A Proof of Theorem 1

We consider the case where each message fails with probability 1 — p and each agent ¢ uses the
messages it receives from its neighbors with probability p;. This is equivalent to each agent ¢ receiving
messages from its neighbors with probability p;p. Let 1{(i, j) € E.} be the indicator random variable
that takes value 1 if agent i receives reward value and arm id from agent j at time ¢ and O otherwise.

We start by proving some useful lemmas.

Lemma 1. (Restatement of results from [3]) Let n;, = (%) log T'. For any suboptimal arm
k

k and Vi, t we have

P (Ai(t+1) =k, Ni(t) > m) <P (a1(t) < pa — C1(t)) + P (i (t) > pue + Ci(1))

Proof. Let Q%(t) = 1t (t) + CL(t). Note that for any k > 1 we have
{Ai(t+1) =k} < {Qi(t) > Q1(1)}
C{{m < +20L0)F U{EL (1) < = CHO) F U {7 () > e + CL(t) }} -

Let ng, = (S(Szii)”z) log T Since N (t) > ny the event {1y < i, 4+ 2C}(t) } does not occur. Thus
k
we have

P (A;(t+1) =k, Ni(t) > m) < P (A1(t) < pua = C1(1) + P (3. (t) = puw + Ci(1))

This concludes the proof of Lemma 1. O

Lemma 2. Let \(G) is the clique covering number of graph G. Let ny, = (8(52720’%) logT. Then
k

we have
N ) N
> Eni(T)] < ( (1 —pip) + X(G)pmaxp> n + 2N (1)
=1 i=1
PSP < - CL0) P @0 2+ CL0)] @
=1 t=1

Proof. Let € be a non overlapping clique covering of G. Note that for each suboptimal arm k& > 1
we have

N N

T
SEnp(M)=> Y PAi(t)=k) =D > Y P(Ai(t) =k). 3)

i=1 =1 t=1 cecieC t=1

—

Let 73, ¢ denote the maximum time step when the total number of times arm k has been played by
all the agents in clique C is at most 7, + |C| times. This can be stated as 74, ¢ = max{t € [T] :

>ice i (t) < M+ |C|}. Then, we have that n, < >, 14 (Tkc) < n + [C|.
For each agent i € C let

Ni(t) = > 1{A(r) = k}1{(i.j) € E-},

jec =1

denote the sum of the total number of times agent ¢ pulled arm k and the total number of observations
it received from agents in its clique about arm k until time ¢. Define 7}, » := max{t € [T'] : N} (t) <

Mk} Then we have that 7, — |C| < N{(7{ ) < 1.

Note that Nj(t) > Ni(t), Vt, hence for all i € C we have Nj(t) > n, Vt > 7{ .. Here we consider

that 7‘,5% > Tk,c, Vi. From regret results it follows that regret for this case is greater than the regret
for the case where 7_',2 ¢ < Ti,c for some (or all) i.
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We analyse the expected number of times agents pull suboptimal arm % as follows,

DS 1{At) =k} )

CceRieC t=1
Tk,C Tk c T
=3I HAG =k + ) ) > A =k + D> Y H{A#) =k} ()
ceCieC t=1 CeCieC t>Tk,c cee ieC t>77'12-,c
<SS A =k + [l ©)
cece CeCieCt>Trc
T—1
Y A +1) = RIL{N() > i} (7)

CECiEC t>7i ,

Taking expectation we have

DD D P =k) <Y (ke +2(C)) ®)

CeC e t=1 cee
*xi,c T—1
+3 S PA@W =R+ S P(AE+1) = kN > ). )
CeCieC t>T1r,c ceeieC t>Tk,C

Note that we have

> Z 1{A;(t) = k} (10)

1€C t>7k ¢

=Y Ni(Fie) - ZZ A =k} => Y Z 1{A;(t) = k}1{(i,4) € B} (11)
ieC ieC t=1 i€C j#i,j€C t=1

SN - ke - 3 S S 1A () = KN{(GL)) € B} (12)
ieC ieC iE€C j#i,jeC t=1

<lelme—me—3" S0 S 1A ) = kL{G.) € B (13)

i€C j#i,jeC t=1
<lm—m =3 3 S A1) = K1{G.)) € B} (14)

i€C j£i,j€C t=1

Taking the expectation

Tﬁ c Tk,C
.Y P4 )< [Clo = =Y pip Y D P (4 (15)

1€C t>Tx ieC j#i,jeC t=1
=Clnk —m = > _pip >, E(nf(rrc)) (16)

ieC j#i,jeC
= [Clnk — nk — <Zpip> (Z E(ﬂi(%c))) + ) pipE(nj,(1rc))
ieC ieC ieC
(17)
< |C|77k — Nk — P ij — Pmax E (Z nz<Tk,C)> (18)
jec ieC
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< |C|77k — Nk —D ij — Pmax | Nk (19)
jec
= IC‘ -1 -Pp ij — Pmax k- (20)
jec

Substituting this results to (9) we get

T
SN S PA) =R <> e +2iC)+ >[Il =1=p | Y i~ Pmax | | me @D

ceeieC t=1 cee cee jec
+ZZZP W+ 1) =k, NL(t) > m) - (22)
cec ieC t>‘l’”

Thus from Lemma 1 and (22) we have

T
SN D P(A) =k) (23)

ceCieC t=1
<Y e +2N+Y (IC=1=p D pj—Pmax | | m (24)
cee cee jJjec
+Y Y Z ) < — Ci(t)) + P (AL () > i + CL(1))] (25)
CeCieC t>Tk,c
(@) al
= X(G)m + (N =Y pip—X(G)(1 - pmaxp)> e+ 2N (26)
=1
N T-1 ] ,
+) [P (AL(t) < i — CL(t)) + P (7L(t) > ju + CL(1))] 27
1=11t>7k.c
N
S <Z(1 - pip) + X(G)pmaxp> Nk + 2N (28)
=1
N T-1 ‘ ‘ ‘ ‘
+ N T P(E®) < 1 — L)) + P (4 () > e + Ch(1)] (29)
=1 t=1

where (a) follows from the fact that clique covering is non overlapping. This concludes the proof of
Lemma 2. O

