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Abstract

Distributed stochastic optimization intertwines
(1) stochastic gradient noise, (ii) communication
compression, and (iii) adaptive/normalized up-
dates. While each factor has been studied in iso-
lation, their joint effect under realistic assump-
tions remains poorly understood. In this work, we
develop a unified theoretical framework for Dis-
tributed Compressed SGD (DCSGD) and its sign
variant Distributed SignSGD (DSignSGD) under
the recently introduced (Lg, L1 )-smoothness con-
dition. From a conceptual perspective, we show
that the first- and second-order modified equa-
tions from the literature do not accurately model
the discrete-time stepsize/stability restrictions,
especially under (Lg, L1)-smoothness. From
a technical perspective, we propose new first-
order SDEs by carefully incorporating curvature-
dependent terms into their drift: This helps cap-
ture the fine-grained relationship between learn-
ing rate restrictions, gradient noise, compression,
and the geometry of the loss landscape. Impor-
tantly, we do so under general gradient noise
assumptions, including heavy-tailed and affine-
variance regimes, which extend beyond the classi-
cal bounded-variance setting. Our results suggest
that normalizing the updates of DCSGD emerges
as a natural condition for stability, with the de-
gree of normalization precisely determined by
the gradient noise structure, the landscape’s reg-
ularity, and the compression rate. In contrast,
DSignSGD converges even under heavy-tailed
noise with standard learning rate schedules. To-
gether, these findings offer both new theoretical
insights and perspectives, and practical guidance.
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1. Introduction

Distributed stochastic gradient methods are the workhorse
of modern large-scale learning. In practice, their behavior
is shaped by three effects that interact nontrivially:

1. Batch noise. Stochastic gradient methods rely on mini-
batches to reduce computational cost, but this introduces
uncertainty in the gradient estimates. In practice, this
noise may not only be non-vanishing but can exhibit
complex, heavy-tailed behavior (Simsekli et al., 2019).
Such noise has a profound impact on convergence rates,
stability, and generalization, especially in nonconvex
landscapes.

2. Communication compression. In distributed systems,
communicating full-precision gradients is often pro-
hibitively expensive. To alleviate this, gradient com-
pression techniques such as sparsification, quantization,
and sign-based schemes are commonly used. While
these methods reduce communication overhead, they al-
ter the optimization dynamics by introducing bias and
additional variance (Alistarh et al., 2017). Understanding
the trade-off between efficiency and convergence guar-
antees under compression remains a central question.

3. Adaptivity. Many successful optimizers in deep learn-
ing, such as Adam, AdaGrad, or SignSGD, incorporate
some form of normalization or adaptivity in their update
rules. Adaptivity has been empirically shown to mitigate
the detrimental effects of noise and ill-conditioning (Sa-
faryan & Richtdrik, 2021; Staib et al., 2019), yet a rigor-
ous understanding of why adaptivity helps in distributed
and noisy scenarios is still incomplete. In particular, the
interaction between adaptivity and the statistical proper-
ties of the gradient noise is far from fully understood.

Despite substantial work studying each component sepa-
rately, their joint interplay remains underexplored, espe-
cially under realistic assumptions on the loss landscape.
Most theoretical results rely on L-smoothness, i.e., the as-
sumption that the gradient of the objective function is glob-
ally Lipschitz continuous (Bubeck, 2015). While this simpli-
fies analysis, it fails to capture the complexities of practical
problems, including those encountered in nonconvex opti-
mization for DL. In contrast, (Lo, L1)-smoothness allows
the norm of the Hessian of the loss to grow at most affinely
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with its gradient norm: This relaxes the aforementioned reg-
ularity condition (Zhang et al., 2020b) and is a much more
realistic alternative. Similarly, while most of the literature
relies on the assumption that the gradient noise is bounded or
has bounded variance, more realistic models, such as affine
variance and heavy-tailed noise, are increasingly adopted in
recent works.

In this paper, SDEs are models of discrete optimizers: they
are not intended to reproduce the iterate-by-iterate trajec-
tory, but rather to capture selected properties of the dy-
namics. Since there is no “universally correct” SDE, we
focus on one key property, the learning-rate restrictions that
ensure stability for distributed stochastic optimizers under
(Lo, L1)-smoothness, when there may exist no single con-
stant stepsize that is stable uniformly over all initializations.

On the limitations of classic models from the literature.
Following the standard approach, we first considered first-
order SDEs, which are naturally well-suited to handle a
broad range of noise models, e.g., Gaussian, affine, or even
heavy-tailed, and historically led to new conceptual (Su
et al., 2014) and practical (Jastrzebski et al., 2018) insights.
However, these models can be misleading: As we prove
in Sec. 4.1, they do not prescribe any learning rate con-
straints and incorrectly suggest that constant-stepsize SGD
converges unconditionally. A natural next step is to move to
the second-order model from the literature (Li et al., 2017).
As we show in Sec. 4.2, this is even more problematic: it
additionally predicts accelerated convergence at large step-
sizes, where SGD, in fact, diverges. Beyond this, neither
of these models captures the more subtle mechanisms that
arise under (Lo, L1 )-smoothness, where no universal step-
size can guarantee stability uniformly across initializations.

QOur approach: stability-corrected SDEs. To address this,
we derive stability-faithful SDE models by modifying the
drift to carefully include curvature-dependent information.
The resulting models are first-order weak approximations
which correctly encode the stability thresholds and align
closely with the dynamics of their respective optimizers.

We develop a comprehensive analysis of DCSGD and
DSignSGD under (Lg, L1)-smoothness with flexible gra-
dient noise assumptions encompassing affine variance and
heavy-tailed noise. In settings already examined in the lit-
erature, such as (Lg, L1 )-smoothness with affine variance,’
our results are consistent with established findings. In pre-
viously unexplored regimes, where (L, L1)-smoothness,
affine variance, heavy-tailed noise, and gradient compres-
sion are brought together under a unified framework, our
analysis provides novel insights that advance the understand-
ing of the interaction of these factors.

'This setting is studied for Normalized SGD and AdaGrad

(Faw et al., 2023; Wang et al., 2023; Chen et al., 2023), and not
for DCSGD or DSignSGD.

Contributions.

1. Conceptual: Limitations of models from the litera-
ture. We identify concrete ways in which classical first-
and second-order SDE models can fail to capture the
correct discrete-time stepsize/stability behavior;

2. Technical: Stability-faithful continuous-time models
under (L, L,)-smoothness. We formally derive first-
order SDE models that correctly capture the learning rate
restrictions and stability thresholds also under (Lo, L1)-
smoothness, which cannot be done by classic SDEs;

3. Technical: Unified SDE analysis of compression and
nonstandard noise. We prove convergence bounds for
the models of DCSGD and DSignSGD under (Lg, L1 )-
smoothness and batch noise assumptions more general
than those commonly used in the literature, namely,
affine-variance noise for DCSGD and heavy-tailed noise
for DSignSGD;

4. Practical: Normalization strength for DCSGD. We
demonstrate that the degree of normalization required
for DCSGD to converge is precisely determined by the
interplay between the compression rate, the structure of
gradient noise, and the smoothness constants of the loss;

5. Practical: Robustness of DSignSGD under heavy tails.
We show that an adaptive method such as DSignSGD
converges even under heavy-tailed noise with standard
assumptions on the learning rate scheduler.

2. Related work

SDE Approximations in Optimization. Continuous-
time models in the form of differential equations are a
well-established tool to study discrete-time optimizers,
e.g. (Helmke & Moore, 1994; Kushner & Yin, 2003). It
was (Li et al., 2017) that first introduced a rigorous the-
oretical framework to derive SDEs that faithfully model
the stochastic behavior intrinsic to optimization algorithms
widely employed in machine learning. Since then, such
SDE-based formulations have been applied across several
domains, including stochastic optimal control for tuning
stepsizes (Li et al., 2017; 2019) and batch sizes (Zhao et al.,
2022). Notably, SDEs have been instrumental in analyz-
ing convergence bounds and stationary distributions (Com-
pagnoni et al., 2023; 2024; 2025b), scaling laws (Jastrzebski
et al., 2018; Compagnoni et al., 2025b;a), implicit regular-
ization effects (Smith et al., 2021; Compagnoni et al., 2023),
and implicit preconditioning (Xiao et al., 2025).

Why continuous-time models are useful. As mentioned
above, continuous-time modeling via ODEs/SDE:s is a clas-
sical tool in optimization and has seen significant growth
in recent years (Li et al., 2017): The main advantage is
getting access to sophisticated tools such as It calculus,
which turns SDEs for the iterates into SDEs for the loss,
enabling Lyapunov-style stability arguments to derive con-
vergence bounds. To the best of our knowledge, no prior
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Table 1. Comparison of existing convergence results for stochastic methods applied to (Lo, L1)-smooth problems. All results are derived
for non-convex problems, and the bounds are given in expectation unless stated otherwise. All works assume bounded noise or bounded
variance unless stated otherwise. Abbreviations: “HT” = heavy-tailed noise, “Affine var.” = affine variance.
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work has used SDEs to analyze optimizers under (Lo, L1)-
smoothness. This represents a significant gap, as this as-
sumption has emerged as an alternative to L-smoothness to
model nonconvex landscapes.

A note on modeling. Before proceeding, we clarify what we
mean by model: It is a deliberately simplified mathematical
surrogate tailored to a specific question; it is not expected
to be universally accurate, but rather predictive within the
regime relevant to that question. An example comes from
physics: General Relativity describes macroscopic gravity,
but it is not a quantum theory. In contrast, quantum mechan-
ics excels in the microscopic regime, yet does not describe
spacetime geometry. Both are valuable, and their limitations
outside their domains are a reminder that the “right” model
depends on the phenomenon of interest.

(Lo, L1)-smoothness, normalization, and compression.
The (Lo, L1)-smoothness condition (Zhang et al., 2020b)
relaxes global L-smoothness and has motivated analyses
of first-order methods beyond bounded-variance settings,
e.g., for Normalized SGD/AdaGrad/Adam/SignSGD vari-
ants (Chen et al., 2023; Faw et al., 2023; Wang et al., 2023;
Li et al., 2023b; Crawshaw et al., 2022). For compressed
communication under relaxed smoothness, Khirirat et al.
(2024) provides a representative analysis, but existing re-
sults do not offer a unified treatment that simultaneously
captures compression together with affine-variance growth

and heavy-tailed regimes under (Lg, L )-smoothness. Ta-
ble 1 summarizes the closest guarantees and clarifies our
positioning. Finally, we refer the interested reader to Ap-
pendix A for an extended discussion on the related works.

Positioning. We identify a modeling gap relevant to step-
size stability: classic first- and second-order modified equa-
tions can contradict discrete-time stability behavior, espe-
cially under (Lg, L1)-smoothness. We address this by de-
riving stability-corrected first-order SDEs and using them to
provide, to the best of our knowledge, the first unified SDE-
based analysis that is both stability-faithful under (L, L1 )-
smoothness and suited to analyze the joint effect of dis-
tributed compression with general noise regimes, including
affine-variance growth and heavy tails.

3. Preliminaries

Distributed Setup. Let us consider the problem of mini-
mizing an objective function expressed as an average of N

functions: min,cpa | f(z) = 4 Zjvzl fi (z)}, where each

fi: R? — R is lower bounded and twice continuously dif-
ferentiable, and represents the loss over the local data of the
i-th client. In our stochastic setup, each client only has ac-
cess to gradient estimates: let n; be the number of datapoints
accessible to client ¢; at a given x € R4, client i estimates
V f(x) using a batch of data v; C {1,...,n;}, sampled
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uniformly with replacement and uncorrelated from the pre-
viously sampled batches. Under homogeneous data/client
assumption, V f; -, () can be modeled as a perturbation of
the global gradient: V f; ., (z) = Vf(z) + Z;(z)*. Finally,
So = f(Xo) = f(X).

Noise assumptions. We assume the sampling process and
client configurations are such that, for all z € R and each
client pair (7, j) with ¢ # j, Z;(x) is independent of Z; ().
Regarding the noise structure, we always assume that at
each x € R?, Z;(z) is absolutely continuous and has a
coordinate-wise symmetric distribution. For context, we
highlight that numerous works in the literature assume a
much more restrictive assumption, e.g. that Z;(x) are Gaus-
sian (Ahn et al., 2012; Chen et al., 2014; Mandt et al., 2016;
2017; Zhu et al., 2019; Wu et al., 2020; Xie et al., 2021),
and (Li et al., 2017; Mertikopoulos & Staudigl, 2018; Ragin-
sky & Bouvrie, 2012; Zhu et al., 2019; Mandt et al., 2016;
Ahn et al., 2012; Jastrzebski et al., 2018) even assume the
covariance matrix of the batch noise to be constant: we
refer the reader to (Jastrzebski et al., 2018) for the intu-
ition behind this modeling choices. If Z;(z) € L'(R?),
we assume E[Z;(z)] = 0; if Z;(z) € L*(R?), we denote
Yi(x) := Cov(Z;(x)).

