work, see Appendix B.2. The key
insights derived from Theorems 2, 3, 4, and 5 are that the generalization performance of VQ-VAEs
is primarily governed by the complexity of the LVs induced by the encoder and the complexity of
the encoder parameters (e, ¢), while the decoder complexity (6) plays a limited role. This suggests
that it is crucial to employ regularization strategies for LVs, designed to effectively reduce the upper
bounds derived in our analysis. The above results also substantiate the validity of many VQ-VAE
training strategies that employ objective functions with KL regularization on LVs for improving
generalization performance.

The limitation of our findings is that the upper bound presented in Theorem 3 is challenging to
compute numerically, making it impractical as an evaluation metric for generalization performance
at present (see Sections 3.2 and 4 for details). This difficulty stems from the CMI term in Eq. (10),
where the T is 2n-dimensional dependent random variable. Consequently, the numerical evaluation
methods commonly used in existing IT analyses cannot be directly applied. Developing an alternative
bound that enabling numerical evaluation for VQ-VAEs is another essential avenue for future research.
It should also be noted as a limitation that our analysis is currently justified only for VQ-VAEs, which
are based on discrete LVs. Extending our analysis to models that handle continuous LVs is a crucial
step toward a deeper understanding of the fundamental role of LVs.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims in the abstract and Section 1 match our theoretical and numerical
claims in the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Assumptions for each theorem are explicitly shown. Following each theorem,
there is a discussion about the theorem’s limitations and implications. Additionally, Section 6
includes a discussion on the limitations of the entire paper.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes] .

Justification: Complete proofs of all theorems are provided in Appendices C and D. For the
reader’s convenience, the exact location of each proof is explicitly indicated alongside the
corresponding theorem in the main text.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes] .

Justification: The experimental setup for reproducing our results is detailed in Appendix G.
We submitted our source codes through OpenReview.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes] .

Justification: We only used the popular benchmark datasets (such as MNIST and CIFAR-10)
that can be easily obtained. The experimental setup for reproducing our results is detailed in
Appendix G. We submitted our source codes through OpenReview.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes] .

Justification: The experimental setup for reproducing our results is detailed in Appendix G.
We submitted our source codes through OpenReview.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes] .

Justification: We reported the mean = std. of the generalization gap and our bound values
for all experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We used NVIDIA GPUs with 32GB memory (NVIDIA DGX-1 with Tesla
V100 and DGX-2) in our experiments.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes] .

Justification: We confirmed that our paper does not have issues concerning the NeurIPS
Code of Ethics, although the primary emphasis of this paper is on theoretical analysis.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:[Yes] .

Justification: Although the primary focus of this paper is theoretical analysis, discussions on
the potential impacts of our research are presented in Sections 1 and 6.

Guidelines:
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11.

12.

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .

Justification: The primary focus of this paper is theoretical analysis, and although it includes
experiments, their purpose is to numerically validate the theory. Therefore, the concerns
raised in the question do not apply.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes] .

Justification: We provide citations or reference URLS for all of the code, data, and models
used in our experiments (see Appendix G). We also declared the name of the licence is
CC-BY 4.0 in our submission page of OpenReview.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.
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13.

14.

15.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA] .

Justification: The primary focus of this paper is theoretical analysis, and although it includes
experiments, their purpose is to numerically validate the theory. Therefore, the concerns
raised in the question do not apply.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] .

Justification: We do not utilize such services, so the concerns raised in the question are not
applicable to us.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

¢ Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] .

Justification: The primary focus of this paper is theoretical analysis, and it has been con-
firmed that the concerns raised in the question are not applicable.
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905 Guidelines:

906 * The answer NA means that the paper does not involve crowdsourcing nor research with
907 human subjects.

908 * Depending on the country in which research is conducted, IRB approval (or equivalent)
909 may be required for any human subjects research. If you obtained IRB approval, you
910 should clearly state this in the paper.

911 * We recognize that the procedures for this may vary significantly between institutions
912 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
913 guidelines for their institution.

914 * For initial submissions, do not include any information that would break anonymity (if
915 applicable), such as the institution conducting the review.

916 16. Declaration of LLM usage

917 Question: Does the paper describe the usage of LLMs if it is an important, original, or
918 non-standard component of the core methods in this research? Note that if the LLM is used
919 only for writing, editing, or formatting purposes and does not impact the core methodology,
920 scientific rigorousness, or originality of the research, declaration is not required.

921 Answer: [NA] .

922 Justification: This paper does not rely on LLMs for any theoretical analysis.

923 Guidelines:

924 * The answer NA means that the core method development in this research does not
925 involve LLMs as any important, original, or non-standard components.

926 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/
927 L.LM) for what should or should not be described.
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s A Notation used in the main paper

920 We summarize the notation we used in the main part of our paper.
Category Symbol Meaning
neN The sample size
X, Z A data and latent space
D An unknown data generating distribution
A eR* A radius of a data space
XeXxcRr? A data
S={Si},ex” A training dataset
Data and model e={e}, e zK A codebook, where K is the size of a codebook
$€dCRW An encoder parameter
0cOcRe A decoder parameter
W = {e, ¢,0} A set of model parameters
fo: X =2 An encoder network
gg:Z2—>X A decoder network
q(Jle, ¢, X) A posterior distribution over .J given e, ¢, X
B eRt A temperature parameter used in a softmax
N(5,F,n) A d-covering number with n input for the encoder function class F
A X" > W A randomized algorithm
q(e, $,0|5) A randomized algorithm given S
Algorithm and loss functions [t XXX =R areconstruction loss fupction
lop: WxX =R An expected loss function over J
gen(u, D) The expected generalization error based on a reconstruction loss
Wa(D, 1) The 2-Wasserstein distance between D and /i
X e am A supersample used in the IT analysis
Xm The m-th row of X
U = (Uy,...,U,) ~ Uniform({0,1}") Random index used in the IT analysis
Xu = (Xomv, ) e A training dataset in the supersample setting
Supersample setting Xg = (f(m_Um)%:l A test dataset in the supersample setting, where U,,, = 1 — U,

q(Jle, ¢, XU) =1Ir_ a(Jmle, o, vam) A joint distribution over index on the training dataset
q(JIle, 6, Xg) =11 a(Jmle, 6, X,, 5..) A joint distribution over index on the test dataset
Qi = q(Jle, ¢, X5)q(J)e, ¢, Xvr) A joint posterior distribution over .J
Q; = Eyq(Jle, 6, Xp)q(Jle, 6, Xvr) A data-dependent prior distribution over J
w(Jle, ¢) A data-independent prior distribution over J
T={T1,....To,} ~ P(T) =1/(2n)! A random permutation following a uniform distirubiton
Xp = Xrys--o, Xmy,) Randomly permuted supersamples
X, = (X1,,..., X1,) The test dataset

Permutation symmetric setting X1, = (X1,,,,-.., X1,) ~ The training dataset
q(Jle, ¢, X1,) =11 a(Imle, &, X7,,) A joint distribution over index on the test dataset
q(Jle, ¢, Xr,) = [1_1 a(Jmle, ¢, X7,,..) A joint distribution over index on the training dataset
Qi = q(Jle, d, X1,)q(Ile, , X1,) A joint posterior distribution over .J
Q5= Ilgq(j|e, 6, Xry)a(Jle, o, Xr,) A data-dependent prior distribution over .J

o0 B Additional discussion and related work

931 Here, we provide additional discussion and a comparison between our study and existing work.

932 B.1 Related work

933 Here we briefly introduce additional related existing work, especially about the IT analysis. In IT
934 analysis [80], the generalization error is evaluated on the basis of the MI between learned parameters
935 and training data. This approach is closely related to the PAC-Bayes theory and has been extended
936 through supersample settings [62] to exploit the symmetry between test and training data. This setting
937 has been applied to the study of generalization based on outputs of functions [30], losses [32, 76],
938 and hypothesis entropy [17]. The relationship between IT analysis and the IB hypothesis has been
939 discussed from numerical and algorithmic perspectives [77, 44]. More recently, Sefidgaran et al. [56]
940 theoretically studied latent variable models using IT analysis, demonstrating that generalization can

941 be characterized by the complexity of the encoder and latent variables without relying on decoder
942 information. They also developed a theoretical link among IT analysis, the IB hypothesis, and MDL
943 by using compression bounds [10].
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B.2 Comparison with existing bounds

Here, we compare our bounds with those in existing work. Theorem 2 resembles the results of
Mbacke et al. [46] since both bounds include the empirical KL term in the upper bounds, and the
posterior distribution corresponds to the variational posterior distribution. The key difference is that
Mbacke et al. [46] assumed a fixed decoder, whereas our analysis incorporates the learning process
under the assumption of a discrete latent space and a squared reconstruction loss. Another distinction
is that their generalization bound does not become 0 as n — oo due to two reasons. One is the
presence of the empirical KL term, which we address in Theorem 3 using permutation symmetry. Our
technique can be regarded as developing the appropriate prior distribution in PAC-Bayes bound. The
second reason is the presence of the average distance % S 1 Ex||X — S, in the existing bound,
which is inherent to the data distribution and may not vanish as n — oo. Our use of the squared loss
in the analysis mitigates this problematic term, as detailed in Appendix D.1.

Our proof techniques are based on Sefidgaran et al. [56]. However, we could not directly apply
their methods, as the reconstruction loss reuses input data, unlike in classification settings. We
resolve this by combining the data regeneration technique used in the proof of Mbacke et al. [46].
Additionally, we introduced a new permutation symmetric setting, leading to a bound that controls
mutual information in Theorem 3. Our setting is closely related to the type-2 symmetry proposed
in Sefidgaran et al. [56], which involves random permutations selecting n indices from 2n with
a uniform distribution 1/ (27?), whereas our setting requires the consideration of the order of the
permutation index to evaluate the exponential moment (see Appendix E.1). Finally, we theoretically
studied the behavior of the CMI (Theorem 4) focusing on the complexity of the encoder, whereas
Sefidgaran et al. [56] provided the bounds based on the CMI without such discussion.

The existing analyses based on the IB hypothesis [69, 28, 38, 70] assumed that both the latent
variables and data are discrete, and their obtained bounds explicitly depend on the latent space size
or show exponential dependence on the MI. In contrast, we assume that only latent variables are
discrete and the resulting bound does not explicitly depend on the number of discrete states nor
exhibit exponential dependence on MI. Furthermore, our bound shows the dependency on d, not K,
which is the significant difference compared with existing bounds.

B.3 Discussion and comparison of our prior and posterior and existing work

OG-0

Figure 3: Graphical models illustrating the different dependency structures of the random variables
considered in the basic IT analysis and in this study. The left figure represents the dependency
structure in the basic IT analysis, which simply evaluates the loss function in supervised learning
settings, whereas the right figure corresponds to our analysis in the unsupervised learning setting.