Lemma 3. Let d;(G) be the degree of agent i in graph G. For any oy, > 0 some constant { > 1

— 2(6+1)logt log((di(G) + 1)t) 1
! (‘uk(t) - Mk‘ ok Ni(t) ) = log ¢ Ao (16522 G0

Proof. For all k let X} (t) for all i,t be iid copies of Xj;. Then we have X;1{A;(t) =k} =
X} (t)1{A;(t) = k}. Recall that reward distribution of arm k has mean i, and variance proxy
0. Thus Vi, t we have

E (e (A (1) - ) < e (52 G

Define local history at every agent ¢ as follows

=0 (X1, Ai(7), XI1{(i,j) € B, }, A;j(T)1{(i,j) € B-},VT € [t],j e Mi(G)) . (32)
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Since 1{A;(7) = k}1{(i,j) € E,} for j € N;(G) is a H._, measurable random variable, we have

E (exp (A (X7 — p) H{A;(7) = k}1{(i,5) € B, })| H;_y) (33)
= (exp (A (XL() = ) 1{A,(7) = K}1{(G.5) € Bo}) | His ) (34)
<o (27514 () = {G) € B} (35)

Define a new random variable such that V7 > 0.

Z (XL (1) = k}1{G. ) € Br} — B [X](1)1{45(r) = K}1{(3. )

(36)
N
= > (X - ) 1A, (1) = K}1{Gg) € Br). (37)
Note that E (Y}i(7)) = E (Y ()[HL_,) = 0. Let Zj(t) = >0 _, Y{i(7). Forany A > 0
E (exp(AY; (7)) H; 1) (38)
N
- (exp (AZ (X2r) ) 1A, () = B31{(G.) € Bx) Hil) (9)
j=1
N . .
=E (H exp (A (X7 = k) 14,(7) = K}1{(0.3) € Ex)) Hh) (40)
j=1
N
CTIE (exo (A (X2) = ) 1A (1) = K}{G ) € Bx} )| H: ) (1)
j=1
N 2,52
< H exp (A o A (r) = k}1{(i, ) € ET}> (42)
— ap (”;’3 3" 1A () = K} 1{(ing) € E&) . @3)
Equality (a) follows from the fact that random variables

. N

{exp ()\ (X’]C(T) - #k) 1{A;(r) = k}1{(i,j) € ET})} are conditionally independent
. j=1 .

with respect to % _;. Since 1{A;(7) = k},1{(4,j) € E,} are H’_, measurable, and so

E (exp ()\Yk AQ"’C Zl{A = k}1{(i,5) € ET}) |H3_1) <1 (44)

Let Ni(t) = Y, Zjvzl 1{A;(r) = k}1{(i,j) € E;}. Further, using the tower property of
conditional expectation we have

E <eXp (Az,i(t) AQ;’C Ni(t )) H§_1> < exp <Az,i(t 1) -

Repeating the above step ¢ times we have

E (exp (Az,i(t) AQ“’“ Ni(t ))) <1 (46)

2
)\O'k

Nt - 1)) 45)

Note that we have

P (eXp (Az,g(t) AQQ o Ni(t )) > exp (2m9)) 47)
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i )‘2%
=P AZ.(t) — Ni(t) > 2k (48)
Zi(t) 2k O’
=P A > ’*/\ Ni(t 49)
(At s * FH0). (
Fix a constant ¢ > 1. Then 1 < N} (t) < (Pt where D; = W For \; = —1 / szf/z

and ¢!~1 < Ni(t) < ¢! we have

20 1 o} ol ¢l=1/2 Ni(t)
BN TN = oD ¢Nz<t> i \/a—l/z <V, (50

where Kk = T

Then we have
Zi(t) 2k0 ﬂ% [~
{ Nz( ) } { - Nz(t) + 2 )\l Nk(t)} (51)

2
=P 1{ \ZL(t) Uka( t) > 2H0}. (52)

Recall from the Markov inequality that P(Y > a) < ( ) for any positive random variable Y. Thus
from (52) and Markov inequality we get,

Zi(t) ‘¢
P B >V <Y exp(—2k0). (53)
(Afo=7)=x
Then we have,
Zi (1) 9 o
Pt > < —2k0 54
(Nw)— N;(t)) 2 exp(=2w0) Y

Substituting ¥ = 202(¢ + 1) log t we get

i 26+ 1) logt log((d;(G) + 1)t 4(£+1)logt
P ([7) | > oy 2EE D108t ) L (@@ £1)) (1 e+ st ) o
N(t) log ¢ (@1%7%)
Note that V¢ > 1 we have
4 —1)?
) 56
()
Then we have
i 26+ 1)logt log((d;(G) + 1)t) 1
P (|7 - ‘> | < NG
(Nk() HE Ok Ni(t) log ¢ t(§+1)(1,(<;61)2) (57)
This concludes the proof of Lemma 3. [
Lemmad. Ler ( = 1.3, > 1.1,d; > 0andt € [T|. Then we have
= 1 log((d; + 1))
: <12log(3(d; +1 3(log(d; +1)+1 58
;10g4t<s+1>(1—<<;;>2) < 1210g(3(d; +1)) + 3 (log (d; +1) +1) (58)
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Proof. For ¢ = 1.3 we have —— < 8.78. Further (£ + 1) (1 — %) > 2 and Vt > 3 we see that

log ¢
Mm is monotonically decreasing. Thus we have
Jern (1=K

T-1 T—1
1 d; + 1)t 1 d; + 1)t
3 Lw < 1.362log(3(d; + 1)) +/ Lj))dt (59)
t=1 t(5+1)<1_T) 3 t
Let z = (d; + 1)t. Then we have
-1 . (di+1)(T—1)
1 d; + 1)t 1
/ Mdt — (i + 1)/ L (60)
3 t 3(di+1) z
1 11Wd+D(T-1)
= (d; +1) [—ng—} 61)
= Alsa+y
Thus we have
=1 log ((d; + 1)t) log(d; + 1) 1
— At < (d;+1 ! 62
/3 2 < (di+ >{3(di+1) 3(d,;+1)} (62)
1 1
= —log(d; +1)+ = 63
3 og(d; +1) + 3 (63)
Recall that For ( = 1.3 we have @ < 8.78. Thus the proof of Lemma 4 follows from (59) and
(63). O