Next, we define our two structural assumptions. The first
one strictly concerns the global landscape; the second con-
cerns how global landscape features affect the noise distri-
bution of each client.

Definition 3.1. fis (Lo, L1)-smooth (Lo, L1 > 0) if, Vz €
R [[V2f(2)||, < Lo + La[[V f (@)

Definition 3.2 (Extension of the assumptions from (Schmidt
& Le Roux, 2013)). The gradient noise for client ¢ has affine
(03 4, 0% ;)-variance if [|2;(z)]loc < 0, + 0f |V f(2)[3.

If 01 ; = 0, the noise has bounded variance.

Finally, we define which compressors we use to reduce the
communication costs of gradients.

Definition 3.3. An unbiased compressor is a stochastic
map C¢ : R? — R? such that (a) E¢ [C¢(z)] = 2 and (b)
Ee [||Ce(2) — #||3] < wl|z||3 for a compression rate w > 0.

SDE approximations. The following definition presents
the most commonly used notion that formalizes how an
SDE can be a “reliable surrogate” to model an optimizer. It
is drawn from the field of numerical analysis of SDEs (see
(Milshtein, 1986)), and it quantifies the disparity between
the discrete and the continuous processes.

Definition 3.4. A continuous-time stochastic process
(Xt)te[o,1) is an a-order weak approximation of a discrete

stochastic process (z) ,Ei/onj if for every polynomial growth

function g, there exists a positive constant C, independent

2Qur SDE framework can in principle be extended to heteroge-
neous objectives.

of 7, such that max;—q .. |7/y] [Eg (v1) — Eg (Xiy)| <
Cn®. We will often refer to 1-order and 2-order weak ap-
proximations as first- and second-order SDEs.

Scope of SDE guarantees and results. As is standard in
the literature using SDEs for optimization, e.g., (Li et al.,
2017;2019; Luo et al., 2024; Orvieto & Lucchi, 2019b), the-
oretical guarantees are stated for the continuous-time models
rather than for the discrete optimizers. The link to the un-
derlying algorithm is provided by weak-approximation (or
shadowing) results, which quantify how closely the statis-
tics of the discrete iterates and of the SDE match over finite
horizons, with an error controlled by the stepsize (cf. Def.
3.4). In addition, several recent works empirically vali-
date that such SDEs do track the respective optimizers on
modern DNNs and datasets, supporting their use as models
(Compagnoni et al., 2025a;b; Marshall et al., 2025).

Example: classical vs. new SDEs for SGD. Thm 1
of (Li et al., 2017) originally formally derived the first-
and second-order SDEs for single-node SGD with step-
size 7. As we denote the covariance batch noise with
S(e) = LY (Vi) — Vi) (V) — Vi),

the first-order one reads

dX, = =V f(X;)dt + /ivVEX)dWs, (1)

while the 2nd-order SDE adds a curvature term to the drift,

dX, = fo(Xt)dtfgsz(X,,)Vf(Xt)dt+\/?7\/E(Xt)th.

)

In this work, we show that both Eq. 1 and Eq. 2 miss

discrete-time stepsize stability restrictions, especially under

(Lo, L1)-smoothness. We therefore introduce a new first-
order SDE obtained by modifying the drift term:

dX; = =V f(X;)dt dt-+/ny/ (Xt ) dWs.
3)

Theorem C.5 formally proves that Eq. 3 is a first-order

weak approximation for SGD in the sense of Def. 3.4, so

the modification is not merely heuristic.

Algorithms and their SDEs. For a constant stepsize 7
and scheduler 7, we study DCSGD defined as

N
Trp1 =2k — BED Ce, (Vfin (21)), 4
=1

with unbiased compressors C¢, with SDE models in Eq. 98—
117 and DSignSGD defined as

N
Trpr = zp — B " sign(Vfi 4, (2r)), (&)
i=1

with SDEs in Eq. 137-145.
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Figure 1. Sanity checks for our stability prescriptions on a noisy,
compressed MLP training. Left (DCSGD + unbiased sparsifica-
tion). We train an MLP with V=8 clients, inject additive Gaussian
gradient noise with affine variance Z; ~ N(0,0?||g:||31), and
then apply unbiased random sparsification at compression levels
w (larger w means more aggressive sparsification). Without any
scheduler/normalization, DCSGD becomes unstable and the di-
vergence worsens as w increases (top-left). Using the adaptive
normalization suggested by Thm. 4.2 (Eq. 15) stabilizes training
and yields convergence for all w (bottom-left); We also report a
baseline that applies plain Normalized SGD under the same noise
and compression, which exhibits a (here less stable) profile. Right
(DSignSGD under heavy tails). We inject Student’s ¢ gradient
noise with v=1 for different scale values o. With a constant step-
size, DSignSGD remains stable but does not converge (top-right),
whereas the diminishing schedule prescribed by Thm. 4.3 (here
me = 1/Vk + 1) yields convergence across noise scales (bottom-
right). See Appendix E for full implementation details.

4. Theoretical Results

Step-size convention. Recall that, in the continuous-time
setup, the dynamics of the iterates is modeled by a stochastic
process X solution to an SDE model. To separate adaptiv-
ity from scheduling, we parameterize the stepsize as 11,
where 7 > 0 is a base scale and (7;);>¢ is a deterministic
scheduler. We assume the standard Robbins-Monro condi-
tions: defining ¢! := fot (ns)ids, we require ¢} — oo and
#?/pr — 0ast — oo. A typical choiceis n, = (1 +1t)~¢
for a € (0,1) (the boundary cases a € {1,1} are also
admissible with minor modifications).

Overview Our insights concern the conditions on the
learning rate nn; for convergence, where 7); is a predeter-
mined scheduler. We aim to determine how factors such as
compression, noise structure, and adaptivity influence the
level of normalization required to guarantee convergence.
First, we show how first- and second-order continuous-time
models from the literature lead to misleading conclusions,
as they fail to capture the stability thresholds of the learning
rate of GD. Then, we justify the derivation of new models
that capture this aspect of the dynamics. Finally, we present
Thm. 4.2 and Thm. 4.3, which are derived under these new
formulations and empirically validated in Fig. 1.

4.1. On the Failure of Classic First-Order SDE Models

Consistent with the literature, we start our analysis and
derive a convergence bound for DCSGD from its first-order
SDE: On the one hand, this result is very insightful and
certainly captures important aspects of the dynamics. On
the other hand, we quickly figure out its limitations as it fails
to capture the fact that Gradient Descent on an L-smooth
loss only converges if 71 < %

Theorem 4.1. (DCSGD, unbiased compression, affine
variance) Let f be (Lo, L1)-smooth, and each client

1 N 2
~ > i1 00,
2

— 15NV 2 2 . 15N 2 2 .
O = N 2i=1 010 O0W = ¥ 2= OigWi» and ojw =

2 2\ 2 .
has (0§ ;,01 ;)-variance. Define of =

~ Zfil 07 w;. For e € (0,1), assume ), is smaller than

2e

GtdeZote?) | Lid(o3+agw)

(Lo + LiE[IV£(X2)[2]) N + N

- (6)

Then, for a random time t (indep. of X) with distribution
%, we have that E [||V f(X;)||3] is smaller than

S Lo@+dete+of) + Lid(of +ofw)

2
TR ON(1— 99! 0

Takeaways. This result highlights the role of the regularity
of the loss landscape and its interaction with both gradient
noise and compression. Eq. 6 makes explicit how stability
tightens as the system becomes noisier, higher-dimensional,
and more aggressively compressed. A way to read it is:
1) More clients help: increasing N relaxes the constraint
by countering noise and compression effects; i) Dimen-
sion hurts: larger d tightens the condition, especially under
affine variance (a% > 0); 4i4) Compression hurts: @ > 0
behaves as an additional distortion term and tightens the
stability region; iv) (Lo, L1) matters: the constraint cou-
ples L, with noise and compression; when L; > 0, stabil-
ity becomes more sensitive to the local geometry through
E|V £(X0)]l2-

At the same time, the bound reveals the core modeling
limitation: in the noiseless, uncompressed, L-smooth case
(00, = 01,; = w; = L1 = 0), the denominator in Eq. 6
vanishes and the condition does not restrict 7y, contradict-
ing the basic discrete-time requirement nr; < 2/Lg for
GD/SGD stability (Ahn et al., 2022). This motivates going
beyond classical first-order surrogates.

Similarly, in Theorem D.9, we leverage the first-order
SDE of DSignSGD to derive the convergence bound of
DSignSGD. While it recovers the results from (Compagnoni
et al., 2025a) when L = o1 = 0, it also predicts no restric-
tions on the learning rate in the noiseless scenario.
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Finally, we highlight that this bound is not implementable
in practice, as constants such as Lo, L1, 0¢, 01,4, and
even E[||Vf(X})||2] are not known a priori. While this
might look like a limitation, this is common in the literature
(Gorbunov et al., 2025): As with classical < 2/L-type
conditions, only identify stability regions and show how
different factors driving the dynamics influence it.

4.2. Second-Order Models Fail: We Need New Models

For didactic reasons, we now showcase a clear example of
how first- and second-order models for GD fail at capturing
its learning-rate restrictions. To keep the discussion trans-
parent, we use the noiseless single-node case; Similar issues
arise in the stochastic case and motivate our new SDE: We
formalize this in Sec. C and Thm. C.5.

A quadratic sanity check. Consider f(z) = 22 with
A > 0in one dimension. Discrete GD with constant stepsize
7 satisfies zp11 = (1 — n\)xg: itis stable iff n < 2/A.

The first-order ODE dX; = —V f(X})dt = —AX,dt yields
F(X:) = f(Xo)e™ 2, ie., convergence for all n: it does
not even “see” 17. One might expect that moving from the
first-order to the second-order ODE might fix the issue.
Surprisingly, this is not the case. The classical second-order
ODE from the literature,

dX; = —Vf(X,)dt — gv2f(xt>Vf<Xt)dt, @)

implies f(X;) = f(Xo)e 22(HA/2)t: it again predicts
unconditional convergence and even suggests that larger
accelerates convergence, where instead GD would diverge
if the learning rate were large enough.

A quartic sanity check: no universal stepsize under
(Lo, L1)-smoothness. The quadratic example above high-
lights that classical ODE/SDE surrogates can miss the
global L-smooth stepsize restriction. Under (Lo, L1)-
smoothness, an even sharper pathology occurs: there may
be no single constant stepsize that guarantees stability uni-
formly over initializations. A minimal example is the one-
dimensional quartic f(x) = %j, which is not L-smooth. In
this case, a GD step with constant stepsize n reads

Tpi1 =z — NV f(2k) = 71 — 3} = 28 (1 — M77).

Hence, one needs < 2/ xi to prevent instantaneous ex-
pansion, meaning that stability depends on the current scale
of the iterate. In particular, there is no universal constant
n > 0 that stabilizes GD for all initialization: for any 7,
choosing |zg| > 1/2/n makes GD expand at the first step.

The first-order ODE is dX; = — X dt, which yields an ex-
plicit globally convergent trajectory X; = (X2 + 2t)~1/2

and thus predicts convergence independently of 7. The clas-
sical second-order ODE, d.X; = — X} dt — %X? dt, makes
the loss decrease even faster as n grows (the additional term
is purely damping), again contradicting the discrete-time
instability for large initialization.

Takeaway: The modeling failure of classic ODE models
is twofold: i) Failure to restrict the learning rate to ensure
stability; ii) Failure to reproduce divergence at large learning
rates. While the first is non-contestable, the second might
feel a bit stretched, as ODEs are more reliable when the
learning rate is small, and one could argue we pushed the
use of ODEs outside of their “validity region”. However,
our analysis of the quartic function shows that even for
an infinitesimally small learning rate, both the ODEs of
GD predict convergence independently of the learning rate,
while GD actually has a restriction on the learning rate
depending on the initialization. Therefore, neither first- nor
second-order ODEs of GD correctly model the dynamics
of GD on (Lg, L1)-smooth functions even at infinitesimally
small learning rates: More details in Sec. C.3.2.