Here, we explain how the prior distribution is used in our proof and why two prior distributions
are introduced in our bound. First, the IT analysis with supersample reformulates generalization
analysis as the problem of estimating which samples were used for training when data is randomly
shuffled based on U'. If this estimation is difficult, our model generalizes well. In the basic IT analysis
(Theorem 1), such difficulty is measured by the CMI between U and the loss function /.

Of course, such shuffling is not performed in actual algorithms; it is introduced only for theoretical
analysis using the Donsker-Varadhan inequality [25], where such shuffling is defined by the prior and
posterior distributions dependent on U'.

In basic IT analyses (Theorem 1) for supervised learning, by shuffling with U, we observe how the
loss (W, X) changes. Here, the goal is to estimate U from the observed losses. As depicted in

Figure 3, U and [y (W, X ) depend on all parameters, including the decoder, resulting in a bound that
depends on all parameters.
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Our goal is to eliminate the dependency between the decoder and latent variables (LVs). To achieve
this, we introduce a prior and posterior that establish the dependency as depicted in Figure 3. The key
idea is that by introducing a new dependency between U and LVs, we can directly shuffle U, leading
to a bound that isolates the role of LVs without involving the decoder. For additional discussions on
the necessary conditions for the prior, see Appendix D.2.

Finally, we show the additional explanation of Figure 1. The figure illustrates the difference between
the existing fCMI and our new CMI. The left figure illustrates the setting of existing fCMI where
J follows the distribution in the setting of Eq. (5), see Appnexdix C.2 for the detail. Thus, in the
existing f{CMI, .J and U are conditionally independent given e and ¢ and X. On the other hand,
the right figure is our setting and there is an edge between U and .J directly, and thus J and U are
conditionally independent given e and ¢ and X, which results in the difference of existing f{CMI and
our CMI. See Appendix D.5 and Appendix D.3 for the additional discussion about the f{CMI.

C Proofs for Section 2 and additional discussion

C.1 Proof of Theorem 1

This is just the consequence of the existing eCMI bound [32]. We can confirm this as follows;

Note that the generalization error can be expressed as the supersample

gen(n, D)

1 n
Es xEq(e,4,0/9) (Eq(J\e,¢,X)l(X7 go(es)) — - Z Eq(JMe,c/),sm)l(smyge(e.]m)))‘

m=1
n

1
XEU ale ¢E9|XU) (ﬁ Eq(hnled X, 0,) Xm0, 90(€1,,))

m=1
1 n
- > ]Equm|e,¢,Xm,Um)l((thUm’ge(eJm))) :
m=1

Given that the loss is bounded by [0, A], the integrated is a A-sub-Gaussian random variable. Thus,
from Hellstrom & Durisi [32], the generalization error bound that satisfies the o2 sub Gaussianity

is bounded as \/%I(I(A(XU),X); U|X), we obtain the result. Finally I(lo(W, X);U|X) <
I(W;U|X) holds by the data processing inequality.

C.2 Proof for Eq. (5) and additional discussion

Here we prove Eq. (5). It is important to note that this upper bound is characterized by the CMI
I(lo(W, X); U|X). This CMI depends on the decoder and encoder information, distinguishing
it from the results presented in our main Theorems 2 and 3, which do not require the decoder’s
information.

To clarify this distinction, let us introduce the necessary notation. Following the notation in Sec-

tion 3.1, we define Y = gy(e 7), where g (e ;) implies applying go(-) elementwise to e ;. Under these
notations, we have the following relations:

I(ly(W, X); U|X) < I(Y;U|X) < I1(0;U|X) + I(e5;U|X, 0),

where the first inequality is obtained by the data processing inequality (DPI) and the second inequality
is obtained by the chain rule of CMI and the DPI. This result demonstrates that the decoder information
cannot be eliminated from the basic IT bound, which clarifies the fundamental difference compared to
our result (Theorems 2 and 3). Moreover, since the decoder and encoder are learned simultaneously
using the same training data, they are not independent. This makes it unclear how the latent variables
and the encoder’s capacity affect generalization, as it is difficult to eliminate the decoder’s dependency
on them.
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C.3 Additional discussion when K =1

Another limitation of the basic IT-bound arises when considering K = 1 as a limiting setting. From
the definition of the squared loss, the generalization error is given by:

Elg@I _ A

n = vn

The proof of this is described below. This upper bound is intuitive: for K = 1, the model effectively
ignores the input data and embeds all samples into the same latent variable, which can be interpreted
as a form of strong regularization. Consequently, the impact of overfitting due to training the decoder
network is relatively limited, and the generalization error can be seen, in a sense, as being comparable
to the inherent variability of the data itself.

gen(n, D) < \/Var[X] (11)

The above observations motivate us to develop a more sophisticated generalization bound that
explicitly captures the role of representation.

Proof of Eq. (11). Since K = 1, we express € = {e}. By using the definition of the squared loss, we
have

gen(n, D) = ‘EsEq(e,qs,e\s) (E[X] - % > Sm> ~g0(€))|,

m=1

where we used the fact that the generated data always use e as a latent variable since e = {e} when
K = 1. Then by using the Cauchy-Schwartz inequality, we have

El@ _ A
n - J/n’

where we used the fact that the diameter of the instance space is bounded by A. O

gen(n, D) < \/Var[X]

D Proofs for Section 3

In the proofs, we repeatedly use the following type of exponential moment inequality, which is often
used in the proof of McDiarmid’s inequality. A function f : X — R has the bounded differences
property if for some nonnegative constants cy, .. ., ¢,, the following holds for all ::

sup If(x1, . xn) — f(oy, . w1, 2 2, x| <y, 1<i<n.
Ty T, T EX

Assuming X1, ..., X, are independent random variables taking values in X, we have the following
lemma:

Lemma 4 (Used in the proof of McDiarmid’s inequality). Given a function f with the bounded
differences property, for any t € R, we have:

E [ewf(xl,.,.,Xn>fxa[f<x1,.u,xnm < Tl

D.1 Proof of Theorem 2
We express q(j|e,¢,X) = q(j,J|e7~¢, X5, Xv) = q(J|e, ¢, X5)q(JI|e, ¢, Xy). Hereinafter, we

simplify the notation by expressing X as X. For simplification in the proof, we omit the absolute
operation for the generalization gap. The reverse bound can be proven in a similar manner. We first
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1047 express the generalization error of the reconstruction loss using the supersample as follows

K n
1
>, - > Banles X, 0 yate.s.01x0) (Xm0, 90 (k) L7,
k=1 =1
K 1 n
=3 = D Ealed X atedtxi) (X, go(ex) Lz,
k=1 =1

K n
1
=2 o > Eq(inled. X, 0. )a(ed.0) X | Xm0, — g0(ex) P Lz,

=1 m=1
K 1 n
- o Y Eolnled Xmvnate.s.01x0) | Xm0, = golen)*Li=s,,, (12)
k=1 m=1

104¢  where the first term corresponds to the test loss and the second term corresponds to the training loss.
1049 Recall the learning algorithm and posterior distribution:

€, ¢7 0 ~ Q(ea ¢7 0|XU)7

I~ Q(Jlea ¢7 Sm)

1050 Here e = {ey,...,ex} is the codebook, and J and J = {J, ..., j,} represents the index chosen
1051 from the codebook.

1052 Conditioned on X and U, we then decompose Eq. (12) as follows

K n
1
— 2 Baeto1x0) (Xm0, 90(ek)Eo( 7, 0.6.X,0,5,) L
k=1 m=1
K 1 n
-3 — 2 Bate.s.0x0) (X, 0, 96 () Eq (10,6, X m.01,) Lo=m
k=1 m=1
K 1 n
+> — 2 Bate.s.01x) (Xm0, 96 () Eq (10,6, X m,0,) L=
k=1 m=1
K

Sl
NE

Eqie,,01x0) (Xm0, > 90 (1)) Eq( g lest Xm0, ) L= - (13)
1

o
I
3
I

1053 We will separately upper bound these terms.

1054 D.1.1 Bounding first and second terms

1055 The decomposition of the generalization error, as shown in Eq. (13), allows us to bound the first and
1056 second terms as follows.

1057 We apply Donsker-Varadhan’s inequality between the following two distributions:

Q = P(U)Q(ea ¢70|XU)Q(37J|ea ¢a XUvXU)
PS = P(U)Q(ea ¢7 0|XU) P%(Ej’) q(j7 J|ea ¢a XU’a XU/)' (14)

1058 These correspond to the posterior and data-dependent prior distributions defined in Section 3.1.

1059 Then, for any A € R™, we have

K n

1
D= Eaesoixo)l (Xm0, 90(ex)) (]Eq(Jm\e@,Xm,Um)]lk:Jm - Eq((lm\emxm,um)ﬂk:Jm)
k=1 =1

K n
S X, 90(er) (Les,, — lk_Jm)) :

k=1m=1

1

<
- A

S|

KL(Q[Ps) +

> =

logEp, exp (
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1060 To simplify the notation, we express J = Jo, Jy, = Jmo, J = J1, and J,, = J1. Let U” be a
1061 random variable taking 0, 1 with a uniform distribution. Since P g is symmetric with respect to the
1062 permutation of Jy and J;, we can bound the exponential moment as:

)\ n
log Ep(u)q(e,¢,01x0) W, a0 1]es6,X 51 Xy) OXP (n Yo UKo, g0(er)) (k= o — ILk_Jm,l)>
k=1m=1

= 108 Eru)gie.p01xe) PW)" B a0 diled X, Xun) PN

exp ( Z Z UX.0,,>90(ex)) (]]-k:Jmﬁgu _]lk—Jm,Uu)>

k=1m=1

= 1og Ep)q(e,6,61X0) B a(Jo,31]e,6,X 51, Xy ) Ep (@

K n
A
€xXp (n Z Z Z(X.m’(jm,gg(ek)) (lk:‘]mf/” - ]]'kJm’U”>> .

k=1m=1
1063 In the final line, we apply McDiarmid’s inequality since U""™ are n i.i.d. random variables. To use
1064 McDiarmid’s inequality in Lemma 4, we use the stability caused by replacing one of the elements of n

1065 i.i.d. random variables. To estimate the coefficients of stability in Lemma 4, let U™ = (U7, ..., Uy),
1066 then
Z Z Xm0, 90(ex)) (M:JWU,, - ]lk:Jm,Uu) (15)
{U” n_ 1,U’” k 1 1 m m
A K n
- D> UKo, 90(er) (M:Jm,% - 1k=Jm,%)
k=1m#m/' )
K
- ZZ(X /o1 9o (ex)) (]lk:J o, — Lg=y ,U/,,> ‘
=
PR
= SUP - UX m!, 07 90 (ex)) (]1 o~ LYk=g_, L )
K
2)A
- - Zl m’ U’ ;90 ek)) (ILIC:-IMVIYUI/// - ]]'k:*]m’,U”',) S - -

n

1067 Here, the maximum change caused by replacing one element of U” is 2AA /n, thus, its log of the
1068 exponential moment is bounded by (2AA/n)?/8 x n = A2A2/2n. Thus from Lemma 4, we have