Now we prove Theorem 1 as follows. Recall that group regret can be given as Reg(T) =
SN Sy Ak - E[ni(t)] . Thus using Lemmas 2, 3 and 4 we obtain

N
Rega(T) < 8(¢ + 1)oj (Z(l —pip) + )_((G)pmaxp> ( loAng> (64)
=1 k>1
N
BN D AR +4)  (3log(3(di(G) + 1)) + (log (di(G) + 1)) Y Ay (65)
k>1 i=1 k>1

B Proof of Theorem 2

In this section we consider the case where agents pass messages up to + hop neighbors with each hop
adding a delay of 1 time step. Let C, be a non overlapping clique covering of G,. For any C € C,
and ¢,j € C lety; = max;ec d(i, ) be the maximum distance (in graph G) between agent ¢ and
any other agent j in the same clique in graph G.,. Let 1{(¢,j) € E./ ;} is a random variable that
takes value 1 if at time 7 agent 7 receives the message initiated by agent j at time 7. Recall that each
communicated message fails with probability 1 — p and each agent ¢ incorporates the messages it
receives from its neighbors with probability p;.

We follow an approach similar to proof of Theorem 1. We star by providing a tail probability bound
similar to Lemma 3.

Lemma 5. Let d;(G.,) be the degree of agent i in graph G.,. For any oy, > 0 some constant { > 1

26+ Dlogt | _ log((di(G,) +1)1) 1
le(t) o log ¢ t(€+1)(17%> :

P (\ﬁk(t) - | > o0 (66)

Proof. For all k let X} (t) for all 4,¢ be iid copies of Xx. Then we have X/1{A;(t) =k} =
Xi(t)1{A;(t) = k}. Recall that reward distribution of arm k has mean i and variance proxy
0. Thus Vi,t we have

B (exp (A (XE(0) — ) < e (52 ()
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Define local history at every agent ¢ as follows
Hi=o (X;',, (), X0,14{(i,§) € Err 2}, Aj(7)1{(i.§) € B} V7 T € Jt],j € M(GV)) .
(68)

Since 1{4;(7’) = k}1{(4,5) € E, .} for j € N;(G.) is a H:_, measurable random variable, we
have V7' < 1

(eXp( ( X7, — )1{A ) = k}1{(i,§) € En, })‘H 1) (69)
=B (exp (A (X[ = ) 1A (7') = k}1{(3,5) € Err 1) ‘ Hey) (70)
< exp ()\ () =k}1{(i,j) € E- T}) (71)
Define a new random variable such that V= > Oand 7/ < 7
Z Z (X] JL{A; () = k}1{(4,§) € Er -} (72)
j=17'=1
-E [Xi(r')l{Am = K}{(3,]) € Bo o} [Hi ] ) 73)
N T
ZZ( ) = ) A (7)) = KYL{(0,) € B}, (74)
Note that E (Y} (7)) = E (Yi(1)|Hi_;) = 0. Let Zj.(t) = S _, Y;i(7). Forany A > 0
E (exp(AY;())[H: 1) (75)
N T
—E (exp (AZ 3 (Xj( - Mk) 1{A;(7) = k}1{(i,j) € ETIVT}> ‘Hi_l) (76)
N T ) ‘
=E (_H exp (A (X4(7) = ) 1A (7)) = K}L{(0.j) € Brr 1)) ’Hi_l) (77

2 ﬂ E (exp (A (Xf;(f’) - uk) {A;() = k}1{(i,j) € ETI,T}) ‘Hi,l) (78)

j=17'=1
N T AQO'
<11 exp( E1{A; () = k}1{(i,)) € E}) (79)
j=17'=1
)\20_2 N T
=exp | = ENTN T 1{A(7) = k}{(i,j) € B o} | (80)
j=1l7/=1
Equality (a) follows from the fact that V7’ < 7 random variables
A N
{exp ()\ (Xj (') — ,uk> 1{A;(7") = k}1{(z,)) € ET/T})} are conditionally indepen-
j=1

dent with respect to H?
)

T—1°

Since 1{A4;(7") = k},1{(i,j) € E, .} are H._, measurable, and

|H21> <1. (81

Let Ni(t) =0, ST, Z;V:l 1{A;(7") = k}1{(4,j) € E./ ;}. Further, using the tower prop-
erty of conditional expectation we have

e (e (220 - 2758100 )

E (exp (/\Yk i Z Z {A; (") = k}1{(i,j) € Em}>

j=17'=1

2 2

Tk Ni (¢ — 1)) )

H§1> < exp (AZ;i(t —-1)-

19



Repeating the above step ¢ times we have

i Nop
E (exp | AZ,(t) — 5 Ni(t)) ) <1. (83)
Note that we have

) )\2 2
P (exp ()\Z}C(t) 7 Ni(t )> > exp (2&19)) (84)

) >\20'2 )
=P (Azg(t) — ZENi(t) > 2m9> (85)

Zi(t) 2k0 0

=P k)\ Nj(t 86
(ww WD 2 ) o
Fix a constant ¢ > 1. Then 1 < N} (t) < ¢(P* where D, = W For \; = = C’mf/z

and (71 < N,i(t) < ¢! we have

wi [ ofy -1z [N
S\ VN = ek \/N,z<t>+\/cll/2 SCI

where Kk = T

Then we have
ZiL(t) W D 2k1 o} ,
i3 LA/ NE(t 88
{ OB BRIV ORIE N e B

02
{ 1 Z1(t) ’ka( ) > 2m9}. (89)