Comparison With Discrete-Time Analysis Here, we
take a step back and closely compare the dynamics of the
loss function in discrete-time with that in continuous time
as prescribed by the ODEs of GD. Using a second-order
Taylor expansion around zj, along the GD step gives

e I _ o seop+onm  ®

+ 2V fak) TV f(zr) V (k).
However, the first-order ODE of GD implies that

df (Xy) = =V f(Xy)||5dt. )

We notice that this continuous-time loss drift is completely
missing the O(7) correction highlighted in purple color in
Eq. 8. The natural step is to use the 2nd-order ODE, which
implies that

df (Xe) = | VF(Xo)ll3dt (10)
— IV (X)) V2 F(X)V F(Xy)dt.

While this ODE of the loss does incorporate some second-
order information highlighted in purple color, we notice that
its sign is flipped with respect to the discrete-time loss drift
in Eq. 8. This flipped sign is exactly the factor responsible
for the failures of this second-order ODE.
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Table 2. Comparison of the learning rate constraints on 77
derived from classic SDEs vs. our SDEs. Each row corre-
sponds to the theorem pairs: DCSGD (Thm. 4.1 vs. Thm. 4.2)

and DSignSGD (Thm. D.9 vs. Thm. 4.3). Below, G =
(Lo + LiE[[[V £ (X2)][2])-
Setting Constraint (Classic vs. Ours)

Classic: — 726 —

Gw+d(ofw+af) le(0§+ff§w)

DCSGD N 2

Ours: (oD L d(7+7)

G ( + w+d((r]1vw+a'1)> + 1 UN 0

Classic: K—" st. K = Lidow
DSignSGD K 2N

OurS°£—" s.t K—MJr

KT 2N

Deriving a New Model: An Ansatz Approach. Therefore,
we understand that choosing the right model for the iterates
is critical to capture the aspects of the dynamics under anal-
ysis. Inspired by a classic approach in physics, we propose
an ansatz for an ODE of the iterates of GD and seek one that
models the loss dynamics more closely, which is exactly the
information needed to recover the correct stepsize stability
threshold. For o € R, we propose:

dX; = =V f(Xp)dt + anV? f(X)Vf(Xy)dt, (1)
which implies that the loss dynamics is driven by

df (X;) = ||V f(X3)l|3dt (12)

+anV f(X) TV (X)) V F(X,)dt.
Matching the induced loss drift with the discrete-time gen-
erator expansion in Eq. 8 (i.e., comparing % f(Xy) with

M up to O(n)) suggests choosing o = %, which
is the unique choice within the ansatz family that recovers
the exact quadratic stability threshold. Therefore, we obtain

dX, = ~Vf(Xp)dt+ IV (X)VF(X)dt,  (13)

is our candidate ODE for GD: We formalize this in Sec-
tion C, and Theorem C.5 extends this formalization to the
stochastic setting. Importantly, in the quadratic case stud-
ied above, it implies that

A7
F(X,) = f(Xo)e’”(l’ﬂt, (14)

which, consistently with GD, converges only if n < % In
the quartic case, this ODE implies that

af(x) = (~XP+ P X7 a,

which matches the discrete-time loss expansion

f(xrs1) — fok)

; = —x% + %nxi + 0(7]2).

Crucially, this model predicts that for sufficiently large | X, |
(roughly when nX? > 1), the drift becomes repulsive and
the loss can increase, mirroring the fact that on (Lo, L1)-
smooth landscapes admissible stepsizes must shrink with
the local gradient scale, rather than being globally constant
or deterministic.

Conclusion: This analysis suggests that a higher order of a
continuous-time model does not necessarily translate into it
better modeling the discrete-time dynamics, not even in the
simplest cases, and even less in the (L, L1 )-smoothness set-
ting. In particular, we find that appropriate first-order SDEs
are more faithful than both the classic first- and second-
order models when it comes to accurately capturing the
stability of the optimizers.

4.3. Results Derived via Our SDEs

In this subsection, we report the convergence bounds for
newly derived models of DCSGD and DSignSGD. Com-
pared to standard first- and second-order models, our models
reveal the interaction between learning rate schedules, loss
landscape, batch noise, and compression in a way that is
consistent with the discrete dynamics of known cases in
the literature. Before presenting these results, Table 2 sum-
marizes how the constraint on 77, changes when moving
from leveraging the classic SDEs to ours. The

indicates terms that only appear due to the use of our SDEs.

Theorem 4.2. (DCSGD, unbiased compression, affine
variance) Let [ be (Lo, L1)-smooth, and each client

2 2 ; 2 . 1yN 2
have (o§ ;, 01 ;)-variance. Define o5 = > .;_1 05,
2. 1N 2 2. 1N 2 2., —
o7 = ¥ dYoict 014 OpW = doict o; gwi, and ojw =

+ Zf\;l 07 w;. For e € (0,1), assume n, is smaller than

2e

Laa(rgrege)

Ttd(c2wto2
(Lo+L1E[HVf(Xt)Hz])( | Trdiefer ”)+ .

(15)
Then, for a random time t (indep. of X;) with distribution
%, we have that E [||V f(X;)||3] is smaller than

2 2
= 716)(;5% (So 4 gpot Ll;‘]i\gao + UM) "28°0. (16)
Takeaways. The key qualitative difference from Thm. 4.1
is the baseline term 1 inside the stability constraint (Eq. 15),
which restores the correct noiseless L-smooth restriction:
setting 0; = 01, = w; = L1 = 0 yields nn, < 2/Ly.
More broadly: i) The constraint quantifies how compres-
sion and affine variance amplify the effective “adaptiv-
ity pressure”: the more aggressive the compression (larger
w) and/or the stronger the variance growth (0%), the more
the stepsize must be normalized. i) Under (Lo, L;)-
smoothness, stability is inherently geometry dependent
(through E||V f(X;)||2), reflecting that there may be no
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universal constant stepsize guaranteeing stability uniformly
over the trajectory. ¢ii) Although Eq. 15 is a sufficient condi-
tion rather than a closed-form tuning rule, it plays the same
conceptual role as the classical 7 < 2/L condition: it delin-
eates a stability region and reveals how the right amount of
normalization necessary to ensure convergence is dictated
jointly by the compression rate, the variance structure of the
noise, and the geometry of the landscape. In this sense, this
result offers practitioners concrete guidance on when and
how to stabilize DCSGD in challenging regimes. iv) The
insights derived are in accordance with some known in the
literature: 1. In the noiseless setup o9 = o1 = 0, normal-
izing the update step naturally emerges as a condition for
convergence, in accordance with (Gorbunov et al., 2025);
2. When Li0? > 0, stronger adaptivity is required, in line
with insights derived from analyses of Adagrad (Wang et al.,
2023) and NSGD (Chen et al., 2023). iv) Novelty. To the
best of our knowledge, Eq. 15 is the first stability region
that simultaneously captures (Lg, L1)-geometry, unbiased
gradient compression, and affine-variance noise growth for
DCSGD; Additionally, existing (Lo, L1) results typically
treat either affine-variance without compression or compres-
sion under more restrictive noise assumptions (cf. Table 1).

DSignSGD, structured noise, unbounded expected value.
To provide informative results for the convergence of
DSignSGD under heavy-tailed batch noise, we addition-
ally assume structured noise following a student-¢ distri-
bution: Vf,,(z) = Vf(z) +VZiZi st. Z; ~ £,(0,14),
v are the degrees of freedom, and scale matrices® ¥; =
diag(o7 ;, -+ ,04,). Note that if v = 1, the expected value
of Z; is unbounded, thus modeling much more pathological
noise than simple affine (03, o7 )-variance.

Theorem 4.3. Let [ be (Lo, L1)-smooth, %; < 05,
on1 be the harmonic mean of {Omqi}, and K =

(th;}fvn‘l + ) Then, fO}” e < % and

nely —ninK

random time t (indep. of X;) with distribution A=K

we have that E |||V f (X;)|3] is smaller than

d M”\/gH 17

OH,1

oLl — 2K So + ¢¢n(Lo + L1)
v t

ﬁ + OH,1

and converges to 0 as t — oo.

Takeaways. Heavier tails (smaller ) and larger noise scales
(larger ommax,;) tighten the admissible stepsize through K.
The crucial difference from the first-order SDE analysis
(Theorem D.9) is the appearance of an additional baseline
term: Even when oy,,x,; = 0, the bound still enforces a
nontrivial restriction 77, < 1/v/d(Lo+ L1). Finally, unlike
DCSGD (see Eq. 15), DSignSGD does not require the step-
size to scale inversely with ||V f||: The sign update already

3These are not covariance matrices, but we use the same nota-
tion to facilitate comparability.

induces an implicit normalization, which is consistent with
the stability behavior in Fig. 1.

5. Conclusion

Conceptual contribution: stability-faithful continuous-
time models. We developed continuous-time models
for distributed stochastic optimizers under (Lg, L1)-
smoothness that are explicitly stability-faithful. A key con-
ceptual finding is that, in this regime, standard SDEs used in
the literature can be qualitatively misleading: both the first-
and second-order SDEs may fail to reproduce discrete-time
stepsize/stability restrictions, and can even predict benign
or accelerated behavior where the underlying algorithm is
unstable. Our viewpoint is to prioritize stability fidelity,
by modifying the curvature-dependent drift so that the dy-
namics of our novel models recover the correct stability
thresholds.

Technical contribution: new SDE surrogates and conver-
gence guarantees beyond classical assumptions. Techni-
cally, this paper provides (to the best of our knowledge) the
first SDE-based treatment of stochastic optimization under
(Lo, L1)-smoothness. Using our stability-corrected SDEs,
we derive bounds under unbiased compression and general
noise models that go beyond bounded variance, including
affine-variance growth and heavy-tailed regimes. The result-
ing stepsize/stability prescriptions make the dependence on
geometry, compression strength, dimension, and the noise
structure explicit, clarifying precisely which mechanisms
shrink the stable region and why classical models can miss
this interaction under (Lg, L1 )-smoothness.

Practical implications and outlook. From a practical
standpoint, our analysis yields a concrete stability message:
for DCSGD, noise- and compression-dependent normaliza-
tion emerges as the natural mechanism to remain stable,
and our novel results quantify how the appropriate normal-
ization level is jointly determined by the compression rate,
the noise-growth parameters, and (Lo, L1 )-geometry. In
contrast, DSignSGD’s elementwise normalization makes it
robust to heavy-tailed noise, enabling convergence under
standard diminishing stepsize schedules even in regimes
where the noise can have unbounded expectation. Experi-
ments on DNNs corroborate these qualitative predictions.

Finally, our contribution is intentionally foundational: rather
than proposing new optimizers, we provide a unified,
stability-faithful SDE framework for understanding how
noise, compression, and normalization interact under re-
laxed smoothness assumptions, and we expect it to sup-
port future extensions (e.g., heterogeneous clients, error-
feedback and biased compressors) and analogous analyses
of modern methods that incorporate implicit second-order
structure, such as momentum/NAG and adaptive optimizers
(AdamW, RMSprop).
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Impact Statement

This paper develops a theoretical framework for understand-
ing the stability and convergence of distributed stochastic
optimization under relaxed smoothness assumptions, non-
standard gradient noise, and communication compression.
The intended impact is to improve the design and tuning
of communication-efficient training methods, which can
reduce communication overhead, compute cost, and poten-
tially energy consumption in large-scale learning.

This work is primarily methodological and theoretical: it
does not introduce new datasets, collect personal data, or
propose a new deployed system. We do not anticipate di-
rect negative societal impacts specific to this contribution
beyond those broadly associated with advances in optimiza-
tion that make training large-scale models more efficient.
Such efficiency improvements can enable both beneficial
applications (e.g., more accessible training and faster re-
search iteration) and harmful ones (e.g., lowering barriers
to training models for misuse). Any downstream deploy-
ment should therefore follow established best practices for
evaluating safety, privacy, and fairness.
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Table 3. Comparison of existing convergence results for stochastic methods applied to (Lo, L1)-smooth problems. All results are derived
for non-convex problems, and the bounds are given in expectation unless stated otherwise. All works assume bounded noise or bounded
variance unless stated otherwise. Abbreviations: “HT” = heavy-tailed noise, “Affine var.” = affine variance.

Noise
HT Affine var.