)\ n
log Epu)g(e.¢,01x0) P(]I;:]/)Q(JO»Jllev‘fva[quU/) exp (n Z Z l(XHL,Ummg@(ek)) (]lk:Jm,o _]]-kJm,1)>

k=1m=1
A2A2?
< .
- 2n
1069 The first and second terms in Eq. (13) are upper bounded by
LR KL(QIPs) + 227 (16)
P s 2n

1070 D.1.2  Bounding third and fourth terms

1071 Next, we upper bound the third and fourth terms in Eq. (13);

1
- Z Eq(e.6,01x0) (Xon, 0, 96 (€6))Eq( 1,0 10,6, X 1) L=
k=1 m=1

(e,6,0 X)) (XU, 90 (k) Eq( 1, 100, X 17, ) L= - (17

HMN
Si=
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1072 We simplify the notation by expressing Eq (7, |e,6,x ylk=1,, as Py, and use the square loss:

m,Um

n

K
1
Eqe,4,0/x0) ( Xy, > g6 (€x)) Py — Z — 2 e, 01 x0) (X, » 90 (€x)) Prm
k=1 =1

=
x
c
[~
S
[

o
Ii
3
I

1 Xm0, %) Prm

Eq(e.0.01x0) (1 Xm,z,.1I” =

S~
M=

+
&

>
c

M= 11
3

Eq(e,6.01x0) (Xm0, — Xm,U,n) - 96(€k) Prm

Slw

k=1 m=1
1 n K
=Exu= Y (Xm0, I2 = 1 Xm0, 12) Egte.p0px0) D Prom
m=1 k=1
D) n K
+Es D> (ExX = Sm) Egepos) D 9o(er) Prm
m=1 k=1
9 n K
=Es— > (BxX = 5n) Eyepals) Y 96(er) Prm, (18)
m=1 k=1
1073 where we express S = (X1,0,,...,Xnv,) = (S1,...,S5,) as the training samples. In the last

1074 inequality, we used Y1, Py = Land Ex v 2 S0 | (X0, 17 = | Xm0
1075 and U are i.i.d.

%) = 0 since X

m

1076 To evaluate the final line, we use the Donsker-Valadhan inequality between

Q = q(e,,019) ] a(Jmle, ¢, Sm),
m=1

Ps = q(e, ¢,0|5) H’]TJ le, o
m=1

1077 where 7(J,,,|e, @) is the prior distribution, which never depends on the training data.

1078  Then we have

n K
2
]ESE (ExX = Sm) - Eg(e,s.005) Z go(ex)Pem
m=1 =1
1 2\ K
< Es T KL(QIPs) + ESA log Ep exp ( . mz__l (ExS — Xm) - Ege.s019) ;gg(ek)lk_‘]m)

1
< ]ESXKL(Q|PS)

2\ —
—I—ES)\longseXp <”mz_:1 ExX — S, Z (,C)(Jlk_J,,,L—P,;(m)>

n

K
2
+ES]EPsﬁ E (ExX — Sp) - E 99(6k)PIg,m7 (19)
k=1

m=1
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1079 where P}/, = E;(;, |4,e)Ll=0,,- Clearly, this does not depend on the index m, so we express
180 P}, = P/. Then the last term becomes

n K n K
1 1
EsEp, > (ExX —Sn) > goler) P <EsEp, |[ExX — - D> Sm| 1D goler) Pl
m=1 k=1 m=1 k=1

1 n
<Eg||ExX — — mll VA
<Es|Ex nZS

m=1

1 n
<.lA —
< Var (n mZ:1 Sm>
AValr (X)
n

A A
<VuVE-g (20)

1081 where we used the fact that the variance of random variables with bounded in (a, b] is upper bounded
1082 by (b — a)?/4n (the extension to the d-dimensional random variable is straightforward) and thus,
1083 Var (X) < A/4. Then the exponential moment term becomes

n K
1 2A
Es logEp exp (n mz::l (ExX — Sp) - l; go(er)(Lr=1,, — Pél,m)>
1 2\ o &
= ESX log Ep exp (n Z (ExX — Sp) - ;g@(ek)(:ﬂ.k:] - P,;’)) :

m=1

1084 Here we use the McDiarmid’s inequality for n random variables J. Then we estimate the stability
1085 coefficient similarly to Eq. (15), which is upper bounded by AA/n. Then from Lemma 4, the
1086 exponential moment is bounded by (2AA/n)?/8 x n = AA?/2n Thus, the second term is upper
1087 bounded by
1 AAZ A
—KL(Q|P —+ —.
ZEL(QIPs) + = + NG

1088 By optimizing the first and second terms of Eqs. (16) and (21), we have

21

oy ExoBaeo0x) KLUQQ2) + EsFyce .09 KLQIPs)) A
n V'
1089 where
Ql = q(jvJ|ea¢7X07XU)
Q2 = E q(jﬂJ|e7¢7XU’7XU,)’
PU")

Q=[] a(Jmle, &, Sm),
m=1

n

Ps:= [[ m(Jmle, ).
m=1

1000 D.2 Necessarily conditions for the prior and the limitation of the existing supersample setting

1001 Here, we further discuss the necessary conditions for the prior distribution to derive a meaningful
1002 generalization bound. The proof strategy in Appendix D.1 clarifies this point: in the proof, we
1003 decompose the generalization bound in Eq. (13) and separately upper bound the first two terms and
1004 the latter two terms.
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For the first and second terms, the analysis follows standard generalization error techniques. When
using a prior and posterior distribution characterized by the shuffling of the supersample X, such as
the index variable U, the shuffling must swap test and training data to enable generalization evaluation.
By ensuring this swap, we can properly assess overfitting.

For the third and fourth terms, after applying the Donsker-Valadhan lemma, it is crucial to ensure that

the probability P,i’ . does not depend on the sample index m to control the exponential moment in
Eq. (19). This requires satisfying P}/, = P}/, meaning that the probability of assigning the m-th
data point to the k-th codebook must be independent of m. By definition, this condition holds when

the distribution of the latent variables remains invariant after shuffling.

From these observations, we conclude that the prior used for shuffling must: (A) Preserve the
distribution of the LVs to eliminate interdependencies between LVs and the decoder, and (B)
Swap test and training data points to evaluate overfitting, as discussed in Section 3.1.

Using the supersample ensures condition (B). For condition (A), we employ the prior distribution
7(Jm|e, ¢), which removes sample index dependency and guarantees P/, = P;'. Consequently,
the empirical KL divergence in Theorem 2 arises from the third and fourth terms in Eq. (13), as
detailed in AppendixD.1.2.

Based on these findings, we propose the following type of prior distribution:

n n
1
PS = Q(e7 ¢7 9|S) ”17‘11 TnZ::l Nq(']‘"L'e) ¢7 SWL’))
which provides an empirical approximation of the marginal distribution using available samples.
Since this distribution does not explicitly depend on the sample index, we can bound the exponential
moment similarly to the approach in Appendix D.1.2.

However, using the prior distribution in Eq. (14) to bound the third and fourth terms of Eq. (13) is
not feasible. The issue is that applying the Donsker-Valadhan lemma with Eq. (14) to these terms
does not yield a bound of order O(1/+/n), as achieved in Eq. (20). This limitation arises because the
dependency on the sample index in Eq. (14) prevents us from leveraging the symmetry between the
test and training datasets via the supersample index U. As a result, the prior distribution’s symmetry
cannot be exploited to simplify the bounds for these terms.

D.3 Comparison with the f{CMI

Here, we analyze the relationship between our CMI and existing forms of fCMI in more detail. As
highlighted in the main paper, a key distinction is that our CMI is conditioned on all model parameters,
whereas existing fCMI methods marginalize over these parameters.

To further explore this difference, we consider marginalizing over the encoder parameter, ¢. In the
proof of Theorem 2, we perform this marginalization over ¢ in Eq. (12) and obtain

K n

1
E Eq(jm\e,(i),Xm,Um)q(e,d),O\XU)Z(Xm,,[_]m » 96 (ek))]lk:jm
k=1 m=1

K n
1
- -~ > BoledXon v ate.s:01Xe) (Xm0 > 90 (€k)) Lr=,,

=1 m=1

K
1
= Z — 2 Ba(l0.e.X,0. 0, )ale.01X0) 1 Xm0, — go(ex) IP1—y,

K 1 n
-3 - > Egnlt.e Xm0 )a(e01X0) 1 Xm0 — g0(€x) | Li=,,.,
k=1 =1

and proceed with the proof in the same way. We apply the Donsker-Varadhan inequality between the
following distributions, instead of Eq. (14):

Q = P(U)P(U/)q(ea9|XU)q(jaJ|7ea97XUaXU)
P = P(U)q(e,H\XU)EP(U/)q(j,J\e,H,XU,,XU/).
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This incorporates marginalization over ¢ in Eq. (14), resulting in the following KL divergence in the
upper bound:

EXKL(Q|P) :EX E KL(q(jaJ|e797Xl77XU)IEP(U’)q(j7J|eaeaX[j’aXU’))
PU)q(e,9|Xv)

= I(3,3;Ule, 0, X).

Unlike Theorem 2, this CMI explicitly involves the decoder parameter 6. By marginalizing over ¢,
decoder information is integrated into the upper bound, making Theorem 2 distinct from existing
fCMI bounds. In Appendix D.5, further discussion from the viewpoint of the difference of the
graphical model between our CMI and existing fCMI is given.