Recall from the Markov inequality that P(Y > a) < (Y) for any positive random variable Y. Thus
from (89) and Markov inequality we get,

P( (1) ) Zexp —2k19). (90)
N(t )
Then we have,
; D
Zi() :
Pl > <) exp(—2k0) (91)
(Ng(t) N <t>> 2
Recall that V¢ > 1 we have
_1)2
(cF+ct) ‘
Substituting ¥ = 207 (£ + 1) log t we get
" 2(6+1)logt log((d;(G~) + 1)t) 1
P[0 — | >0 : < " NCE!
< Mk:( ) Mk k le(t) IOgC t(§+1)(1,%)
This concludes the proof of Lemma 5. O

We prove a Lemma similar to Lemma 2 for message-passing as follows.

20



Lemma 6. Let (G, ) is the clique number of graph G.,. Let nj, = (8(62720’%) log T Then we have
k

N N
> Eni(T)] < <Z(1 —pip™) + X(Gy )g%p ip” ) me+N(y+ 1)+ (94)
] =1
N T—l ) _ '
+) ) < — CL(t)) + P (AL(t) > i + CL(t))] (95)
=1 t=1

Proof. Note that for each suboptimal arm k£ > 1 we have
N

T T
ZE =Y Y P =R =YY D P(A) =Fk). (96)

i=1 t=1 cee, ieC t=1

—

Let 7, ¢ denote the maximum time step when the total number of times arm k has been played by
all the agents in clique C is at most 7, + |C| times. This can be stated as 74 ¢ := max{t € [T] :

>ice i (t) < mi + |C|}. Then, we have that n, < >, 1t (Thc) < ni + [C).
For each agent i € C let

=> 3 1{A;(7) = k}1{(i.j) € Err 1},

jeCT=17'=1

denote the sum of the total number of times agent ¢ pulled arm k and the total number of observations
it received from agents in its clique about arm k until time ¢. Define 7}, » := max{t € [T'] : N} (t) <

1 }. For each agent i € [N]let 7, o = max{7rc + 7 — 1,7, ¢}

Note that Ny (t) > NJ(t),Vt, hence for all i € C we have Ny (t) > 1y, Vt > T}, o Here we consider
that ?,i’c > T,c, Vi. From regret results it follows that regret for this case is greater than the regret
for the case where 7_'12,(2 < T, for some (or all) i.

We analyse the expected number of times agents pull suboptimal arm & as follows,

T
SN 1{Ait) =k} 97)

cee, ieC t=1

Tk,C ?’IL;:,C T
LYY A0 XY Y a0 -1 Y Y 1A -
cee, ieC t=1 CeC, ieC t>Tk,c cee, ieC t>?}i,c
(98)
< me+le)+ D> Z 1{A;(t) =k} 99)
cec, CeC, ieC t>T,c

+ 30> A = RNt — 1) > i} (100)

CEC, ieC t>7E
Taking expectation we have

> ZT: P(A (101)

cee, ieC t=1

ch
<> m+2Aeh+ DD > P (102)
cecy Cel, ieC t>T,c

T-1

+ 30N> P(AE+1) =k, N(t) > me) - (103)

Cee, i€C t>7
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Case 1. For agent ¢ we have that 7, ¢ +v; — 1 > %,é ¢ then we have FLC = Tr,c + v — 1. Then we

have 3,5 1{A;(t) =k} < 7 — 1

t>Tk,c

Case 2. For agent i we have that 7;, ¢ +7; — 1 < 7}, ; then we have 7}, o = 7/ ..

Z 1{Ai(t) = k} (104)
t>T1k c
= Ni(Fhe) — Zl{A y=k}— > ZZl{A ) = k}1{(i,§) € Ers} (105)
t=1 j#i,j€C t=1 7=1
o Tk,C Te,etvi—1 ¢t
SNLThe) =D HA@ =k} = > > Y H{Aj(r) = k}{(i,)) € Eri}. (106)
t=1 j#i,jeC t=1 =1

Taking the expectation we have

ch Tk,C
> Y P4 B) <[Clme—me+ D> (i —1) =D _pip™ > Y P(A;(t) =

i€C t>Tk,c icC i€C Jj#i,jeC t=1

(107)
Tk,C

=Clm —me+D>_(i— 1) =>_pp™ > Y E (ni(m,c))

ieC ieC j#i,jec t=1

(108)

IN

Cl—1— (> ppp» — max p;p” me+ D (i —1). (109)
jec ieC

Substituting these results to (103) we get

T
DYDY P =k <> (ICl=1— > ppp™ —maxpip” | s+ > (-
1€E[N]

cee, ieC t=1 cee, jec
(110)
T—-1
+ 3 me+2e)+ 33 ST P (A + 1) = R NE() > )
cee, cee, ieC t>7i
(111)

N
< (Z(l —pir") + X(G, )m[ax]pm%) e+ Y v+ N (112
=1

1€[N]
T—1 '
+ > > P(At+1) =k Ni(t) > ) (113)
CeC, i€C t>7] .
This concludes the proof of Lemma 6. O

Now we prove Theorem 2 as follows. Thus using Lemmas 4, 5 and 6 we obtain

N
Regq (T) < 8(¢ + 1)o7 (Z(l — pip™) + X(G,) max pm%) <Z e T) (114)

(N
i=1 i€[N] k>1

(Z% +4N> A +4Z 31og(3(di(G) + 1) + (log (d:(G,) + 1) Y Ay

k>1 k>1
(115)
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C Proof of Theorem 3

Agents receive information from their neighbors with a stochastic time delay. Let N p be the maximum
number of outstanding arm pulls by all the agent. We start by proving a result similar to Lemma 2.