Reference Dynamics (Lo, L1)-smooth Compression

(Zhang et al., 2020b;a)

(Zhao et al., 2021)

(Crawshaw et al., 2022)

(Koloskova et al., 2023) )

(Li et al., 2023a) " @ Discrete X X v X
(Hiibler et al., 2024)

(Li et al., 2023b)V @

(Gaash et al., 2025)V @

(Faw et al., 2023)1V @

(Wang et al., 2023)1V @ Discrete X v v X
(Chen et al., 2023)

(Khirirat et al., 2024) Discrete X X v v
(Chezhegov et al., 2025)" @ Discrete v X v X
(Compagnoni et al., 2025a) Continuous v/ X X v
This work Continuous v v v v

() High-probability convergence analysis.
@ Convergence bounds have inverse-power dependence on the failure probability.
© Derived for convex problems.

A. Additional Related work

SDE Approximations in Optimization. Continuous-time models in the form of differential equations are a well-established
tool to study discrete-time optimizers, e.g. (Helmke & Moore, 1994; Kushner & Yin, 2003). Recent works also derived
differential equations to model SGD under heavy-tailed batch noise (Simsekli et al., 2019), and (Zhou et al., 2020) derived
a Lévy-driven stochastic differential equation to model the non-Gaussianity of the noise. It was (Li et al., 2017) that
first introduced a rigorous theoretical framework to derive SDEs that faithfully model the stochastic behavior intrinsic
to optimization algorithms widely employed in machine learning. Since then, such SDE-based formulations have been
applied across several domains, including stochastic optimal control for tuning stepsizes (Li et al., 2017; 2019) and
batch sizes (Zhao et al., 2022). Notably, SDEs have been instrumental in analyzing convergence bounds and stationary
distributions (Compagnoni et al., 2023; 2024; 2025b), scaling laws (Jastrzebski et al., 2018; Compagnoni et al., 2025b;a),
implicit regularization effects (Smith et al., 2021; Compagnoni et al., 2023), and implicit preconditioning (Xiao et al., 2025;
Marshall et al., 2025). We refer the interested reader to (Orvieto & Lucchi, 2019b;a) for a didactic introduction to this topic,
especially for how It6 calculus is used to derive these results.

We contribute to this line by highlighting a key gap: both the classic first-order and the second-order SDEs from the literature
can yield conclusions that contradict the discrete-time dynamics of SGD. While this is somewhat expected from a first-order
model, it is surprising that a higher-order one also fails, possibly even more. While previous studies did derive second-order
SDE:s for various optimizers (Li et al., 2017; 2019; Luo et al., 2024), they did not exploit them to obtain theoretical insights
and thus overlooked these limitations. To remediate this, we derive new first-order SDEs whose drift is modified to recover
the relevant stability thresholds of discrete optimizers, and we use them to study the joint effect of compression and general
noise in distributed learning.
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Interplay of noise, compression, and adaptivity under (Lo, L;)-smoothness. Previous research has extensively studied
the effect of batch noise, compression, and adaptivity on the convergence of optimizers. Batch noise significantly influences
stochastic gradient algorithms, affecting their convergence speed and stability (Simsekli et al., 2019; Zhang et al., 2020b;
Kunstner et al., 2024; Compagnoni et al., 2025b). Noise characteristics such as heavy-tailed distributions have been shown to
profoundly impact the optimization trajectories, necessitating robust algorithmic strategies (Simsekli et al., 2019; Gorbunov
etal., 2021). Compression methods, including unbiased techniques such as sparsification and quantization (Alistarh et al.,
2017; Stich et al., 2018; Mishchenko et al., 2024) and biased approaches such as SignSGD (Bernstein et al., 2018; Balles &
Hennig, 2018), are critical for reducing communication overhead in distributed training. These compression techniques
come with theoretical guarantees under various smoothness assumptions (Alistarh et al., 2017; Gorbunov et al., 2020;
Mishchenko et al., 2024; Compagnoni et al., 2025a), and recent results also develop linear-rate or near-optimal behavior
under generalized/( Lo, L1 )-smoothness (Vankov et al., 2025; Tyurin, 2024). Adaptive methods such as SignSGD normalize
gradient elements to cope effectively with large or heavy-tailed gradient noise, thus demonstrating improved empirical
robustness (Safaryan & Richtarik, 2021; Compagnoni et al., 2025b;a; Kornilov et al., 2025).

However, most of the works mentioned above rely on restrictive assumptions such as L-smoothness, i.e., the L-Lipschitz
continuity of the gradient. To relax this condition, Zhang et al. (2020b) introduces and empirically validates the (L, L1 )-
smoothness assumption, which allows the norm of the Hessian to be bounded by an affine function of the gradient norm,
thereby significantly expanding the class of admissible problems. A growing body of work now analyzes (stochastic)
first-order methods under (Lg, L1) or more “generalized-smoothness” assumptions, including Clip-SGD and related clipping
schemes (Zhang et al., 2020b;c; Koloskova et al., 2023; Reisizadeh et al., 2025; Gorbunov et al., 2025; Vankov et al., 2025;
Gaash et al., 2025; Pethick et al., 2025), Normalized SGD and variants with normalization-based schedules (Zhao et al.,
2021; Chen et al., 2023; Hiibler et al., 2024; Yang et al., 2024), SignSGD (Crawshaw et al., 2022), AdaGrad (Faw et al.,
2023; Wang et al., 2023), Adam (Li et al., 2023b; Zhang et al., 2024), and SGD (Li et al., 2023a). Beyond these, there are
accelerated and proximal/mirror-descent developments under generalized or (Lg, L1)-smoothness (Tyurin, 2025; Yu et al.,
2025a; Tovmasyan et al., 2025; Yu et al., 2025b), nonlinearly preconditioned methods (Oikonomidis et al., 2025), results on
escaping saddle points (Cao et al., 2025), zero-/first-order complexity under generalized smoothness (Lobanov & Gasnikov,
2025), and decentralized/federated formulations with generalized smoothness and local steps (Demidovich et al., 2025;
Jiang et al., 2025). For compressed communication, Khirirat et al. (2024) proposed and analyzed a momentum-based variant
of normalized EF21-SGD (Richtarik et al., 2021) under bounded variance. Additional generalized-smoothness analyses
further connect normalization, compression, and relaxed smoothness guarantees (Lobanov et al., 2024; Tyurin, 2024; Yang
et al., 2024).

Positioning. To the best of our knowledge, there is no unified SDE-based framework that (a) is stability-faithful under
(Lo, L1)-smoothness and (b) is then used to analyze the joint effect of distributed compression and general noise regimes,
including affine variance and heavy tails. This is the gap addressed by the present work (Table 3).

B. Theoretical Framework

In this section, we introduce the theoretical framework, assumptions, and notations used to formally derive the SDE models
used in this paper.

Definition B.1. Let G denote the set of continuous functions g : R¢ — R of at most polynomial growth, namely such that
there exist positive integers k1, ko > 0 such that [g(z)| < k1(1 + ||z[|3)*, for all z € R?.

To simplify the notation, we will write
b(x +n) = bo(x) + nb1 () + O(n°),
whenever there exists g € G, independent of 7, such that

[b(z + 1) = bo(z) — b1 ()] < g(a)n®.

We now introduce the definition of weak approximation, which formalizes in which sense the solution to an SDE, which is a
continuous-time random process, models a discrete-time optimizer.
Definition B.2. A continuous-time stochastic process (X¢);c[o,77 is an c-order weak approximation of a discrete stochastic

process (x) ,EZ/O"J if for every polynomial growth function g, there exists a positive constant C', independent of 7, such that
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maxy—o,....|7/n] B9 (1) — Eg (X&y)| < Cn®. We will often refer to 1-order and 2-order weak approximations as first-
and second-order SDEs.

This framework focuses on approximation in a weak sense, meaning in distribution rather than path-wise. Since G contains
all polynomials, all the moments of both processes become closer at a rate of n® and thus their distributions. Thus,
while the processes exhibit similar average behavior, their sample paths may differ significantly, justifying the term weak
approximation.

The key ingredient for deriving the SDE is given by the following result (see Theorem 1, (Li et al., 2017)), which provides
sufficient conditions to get a weak approximation in terms of the single step increments of both X; and . Before stating
the theorem, we list the regularity assumption under which we are working.

Assumptions: Assume that the following conditions are satisfied:

* [, fi € GG(RE,R);
e f, f; and its partial derivatives up to order 7 belong to G;

* Vf, V[ satisfy the following Lipschitz condition: there exists L > 0 such that
d
IVF(u) = VI@)ly+ Y IV filu) = Vi)l < Lllu—vlly;
i=1
» Vf, V[ satisfy the following growth condition: there exists M > 0 such that

IVf@)lly+ D IV fil@)lly < ML+ Jlz],).
i=1

Remark B.3. Although these assumptions are very strong, they mainly reflect limitations of the available proof techniques
for weak approximation results. In particular, they can be so restrictive that even simple objectives, such as quadratic
functions, may fall outside their formal scope. For this reason, we view the weak-approximation theorems as a rigorous
guarantee under additional regularity, but not as a prerequisite for the usefulness of the resulting SDE models. In practice,
the same weak-approximation heuristics can be applied far beyond the class of functions covered by these assumptions, and
extensive empirical evidence indicates that the resulting modified equations closely track the dynamics of the corresponding
optimizers across a range of architectures, including ResNets, ViTs, MLPs, and CNNs (Compagnoni et al., 2025b).

Lemma B.4. Let 0 < n < 1. Consider a stochastic process X;,t > 0 satisfying the SDE
dXt = b(Xt)dt + \/ﬁO'(Xt)th, Xo==x (18)

where b, o together with their derivatives belong to G. Define the one-step difference A = X, — x, and indicate the i-th
component of A with A;. Then we have

1 EA = b+ L[S b0 P+ 00 Vi=1,....d;
2. EAA; = [bibj + 00| * +0(n*)  Vi,j=1,....d;

3BTl A =0(®)  Vs>3;=1,....d

All functions above are evaluated at .
Theorem B.5. Let0 <n <1, 7> 0andsetT = | 7/n]. Let Assumption B hold and let X; be a stochastic process as in
Lemma B.4. Define A = x1 — x to be the increment of the discrete-time algorithm, and indicate the i-th component of A
with A;. If in addition there exist K1, Ko, K3, K4 € G so that

1. |EAZ—EA1| SKl(Q?)nQ, V’L:L,d,
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2. |EA1A] - EAZAJ| S KQ(IZ?)T]Q, VZ,j == 1, ey d,’
3. |EH;:1 Aij - EH;:I Az]| < K3(J))772, Vs > 3,V’LJ = 1, “ee ,d,’
4. EH;:l |AZJ‘ §K4(IL')7]2, VZJ = 1,...,d.

Then, there exists a constant C so that for allk = 0,1, ..., N we have
[Eg(Xky) — Eg(zi)| < Cn. (19)

We say Eq. 18 is an order 1 weak approximation of the update step of xy..

C. New ODEs and SDEs for GD and SGD

C.1. Comparison With Discrete-Time Analysis

In this section, we closely compare the dynamics of the loss function in discrete-time with that in continuous time as
prescribed by the ODEs of GD. Consider GD with constant stepsize 7 > 0:

xH_l =Xt — 77Vf(l't) (20)
Using a second-order Taylor expansion around z; gives

pe 2
flaer) = fae) = =nllVF (@) + 5V f (20) "V () V(@) + O, (7). 1)
and therefore the normalized one-step loss drift (the discrete-time generator applied to f)

f(@e1) — flze)

; = —IVf(@)I® + 2V () V2 f(20) V(1) + Og, (0?). (22)

Remark (generator vs. finite increment). Eq. 22 compares the discrete-time generator of GD applied to f (a difference
quotient) with the continuous-time drift % f(X¢). Matching the finite increment f(X;,) — f(X¢) would instead introduce

additional f terms and corresponds to classical modified-equation analysis; this is not the notion of matching we use in this
paper.
However, the first-order ODE of GD implies that

df (X;) = = ||V S (X0) |3t (23)

We immediately notice that this continuous-time loss drift is completely missing the O(7) correction highlighted in purple
color in Eq. 22. The natural step is to shift to the second-order ODE, which implies that

df (Xy) = —[|VF(Xo)3dt— 2V f(X,) TV F(X)V f(Xy)dt. (24)

While this ODE of the loss does incorporate some second-order information highlighted in purple color, we notice that its
sign is flipped with respect to the discrete-time loss drift in Eq. 22. This flipped sign is exactly the factor responsible for the
failures of this second-order ODE.