D.4 Proof of Lemma 2

We remark that the following relationship holds for m = 1...,n by definition;

a(Jmle, d, Sm)

I Jm7Sm ev¢ =E e E Smle E m|ed,Sm IOg (22)
( | ) q(e,0)"™q(Smle,8)=q(Jm|e,6,Sm) Eq(Sm,\e,¢)Q(Jm|ea¢a Sim)
a(Jmle, ¢, Sm)

:]EsEe SE Jmle,d,Sm log .

q(e,|9)*™q(Jm|e,d,Sm) Eq(Sm\e,¢)Q(Jm|ea¢a Sm)
Next, we show E (g, je,¢)q(J1]€,0,51) = -+ = Ey(s,e,¢)2(Jn|€, ¢, Sn) holds under the given
assumption. To prove this, it is suffice to show that ¢(S1|e, ¢) = - - - = q(Sn|e, ¢) holds. Under the

given assumption

q(e, ¢|51) = -+ = q(e, ¢[Sn)
holds, see Li et al. [42] for the proof. Then for ¢ € [n], we have
a(e; 8|59:)p(S:) = a(Sile, ¢)p(e; @)

and since all training data points are drawn i.i.d form D, we have

q(e, ¢[S:)D = q(Sile, ¢)p(e, ¢).
Then, for any j # i € [n], we also have

q(e, ¢5;)D = q(Sjle, ¢)p(e, ¢)
since q(e, ¢|S;) = q(e, ¢|S;), we conclude that ¢(S;le,¢) = q(Sjle,¢). This implies

Eq(sije,0)q(J1l€,¢,51) = -+ = Eg(s, je,¢)9(Jnle, ¢, Sy) holds under the given assumption. So we
use the joint distribution these as P = []"" _| Ey(s,.je,4)4(Jm|€, }, Sp). From Eq. (22), we have

ESEq(e,¢\S)KL(QJ,U||P) = I(Jm; Sm|e, gb)

Finally, we show that above P minimizes the EsE e 4/5)KL(Qg v ||P). We consider the prior
P’ that satisfies the assumption of the Theorem 7, that is, prepare some distributions that satisfies

q(Jile,¢) = -+ = q(Jnle, ¢) and define P’ := ] _, (Jpnle, @)
By the definition, we have that

EsEq(e,019)KL(Qs,u|P’) = I(Jm; Smle, ¢) + EsEq(e, 05 KL(P||P’).

Thus, when using P’ = P minimizes the empirical KL divergence.
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1151 D.5  Proof of Eq. (8)

1152 Here we discuss how we can upper bound of the complexity term of the obtained bound. From the
1153 definition, we have the following relation;

Ex,vEq(e,,01x0) KL(Qz | Q3)
=K _ log Q(j7'_]|e7¢aX[77XU)
P(X)P(U)q(e,$,0|Xv)q(I,I|e,0, Xy, Xu) E ¢(3,3le 6 Xpr, Xo7)
P(U")
=E _ IOg q(j7J‘ev¢vXUaXU)
P(X)P(U)q(e,6|Xv)q(J.I|e,¢, Xy, Xv) E q(j,J|e,q§, Xor, Xo)
P(U’)
q(j7J|e7¢aX[_]aXU>
=K e E e 7 Jle lo =
P(X)P(e,¢| X)EP(Ule,¢,X)q(T,I|e,¢,X,U) 108 PgE/)q(J,J|e,¢, Xpr, Xo7)

—F E _ 1 Q(j7J|ea¢7XUvXU)
= BP(X)P(e.d| X)EP(Ule,¢,X)q(T,Ile,0,X,U) 08 E 43, 3le, 6, X, Xor)
PU']e,¢,X)

q(jv‘]‘evgbaXU’?XU’)
P(U']e,,X)
FEreoPesl0Erwles X)ad oo x.0) 108 == o0
P(UY)

(I(jv'ﬂea ¢7XU’3 XU’)
P(U’le,$,X)

=I1(J,J;U X)+E E 3 1 =
(J, J; Ule, &, X) + Ep(x)pe.sl ) Ep(Ue,6,%)4(3,3le,6,X,0) 108 P(I%/)(J(J,Jle,d?,XUuXU/)

P(U'le, 6, X)
P(U’)

o P(e 01X UNPWX)
E i) Ple, 61X, U7) P(0)
P(e, | X, U"P(U")

Ep o Ple, o1 X, U P(07)

<1(J,J;Ule, ¢, X) 4+ Ep(x)p(e.s|x) EP(U]e.6,x) log

=1(J,J;Ule, ¢, X) + Ep(x)p(e,6|X)Ep(U]e,6,%)

=1(J,J;Ule, ¢, X) + Ep(x)p(e.o|x)Ep(U]e.0,x) log

=1(J,3;Ule, ¢, X) + I(e,;U|X),

1154 where we used the data processing inequality of the KL divergence.

1155 D.6 The role of I(J;Ule, ¢, X)

1156 The role of I (j ;Ule, ¢, X ) is clarified through the following upper bound:

103:Ule,6,X) < 3 (e Xy, le: )

m=1

+ EsEq(e,¢15)KL(Qa,u||P). (23)

1157 The first term represents the information retained by the LVs from the training data in the IB
1158 hypothesis, while the second term corresponds to the regularization based on the empirical KL
1159 divergence discussed earlier.

1160 Here we prove Eq. (23). We define 7(J|e, @) =[], 7(Jmle, ¢), 7(J|e, ) = [1_, 7(Jmle, &),
161 and m(J|e, ¢) = 7(J,J|e, ¢) = w(J|e, )7 (J|e, #) where each 7(J,, e, ¢) is the marginal distribu-
1e2  tion of 7(Jp,|e, @, Xin).
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Then by the definition of the CMI, we have

I(J;Ule, ¢, X)

=E3 (B, 00150 KL(a(T]e, ¢, X)|[Evrq(T, Ile, ¢, Xp, Xur))

< Ex 0By (050 KL(a(]e, ¢, X)|7(T, e, )

=Ex 0By (e g5 KL(aTle, 6, Xp)ln(Ile, 0)) + Ex vE e 4 5, KL(a(Tle, ¢, Xv)[7(Jle, §))

=Eg q(e¢|XU)ZKL (Tmle, &, X0, )T (Tmle, 8))

m=1

+Eg 0By o050 2 KL(@(Imle, &, X v, )7 (Jmle, 8))

m=1

1 n
=nl(J; Xle,¢) + EsEqeg15) > KL(g(Jimle, ¢, Sm)l|7(Jmle, 6))
m=1

n

< nI(es; Xle,6) + EsBygo o/5) > KL(a(Jnles . Su)l(Jme. )

D.7 Proof of Lemma 1 and 3 and additional discussion

Proof of Lemma 1. From the definition of the CMI, we have

I(3,3;Ule,, X) = Hlile,6,X] ~ H[J | < Hlile, ¢, X] < H[|X].
Here, we consider the case where f, : X — [K] represents a deterministic encoder that maps
input data to one of the K indices. This scenario can be viewed as a K -class classification problem,
allowing us to directly apply the results from Harutyunyan et al. [30]. They demonstrated that the
CMI for multi-class classification problems can be upper-bounded using the Natarajan dimension, a
combinatorial measure that generalizes the VC dimension to the multiclass setting.

Using this concept, we obtain the following characterization:

When employing a deterministic encoder network f4/> : X — [K] that belongs to a class with finite
Natarajan dimension dx and assuming 2n > dx + 1, we derive the following bound:

~ ~ K\ 2
I(J3;Ule, ¢, X) < dx log =), (24)
2 ) dg
The proof follows exactly as in Theorem 8 of Harutyunyan et al. [30]. O

Thus, by regularizing the capacity of the encoder model (via the Natarajan dimension), the CMI term
scales as O(log n), ensuring controlled generalization behavior. Examples of models that satisfy the
finite Natarajan dimension are shown in Jin [36] and Daniely et al. [16]. Also, see Bendavid et al. [8],
which shows that the VC dimension of the multiclass loss function characterizes the graph dimension,
and the graph dimension upper bounds the Natarajan dimension.

Proof of Lemma 3. Since we consider the setting of Lemma 2, we consider the case of
KL(QJ vlP) = 32, I(Jm; Smle, ). Following the above setting of I(J;Ule, ¢, X), that is,
: X — [K] satisfies the Natarajan dimension dx > 1. Then for each m, we have
(Jma Sm|ea ¢) - H[Jm|ea ¢] - H[Jm|Smea Qﬂ - H[Jm|ea Qb] <logK < (dK + 1) log K.
Thus KL(Qy.v||P)/n=>",, I(Jm; Smle, ¢)/n <log K = O(1). O

The difference between I(J;Ule, ¢, X) and I(J; Smle, @) lies in their conditioning. Since
I(J;Ule, ¢, X) is conditioned on all 2n data points, it only depends on the combinatorial num-
ber of distinct index values. In contrast, I(J,,; Sm|e, ¢) does not condition on the input data, making
regularization based solely on the Natarajan dimension insufficient to control complexity.

For the discussion of the stochastic encoder, see Appendix E.4, where we consider the metric entropy
of fs(-), which leads to a similar discussion.
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D.7.1 Additional discussion for the Natarajan dimension

Here, we briefly discuss the Natarajan dimension. First, it can be both upper and lower bounded by
the graph dimension, another common combinatorial measure for multi-class classification problems
(see Lemma 4 and Proposition 1 in Guermeur [27]).

The Natarajan dimension can also be upper bounded by the  fat-shattering dimension of each class.
Specifically, given f'e, ¢ : X — [K], let the k-th element of its output be denoted as fe, ¢ ®) for
k=1,...,K. If each feff;) has a finite vy-shattering dimension, then the Natarajan dimension of

fé » can be bounded by the sum of the y-shattering dimensions of its components, multiplied by a
constant coefficient (see Lemma 10 in Guermeur [27]).

Examples of fat-shattering dimension evaluations can be found in Bartlett & Maass [7], which
analyzes neural network models, and Gottlieb et al. [24], which examines the fat-shattering dimension
of Lipschitz function classes. If our encoder network satisfies these properties, its covering number
can be appropriately bounded.

D.8 Discussion about the overfitting term

Here, we discuss how the overfitting terms relate to different algorithms. First, from the data
processing inequality [15], we obtain

I(e,:U|X) < I(e,$;S),

where we express Xy as the training dataset S. Since this expression does not include conditioning,
we refer to it as the parameter MI. Several existing studies have analyzed parameter MI under
commonly used algorithms.

Pensia et al. [51] first established the relationship between noisy iterative algorithms and parameter
MI. Subsequently, Wang et al. [73] and Wang et al. [74] investigated the parameter MI of the SGLD
algorithm from the perspective of noisy iterative algorithms, while Futami & Fujisawa [20] analyzed
it in the continuous-time limit. Neu et al. [50] was the first to examine parameter MI in SGD, with
Wang & Mao [75] later improving its dependency on the step size. Furthermore, Haghifam et al. [29]
provided formal limitations in the context of stochastic convex optimization.

In addition to these, in the Bayesian setting, where we assume that the training dataset is conditionally
1.i.d (see Clarke & Barron [14] for the formal settings), Clarke & Barron [14] (see also Rissanen
[52], Haussler & Opper [31]) clarified that the mutual information between learned parameter and
training dataset is described as follows: if w takes a value in a d-dimensional compact subset of R¢
and p(y|z; w) is smooth in w, then as n — oo, we have

d
1(W; ) =  log % + h(W) + ElogdetJ + o(1),

where h(TV) is the differential entropy of W, and .J is the Fisher information matrix of p(Y|X; W).