Lemma 7. Let X(G) is the clique number of graph G. Let ny, = (8(527?0’2‘) log T'. Then we have
k

N

> E[ni(T)] < X(G)mw + E[Np] + 2N+ (116)
= N T-— 1 ‘ ‘ ‘

> ) < 1 — CL()) + P (g () > e + Ch(1))] (117)

i=1 t=1

+

Proof. Let € be a non overlapping clique covering of GG. Note that for each suboptimal arm £ > 1
we have

DB =3 > Py =k) =3 > > PAt) =k). (118)

i=1 t=1 cecieC t=1

Let 7;,¢ denote the maximum time step such that the total number of arm pulls shared by agents
in clique C from arm k is at most n;, + |C|. For each agent i € C let D;(7j ¢) be the number of
outstanding messages by agent ¢ from arm k at time 7, ¢. This can be stated as 75, ¢ := max{t €

[T] : Ziec nﬁg(t) <k + D ;ec Di(mr,e) + |C|}. Then, we have that n + Y, o Di(Trc) <
>ice Me(The) < nk + 3 -,cc DilTre) +[CI-

Note that for all i € C we have N} (t) > ng, t > 7 c.

We analyse the expected number of times agents pull suboptimal arm & as follows,

20D YA =k} (119)

cecieC t=1
Tk,C T
=3 D> AW =k + YD > 1{Ai(t) =k} (120)
cecieC t=1 ceCieC t>1rc

<> (nk+ZDi(Tk,6)+2|C|> +> > z_: H{A(t+1) = BJL{Ni() > i ). (121)

cee ieC CeCieC t>Tk,c

Taking expectation we have

T
DD Y P(A) = k) (122)

ceel, ieC t=1
maxg D;(

The proof of Lemma 7 follows from Lemma 1 and (123). O]

T-1

N
| +2N+> N P (Ai(t+1) =k, Ni(t) >m)  (123)
=1 t=1

<xX(Gy)ne +E

We upper bound the expected number of outstanding messages by any agent using results by [18] as
follows.

Lemma 8. . Let D, be the maximum number of outstanding messages by all the agent at any time
step t € [T and let E[7] be the expected delay of any message. Then with probability at least 1 — =
we have

E[Du] < NE[7] + 2log T + 21/NE[] log T. (124)

Proof. The proof directly follows from Lemma 2 by [18]. O
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From Lemmas 7, 3, 4 and 8 we obtain with probability at least 1 — %

log T
Regq(T) < 8(6 + 1)o3x(G) (Z (fk ) (125)
k>1
+ (NE[T} +2log T + 21/NE[7] logT) Y A (126)
k>1
N
+5N Y AL +4>  (3log(3(di(G) + 1)) + (log (d N Ap (127
k>1 =1 k>1

D Proof of Theorem 4

We first restate the result for clarity.
Theorem 7. Algorithm 1 obtains, with probability at least 1 — 6, cumulative group regret of

Rego(T) = O | KT Nve+¥(G5) Z I(E,T log <Kw(

5
k#k*

Ay

Proof. We decompose the regret based on the dominating set and epoch. Let Z C V be an dominating
set of G, and M, be the number of epochs run for the subgraph covered by agent 7. Observe that the
total regret can be written as,

T
Rego(T) = _ ZZ K+ > PA;) =k ] |. (128)

i€ \k=1t=1 JEN;(G~)

First, observe that A;(t) = A;(t — d(i, 7)) for all j € N;(G) and all ¢ € [d(i, j), T]. Rearranging
the above, we have,

T T—d(i,5)
Rego(T) <> Z A Y P =K+ > P(Ai(t) = k) +d(i, j)
i€ \ k=1 t=1 FEN(G) t=1
(129)
K T—~
<> (ZA ad(e ( P(A +v>) (130)
1€Z \k=1 t=1
K - K
=y <|NJ(G7>| DA (Z P(A4(t) = k))) +NY Y Ay (131)
i€l k=1 t=1 k=1
(132)

Now, observe that we run two algorithms in tandem for each subgraph of G induced by N;" (G).
Let us split the total number of rounds of the game into epochs that run arm elimination and the
intermittent periods of running UCB1. We denote the cumulative regret in the i*" induced subgraph
from rounds «y to 7" as Reg NG, )(T), and analyse it separately.

Reg+ () (1) < VT (G |Z Ap Yoo P =R+ D P(Ai(t)=k)
t<T—~:teM; t<T—~:tgM;
(133)
Here M, denotes the rounds in which arm elimination is played in the agents in the " induced
subgraph. Since each UCB1 period after each epoch is of length 2, we have at most 2y M; rounds of
isolated UCB1. We analyse the second term in the bound first. By the standard analysis of the UCB1

algorithm [3], we have that the leader agent, i.e. agent 4, incurs O(K log T /A) regret. We therefore
have,

NGO (A | Do P =k ] | < |A@+(G7)|-Z((1+ﬂ;) AHM

Ay
=1 tgM, 1
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Now, we analyse the first term in the regret bound. By Theorem 8, we have that with probability at
least 1 — ¢ simultaneously for each induced subgraph corresponding to agent ¢ € Z,

i(Ak< 3 ]E[n;;(m)]» (9(% KTING (G |+Z1ogT <Kw((5G»y)1ogT)>.

k=1 meM; k>1

Summing over each leader agent, we have that with probability at least 1 — 4,

Zi(ﬁk< > E[n;;(m)])) 0(76 KTN + Y %50, g(ngG” 1ogT)>.

ie€T k=1 meM; E>1 Ak

Next, observe that for all 7, |[M;| < log(MT) by Lemma 9. Replacing this result in the UCB1 regret
for each leader, and summing over all + € Z, we have,

Rego:(T) = O (WG KTN+3 w(Gw)kfkT log (Kw(

k>1

Gg)logT) NAL+ Nlog(]ZylogT)) .
k

O

Lemma 9. For any leader i, let Li(m) denote the length of the m*" epoch of arm elimination. Then,
we have that L*(m) satisfies,

222N < Li(m) < K222

Furthermore, the number of arm elimination epochs for agent i satisfies M; < logy(T — 27).