Deriving a New Model: An Ansatz Approach. Therefore, we understand that choosing the right model is critical to
capture the aspects of the dynamics under analysis. Inspired by a classic approach in mathematical physics, we propose an
ansatz for an ODE of the iterates of GD and look for one that models the loss dynamics more closely. For a real number «,
we propose:

dXy = =V [(Xy)dt + anV*f(X)Vf (X)L, (25)
which implies that the loss dynamics is driven by
df(X,) = =[IV (X)) [3dt + anV £(X,) "V F(X)Vf(X0)dt, (26)

Matching the induced loss drift with the discrete-time generator expansion in Eq. 22 (i.e., comparing % f(Xy) with
f@er1)—f(ze)
n

obtain

up to O(n)) suggests choosing o = % which recovers the exact quadratic stability threshold. Therefore, we

dX; = =V f(Xe)dt + 3 V2 F(X)V f(Xo)dt, 27)
is our new candidate ODE for GD.
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C.2. New Models

First, we define two new models for GD and SGD. Then, we introduce a technical lemma and proceed to prove that our new
models are first-order models for (S)GD.

Definition C.1. Based on the discussion above, we define the new ODE model for GD:
dX; = =V f(Xp)dt-+ 3V f(X,)V f(Xy)dt, (28)
and the new SDE model for SGD:
dX; = =V f(X)dt-+ 2V F(X,)V (Xp)dt + /7/S(X)dW,. (29)

Remark C.2. Notice that, contrary to the second-order ODE and SDE from the literature (i.e., the classical modified-equation
models), our stability-faithful models place a +- rather than a — in front of the 2V? f(X,)V f(X;) correction. This sign
choice is deliberate: it matches the discrete-time generator expansion of the loss and, in particular, recovers the exact
quadratic stepsize stability threshold. Matching the finite increment f(X;,,) — f(X}) instead leads back to the classical
modified equation with the opposite sign; this is not our objective here.

Theorem C.3. Under the dynamics i = F(x) such that F € C3(R), fix t. One has the expansion
Uk UK
z(t+n) =z +nF + §F’F +5 (F"F? + (F')*F) + O(n"),
where all derivatives of F' are with respect to x, evaluated at x(t).
Proof. By Taylor’s theorem about ¢,
a(t+n) =x(t) +n2'(t) + 2" () + =2 (t) + O(n").

Note that:

Theorem C.4 (ODE approximations of Gradient Descent). Consider gradient descent (GD) with constant stepsize n > 0.
The following ODEs are all weak-approximations of GD:

1. The first-order approximation from the literature:
dX; = -V f(X;)dt. (30)
2. The second-order approximation from the literature:

dX; = =V f(Xe) dt = § V2F(X0) VF(X) dt. 31

3. Our newly proposed first-order approximation:

dX; = =V f(Xe)dt + 1 V2F(X,) VF(X0) dt. (32)

Proof. For simplicity, we consider gradient descent in one dimension, as generalizing to higher dimensions follows the
same steps:

Tht1 = Tk — Uf/(xk)-

‘We now seek a flow of the form

F(z) = =f'(z) + af'(x)f"(2),
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and just substitute in the expressions in the previous result. Then, we will study the error as a function of «.. Note that we
want to compute

2 3
x(t+n) =x+nF + %F/F—f— %(F”Fz + (F')’F) + O(n™").
We have:
F — _fl + af/f//7 F/ — _f// + a((f//)2 + f/fll/), F/l — _f/l/ + a(?)f//f/// + f/fll//)~

So
z(t+n) =x+n(—f’+af’f”>

2
+ % {f/f// _ Oé(lefm + 2f/(f//)2) T a? (f/2f//f/// + f/(f//)S)}
3
+ % { . (f/2f/// + f/(f//)2)

+ a(f'?’f”” + 7f/2f//f/// + 3f/(f//)3)

_ a2 (2f/3f//f//// 4 f/S(f///)2 4 11f12(f//)2f/// T gf/(f//)4>

+ a3 (f/B(f//)2f//// + f/3f//(f///)2 + 5f-/2(f//)3f/// + f/( //)5)}
+O0(n*).

Assume now that o« = 7, we get

et +m) =a—nf
i (8+1) 51"
(@80 £ 4 (084 1) 7]
+0(n"),

For o = 0 we get gradient flow and hence

a(t+n) = o —nf + 30 1 = S0t (20" + £ (7)) + OGrt),
which is the first-order ODE from the literature.

For o = —1/2

at+n) =x—nf +0° (F 2"+ 5 () +0m"),
which is the second-order ODE from the literature.

Finally, for a = 7/2,

w(t+n) =z —nf + 02 " = S0 21" =507 F (1) + O(n),
which is our newly proposed first-order ODE.
O

The following theorem formalizes that our new SDE model from Eq. 29 is formally a first-order weak approximation for
SGD.
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Theorem C.5 (SDE approximations of Stochastic Gradient Descent). Consider stochastic gradient descent with constant
stepsize n > 0. Its continuous-time approximations are given by the following SDEs:

1. The first-order approximation from the literature:
dXy = —Vf(X) dt + /nS(X,)dWs. (33)
2. The second-order approximation from the literature:
dX; = =V f(X;) dt = 3V F(X0) VF(X0) dt 4+ /S (X)W (34)
3. Our newly proposed first-order approximation:
dX, = —Vf(X,)dt + g V2F(X,) VF(X,)dt + /7S (X,)dW,. (35)
Here is the formal proof:

Proof. We work under the framework and assumptions of Section B. Let (x)x>0 denote the SGD iterates with constant
stepsize n > 0:
Tpt1 = T — N 9(@k, Ept1),

where {&;, },>1 are i.i.d. random variables and g(-, §) is an unbiased stochastic gradient estimator:

Elg(z,8)] = Vf(z),  Cov(g(z,§)) = %().

We write the gradient noise as

((x,8) = g(x,§) = Vf(z),
so that E[¢(z,¢)] = 0 and E[¢(x, &)((z,£)T] = (x), with bounded moments up to order 3 (consistent with (Li et al.,
2017) and Assumption B).

Throughout, we fix 0 < n < 1 and condition on 3 = x.

Step 1: One-step moments of SGD. Define the one-step increment of SGD by

A= Tpp1 — 2 = N V(o) = n¢(2k, Epg1)-

Conditioned on x; = x, we thus have
A

—nVf(x) =n¢,
where we write ¢ := ((z, &g41)-
Writing components as A;, f; = 0; f, and %;; for the (i, j)-th entry of ¥(x), we get:
E[A; |z = 2] = —nE[fi(z) + G | 2 = 2] = - fi(2),
E[AiA; | zp = 2] = HZE[(fz( ) + ) (fi(@) + G) | @ = ]
7 (fi(2) f3(x) + By (2).

Moreover, for any s > 3 and indices i1, . .., s, we have
[ [T

=1
thanks to the bounded higher moments of ¢ and Assumption B. In particular, there exists K4 € G such that

]E“.i.“AlA

{=1

z =] = 00r°) = O("),

o =] < Ka(a)n® < K)o,

forall 0 < n < 1 and all s > 3. Hence condition (4) in Theorem B.5 holds.
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Step 2: One-step moments of the SDE family. We now put the three candidate SDE models in Theorem C.5 into the
template of Lemma B.4 and Theorem B.5.

Fix o € R and consider the SDE
dXt = ba(Xt) dt+ \/ﬁO'(Xt) th, (36)

with
ba(2) = =V [(z) +anV?f(2)Vi(z),  o(z)o(z)" =X(z).

‘We will later set

to recover the three SDEs in the statement.

Let Xo = «x and define the one-step increment
A=X,—ux,

with components A;. By Lemma B.4 applied to 36, we have

d
E[A] = bai(@) 0+ 5 D b (@) Djbai(@) n* + O(°), (37)
1

E[Az—Aj]:[ (@)ba (@) + (007) (@) + O0)
= [ba@)bas (@) + Zis(@) |n? + OGr"), (38)

[N

E[HA”] —0@P), Vs>3. (39)

All functions above belong to G by Assumption B.
Now plug b, (z) = =V f(z) + an V2 f(x) V f(z) into these expressions. Write

d
h(z) == V?f(z) Vf(z), hi(z) = Zaijf(x) 9;f(z)
=

Then
bai(r) = —fi(z) + anhi(z).

For the first moment, using 37, we expand to order 772:

E[A] = (= fi@) + anhia) )n +§i( 0m) ;= fi(x) +0Gm) ) w* + O")

= —nfi(z) +an’h Z z) 0; fi(z)n® + O(n*)

l\D\»—t

= —nfi(@) + (a+ §)m<x> 772 +00r").

In particular,

E[A] ~ E[A] = (a+ 3 )hi(2) 1 + O(°) = O?). (40)

For the second moment, from 38 we note that

ba,i(@)ba (@) = (= fi(z) + OM)) (= fi(x) + On)) = fi(x)f;(x) + On),

hence

E[AA ] = (fi(z)f;(z) + i (2)) n° + O(n°), (41)
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so that o
E[AiA;] - E[AA] = O() < Ky (x) 7,

for some K5 € G and all 0 < 5 < 1. Similarly, combining 39 with the bound on higher moments of A from Step 1, we
obtain for s > 3
‘]EHAQ ~EJ[ A,
=1 =1

for some K35 € G, and we have already seen that

=0(n’) < Ks(z)n?

E]14:| < Ka(z)n?
/=1

for appropriate K4 € G. Thus, all four conditions of Theorem B.5 are satisfied for 36, for any fixed o € R.

Step 3: Weak order and identification of the three SDEs. By Theorem B.5, for any fixed o € R the SDE
dXt = ba(Xt) dt + \/ﬁU(Xt) th

is an order 1 weak approximation of the SGD recursion, in the sense of Definition B.2.

It remains to identify the three specific choices of « that correspond to the SDEs in the statement.

» Case o = 0. Then byg(x) = —V f(x), so the SDE 36 becomes

dX; = =V f(Xy)dt + /1 S(Xy) dW,

which is exactly the first-order SDE approximation from the literature in Eq. 33. By Theorem B.5, this is an order 1
weak approximation of SGD.

* Case o« = —1. Then
brj2(2) = =V f(@) — 5 V2f () Vf (@),

and 36 becomes 0
dX; = -V [f(Xy)dt — 5 V2 (X)) VF(Xe) dt + /nS(Xe) AW,

which is exactly Eq. 34, the classical second-order SDE from the literature. In this case, 40 shows that

so the drift matches to one order higher; combined with the analysis in (Li et al., 2017), this yields a second-order weak
approximation. In particular, it is also an order 1 weak approximation.

* Case o = 5. Then
bij(@) = =V (@) + 3 V2f(2) V().

and 36 becomes 0
dXi = =V f(Xy)dt + B V2F(X,) V(Xe)dt + /1 S(Xy) dWy,
which is exactly our new SDE model in Eq. 35. As shown above, all four conditions of Theorem B.5 hold, so this SDE

is also an order 1 weak approximation of SGD.

This proves that all three SDEs listed in Theorem C.5 are weak approximations of SGD in the sense of Definition B.2: the
first and third are first-order weak approximations, while the second one is the classical second-order stochastic modified
equation from the literature.

O
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C.3. Comparing ODEs - An Insight Perspective

In this section, we showcase how models from the literature fail to properly model the dynamics of GD, especially regarding
the constraints on the learning rate to ensure convergence. In contrast, we show that our model is in accordance with GD.

C.3.1. QUADRATIC FUNCTION

For didactic reasons, we now compare the proofs for a convergence bound on the loss value f(z) when the loss is a

1-dimensional convex quadratic function ’\T“”z To avoid overloading the proof with technicalities intrinsic in It6 calculus,

we restrict the analysis to the noiseless and single-node case. The first-order ODE is
dX; = =V f(Xy)dt = —AX,dt, (42)

which implies that
df (X,) = =2\ f(Xy)dt = f(Xy) = f(Xo)e 2 =570, 43)

somewhat implying that GD converges independently of the constant L and of the learning rate . Much differently, the
second-order ODE from the literature is

dXy = =V f(Xs)dt — IV F(X,)V f(Xy)dt, (44)

which implies that
df(Xe) = —||[VF(Xe)|3dt— 2V F(Xe) 'V (X )V F(Xe)dt = =2\ f(Xy)dt — gAXIMXt (45)
= —2) (1 + %) F(X)dt = f(X2) = f(Xo)e 23t 1250 ¢ (46)

which is also inconsistent with the discrete-time analysis since we get convergence for any 1 > 0.