Steinke & Zakynthinou [62] clarified that the CMI is upper bounded by the the stability. For example,
if the training algorithm satisfies \/2e-differentially private (DP) algorithm, then CMI is upper-
bounded by en. So this € is controlled by the DP algorithm. The Gibbs algorithm equipped with
[0, 1] bounded loss function, satisfies O(1/n)-DP, thus its CMI is controlled adequately. Steinke &
Zakynthinou [62] also clarified that if the algorithm is ¢ stable in total variation distance, then CMI is
upper bounded by dn. Li et al. [42] studied the total variation stability for the SGD, and Mou et al.
[48] studied such stability of the SGLD algorithm and its relation to the PAC-Bayesian bound. [49]
investigated the CMI of SGLD as the noisy iterative algorithm.

E Proofs for Section 4

E.1 Proof of Theorem 3

We define T = {Ty, T;}, where X1, = (X7,,...,Xr,) serves as the test dataset and X, =
(X7,41»--->Xm,,) serves as the training dataset. We further express Xt, = (X1,,..., X7,) =
(XTOJ, e ,)N(Town) and Xp, = (XTM, e 7XTM). To emphasize the dependence of the

34



1227
1228

1229
1230

1231

1232
1233

1234

1235

dataset on T, we write the posterior distribution as ¢Jle, ¢, X1) = q(J,J|e,¢,X1) =
q(']a']|e7 ¢a XToaXTl) = q(J|ea ¢7 XTo)Q(J|e7 ¢a XT1)~

Hereinafter, we express X as X to simplify the notation. Under the permutation symmetric settings,
the generalization error can be expressed as

> Eyles, Sm)l(vage(eJm))>
m=1

3\'*

S]EXEq(e,¢,0|S) (Eq(Je,¢,x)l(X ge(es))

K n
1
=Ex1),~ > Bonlesxn,, aeooxz ) (X0 g0(er) L,

k=1 m=1
K 1 n
—ExT Z - Z Eq(mle.d X1, ) )ate.d,01x0) X T, 00 g0(€8)) k=1,
k= m=1
K n
= Z > B (JonletXry, . Jaler,01 X2 ) 1XTo 0 = g0 (en) [P L=
k=1 m=1
K n
—Exr Z > Egnles xr, , aes0xe) | X100 — goler) P Lr=,
k=1 m=1

We then decompose the loss as follows

(25)

By o6 Xz, )ale:6.01 X7 ) |1 XTom — go(e)*1x—y,,

First, we upper bound the first two terms by applying the Donsker-Varadhan inequality. Consider the
joint distribution and the prior distribution, defined as follows:

Q == P(T)q(e, 0, ¢|X1,)q(J,I|e, ¢, XT), (26)
P = P(T)g(e,0,61Xr.) B q(J,Jle, ¢, Xr).

This corresponds to the posterior and data-dependent prior distributions defined in Section 4.1.

Then we then obtain

K n
1
Ext ) - > Eyepoixey 1X T, —go(er) 1 (Eq(jm|e,¢,XT1Ym)]]-k:jm 7]Eq(Jm\e7¢,XT0’m)]]-k=Jm)
k=1 m=1

K n
A
< EX/\KL(Q|P)+IEX/\ log Ep exp (n Z Z X1, — goler)]” (]]_k=Jm’—]lkJm)> .27

k=1m=1
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1236 Note that E ¢(J,J|e, ¢, X) is symmetric with respect to the permutation of T. Thus, we have
P(T")

108 Ep(T)g(e,0,6/x1,) E a(3.dled,Xpr) EXP ( > Z U(Xw,,,,90(er)) (Ty—g, — llk—Jm)>
P(T!) k=1m=1

=108 Ep(m)q(e0.61xr,) B, a(l3les, X PT7)

K n
A
exp (n SN X, g6(en)) (ﬂk:JTg, e ))

k=1m=1

= log K p(m)q(e.0.61xx,) (E/ a3 Jle.6. Xgr)

Ep(r) eXp( > Z (X, 90(ek)) (h:JTgm Li=sry )) .

k=1m=1

1237 To simplify the notation, we define T” = {T(, T/} = {T(¢,,...,Tq,,T{,,...,T{,}. Note
1238 that T’ ! L form=1,...,nandj = 0,1 are not independent of each other due to the permutatlon
1239 that generates them. Therefore we cannot directly apply standard concentration inequalities, as is
1240 possible in the existing supersample setting.

1241 To address this, we use the results from Joag-Dev & Proschan [37], which concern the negative
1242 association of permutation variables. From Theorem 2.11 in Joag-Dev & Proschan [37], the distri-
1243 bution P('T) satisfies negative association. Additionally, as discussed in Section 3.3 of Joag-Dev &
1244 Proschan [37] and further in Proposition 4 and 5 of Dubhashi & Ranjan [18], we have that

g Epmygeooixe) &, @306z

K

Ep(rr) exp ( > X, g0(er)) (]lk g lk_JTlll’m)>

k=1m=1

<log EP(T)q(e,e,¢|XT1)P(E/)q(J,JIe,@XT/)

K n
A
Ern_, j—oa P(TY ) €XP <n Z Z UXr,,,,90(€x)) (Ilk:JTg,m _lk—JT'lgm)> ’

k=1m=1

1245 where P(T7, ) is the marginal distribution, implying that T’/ are now 2n independent random
1246  variables. Intultrvely, the results in Joag-Dev & Proschan [327] indicate that the elements of the
1247 permutation index, which follow the permutation distribution, are negatively correlated. As a result,
1248 the expectation of the marginal distribution is larger than that of the joint distribution.

1249 Since {TJ m | are independent, we can apply McDiarmid’s inequality, which leads to the results in

08 Ep(m)gte s ol xm)) B, a3 Tle0 X

exp ( Z Z (Xmo,.090(en)) (L, — ﬂk—Jm)>

k=1m

= 10gEP<T>q(e,e,¢|XT1)Pg,)q<3,J|e,¢,XTf)

K n
A
]El_lm 1 1lj=o0, 1P(T§'m) exp (’fl Z Z Z(XTOVm’ga(ek)) (ﬂk:J"r& m ]]'k IT’I’m))

k=1m=1
)\QAQ
< )
n

(28)

1250 This is derived similarly to Eq. (15). Note that there are 2n variables so the calculation of the upper
1251 bound is (AX/n)?/8 x 2n = A\2A? /4n.
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Next, we focus on the third and fourth terms in Eq. (25). Similarly to Eq. (18), we have

K n
1
Ex T Z - D Bonled X, , a0t 01xe) | XTo . — o) Tr=0,,
: m:

K n
1
—Ext ) — 2 Banles Xx, , ate.6.00xz) X 0 — go(ex)*Lr=,,
k=1 =1

K

2 n
= EX,TE Z (X, — X10,.) “Eq(smled. X1, ., )a(e.6,01XT,) de(ek)]lk:Jm
m=1 k=1

1 1 2\ & K
< Ex1KL(QIP) + Ex 1 log Ep exp (n > (X1, — X1,.,.) ';Qe(ek)ﬂk:m

m=1

< Ex {KL(QIP)

1
T ExSloeErmgen o) g, adtes e BIT T 0, PTY)

2\ — K
exp (n Z (XTl,m - XTO,M) . Zga(ek)1k=Jm> . (29)

We first evaluate the expectation of the exponential moment;

[\
g
5
3

K
:=Eprygie.01xr,) ~X10,) B & o@alesxe) O 90(ex)Li=y, - (30)
k=1

1 P(T/)

Let us now focus on the expectation E ¢(J,J|e, ¢, X1/). Due to the permutation symmetry,
P(T")
K .
E z )q(j)J|e7¢’XT/) > kg Lg=y,, is the same for all m.
P(T/

For instance, when n = 2, the possible permutations of T are T =
(1,2,3,4),(1,2,4,3),(1,3,2,4),..., resulting in 24 distinct patterns and thus

Per=E g (@a1e6.Xe) Ti=li = B1g(11e,6,X10)+ La( 10,6, Xa)+ La( 1 ]e,d, Xs)+ La(J1 e, Xa) Th=1

P(T’)

Pra=B g a@31e0x:) =12 = Biatnies. X1+ atnle.d. Xa)+ atsle.d Xo)+ fataleg Xa) L=
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128 Thus, all Py, does not depend on the index m. So we express E (3 jje,6,x.) 22(:1 1=y, as
P(T’)

1259

1260
1261

1262

1263

1264
1265
1266

Py. Then Eq. (30) can be written as

1 n 1 n K
ExEp(m)g(e.0.61xr,) (n > Xy, - -~ > XTo,m> Y goler) Py
m=1 m=1 k=1
K

1 n
=Epm)Ex (n Z X1, — Z Xt ) (e, 0,0 XT,) Zgo(ek Py

m=1

K
1
= ]EP(T)EXTlEXTO <n Z XT1,m - Z XTO m) ~q(e, 0, ¢|XT1) de(ek)Pk
m=1 k=1

n K
1 1
=Ep(m)Exx, <n > Xmy, —Exp, - Z XTm) (e,0, ¢ Xm,) Y _ g0
m=1

m=1 k=1

n K
1
= IEP(T)IEXTl <n Z XT1,m - EXX> : Q(e7 0, ¢|XT1) ZQG(ek)Pk

m=1 k=1
1 ) K
< Ep(myzxy, atesslxr)) || > Xry,, —ExX Ep(T)Exy a(e6,61xr,) > golex) Py
m=1 k=1
1 n K
< Ep(T)Exy, a(eb.0lxr,) || > X, —ExX Ep(1)Bxy ale6,61xr,) > goler) P
m=1 k=1

< Ep(myss,,

% > X, ,, —ExX
m=1

s

We bound the above exactly same ways as Eq. (20), that is, we can upper bound the above by the
variance of bounded random variable and thus, we have
[ A
<4/—.
~ Vidn

K

2 & 2
Q = ExEp(1)g(e.0.6|Xx,) <n > X, - - > XTo,m) Y golex) P <
m=1 m=1

k=1

% > Xr,,, —ExX

]EP(T)IEXT1

Thus, we have

Eile

Let us back to the evaluation of the exponential moment in Eq. (29), we will evaluate the following

n K
1 1 2\
Ex XKL(Q\P) + EXX log Ep exp (n mz::l (Xr,,, — X10.,,) - ;ge(ek)]lk:Jm - >\Q> +Q.
(€29)
We then evaluate this similarly to Eq. (28), which uses the negative association of the permuta-

tion distribution and McDiarmid’s inequality. The the exponential moment is upper bounded by
(2AM/n)?/8 x 2n = A2A? /n We then obtain

Ext) -~ D Eoled X, , )ated0xe) | X710 — go(er) [ Te=y,,
k=1 m=1

—Exr Z Z a(mle6, Xy, )a(e:6.01 X)) | XTo.m — 0 (er) | Li=1,,

m=1

1
< EXAKL(Q|P) + IEX)\ log Ep exp <

1 AA? A
<Ex—-KL(Q|P —



1267 In conclusion, from Eqgs. (28) and (32) we have
5AA2

A
4n N

2
gen(n, D) < Ex SKL(QJP) +

1268 and optimizing the A\, we have

S5ExKL(QIP) A
< _— t —.
gen(n,D) < 2A ™ + NG

1269 We can slightly improve the coefficient of the first term in the above bound as follows. The above
1270 proof follows the approach in Appendix D.1. We separately apply the Donsker-Valadhan lemma for
1271 the first two terms and latter two terms in Eq. (25). However, since the posterior and prior distributions
1272 used for the Donsker-Valadhan lemma are the same as shown in Eq. (26), we only need to use the
1273 Donsker-Valadhan lemma once. This leads to an improved coefficient.