Proof. The proof closely follows the proof of Lemma 2 in [15]. For any leader i, let k be the
optimal arm under 7*(m), therefore r (m) —r; (m) < 0 and therefore A} (m) = 27", and therefore

Li(m+1) > nf(m+1) = A(AL(m)) = > 2°™\. Next, observe that Aj (m) > 2~™ for each arm
k, and therefore ni (m + 1) < 22™), giving the upper bound.

For the second part, observe that 2%21 Li(m) < T—2yM; < T —2v, and that L*(m) > ‘i;r(;’\)l .

Summing over m € [M;] and taking the logarithm provides us with the result. O

Lemma 10. Denote £ to be the event for which,

Vm, i, k, |ri.(m) Mk|<275+ /\ > X{(t+d(i,§)) < 2nj(m)
teM;(m)
JENTF(G)

Then, we have that P(£) > 1 — 0.

Proof. Recall that at each step in the epoch, the leader agent picks an arm k with probability

"k(m)

pi(m) = Titmy» and let X J i (t) denote whether agent j picks arm k at time ¢. Let Cj_,;(t) =

7j4(t) — r;(t) denote the corruption in the transmitted reward from agent j when it reaches agent 4,
and M;(m) = [T;(m — 1) + 1,--- ,T;(m)] denote the L?(m) steps in the m'" epoch for the arm
elimination algorithm run by the leader :. We then have,

ri(m) = % > X[+, ) - (rit +d(i, 5)) + Ciilt + d(i, 5)))
nk(m) teM;(m)
JENT(G)

For simplicity, let
Aj(m) = > X[(t+d(i, ) r;(t+d(i, ), Bi(m) = Y X{(t4+d(i, §))-Cimi(t+d(i, 1))

teM;(m) teM;(m)
JENT(GY) JENF(G)
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We can bound the first summation by a multiplicative version of the Chernoff-Hoeffding bound [2] as
each r; is bounded within [0, 1] and X7, is a random variable in {0, 1} with mean p}, (m)L*(m)pu, <
ni (m). We obtain that with probability at least 1 — 3/2,
3log(3)

wim)

Aj(m)
i (m)

- Mg

To bound the second term, we must construct a filtration that ensures that the corruption is measurable.

For the set ;" (G.), consider an order o of the N agents, such that o[1] = 4, followed by the

agents at distance 1 from ¢, then the agents at distance 2, and so on until distance =, and next
IV (Gt

consider the ordering {7, }=_% of the rewards generated by all agents within M;(m) where 7,

is the reward obtained by agent j = (o(7) mod |N;"(G,)|) during the round Lmj +d(i, ),
_ " (3 al

and similarly consider an identical ordering of the pulled arms {XT}‘TJ\:[”’1 (@)1F " Now consider

+ ~
the filtration {F; thlfl\/L (@)l generated by the two stochastic processes of 7 and X. Clearly, the

corruption Cy,(jy,;(t) is deterministic conditioned on F; ;. Moreover, we have that the pulled arm
satisfies, for all 7 € [|N;"(G.)|t] that E[X,|F,_1] = pi(m). Furthermore, since the corruption
in each round is bounded and deterministic, we have that the sequence Z, = (X, — pi(m)) - C

(where éT is the corresponding ordering of corruptions) is a martingale difference sequence with
respect to {F,}T_,. Now, consider the slice of [|NV;" (G, )|t] that is present within B% (m), and let

the corresponding indices be given by the set M, (m). Using the fact that the observed rewards are
bounded, we have that,

S OEZIF < Y 1G] VEZ) <pim)- Y G <ACLim).
TE/\’;lli(m) TEMi(m) Teﬂqy(m)

We then have by Freedman’s inequality that with probability at least 1 — 8,

Bi(m) _ pi(m) > & 4 2CLm) +log4/B) | _, . [log(4/8)

n(m) = i (m) ni,(m) = 16ni,(m)

TEM;(m)
The last inequality follows from the fact that nf (m) > X > 161n(4/3). With the same probability,
we can derive a bound for the other tail. Now, observe that since each X ,‘C is a random variable with
mean p},, we have by the multiplicative Chernoff-Hoeffding bound that the probability that the sum
of L*(m) i.i.d. bernoulli trials with mean pi (m) is greater than 2pi (m) - L*(m) = 2ni (m) is at
most 2 exp(—nk(m)/3) < 2exp(—A/3) < 5.

To conclude the proof, we apply each of the above bounds with § = to each epoch and

5
2Ka(Gy)logT
arm. Observe that 3 > 4 exp (—+¢ ). Now, since log(4/3) = A/(32)? we have that,

i Aj(m—1) J . i 0
P Jrim) = pel 22y + == A >0 XL+ d(0,0)) 2 20i(m) | < G
teM;(m)
JENT(Gy)
The proof concludes by a union bound over all epochs, arms and agents in Z. O

Lemma 11. If the event £ (Lemma 10) occurs then for each i € T, m € M,
Al(m—1)

3 < Ti(m) — s < 2e.

—2ve —

Proof. Observe that 7% (m) > 7. (m) — 15 AL (m — 1). This fact coupled with the fact that & holds
provides the lower bound. The upper bound is obtained by observing that,

; Ai(m—1) Ai(m-—1)
r*(m)m?x{ul—i-}ye-&- 6 6

} < s + 2ve.
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Lemma 12. If the event £ (Lemma 10) occurs then for eachi € T, m € M,

7 Ak o n—m 3 —m
Ak(m)ZT—G'yenz::lfé —12 .

Proof. We first bound A% (m) < 2(Ag +27™ + 2ve- > | 8"~ ™) under £ by induction. Observe
that when m = 1 we have that trivially A% (1) <1 < 2-27!. Now, if the bound holds for epoch
m — 1 for any agent, we have by Lemma 11,

i i i ; Al(m—1
ri(m) = ri(m) = ri(m) — pu + pe — p + i — 73(m) < dye+ Ay + %

Replacing the induction hypothesis in the upper bound, we have,

m—1
. , 1
ri(m) —rip(m) < dye+ Ay + 3 (Ak +27m=D 4 9. Z S"m“)
n=1

<2(Ap 27" 4 29e- 8T,

n=1

Now, we bound the gaps as,

AL(m) > ri(m) — ri(m) > Aj — dye — (AZ*(m —1)  Aj(m-— 1)) |

8 16

The last inequality follows from Lemma 11 and the event £. Replacing the bound from induction we
obtain,

i Gye - n—m 3 —(m—1) Ay
Ak(m)>Ak_4'7€_<8n¥12 +§2 +?