Now, we try to leverage our new ODE derived in Theorem C.4 and get that:

df (Xe) = —||[VF(X0)|3dt+ 2V F(Xe) 'V F(X)VF(Xe)dt = —2Xf(Xe)dt + g,\XIAAXt (47)
—-o (1= ) fex0ar = 10x) = fxa)e P0F 20, (48)
which only converges if < % This is consistent with the analysis in discrete time.

Conclusion: First of all, it is immediately apparent that while firsz-order approximations may lead to relevant insights, they
prevent us from having a full picture. Second, we demonstrated that the classic second-order SDE also led us to results that
are inconsistent with the discrete-time analysis. Finally, our model provides a qualitatively faithful description of the true
GD dynamics.

C.3.2. QUARTIC FUNCTION
Here, we compare the three ODE:s listed above as they describe the optimization of a quartic function f(x) = %4: We find
that the classic ones both fail. First of all, a single step of gradient descent with stepsize 1 reads

Thy1 = x — VY f(28) = 2 — N},

meaning that if n > x% the dynamics explodes. In particular,
k

+1) — 3
—f(xk 1> f(xk> = —x% + 3 nxi + O(n2). (49)
Using the first-order ODE, we obtain

1

dX; = - X3dt = f(X})= —————
t t f( t) 4(2t—|-X0_2)2

(50)
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This model predicts universal convergence with a polynomial rate, but it does not capture the exploding behaviour observed
in GD. Using the second-order ODE, we obtain

dX; = —XPdt — 2XPdt = df(X;) = —X0dt — 22X 3dt, (51)

from which we understand that since the additional term is negative, this ODE suggests faster convergence for larger 7.
Using our new ODE, we obtain

dX, = —XPdt + 2 XPdt = df(X,) = —XPdt + 22X dt, (52)

which matches the discrete-time expansion of the loss difference quotient up to O(n?). Importantly, it captures the
phenomenon that the learning rate 7 needs to scale inversely to the norm of the iterates for GD to converge.

Conclusion. On the quartic loss, the first-order ODE predicts convergence for all 77, missing the instability. The second-
order ODE from the literature predicts accelerated convergence for larger 7, in direct contradiction with GD. In contrast, our
new ODE reproduces the key phenomenon: the learning rate 1 needs to scale inversely to the norm of the iterates for GD to
converge. Hence, our model provides a qualitatively faithful description of the true GD dynamics.

C.4. Diffusion Approximation for the Loss in SGD

In this section, we propose an alternative approach to the derivation of a continuous-time model for SGD. Rather than
modeling the iterates and use the Itd Lemma to study the SDE of the loss function, we try a new approach: We directly
investigate the possibility of directly modeling the dynamics of the loss. Consider stochastic gradient descent (SGD) with
constant stepsize > 0:

Ti41 = Ty — NGt, 9t = V() + G, (53)
where f : RY — R is smooth, (; is the gradient noise satisfying
E[¢: | 2] =0, Cov (Gt | m¢) = X(xy).

We study the dynamics of the loss process Y; := f(xy).

Step 1. Taylor expansion of the loss. Using a second-order Taylor expansion around z;, for h = —ng, we have
f(@eg1) = flze +h)
= f(z) + V() Th+ ATV f(z)h + O(|h)?). (54)

Substituting h = —ng, gives
Fien) = flxe) = =0V F(20) g0+ Bg] V2F (1) g0 + O(n). (55)
Step 2. Expansion of stochastic terms. Expanding with g, = V f(z,) + (; yields
f@e) = @) = —nlIVF@)II? = V() G
+ LV f (@) VR f () V F () (56)
+ LGV ()G + PV f () TV ()G + O0p). (57)

Step 3. Drift and volatility. Taking the conditional expectation given x,
E[f (2e41) = f(20) | 2] = =nl|V f(20)]”
F LV f() TV (@) V() + Lt (V2 () () + 0. (58)
The stochastic fluctuations arise from the linear terms in (,
=0V f (@) "G+ 0PV f () TV f(4) G,
whose leading-order contribution is

—nV f ()" G-

This term has conditional variance

Var (=0 f () TG |w0) = 0V f(a) "S(@e) Vf (20)-
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Step 4. Continuous-time limit. Rescaling time by s = ¢7 and letting 7 — 0, the increments 57 converge in distribution to
the diffusion

aY, = (= IV (XI? + 3VA(X) TV (X VLX) + 2t (V2 (X)D(X,)) ) ds + G(X,) dWs,  (59)
where W is a standard Brownian motion and the scalar volatility G(x) is defined by
G(z)® = Vf(z) Z(2) Vf(2). (60)

Interestingly, this SDE is the same one that one gets by applying It6’s Lemma on f(X}) under the dynamics of our newly
proposed SDE in Eq. 29, which consolidates the intuition that our model properly captures the dynamics of SGD faithfully.

D. Theoretical Results

Assumptions and notation. In line with (Compagnoni et al., 2025a), we assume that the stochastic gradient of the ¢-th
client is given by V f,, (z) = V f(z) + Z;(x), where Z;(z) denotes the gradient noise and Z; () is independent of Z; (x)
fori # j. If Z;(x) € L'(R?), we assume E[Z;(x)] = 0, and if Z;(x) € L?(R?), we assume Cov(Z;(z)) = X;(z) (we
omit the size of the batch ~ unless relevant) s.t. /%, (z) is bounded, Lipschitz, satisfies affine growth, and together with its
derivatives, it grows at most polynomially fast (Definition 2.5 in (Malladi et al., 2022)). Importantly, we assume that all
Z;(x) have a smooth and bounded probability density function whose derivatives are all integrable: A common assumption
in the literature is for Z;(z) to be Gaussian (Ahn et al., 2012; Chen et al., 2014; Mandt et al., 2016; 2017; Zhu et al., 2019;
Wu et al., 2020; Xie et al., 2021): See (Jastrzebski et al., 2018) for the justification why this could be the case. Differently,
our assumption allows for heavy-tailed distributions such as the Student’s t. It is important to point out that (Li et al.,
2017; Mertikopoulos & Staudigl, 2018; Raginsky & Bouvrie, 2012; Zhu et al., 2019; Mandt et al., 2016; Ahn et al., 2012;
Jastrzebski et al., 2018) use a Gaussian noise with a constant covariance matrix to model batch noise.

D.1. Distributed SGD
D.1.1. FIRST ORDER SDE

The following is the first-order SDE model of DSGD (see Theorem 3.2 in (Compagnoni et al., 2025a)). Let us consider the
stochastic process X; € R? defined as the solution of

dX, = —VF(X,)dt + ﬂmdwt, ©1)

where f)(a:) = % vazl ¥;(x) is the average of the covariance matrices of the NV clients.
Theorem D.1. Let f be (Lo, L1)-smooth, ||Zi(2)|lee < 0§, + 01|V f(2)||5, the learning rate scheduler n; s.t. ¢} =

t ; t 2 ¢ —_— R
[i(ns)ids, ¢} "5 00, L1800, 02 = LN 03 and 0} = & PR 03 Then, for(0 < e <1,

’ ¢f
2Ne
e < —— — — ; (62)
a(77Lo + oL1 + LioTE [V (X))
and for a random time t with distribution &, we have that
1 nd(Lo + Ll)(?+?) t—y00

E[|VFA(X)|3] < ———— | f(X0) — f(X, 2 0 1 0. 63
IV5CI) < 3= <f( 0) = f(X.)+ 63 o = (©3)

Proof. Using Itd’s Lemma and using a learning rate scheduler n; during the derivation of the SDE, we have
AF(X0) = F(X.)) = = | £ (X0) |3t + O(Noise) + (me) 5 - Te(V2(X0) S(X,) )t (64)
< — | VF(Xy)|3dt + O(Noise) (65)

02 + 2|V f(X)||3)d(Lo + Ly ||V f(X

n (m)zn(ffo + o1 || Vf(Xo)[3)d(Lo + L[|V f( t)H)dt, 66)

2N
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where we used that Tr (V%“(x)i(x)) < d||V2f(2)]| oo ||2(2)]| oo together with the smoothness and noise assumptions.
Importantly, O (Noise) = /(X)) V f(X,)dW;.
Phase 1: If ||V f(X})|| < 1, we have that

(02 +03)d(Lo + L1)

d(f(Xe) = F(X.) < —mel|VF(Xe) 13t + (me) dt + O(Noise), (67)

2N
Phase 2: If ||V f(X})|| > 1, we have
d(F(X0) = f(X.)) = =mil| V£ |3t + O(Noise) + (1) 5 - Te(V2F(X)E(X,))dt (68)
< =tV f(X3)[[3dt + O(Noise) (69)
02 + 2|V F(X,)|3)d(Lo + L X
+ (218 ANVF B0+ LTS 70
2N
d /— _ _
= VI (X3 (1 - (Lo +oBLi + Lla%HVf(Xt)z)) dt )
o2dL
+ ()2 1200 4 4 O(Noise). (72)
2N
By taking a worst-case scenario approach, we merge these two bounds into a single one:
2 nend (— ) )
AF(X0) = F(X)) < =l VAN (1= 20 (6310 + L1 + Lot [VF(X)l ) ) e 73)
d(Lo + L1)(0F + o?
+ (m)Qn (Lot Ln)log + Ul)dt + O(Noise). (74)
2N
Therefore, for 0 < € < 1 we have that if
nnd (—. | =5 —
1= 20 (7 L0 + BLa + LaoFI V(X 2) > 1~ ¢, (75)
or, equivalently
2Ne
me < ——— — = ; (76)
d(73Lo + G L1 + Lig? VS (X0)]|2)

we have that

2nd(Lo + L1)(03 + 03)
2N

d(f(Xe) = F(X:) < —nellVFXIE (1 — €) dt + (me) dt + O(Noise). (7

Therefore,

ond(Lo + L1)(0Z + 03)
2N

nel|VFXDS (1 =€) dt < —d(f(Xy) = F(Xi)) + (m) dt + O(Noise). (78)

Dividing by 1 — e, integrating over time, and using the martingality of the noise term under the expected value,

t 1 d(Lo + L) (0 + 02
/ nsEIIVf(Xs)H%dsél(f(Xo)—f(X*)+ grllot Mllog o) ) 19
0 — € 2N
Dividing by ¢} and by the Law of the Unconscious Statistician, we have that
1 d(Lo + L1)(03 + o oo
E[IVAXI3] < i [ £000) - (00 4 o7 W LN E O ) 1oy 50)
¢p(1—¢) 2N
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where , is a random time with distribution 2 ¢1 .

Finally, for practical reasons, we leverage the distributed setting to tighten the requirements on the learning rate scheduler to
make it experimentally viable (see Section E.4 for the details), and require

2Ne
0T Lo + 03 L1 + LioTE |V (Xy) 2]

e < (81)
a(

D.1.2. OUR NEW FIRST-ORDER SDE FOR DSGD

The following is the first-order SDE model of DSGD and is a straightforward generalization of Theorem 3.2 in (Compagnoni
et al., 2025a) and Remark C.2. Let us consider the stochastic process X; € R< defined as the solution of

_ n n . /e

where 3(z) = ~ Zfil ¥;(x) is the average of the covariance matrices of the N clients.
Theorem D.2. Let f be (Lo, Ly1)-smooth, ||5i(x)|lec < 03 ; + 01 ||V f(x)|3, the learning rate scheduler 1, s.t. ¢} =
fo ns)ids, ¢} F25° gL tee g, 0=+ PO o2, and 0% = % PR 01 Then, for0 <e <1,

v ¢1
2
my < — — : (83)
Lo+ LV + % (o7Lo + 3L1 + LioTE[IVF(X) )
and for a random time t with distribution &, we have that
1 77¢ 5\ t—o0
E X3 < —— | f(Xo) — f(X,) + =L(Ly + Ly)do? 0. 84
V5G] < st (7000 = J06) + 19 (Lo + L)} ) =5 54

Proof. Using Itd’s Lemma and using a learning rate scheduler 7; during the derivation of the SDE, we have that for
O(Noise) = /X (X,)Vf(X;)dW,,

d(f(X0) = F(X.)) = —ml| V(X0 |13t + ””t (VF(X0)) T V(XY F(X,)dt (85)
+ O(Noise) + (1) - <V2f( DE(X,))dt (86)
< [V FEIBdt+ T (L + Ly [V £ (X)) V() et (87
+ ONoise) + (g2 MO AIVI QDAL + LTI, )
Phase 1: If |V f(X}:)| <1,
d(F(X) = (X)) < ~IVFXDI3 (m T (L + LV A (1 + d;)) dt (39)
+ % (Lo + L1)do2dt + O(Noise). (90)
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Phase 2: If ||V f(X})|| > 1, we have