1274 Specifically, the proof goes as follows; combining Egs. (27) and (31), we have simultaneously treat
1275 all terms in Eq. (25). By Donsker-Valadhan lemma, we have

gen(n, D)

< EX)\KL(Q|P) + EX 3 log Ep

A K n 2\ n K
exp (n Z Z UXy s 90(ek)) (Tpe g, —Lk=r,.) + Z (X1, — Xmy.,.) 'Zgﬁ(ek)]lk:g]m - AQ) + Q.

k=1m=1 m=1 k=1

1276 From the negative association property, the exponential moment term can be upper-bounded as

logEpmyqenoixe,) g, a@les e BTl T, PTY)

HMN

K n n

A 2\

eXp<n Z l XTO m390<€k)) (I]-k JT// — 1= JT// ) ? Z XTl,m, - XTO m
k=1m=1 m=1

ek ]]-k Jr v _)\Q>7

1277 Since {T,,} are independent, we can apply McDiarmid’s inequality. The the exponential moment
1278  is upper bounded by ((1 + 2)A\/n)?/8 x 2n = 9A2A? /4n. Thus, we have

1 A
gen(n, D) < Ex TKL(Q[P) + INZAZ/4n + NG

1279 By optimizing A\, we have
ExKL(QP) A
D) <3A4{ —MM— 4+ —.
gen(n, D) < - + NG

1280 E.2 Proof of Eq. (10) and discussion about the deterministic encoder

1281 First, we can show
E 5 vEq (o652, KL(Q5 £11Q) < I(e, ¢: T|X) + I(J; Tle, ¢, X).
1282 exactly same way as Appendix D.6.
123 By the definition of the CMI, the CMI is expressed as the difference of entropy and conditional
1284 entropy. Since .J is discrete, the entropy is always larger than 0. Thus, we have
I(J;Tle, ¢, X) < HJ|e, ¢, X] < HJ|X].
1285 where H is the Shannon entropy. Note that the entropy is bounded by the growth function, i.e., the

1286 maximum number of different ways in which a dataset of size 2n can be classified in K. And such
1287 quantity is bounded in the proof of Theorem 8 of Harutyunyan et al. [30], thus

I(J;Tle, ¢, X) < dyc log ((I;ﬁ;n) :
K

1288 holds similarly to Eq. (24).
129 Thus, by regularizing the capacity of the encoder model (via the Natarajan dimension), the CMI term
1200 I(J;T|e,d, X)/n scales as O(logn). See Appendix D.7 for the additional discussion.
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E.3 Proof of Theorem 4

To prove the theorem, we prove a more general result than Theorem 4, and then we apply that result
to the specific setting of Theorem 4. Therefore, we first derive such a general result.

E.3.1 Discretization in encoder function

Here, we present the results for a general stochastic encoder. For fixed ¢ and e, assume that for
all x € X, for any j € [K], and for a fixed § € R™, the following holds: ¢(J = jle, fs(z)) <
MO q(J = jle, f(x))) with b : Rt — R*,

Theorem 6. Assume that there exists a positive constant A, such that sup, ¢z ||z — 2’| < A..
Then, when using Eq. (2) and under the same setting as Theorem 3, for any 6 € (0, 1], we have

gen(n, D) < 2A\/1T(5)+3A\/210gj\[(5’f’2m + ?ﬁ

We can show that Eq. (2) satisfies h(d) = 88A.4, see Appendix E.3.3 for this proof. Thus by
substituting this into the above Theorem, we obtain Theorem 4.

Proof. When analyzing the contribution of the encoder model to generalization, it is often necessary
to discretize the function or parameters of the encoder to control the CMI using the metric entropy of
the model. To achieve this, we consider a §-cover f of the function . In this derivation, we examine
both the supersample and permutation-invariant settings, highlighting that the supersample setting
fails to establish a uniform convergence bound.

First, we begin with the supersample setting. Given a supersample X, we recall the definition of
the indices. In this theorem, we focus on the distribution of the index defined by the codebook e
and z € Z, where z represents the output of the encoder f,(-). Thus, we express it as g(J|e, z).

Moreover, in this section, we use the notation ¢(e, ¢, 0| X, U) =q(e, ¢, 9|)~( v). The joint distribution
is then given by:

Q' :=P(
Q5 :P(

~

)P(U)q(e, 6,0\ X,U)q(Je, E)p(f|f, U)p(f|¢, X),
)P(U)q(e, ¢,0|X,U)q(I|e, £)p(£|E, U)p(E|f)p(f|o, X),

X
X

where ¢(J|e, f) represents the elementwise application of ¢(.J|e,-) to f € Z2". And p(f|¢p, X) is
the elementwise application of p(f]o, ) to X, which simply computes the encoder output for each
sample in X.

Then, in p(f' |f), the discretization process is performed using the §-cover (thus, it is represented by
the Dirac mass). We express this as p(f|f) = &(f, f¢), where £ is the selected point from the -cover.
Then, for p(f|f, U), we randomly shuffle f € R*" with U, formally defining f; := (fi/, f5). Thus,
we write p(f|f, U) = 6(f, £;). Similarly, we define p(f|f, U) = &(f, ;).

This definition differs slightly from the posterior distribution in Eq. (14), where we first shuffle X

with U before passing it through the encoder. This simple modification allows us to derive the bound
based on metric entropy. When evaluatmg the generalization error bound, we are only concerned

with J. By integrating out f, ¢, and f, we focus on the following posterior distributions:

Q :=P(X)P(U)q(e,f,0/X,U)p(Je, f5)
Qs =P(X)P(U)q(e,£,0|X,U)p(Jle, £2).
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1323 To prove this lemma, we first replace the output of the encoder with that obtained using the d-cover
1324  of the encoder network. First note that the generalization error can be written as

Kln

gen(n7D) = Ep(X)P(U) g Eq(j,n|e,f¢(X
k=1 m=1

1
-2 o > Ealmlets (KXo o ae:d0 X)L (X, U, 90(€8)) L=,
P —

Nated ol Xl (Xm0, 9o (er)) L7,

m,Um

1 n
= Ep(X)p(U)q(e,¢,e|x,U)p(j\e,fg) [Z n Z W Xm0, 90(er) 1=, — l((Xm,v,,> 9o (€x)) Vk=1,,
k=1 m=1

1325 We also define the generalization under the delta cover of original function, conditioned o

K n
1
gen(n, D, 6) = By 2y, 1)g(e.0,01x,0) [Z ~ > Boed (X, 0 ) Xm0 90(€8)) Lz,
k=1 m=1

K n
1
- o Z Eormtetxm v ) Xm,u,,, go(er)) k=1,

K n
1
= ]Ep(X)p(U)q(e ,0|1X,U)p(J|e, f"’) [Z n Z X, Um y90(ex)) 1y Jm l((Xm,Umng(ek))]lk:Jm
m=1

1326  For the latter purpose, we define
Ap=Y - > UKo, 90(er) Lms, — Y - > (Xm0, 90 (k) L=, -
k= m=1 k=1 m=1

1327 To evaluate these gap, we apply the Donsker-Valadhan lemma between the two distributions Q ; and
1328 Qs 7.
gen(n, D) (33)

1 1
<gen(n,D,d) + UI?X Eq(e,qﬁ,@\XU)XKL(QHQS) + UIE'ZX Eq(e,qb,@\XU)X log Ep(j‘e_fg) exp ()\AL —E, e, f¢)>\AL>
2mh(5)  AA?
+ -

A 2’
1329 where we evaluated the KL divergence as

< gen(n,D,d) +

KL(Q[Qs) = Eqlog % < 2nK log e"® = 2nh(6).

1330 The inequality is owing to the proper that for all x € X, for any j € [K], and for a fixed § € R,
1331 q(J = jle, f4(x)) < MDg(J = jle, f(z))) holds by assumption. We also evaluated the exponential
1332 moment term by using the fact that —AA < (X, go(es)) — 2 30 _ 1S, go(es,.)) < AA to
1333 upper bound the exponential moment.

1334 This implies that the first term corresponds to the generalization bound when using the d-cover of the
1335 encoder network. We can bound this term similarly to Theorem 2,

KL(Q4||P%) + KL(Q}||P A
gen(n, D, ) < QA\/ (Q5IP5) + KL(Q;P) , A
n \/ﬁ
1336 where we consider the following posterior and data-dependent, and data-independent prior distribu-
1337 tions:

)p(EE, U)pEf)p(£l9, X),
)Eup(£[E, U )p(EIf)p(E]6, X),
)p(EIE, U)r(B)p(flg, X),

Q(S P(X)P(U)q(e’¢79|X’U)Q(j|
P; :=P(X)P(U)q(e, ¢,0|X,U)p(J|e
P :=P(X)P(U)q(e,$,0|X,U)q(Je
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where w(f' ) is the data independent prior distribution over the d-covering, such as the uniform
distribution.

Combining these, we have

gen(n, D) < 2A+/nh(d) + 2A\/KL( SHPZS): KL(Q5|[P) + jﬁ

As for the CMI term, we have
KL(Qj||P%) < 2log (4, F,2n). (34)
The proof of Eq. (34) is shown in below and this term can be bounded O(log n) under moderate

assumptions.

However, the second term KL(Qj||P), which corresponds to the empirical KL term, cannot be small
as discussed in Theorem 2. That is, under the settings of Lemma 2, the empirical KL behaves O(1),
which is undesirable behavior.

So we consider using the permutation symmetric setting. We can proceed the discretization almost
the same in the above super sample setting. IUnder this distribution, the generalization gap can again
upper bounded similar to Eq. (33). Then from Theorem 3, we have

n

1
gen(n,D) <E Z > EoGle fXmy , Vates o) | XTo.m = g0(ex) 1=,
k=1 m=1
K 1 n
2
2T n Eq(.]m|e,f(XTl)m))q(e,¢,9|XT1)HXTl,m = go(ex)||"Lr=,, + 2A+/nh(0)
k=1 m=1
KL(Q;IP3
< 3Ay ——2—=2~ 2A+/nh(6
< = f +2A/nk(
where

Qj :=P(X)P(T)q(e, 6, 0|1X, T)q(Ile, f)p(f|E, T)p(E|f)p(£|¢, X),
P; :=P(X)P(T)q(e, ¢,0|X, T)p(J e, ))Exp(E[E, T')p(|f)p(f] 6, X),

We can show that
KL(Qj||P%) < 2log (4, F,2n). (35)

see Appendix E.3.2 for the proof. We can analyze the behavior of the upper bound of Eq. (35) in
Appendix E.4.