Ay i 3
>=F 6 gn—m _ Cg-m
> 5 76; T

O

Theorem 8. The cumulative regret for all agents within each independent set corresponding to leader
i € T satisfy simultaneously, with probability at least 1 — 6,

M; K K
>3 AEln(m) = 0 (bg (E4E tou(r) ) o) (Z ;) +ye KT Nﬁ(&)l) .
m=1 k=1 k=1

Proof. We bound the regret in each epoch m € M, for each arm k # k* based on three cases.
Case 1. 0 < A, < 4/2™: We have that n}, (m) < A220"~1 since A% (m — 1) > 2™, and hence,

4\ 1

i < . . )

Case2. A, > 4/2™ and ye) " | 8"~™ < A, /64: We have by Lemma 12,

‘ A S 3 13 3\ A
AZ(m) Z Tk — GVEZS’U—TI’L _ ZQ—TU 2 Ak; (2 9 ) _ 7]@
n=1

32 8 32
Therefore, we have that ni (m) < NAQ#, and hence the regret is,
k
; 1024 1
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gnTm,

Case 3. Ay > 4/2™ and ye) " 8"~ ™ > A;/64: This implies that Ay, < 64ve-> "
Therefore,

n=1

AkE[n}C(m)] < 64Mve (Z 8n—m> . 92(m=1)

n=1

8m+1 22(m— 1)
7 ) ’ 23m

< 64\ e (

512
<?’7€ Ll( )

Here the last inequality follows from Lemma 9. Putting it together and summing over all epochs and
arms, we have with probability at least 1 — § simultaneously for each i € Z,

ZZAkEnk )] < 1024% 1o (8 (G, )log )log <ZA >+74'76.KT-|/\/’1.+(G7)|.

m=1 k=1

O

E Proof of Theorem 5

In this section we consider that each agent passes messages upto y-hop neighbors. Agents do not use
the messages received during last 4 number of time steps.

Lemma 13. Ler x(G,) is the clique number of graph G.,. Let n, = (8(527%) log T. Then we
k

have
N
> Eni(T)] < X(Gy)mk + (N = X(G4)) (F+v — 1) + 2N+ (134)
T—1
+ 3 Y [P () < pa — CLE)) + P () > e + CL(L)] (135)
=1 t=1

Proof. Let C,, be a non overlapping clique covering of G,. Note that for each suboptimal arm £ > 1
we have

N N T T
DB =33 PAi) =k)= > 3 > PA(t)=h). (136)

i=1 t=1 cee, iec t=1

Let 73, ¢ denote the maximum time step when the total number of times arm % has been played
by all the agents in clique C is at most ), + (|C| — 1)(¥ + v — 1) 4 |C| times. This can be stated
as 1, = max{t € [T] : > ;.o ny(t) < np + (IC] = 1)(¥ + v — 1) + [C|}. Then, we have that

me+ (1€ =D +7=1) < Cice i (Tre) e+ (€= 1(F+v 1) +[C|.
For each agent 7 € C let

t

Nyt =Y A =k} + ) Z > HA(r) = K} 1{(i,)) € Ep 1},

T=1 jFLjeECT=17"=1

denote the sum of the total number of times agent ¢ pulled arm % and the total number of observations
it received from agents in its clique about arm k until time ¢.

Note that for all i € C we have N (t) > ng, Vt > 75 c.

We analyse the expected number of times agents pull suboptimal arm % as follows,

YD D> HA) =k} (137)

cee, ieC t=1
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Tk,C

T
=Y N D A =k Y DY > H{A() =k} (138)

cee, ieC t=1 cece, ieC t>?2 c

<Yt -DE+y-D+2eh+ >N Z H{A(t+1) = K}L{N{ () > mi ).
cee, CeC, ieC t>T,c
(139)
Taking expectation we have

SO D PAi) =k) (140)

cee, ieC t=1

< 3 (et (Il - 1) 4y — 1) 2] + zzi At +1) = K Ni(1) > ).

cee, cec, ieC t>
(141)
= X(Gy)m+ (N =X(G)) A+ -1 +2N+ Y ZZ i(t+1) =k, Ni(t) > i)
cee, ieC t=1
(142)
The proof of Lemma 13 follows from Lemma 1 and (142). O]
Now we prove Theorem 5 as follows. Thus using Lemmas 4, 5 and 13 we obtain
logT _
Reg(T) < 8(6+ 1) VDA (N =xX(Gy) (F+7—1)+5N) > Ap (143)
k>1 k>1
N
+4) " (3log(3(di(Gy) + 1)) + (log (d:i(G) +1))) > Ay (144)
i=1 k>1

F Lower Bounds

Theorem 9 (Minimax Rate). For any multi-agent algorithm A, there exists a K —armed environment
over N agents with Ay, < 1 such that,

Rego (A, T) = c\/ KN(T + d(G)).

Furthermore, if A is an agnostic decentralized policy, there exists a K — armed environment over N
agents with Ay, < 1 for any connected graph G and ~y > 1 such that, for some absolute constant ¢

Rego (A, T) > ¢'\/a*(G,)KNT.