777]
d(f(Xe) = F(X.)) < —nel | VF(Xe)3dt + (Lo + Lal| V(X DIV F(Xe) | *dt ©On
o2 X Lo+ L X
+ ONoise) + (e )2n<oo + VIR + LTS, o
do? | doZL
= —nlIVA(XD)I5 |1 - (Lo + L1 [V F(X)I) 1+N1] +RTIH dt
o2dL
+ (nt)QWQ0 0 4t + O(Noise). 93)
By taking a worst-case scenario approach, we merge these two bounds into a single one:
do? |  doZL
AF(X0) = F(X) £ =ml VAN |1 = 20| (Lo + L VAN |1+ S | + S22 ] at
+ (nt)z%(Lo + Ly)do2dt + O(Noise). (94)
With arguments that follow the same steps we detailed in the proof of Theorem D.1, for 0 < € < 1, we have that if
2e
M < T p— p— . 95)
Lo+ Li||V F(X)ll + % (07Lo + 3L + LioT [V (X))
by integrating over time and by the Law of the Unconscious Statistician, we have that
1 nd)t t— o0
E[IVI(XIE] < gr—g (F(Xo) = F(Xo) + 55 (Lo + La)dog ) =70, (96)

where ¢, is a random time with distribution 2~ ¢ .
t

Finally, for practical reasons, we leverage the distributed setting to tighten the requirements on the learning rate scheduler to
make it experimentally viable, and rather require

2¢
s i (22 1 o2 - ' oD
Lo+ LiE[[VS(X0) [+ 4 (03 Lo + 03 L1 + LioTE [V /(X))
O
Remark D.3. This condition compares a (deterministic) step-size schedule to a bound that involves E[||V f(X})||], which

in turn depends on the (random) training trajectory. As such, it should be understood as a sufficient stability criterion that
generally cannot be certified a priori. Our goal is not to propose an immediately implementable rule, but rather to provide
quantitative guidance: the bound makes explicit how the key factors in the dynamics (e.g., curvature, noise, compression)
jointly shape the stability region.

D.2. Distributed Compressed SGD with Unbiased Compression

D.2.1. FIRST ORDER SDE

The following is the first-order SDE model of DCSGD (see Theorem 3.6 in (Compagnoni et al., 2025a)). Let us consider the
stochastic process X; € R? defined as the solution of

dX, = —Vf(X,)dt + ﬁdet, ©%)
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where for (1)5717%' (x) = Cfi (Vf% (1‘)) - vf’h (SC)

N
~ 1
X(z) =+ Z (Eéz"n [(1)51:7%‘ (z)®Pe, v, (x)T} + El(x)) : 99)
i=1
Theorem D.4. Let f be (Lo, L1)-smooth, the learning rate scheduler n: such that (;5,5 fo Ns) ds (;51 i 0, zﬁ b2 0, and
02w = % Zf\;l o2w;. Then, for 0 < e < 1,
< S , (100)
@Lo + (02d + da%}) L1+ GLAE ||V £(X0)]|2]
and for a random time t with distribution ¢1, we have that
t
) Lo+ Ld (? + %)\,
E[IVf(X)l3] < =g (fX) —f(X)+ e SN 20. (101)
Proof. Since it holds that
Eei i [|(Cei (V fi () = VF(@))3 < wil V()13 + dof (wi + 1),
we have that for O(Noise) = 1/ 2(X,)V f(X;)dWs,
d(f(Xe) = (X)) = —nel|V f(Xe) || 3dt + O(Noise) (102)
N
Lo+ L1||V f(Xy)
+ (pey? Mo + IV (X)) < > BelCe (V1) - wmn%) @ o)
< —m||Vf(Xe)||3dt + O(Noise) (104)
L L1||Vf(X — ——
T () M0 £ 12“N F(X)ll2) (w||Vf(Xt)H§ +02d+d02w) dt. (105)
Phase 1: If ||V f(X})||2 < 1, then we have that
Lo+ L1)w
A7) = 108 < IV FCEIE (= M2 ) (106)
2n(Lo+ Li)d (—  —— '
+ (ne) 5N (0’ +o w) dt + O(Noise). (107)
Phase 2: If ||V f(X,)||2 > 1, we have that
d(f(Xe) = F(X)) < =ne||V f(Xe)|3dt + O(Noise) (108)
+ (e MW VIO (G319 70 + o7+ do0) (109)
_ (s 52 4 520 =
< VI3 (1= 2 (@Lo +d (72 +5%0) Lo+ BL|VF (X))l ) ) dt (110)
onLod (— | —
+ i (a = )dt+O(Nmse) (111

By taking a worst-case scenario approach, we merge these two bounds into a single one. With arguments that follow the same steps we
detailed in the proof of Theorem D.1, we have that for 0 < € < 1, we have that if

2Ne
e < — —— ) (112)
wLo +d (02 + o%) L1 + L1 | V(X)) |2
by integrating over time and by the Law of the Unconscious Statistician, we have that
1 27](L0 —|—L1)d (?4—020\1) oo
E[IVAXDIE] < grg—g | £(X0) = F(X) + o8 SN =70, (113)
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where %, is a random time with distribution ¢1 .

Finally, for practical reasons, we leverage the distributed setting to tighten the requirements on the learning rate scheduler to make it
experimentally viable, and rather require

2Ne
wLo + (?d T d%) L1 + GLE[|[V£(X0)]]2]

e < (114)

O

Finally, one can generalize this result to cover the (0§, o3 )-Variance.

Theorem D.5. Let f be (Lo, L1)-smooth, max(3i(z)) < 07 o+071||V f(x)|3, the learning rate scheduler n, such that ¢} = fg(ns)ids,

0o 2 o] 5 5 5 5

L2 oo, Z—E 2500, 02 =% Zf;l 030 07 = & Zfil ol odw == % Zf;l o owi, and oiw = & Zf;l o7 wi. Then, for

0<e<l, N

2
me < - < (115)
Lo(@ + (03w + 01)) + Lad (03 + 03w) + Ly (@ + d(oFw + oD)E VS (X0)[l2]
and for a random time t with distribution Zﬁ, we have that
1 ,Lo@+ d(o2w + 02)) + Lid (?34— agw) .
E[IVI(Xol2] < g0 | [(Xo0) = F(X) + &2 0. (116)
(1-e€)g; 2N

D.2.2. OUR NEW FIRST-ORDER SDE FOR DCSGD

The following is the first-order SDE model of DCSGD and is a straightforward generalization of Theorem 3.6 in (Compagnoni et al.,
2025a) and Remark C.2. Let us consider the stochastic process X; € R? defined as the solution of

dX; = —Vf(X:)dt + gVQf(Xt)Vf(Xt)dt + 1/%\/i(x,g)dwt, 117)
where for ®¢; -, () := C¢, (V [y, (x)) = V5, (2)
1
= 2 (Ber [Ber s (@)@, s (@) | + (). (118)
i=1
Theorem D.6. Let f be (Lo, L1)-smooth, the learning rate scheduler m: such that gzﬁt fo Ns) ds d)l b2go 0, z—% b2 0, and
2w = % Zf\il o2w;. Then, for 0 < e < 1,
2e
nne < - = - , (119)
Lo + LiE[|V(X0)la] + Lo+d(o2+ )Lllv+ L1E[|V £(X4)]l2]
and for a random time t with distribution 1% ¢ , we have that
1 Lo+ Li)d (— —— oo
E(I95CE01E] < g (F00) - s + g UE IV (G20 520y ) = (120)

Proof. Since it holds that
Ee, . [|(Ce, (V fr.(2)) = V(@)3 < wil VF(@)]3 + do (wi + 1),

we have that for O(Noise) = /2 (X;)V f(X¢)dWs,

d(f(Xe) = F(X0)) = —me| Vf(Xo) [5dt + - "”t (VF(X0)" V2 f(X:)Vf(Xe)dt + O(Noise) (121)
+ n;n (Lo + Lllll\Yf(Xt)H ( ZE&M” Ce, (Vi (z)) — vf(m))”g) dt (122)

IV FO 3t + T (Lo + LI F XDV £ (K0P + O(Noise) 123)

+ % ot Ll'L\Yf(Xt)HQ) (vaf(Xt)Hg +02d + dﬁ) dt. (124)
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Phase 1: If ||V f(X,)||2 < 1, then we have that

060 = 708 < =197 (= 0z + L) (14 2 ) Yt (125)
+ (m)Qw (a2 + %0 ) dt + O(Noise). (126)

Phase 2: If ||V f(X:)||2 > 1, we have that

A(F(X) — F(X2)) < —mel|VFX)|2dt + ’7;“ (Lo + L1 ||V f(Xo)IDIIV £ (X¢)|[*dt + O(Noise) (127)
n (7715)2 n(Lo + LlQH]gf(Xt)Hﬂ ( IV £(X) HZ + o02d + dolw ) dt (128)

— d(o?+c2w) L1

< || VFXD)I5 |1 - % (Lo + L[|V f(Xt)[l2) {1 + %} + (N)
+n? 7721:]87‘1 (? + %) + O(Noise). (129

By taking a worst-case scenario approach, we merge these two bounds into a single one. With arguments that follow the same steps we
detailed in the proof of Theorem D.1, we have that for 0 < € < 1, we have that if

2e
= wLotd(o2+o%w) L1 4w . (130)
WLo+d(02+02w)L1+TL1 ||V f(X;
Lo+ L1 ||Vf(X0)|2 + o+d(o?+ )N1+ LIV F(X0)12

by integrating over time and by the Law of the Unconscious Statistician, we have that

1

EIVSCDIE] < orp =5 (f(Xo) (x4 g et L) (P+%)) =0, (131)

where %, is a random time with distribution -~ ¢1
Finally, for practical reasons, we leverage the distributed setting to tighten the requirements on the learning rate scheduler to make it
experimentally viable, and rather require

2e
= (132)
@WLo+d(02402w) L1 +@WLE[|V f(X
Lo+ LiE[|V£(Xe)|l2] + o+d(o?+o%w) 145L1 IVF(Xo)lla]

O

Finally, one can generalize this result to cover the (0§, o3 )-Variance.

Theorem D.7. Let f be (Lo, L1)-smooth, max(%;(z)) (2)||3, the learning rate scheduler 1 such that ¢ = fot(ns)ids,

0o 2 0o J— _ N
10290 oo, % 2900, = + SN ot 0F = + SN ot odw = = SN o owi, and 03w = + SN 02 w;. Then, for
0<e<l,
2e
e Lo(@+d(o3w+0}))+L1d(03+03w) +L1 ([@+d(oFw+a? DE[IV F(X1) 2] (139
Lo+ LiE[[[Vf(X¢)[l2] + i
and for a random time t with distribution ;’ﬁ , we have that
1 ’I7L0+L1 d?—i—agw t—300
E [va(Xt)Hg] < m <f(X0) — (X + f ( ;]\E 0 ow) 28 0. (134)
t

D.3. Distributed SignSGD

D.3.1. FIRST ORDER SDE

The following is the firs-order SDE model of DSignSGD (see Theorem 3.10 in (Compagnoni et al., 2025a)). Let us consider the stochastic
process X; € R? defined as the solution of
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N

dX, = —— Zuzpvh(xt ) <0) dt+,/ \/ Z(X,)dWs. (135)

=1

where

N
Zi (X0), (136)

and ¥;(z) = E[¢,, (2)&, (z) 7] where &, (2) := sign(V £, (z)) — 1+ 2P(V f,, (x) < 0) the noise in the sample sign (V f,, ().
Corollary D.8 (Corollary C.10 in (Compagnoni et al., 2025a)). If the stochastic gradients are ¥V f~,(x) = V f(x) + V/3:Z; such that

Z; ~ t,(0, 14) does not depend on x, v are the degrees of freedom, and scale matrices ; = diag(oi ;, -+ ,04;). Then, the SDE of
DSignSGD is
N
2
dX = —— = 2 (Xy) | dt (X¢)dW, 137
= = (e e S a3
o) :

2 Fy (%, ”;1; %; —%), 2 F1 (a,b; ¢; ) is the hypergeometric function, and

S(Xy) = Iy — %i (E,, (2;5Vf(xt)))2. (138)

Remark (Beyond Student’s ¢ noise). We specialize our analysis to the Student’s ¢ noise to obtain a closed-form expression
for the scalar function =, governing the drift of the DSignSGD surrogate (and hence explicit constants M, , £,)). More generally, the
same SDE construction applies to any coordinate-wise symmetric noise with an absolutely continuous density: the drift depends on the
one-dimensional CDF through Z(z) := F(z) — 3, and the constants in the stability bound can be defined as M := sup, Z'(z) and
¢ := 2='(0) whenever these quantities are finite. The Student’s ¢ family is a convenient heavy-tailed instantiation that also covers regimes
with undefined mean (e.g., v < 1).