Thus, we have

gen(n,D) < 3A\/210g/\/(3’]:727l) + jﬁ + 2A+/nh(9).

E.3.2 Proof of Eq. (34)

We consider the following posterior and data-dependent prior distributions

Q = P(X)P(U)a(e, ¢,0|X,U)p(Ile, £)p(FIf, U)p(Flo, X
Ps = P(X)P(U)q(e, ¢,01X,U)p(Jle, £)E,up(flf, )(f|¢, X)
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When using the Donsker-Valadhan inequality, all calculation remains the same except for the KL
divergence term as described below

Q _ p(F|F,U)
Falog g = B pwiates o X pdedpdinunes 5 08 g e

p(f|f.U)

=FE & f 1Og o ple T
p(X)P(U)q(£]X,U)p(f]£,U) E, @ p(£|f,U")

p(FIf,U)
_ ]E . E _ log —_—
p(X)P(f|X)“PUIE,X)p(FIE,U) E,wnp(f|f,U’)
p(f|f,U)
]Ep(U/|f,X)p(f|fa U’)
Ep(U/\f,X)p(ﬂf’ U’)
+Ey ) pex)Epwiexop@eo) 108 E,wnp(f|E, U”)
Epwe,x P(f|f U’)
Epwnp(flf,U’)

= p(U'|f, X)
I(EUIE, X) + By %) pex0 Epwie x)peo) 108 (0

- p(U'[X)p(£|U", X)
=If;UIf,X)+E_ ¢ E 7 log
( | ) p(X)P(f|X)~P(U|f,X)p(f|f,U) ]Ep(U/\X)P(ﬂU/»X)P(U/)

E

=B, a1 Epwie, xpcEie,v) 108

=I(f;U|f, X) + E, ) pex0)Epwie,x)p@e,v) 108

= I(f;UIf, X) + I(f;U|X)
We can derive the similar arguments for Qj and P, and we have
KL(Qj5|[P}) < I(f;U|f, X) + I(f;U|X)

Note that we consider the CMI for the discrete variable, it is upper bounded by the entropy [15], and
we have

I(f;U|f, X) < H[f|f, X] — H[f|U,f, X] < H[f|X] < log N (6, F, 2n).
and
I(f;U1X) < HIf|X] — H[f|U, X] < H[f|X] < log (5, F, 2n).

The first inequality follows from the fact that MI is defined as the difference between the entropy
and the conditional entropy, and the entropy of discrete variables is always non-negative. The
second inequality arises because J, J are outputs of a function evaluated at 2n points. Thus, we
considered the covering number at 2n points, defined as (8, F, n) := sup,zn ¢ x2n N(6, F, z2").
Since the entropy is bounded above by the logarithm of the maximum cardinality, we obtain the
second inequality.

E.3.3 Behavior of Eq. (2)

Finally, we show that Eq. (2) satisfies h(d) = 83A 6 because
qa(J = jle, fs(x))
a(J = jle, f(x))
e~ Bllfo(z)—e;sll? y Zszl e BIf(@)—exl?
e—Blf(@)—e;ll? Zszl e—Bllfs(z)—ex|l?
Zk ) eﬁ\lf«p(ﬂf) exll®
Zk eBIlf (@) —erll?

< eB(f(w)ff¢(w))-(f(m)+f¢(m))fwej (F@)=fs(2)) sup efﬁ\lf(z)fek\|2+B\|f¢(m)fek||2
kE[K]

— o BlIfs@) =i 12 +BIf () —es1I* o

< BB o ABALS
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E.4 Discussion about the metric entropy for regularized model

Here we discuss the upper bound of metric entropy in our setting. Since the latent variable lies in
R9=, the encoder network operates as f, : R? — R9, making it a multivariate function.

Let us define a function class F; : X — R fori = 1...,d,and define Fy = Hg; F. Then by
definition, 7 C Fy holds. We define the covering number for each F;; Given z™ := (z1,...,2,) €
A", define the pseudo-metric d;, on F; as d,, (f, 9) = max;ep,) | f(2i) — g(z;)| for f,g € F;. The
d-covering number of F; with respect to d/, is denoted as (9, F;, ™), and we define N (6, F;,n) ==
SUpgneyn N (8, F;, ™). Then by definition, the cardinality of F is smaller than Fy, so we have

d.
NG, F,n) < T[N G Fisn).

i=1
We can see a similar argument in Lemma 1 in Guermeur [26], which considers more general settings.

For simplicity, we assume that 7/ = F; = --- = F,_ holds. Then, we can rewrite Theorem 4 as
follows

2d,1 0, F',2 A
gen(n, D) < 4A+\/2nBA,6 + 3A\/ og N4, 77, 2n) + —.
n N
For example, assume that the encoder function, which has d4 dimensional parameters, shows Lg-
Lipschitz continuity (Lo > 0) with respect to parameter, then we can obtain log N (F, || - |00, d) =<
dy log £ [72]. Thus, by setting § = O(1/(n)), we have that

dyd. log(n) )

n

gen(n,D) =0 (

Instead of using the assumption of parametric function class, the metric entropy can be bounded
by the fat-shattering dimension of each function, as discussed in Lemma 3.5 of Alon et al. [5].
Examples of fat-shattering dimension evaluations can be found, for instance, in Bartlett & Maass [7],
which discusses neural network models, and Gottlieb et al. [24], which addresses the fat-shattering
dimension of Lipschitz function classes. If our encoder network adheres to these properties, we can
bound its covering number accordingly.

As discussed in Appendix D.7.1, when we use the deterministic decoder, we can use the Natarajan
dimension to quantify the complexity of the LVs and such Natarajan dimension can be bounded
by the fat-shattering dimension. Thus, it is essential to bound the fat-shattering dimension in both
deterministic and stochastic settings.

F Proof of Theorem 5

Before the proof, we define the Wasserstein distance. Given a metric d(-, -) and probability distribu-
tions p and g on X, let II(p, ¢) denote the set of all couplings of p and ¢. The 2-Wasserstein distance
is defined as:

Wa(p,q) = \/inf /X . d(x,z")2dp(x, z').

p€ell

In this work, we use the Euclidean metric | - | as d(-, -).

Next, we define the pushforward. Let 7 represent a distribution on Z, and let us assume that for any
6 € ©, the decoder gy(-) : Z — X is measurable. The pushforward of the distribution 7 by the
decoder, denoted as gp#£, defines a distribution on X’ as gg#m(A) = 7(g, ' (A)) for any measurable
set A C X.

Proof. Conditioned on the encoder parameter, codebook, and input X, selecting the index J corre-
sponds to selecting the latent representation e ;. Since the posterior over the index is g(J|e, ¢, X ), we
express the posterior imposed on the latent representation as g(e = ejle, ¢, X) forall j =1, ..., K.
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Using this notation, we first define the distribution obtained by the training dataset as follows;
conditioned on e, ¢, S, we have

1 n
fis =~ > go#ta(ele ¢, Sim).

m=1
From the triangle inequality, we have

Wo(D, 1) < Wa(D, fus) + Wa(fis, ft). (36)
We then have
W2(D, i) < 2W2 (D, jis) + 2W3 (jus. ).

The first term of Eq. (36) is bounded as follows;

. 1 ¢
EsEy(e.p.015) W3 (D, iis) < EsBq(e.s.015)Ex D Egtele.s.s. 1 X — gale)|®

m=1
K 1 n
= EsEq(e,4,019)Ex ; X — ge(ek)Hzﬁ 2—21 Eq(1mle,6,8m) Le=1(37)

The first inequality is obtained by the definition of the Wasserstein distance.

This term corresponds to the first term of Eq. (17), where X corresponds to the test data X, 7 .
Therefore, Eq. (37) can be upper-bounded by applying Eq. (21), which serves as the upper bound for
Eq. (17).

EsEy(e,s,015) W3 (D, fis) (38)
1 ¢ 1 A2 A
< EsEq(ep019) ;eqlmm,as,sm)llsm —go(e, )P + KL(QIP) + 5 + T
where
Q = q(e.6.018) [ a(mle.é. 5m), P = q(e,6,0|9) [] n(Jmle. o).
m=1 m=1

Next, the second term of Eq. (36) is bounded as follows; we use the weighted CKP inequality
[11].From the particular case 2.5. in Bolley & Villani [11], we directly have

1 n
EsEq(e.0.015) W3 (s, 1) < AV2KL(s[[a) < A, |2 > KL(go#a(ele, 6, Sm)l|go#(ele, 0))
m=1
(39)
1 n
< —
— A 2n ;KL(q(Jm|e7¢7 Sm)Hﬂ-(‘]"l‘ea ¢))

Combining Egs. (38) and (39), we have

n

N 1
EsEq(e,0,015 W3 (D, 1) < 2EsEq(ep.015) Z E e lest ) [1Sm — g0 (€)1

m=1

AAZ2A

2 1 &
+ TKL(QIP) + = 4+ == + 24, |2 mZ: KL(¢(Jnle, 6, Sm) | 7(Jinle, 0)).-

Jn

Then by optimizing A, we have
EsEq(e,0,015) W5 (D, it)

2 n
< BsEqe.s.015) zle a(eqmled,Sm)
-

O
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G Experimental settings and additional experimental results

Our experiments were based on the Gaussian stochastically quantized VAE (SQ-VAE) model proposed
by Takida et al. [63], and were conducted by adapting the code from their GitHub 'to suit our
experimental configurations. Therefore, we first introduce the basics of (Gaussian) SQ-VAE in
Sections G.1 and G.2 and finally explain our experimental settings in Section G.3.

G.1 Overview of SQ-VAE

The SQ-VAE is a generative model that, similar to VQ-VAE, employs a learnable codebook e =
{ex}f£, € ZK. The objective of SQ-VAE is to learn the stochastic decoder x ~ pg(x|Z,)
using latent variables Z, to generate samples belonging to the data distribution pgaa(z), Where
po(z|Zy) = N(g0(Zy),0°I), N'(m, o1) is the Gaussian distribution with mean and equal variance
parameter {m, 0°I}, 0> € R, and I is the identity matrix. Here, Z, is sampled from a prior
distribution P(Z,) over the discrete latent space e‘=.