Where d(G) Zd (&) d—; - i denotes the average delay incurred by message-passing across the
network G, d—; = % >, ; H{d(i, j) = i} denotes the number of agent pairs that are at distance

exactly i, and o*(G.) = —L— is Turan’s lower bound [32] on o(G.,).

1+d

Proof. Our approach is an extension of the single-agent bandit lower bound [6]. Let A be a deter-
ministic (multi-agent) algorithm, and let the empirical distribution of arm pulls across all agents be
given by p(t) = (pi(t), ..., pl (t)), where py(t) = "fi(FT). Consider the random variable J; drawn
according to p*(t) and P; denote the law of .J; when drawn from arm k having parameter 1# (and
other arms with parameter %). We have,

Py (Ji =) =By ["f(T)} .

T
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Since on pulling any arm k&’ = k, we obtain regret £, we therefore have for the group regret,

ET: <N.rk(t) —ZTAi(t)>] :g.T.ZPk (Ji = k)

SY %

:5-T~Z 1—ZPk(Jt:

=% k' #k

By Pinsker’s inequality and averaging over all k € [K], we have for any i € V,

7ZP,€ Ji=k) —+—Z fKLPO,Pk)

We now bound the R.H.S. using the chain rule for KL—dlvergence. Since we assume that A is
deterministic, we have that the rewards obtained by the agent ¢ until time ¢ from its neighborhood
alone determine uniquely the empirical distribution of plays. Here, the analysis diverges from that of
the single-agent bandit as a richer set of observations is available to each agent. Denote the set of
rewards observed by agent 4 at instant 7 be given by O, (7). First, observe that since each reward is
i.i.d., we have for any k,

KL(Po(O1(7). Pr(Oi(r))) = [0()] - KL (1 —< 1+e)

2 72
For k = 0 the above divergence is 0. When we consider the standard single-agent setting, |O;(7)| = 1,

recovering the usual bound. Now, by the chain rule, we have that, at round ¢ for any agent ¢, and arm
k€ [K],

KL(Po(t), Pr(t)) = KL(Po(1 +Z|0 |KL( 571—;—5)

= KL (1 ;5, 1_2”) Eo | Y nf(t—d(i, )

JEV

Replacing this result in the earlier equation we have by the concavity of KL divergence:

ZPk (J; = k) E ?Z,LKLPO,P,C)

K
1 1 —e 1l+e¢ & .
<K (T ) B [T - a6
k=1 JjeEV
L (TN )0 (1o 14e
T K K 2 72 )

Now, observe that the KL divergence between Bernoulli bandits can be bounded as

(p—q)?
KL(p,q) < W0 g

Substituting we get,

@ @)
Il(ipk(Jf—k)<I1(+\/452(NT 2= =50 9)

1 _62)K

Replacing this in the regret and using € < 1/2, we get that,

$ (sontr 30

t=1 eV

Ex
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1 [4e2(NT = 2 i) - j)
ETZ 1\/ 0K

d*G) .
Ty ;%ww S5O ) -4)

‘ 3K
%

1/2

e-NT 4e2NT
= — T —d(i,g

Setting e = c - ff(c) —— where c is a constant to be tuned later, we have,
N(T*Z_jzl d=;-j)

T
¢ 4c? KN272
Ex E N -7y — E TAi(t),tﬂ > (—) : T
L—1 ( i€V 2 V3 N(T - Z?:(f) d=j - j)

d*(G)
>0.027, | KN(T+ > d_j - j).
j=1
This proves the first part of the theorem. Now, when the policies are decentralized and agnostic, the
chain rule step can be factored as follows.

KL(Po(t), Px(t)) = KL(Po(1 +Z|O |KL( 5,1;5>

l—¢ 1+¢ o

- KL( e )E S nh( - dGi.g)
jENS (G)
Note that here instead of taking the cumulative sum over all ¥V we select only those agents that
are within the y—neighborhood of ¢ in G, since conditioned on these observations the rewards of
the agents are independent of all other rewards (by Assumption), and hence the higher-order KL
divergence terms are 0. Replacing this in the analysis gives us the following decomposition (after
similar steps as the first part):

1/2
T
NTe 45 T
Eg Z(Nrk(t)ZTAq,(t)>] Z 5 - Z Z T —d(i, )
t=1 = i€V \ N (i)
1/2
NTe 4e2NY/2T .

2 V3K

US% ]/\/’;r(i)

Setting e = ¢ \/Ziev D ) where c is a constant to be tuned later, we have,

a N3T?
Ek |JZ_; <N . ’I"]g(t) - iGZV'I"Aq' (ﬂ)] = \/2761} ZJ€N+ T d(l ])

N3T
Yiev 1 +di(Gy)
3 /¢ 402
> 2 - *
Z 7 (2 \/§> a*(G,)NT

> 0.019,/a*(G,)NT.

The constants in both settings are obtained by optimizing ¢ over R. Extending this to random (instead
of deterministic) algorithms is straightforward via Fubini’s theorem, see Theorem 2.6 of Bubeck
[5]. O
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G Pseudo code

Algorithm 2: RCL-LF

Input: Arms k € [K], variance proxy upper bound o2, parameter &

Initialize: N/ (0) = i (0) = C}(0) = 0,Vk,i
for each iteration ¢t € [T] do

for each agenti € [N] do

/* Sampling phase

end

end

Yy

end

if t = 1 then

| A%+ RANDOMARM ([K])
end
else

| Al «+ argmax, i} (t — 1)+ Ci(t — 1)

end

/* Send messages
CREATE (m§ = <A§,r§7i,t>>
SEND (M} + Mi_, Um})

or each agent: € [N] do

/* Receive messages

for

end

each neighbor j € NV;(G.,) do

/* Discard messages with probability 1 — p;

for each message m € M do

with probability p;, M} < M;Um
with probability 1 — p;, My < My

end

/* Update estimates

for

end

each arm k € [K] do
CALCULATE (N (t), 11y (t), Ci(1))

*/

*/

*/

*/

*/
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