Theorem D.9. Let f be (Lo, L1)-smooth, 1, a learning rate scheduler such that ¢; = fo ns)ids, ¢p "5 29 %o i’l 2800, 3 < o’mm i
ow,1 be the harmonic mean of {Gmax,i }, and £, = 25;, (0) > 0 a constant. Then, for a scheduler nn; < Ui]\i’;”h and a random time t

tyo7 2nLid ’

with distribution % we have that
(f’le’/g?-t 1- 97 5%

1 Lo + L1)d¢? \ t—c

E[V/(Xp)]3 < o (£ — g + Mo A0y ey (139)
tlZVUH L — &% 0y 2N

rooj. to Lemma on t) — we have that for OISC t t ty
Proof. By Ito L. F(X1) — f(X.), we have that for O(N S(X0)VF(X)dW,

nid

A(f(Xe) = F(X.)) < —buozamel |V (X013 N (Lo + L[V F(X¢)|l2)dt + O(Noise) (140)
Phase 1: ||V f(Xy)|2 < 1:

nid

d(f(Xe) = F(X.)) € —luosg eV F(X)I3 ~ (Lo + Lu)dt + O(Noise). (141)

Phase 2: ||V f(X¢)|2 > 1:

2 2 2
medLa ||V f(X)ll2 L nmdLodHO(Noise). (142)

d(f(Xe) = f(X.)) < Loy e[V F(X0)|5dt + oN 9N

By taking the worst case of these two phases, we have that

i dLll\Vf(Xt)H%dH mmid

AF(X0) = (X)) <~y | 970 Bt + TEELR o

(Lo + L1)dt + O(Noise). (143)
With arguments that follow the same steps we detailed in the proof of Theorem D.1, we have that

77(LO + L1)d¢? t— o0
T ) . (144)

EIVS (Xp)3 < o (100 - ) +

1
tEVUH 1~ P SN
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D.3.2. OUR NEW FIRST-ORDER SDE FOR DSIGNSGD

The following is the first-order SDE model of DSignSGD and is a straightforward generalization of Corollary C.10 in (Compagnoni et al.,
2025a) and Remark C.2. We observe that =, () is bounded by the positive finite constant M,,.

+ ;@iz;év%(m (= (srhvse ) oz (2H s )

+ % S(Xe)dW. (145)
Theorem D.10. Ler f be (Lo, L1)-smooth, 3; < O’,?,wm-, ow,1 be the harmonic mean of {amaxi} M, = sup{Ei,( )} > 0and
—/ L (L0+L1)0§11MU
¢, = 25,(0) > 0 constants, and K = | 7% + —V ) Then, for a scheduler nm; < T ~ and a random time T with
distribution M we have that
olt,05 67K
BINS G018 < S (1060 = £00) + ottt + a5+ ) ) =0 ade
PSSl — ok VTR TSN T 0y 1 Va '
Proof. By Ité Lemma on f(X;) — f(X.), we have that for O(Noise) = /= (X;)V f(X:)dW4,
d(f(Xe) — f(Xa)) < —luos\ml|V £(X0)|5dt +mmi oz (Lo + L |V f (Xe) [|2) Mo |V f (Xe) [|1dt (147
2
d .
+ ”277& (Lo + L1 ||V £(X})|2)dt + O(Noise). (148)
Phase 1: ||V f(X:)|l2 < 1:
d(f(Xe) = F(X2)) < —looy1ne |V f(Xe) |13t + i oy (Lo + La) M,V ddt (149)
2
+ ";&d(Lo + L1)dt + O(Noise). (150)

Phase 2: ||V f(X¢)|l2 > 1: Since |V f(X:)[1 < V||V F(Xe)|l2 < V||V f(X¢:)||3, we have that

d(F(X0) = F(X.) < —Loorym IV F(XOIBdE + mrton’s (Lo + Lo) MV £(X0) |3dt (1s1)
midLa ||V f(Xo)|3 | mmidLo :
+ o + oI dt + O(Noise). (152)

By taking the worst case of these two phases, we have that

A(f(Xe) = F(X2)) < —boos \nel [V F(Xe) 13t + mmfory (Lo + L) My Vd||V f(Xe)|3dt (153)
2 2
4 ALV IXOWR gy 4204 1 (i M > dt + O(Noise). (154)
2N OH, 1\/

With arguments that follow the same steps we detailed in the proof of Theorem D.1, we have that

1
3 < ——3=
$iluos)y — $EK

BV (X) (rx0) = s+ dtntto+ i (5 + M)} =0 ass

onuVd

D.4. Limitations

Our analysis focuses on homogeneous client distributions to isolate the effects of noise, compression, and adaptivity without the additional
complexity of data heterogeneity. Extending the results to heterogeneous settings—where clients may have different tail indices, variance
structures, or asymmetric noise—is an important direction for future work, and our framework is fully compatible with such extensions.
We also restrict attention to unbiased and signed gradient compression, while many practical distributed optimizers employ general biased
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compressors or use error-feedback (EF) mechanisms to recover convergence guarantees. Our SDE framework naturally accommodates EF
by modifying the drift term to include the memory state and can be extended to biased compressors via suitable bias-correction terms in
the continuous-time limit, providing a direct foundation for these future developments.

Additionally, we focus on finite-sum minimization as per the literature (Jastrzebski et al., 2018), and do not tackle questions related to
generalization (Smith et al., 2020).

Finally, our contribution is intentionally foundational: Rather than proposing new optimizers, we build a rigorous, unified framework that
captures the joint effects of noise, compression, and adaptivity for distributed methods under (Lo, L1 )-smoothness. We view this work as
a basis for future extensions (e.g., heterogeneous clients, error-feedback, and general biased compressors) and for subsequent analyses
that further systematize large-scale stochastic optimization.

Acknowledgments. We acknowledge the use of OpenAI’s ChatGPT as a writing assistant to help us rephrase and refine parts of the
manuscript. All technical content, derivations, and scientific contributions remain the sole responsibility of the authors.

E. Experiments

Our experiments are intentionally minimalistic: They are designed to validate the fidelity of the derived insights and to illustrate the
qualitative phenomena predicted by our theory, rather than to benchmark performance on specific tasks. This aligns with the theoretical
nature of our contribution.

E.1. DCSGD - Figure 2 - (Left Column)

1000 (z5)% .. . . . . . .
We optimize f(z) = w as we inject Gaussian noise with mean 0 and variance o ||V f(z)||3 on the gradient. The learning rate
isn = 0.1, 0 = 0.1, we use random sparsification with w € {4, 8,16}, and we average over 1000 runs. In the top figure, we use no
scheduler, while in the bottom one we use a scheduler as per Eq. 15.

E.2. DSignSGD - Figure 2 - (Right Column)

We optimize f(z) = % as we inject student’s t noise with v = 1 and scale parameters o on the gradient. The learning rate is n = 0.1,
o € {0.25,0.5,1,2,8,16}, and we average over 10000 runs. In the top figure, we use no scheduler, while in the bottom one we use a

scheduler as per Theorem 4.3, e.g. n; = ﬁ

E.3. Experiments on a MLP (Figure 1)

Architecture, data, and metric. We consider fully connected neural network hy : R?° — R with a single hidden layer of width 64
and ReLU activation. The network has the form

he(m) =Wy ¢(W1£C+b1)+b27 (156)

where W, € RM”O, Wo € R b € R64, b2 € R, and ¢ denotes the ReLLU activation. We collect all parameters into a single vector
6 € R%. The loss is the mean squared error

n

56 = =S (hofar) ), (s

i=1

with a fixed dataset of n. = 4096 examples. Inputs are z; € R?° sampled as x; ~ N(0, I2o), and labels are generated from a linear
teacher
Yi =, we + i, we ~N(0,I0), & ~N(0,0.1%). (158)

The dataset (z;, y;)i—, is sampled once and reused for all methods and repetitions, while the number of clients is N = 8. At iteration ¢,
we compute the full-batch gradient g; = Vo f(8:) € R? and monitor the quantity

llge |3 (159)

For each setting, we approximate the expectation by averaging this quantity over multiple independent runs.

Noise injection and compression. In all experiments, we inject additive Gaussian gradient noise and then apply random sparsifica-
tion. At each iteration ¢, we sample Z; ~ N (0, 0°||g¢||314) with o = 0.1 and form the noisy gradient g, + Z;. For a given sparsification
probability p € {2,818} we draw an i.i.d. mask m, € {0, 1}¢ with

57917
P[(mt)i = 1] =1-p, (160)
and define the unbiased random sparsifier
v © me
Cp(v) = T—p° (161)
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DCSGD - Diverges

DSignSGD - Does Not Diverge
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Figure 2. We optimize f(z) = 20=1 @) it batch noise of variance o2 |V £(x)||3 and use Random Sparsification for different
compression rates w: as per Thm. 4.2, DCSGD diverges faster and faster for larger values of w when the normalization proposed in

Eq. 15 is not employed (Top-Left) but always converges if it is employed (Bottom-Left). We optimize f(x) % with batch noise

of unbounded expected value and for different scale parameters o: DSignSGD does not converge to 0 without a proper learning rate
scheduler as prescribed by Thm. 4.3 (Top-Right), but does converge with (Bottom-Right). See Appendix E for all implementation details.

so that E[Cp(v) | v] = v. In the plots, we simply label these three compression levels as w € {4, 8, 16}, with larger w corresponding to
more aggressive sparsification (larger p).

DCSGD without scheduler Here, we use DCSGD with learning rate n = 0.01, noise level o = 0.1, and sparsification probabilities
pE {%, %, %} For each value of p, we run T4;, = 10 iterations and repeat the experiment over nfﬁ,ﬁls = 100 independent initializations

of the MLP. We report the average of ||g;||3 over these runs as a function of the iteration index.

DCSGD with our scheduler Here, we use DCSGD with learning rate n = 0.01 and use an adaptive scheduler 7, as per Eq. 15 where
oo = 0, and we assume Lo = L; = 1, because these constants are not actually known. As before, we use 0 = 0.1 and p € {4 8 16
conv

5290174
For each value of p, we run Tconvy = 50000 iterations and repeat the experiment over n;y,s = 5 independent initializations. We then
average ||g:||3 over these runs.

Normalized SGD with compression This experiment provides a baseline where we apply plain Normalized DCSGD, i.e., we
normalize the compressed gradient. We use learning rate n = 0.01, noise level o = 0.1, sparsification probabilities p € {%, %, % , and
a small constant e = 10~% added for numerical stability. The horizon and number of runs are the same as in the convergent DCSGD
experiment, that is Tcony = 50000 iterations and n;g,s = 5 independent initializations for each value of p. As before, we track and

report the averaged trajectories of ||g||3.

DSignSGD Here, we apply DSignSGD as we inject Student’s t noise with = 1 and scale parameters o on the gradient. The learning
rate is 7 = 0.01, 0 € {0.25,0.5,1,2,8,16}, and we average over 5 runs. In the top figure, we use no scheduler, while in the bottom one
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we use a scheduler as per Theorem 4.3, 7, = ﬁ As before, we track and report the averaged trajectories of || g¢ ||3.

E.4. Constructive Form of the Normalization Condition

The sufficient conditions for convergence of DCSGD (see Eq. 15) indicate that the learning rate schedule nn; should scale inversely with
E||V f(X¢)||. While this may appear abstract, it admits a natural and practical implementation in the distributed setting.

Client-side estimation. At iteration ¢, each client 5 already computes a stochastic gradient V f; ., (X¢) on a local mini-batch ;. We
define the local norm estimate as

9i = IV firy (X0)]|. (162)

This requires no additional computation beyond what is standard for mini-batch gradient methods.

Server-side aggregation. The server maintains an estimate of the global gradient norm by averaging the client-side estimates as

L&
A .t
@_NE% (163)
which provides a consistent approximation of E||V f(X¢)||.
Normalized learning rate. A learning rate of the form
7o
~ = (164)
nmne 140,

satisfies the normalization condition in our bounds up to stochastic error. This adjustment can be implemented with negligible communi-
cation overhead, requiring each client to transmit only a single scalar per iteration.
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