In the main training process of SQ-VAE, we assume P(Z,) to be an i.i.d. uniform distribution,
identical to VQ-VAE, meaning each codebook element is selected with equal probability (P(z,,; =
br) = 1/K for k € [K]). Subsequently, a second training stage is conducted to learn P(Z,).
Since computing the posterior pg(Z,|z) exactly is intractable, we utilize an approximate posterior
distribution g4 (Z,|x) instead.

At the encoding process, directly mapping from x to the discrete Z, is challenging due to the discrete
nature of Z,. To overcome this issue, Takida et al. [63] proposed to construct a stochastic encoder by
introducing the following two processes:

* Stochastic Dequantization Process: The transformation function from Z, to the auxiliary
continuous variable, Z, denoted as p,,(Z|Z,), where 1 is its parameters.
 Stochastic Quantization Process: The transformation from Z to Z, is given by

Py(Z2,Z) « pg(Z|Z,)P(Z,) obtained via Bayes’ theorem, which is represented as the
categorical distribution ¢(.J|e, ¢, z) through the softmax function as in Eq. (2).

We can obtain Zq from a deterministic encoder f,(x), where we expect that Zq is close to Z,.

Therefore, we can similarly define the dequantization process of Zq as Z \Zq ~ py(Z |Zq). By
combining this process with the stochastic quantization process, we can establish the following

stochastic encoding process from x to Z,: Eq (72 [P4(Z,|Z)], where w == {¢, v} and q,,(Z|z) ==
Py (Z]fs(x))-

According to these facts, we can derive the following evidence lower bound (ELBO) for SQ-VAE:

—Lsq(z;0,w,e)

_ pe(Z‘Zq)p¢(Z|Zq)
= Eo o puzz |18 70

+]Eqw(Z\w)H(p¢(Zq|Z)) + (Const.),

=KL(Q|IP)

where H(Py(Z,|Z)) is the entropy of P, (Z,|Z).

From the above, the optimization problem of SQ-VAE is minimizing E,_ .. ()[£sq(z;0,w,e)]
w.r.t. {0, w, e}. This approach eliminates the need for heuristic techniques traditionally required, such
as stop-gradient, exponential moving average (EMA), and codebook reset [79].

Moreover, the categorical posterior distribution Py(Z,|Z) = q(J|e, ¢, x) can be approximated using
the Gumbel-Softmax relaxation [35, 45], where the Gumbel-Softmax function is defined as, for all k&
1<k <K),
exp(—B||fo(z) — exl* + Gr)/7)
K K
> =1 exp(=Blfo(x) — €;* + G5)/7)

'nttps://github.com/sony/sqvae/tree/main/vision
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Table 1: Experimental settings on MNIST.

Experimental setup for MNIST experiments

Model Gaussian stochastically quantized VAE (SQ-VAE) [63]

Network archtecture ConvResNets with three convolutional layers, two transpose convolutional layers, and one ResBlocks.
The size of a codebook (K) and the dimension of the latent space d. | K = {16,32,64,128}; d. = 64

Optimizer ‘Adam with 0.001 initial learning rate

Batch size 32

Num. of training/validation samples [250, 1000, 2000, 4000]

Num. of epochs 200

Num. of samples for CMI estimation 3

Num. of samplings for U 5

Table 2: Experimental settings on CIFAR10.

Experimental setup for CIFARI0 experiments

Model Gaussian stochastically quantized VAE (SQ-VAE) [63]

Network architecture ConvResNets with three convolutional layers, two transpose convolutional layers, and one ResBlocks.
The size of a codebook (K) and the dimension of the latent space d. | K = {16,32,64,128}; d. = 64

Optimizer Adam with 0.001 initial learning rate

Batch size 32

Num. of training/validation samples [1000, 5000, 10000, 20000]

Num. of epochs 200

Num. of samples for CMI estimation 3

Num. of samplings for U 5

where G, is an i.i.d. sample from the Gumbel distribution and 7 is the temperature parameter that is
deferent from ( in Eq. (2). This allows the application of the reparameterization trick from VAEs
during backpropagation, enabling efficient gradient computation and model training.

G.2 Gaussian SQ-VAE

Gaussian SQ-VAE assumes that the dequantization process py, (Z|Z,) follows a Gaussian distribution.
In this paper, we set the following Gaussian distribution: py,(Z;|Z,) = N'(Zy:, 0,,1), where o7, €
R . Then, the stochastic decoder and the stochastic dequantization process in SQ-VAE can be written
as po(]Z,4) = N(g6(Zy),0°1) and py(Zi| Z,) = N (Zy,i, 0, 1).

G.3 Details of experimental settings

Dataset: We used the MNIST dataset [41], which is 28 x 28 gray scale images with 10 classes.
We prepared the subset dataset with {1000, 2000, 4000, 8000} samples from the default training
dataset (60000 samples). Then, we split it as the training and the validation datasets following the
supersample setting as in Section 2.3.

Model architecture and training procedure: We adopted the ConvResNets with the architecture
provided by Google DeepMind 2. We summarize the details of this model in Table 1.

Regarding the training procedure, we adopted the settings in Takida et al. [63] as follows. We used
the Adam optimizer with 0.001 initial learning rate. The learning rate was halved every 3 epochs if
the validation loss is not improving. We trained the model 200 epochs with 32 mini-batch size. As
for the annealing schedule for the temperature parameter of the Gumbel-softmax sampling, we set
7 = exp(107° - t) as in Jang et al. [35], where  is the global training step size.

GPU environment: We used NVIDIA GPUs with 32GB memory (NVIDIA DGX-1 with Tesla
V100 and DGX-2) in our experiments.

Mutual information estimation: To estimate the mutual information I(J; Ule, ¢, X) in Eq. (7),
we developed a plug-in estimator for it, which is computed using estimators for the prob-
ability density of J and X, as well as their joint probability density, employing k-nearest-
neighbor-based density estimation [43]. The estimation strategy is incorporated into the
sklearn.feature_selection.mutual_info_classif function 3. We set k = 3 fol-
lowing the default setting of this function and Kraskov et al. [40], Ross [53].

https://github.com/deepmind/sonnet/blob/v2/examples/vavae_example.
ipynb

3https://scikitflearn.org/stable/modules/generated/sklearn.feature_
selection.mutual_info_classif.html
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Figure 4: The behavior of the generalization gap and the empirical KL term (KL(Qy,¢/||P)/n) on the
CIFAR-10 dataset when increasing the number of residual blocks to enlarge the decoder dimension
do (K =128, d, = 64).

G.4 Additional experimental results

Here, we summarize our additional experimental results. We first show the results on CIFAR-10 in
Figure 4. This results also support our implication even on the more complex dataset than MNIST that
increasing the complexity of gy has a limited effect on the generalization performance because adding
a single ResBlock—introducing approximately 74, 000 additional parameters—has a negligible effect
on the generalization gap.

We further numerically evaluated the bound in Theorem 4 using estimation techniques from prior
work in IT analysis [30] under the MNIST setting.

As shown in Figure 5, the first KL term does not decrease monotonically with n, consistent with
Lemmas 2 and 3, due to the use of a data-independent prior. In contrast, the second KL term decreases
steadily with n, supporting our claim (in Section 3.2) that the data-dependent prior effectively captures
generalization behavior in VQ-VAE. We also varied the latent dimension K under fixed n, and
observed that both KL terms increased with larger K, further confirming our theoretical predictions.

Furthermore, we conducted additional numerical experiments to evaluate how the complexity of the
decoder network (gg) and the dimension of the latent space (d,) influence the generalization gap,
using SQ-VAE, which utilizes a stochastic mechanism, and VQ-VAE, which employs a deterministic
mechanism. The results are shown in Figure 6.

For SQ-VAE experiments, the setups are almost identical to those of Table 1, except that we used
a batch size of 64 and set K = 256. The size of the training data is specified in the figure. In the
most left panel, we fixed d, increased the number of decoder ResBlocks across four commonly used
datasets, and evaluated how generalization gaps are affected. We observed that the number of decoder
ResBlocks does not significantly impact the generalization gaps. In the second panel from the left, we
fixed the number of ResBlocks and increased the latent dimension d,. We found a tendency for the
generalization gap to increase as d, increases. These results are consistent with Theorem 4, which
suggests that when using a stochastic mechanism for LV, then the upper bound of the generalization
gap is independent of the decoder complexity, while it depends on d.,.

In addition to SQ-VAE, we conducted a similar experiment using VQ-VAE, which uses a deterministic
mechanism, following the settings of the image experiments in Van Den Oord et al. [68]. The
differences between our experimental setting and Van Den Oord et al. [68] are that we used K = 258
and the training epoch is set to 20.

When using the deterministic mechanism shown in the rightmost panel, we observed that increasing
d, tends to increase the generalization gap, consistent with the experimental findings under the
SQ-VAE setting. The effect of the decoder is shown in the second panel from the right. Our
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Figure 5: The behavior of the generalization gap and the empirical KL term (KL(Qy ¢/ ||P)/n) on the
CIFAR-10 dataset when increasing the number of residual blocks to enlarge the decoder dimension
dp (K =128, d, = 64).
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Figure 6: The behavior of the generalization gap when increasing the number of residual blocks of
the decoder network and the latent dimension d, in SQ-VAE and VQ-VAE models

numerical experiments confirm that the influence of decoder complexity is limited, as predicted by
our theoretical results (Theorems 2 and 3). Specifically, we significantly increased the decoder size
beyond the commonly used range, yet its impact on the generalization gap remained limited.

However, we also observed that increasing decoder complexity within a moderate range (e.g., from 2
to 6 ResBlocks) tends to increase the generalization gap. This does not contradict our theory. Indeed,
Theorems 2 and 3 state that the upper bound on the generalization gap becomes independent of the
decoder. This implies that, although increasing decoder complexity substantially does not further
affect the generalization gap beyond a certain point, some increase within a moderate range can still
worsen generalization as long as it remains under the upper bound. We believe that our numerical
results correspond precisely to this regime.

We further conjecture that this behavior can be attributed to the fact that Theorems 2 and 3 do not
depend solely on architectural properties. The upper bounds in these theorems depend on the learning
algorithm ¢(w|S), and increasing decoder complexity can influence the learned distributions e and ¢,
which are defined as the marginal distributions under ¢(w|.S). This provides a plausible explanation
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for why decoder architecture may still affect the generalization gap in the moderate-complexity
regime.

In contrast, the experimental results for SQ-VAE are explained by Theorem 4, which is independent
of the learning algorithm ¢(w|.S) and fully eliminates the influence of the decoder. This explains the
consistent lack of decoder impact observed in the SQ-VAE experiments. Overall, the experimental
findings from both SQ-VAE and VQ-VAE suggest that the influence of decoder complexity depends
on whether the latent variable mechanism is stochastic or deterministic. A more refined theoretical
analysis of how stochastic mechanisms affect the generalization gap is an important direction for
future work.
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