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A APPENDIX

This appendix provides supplemental materials for our work “On the Expressive Power of Weight
Quantization in Deep Neural Networks.”
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Figure 6: The approximation to three types of hierarchical operations.

B FULL PROOF OF LEMMA 1

Statement. A n-bit quantized neural network with two layers and a width of 1 can exactly approxi-
mate the identity function Z : R — R.

Proof. As stated with ReLLU activation, it is observed that
z=1-0(1-2z+0), for >0

and
r=w-o(w-x+0), for z<0.

Thus, the concerned identity function Z : R — R can be approximated well by a n-bit quantized
neural network with two layers and a width of 1 according to

I(x)=q-o(qg-z+0),
where ¢ = 1 for x > 0 and ¢ = w for x < 0. This completes the proof. ]

C FULL PROOF OF LEMMA 2

Statement. A n-bit quantized neural network with two layers and a width of O(z) can exactly

approximate the square function S : R — R where S(x) = z2.

Proof. As stated with ReLLU activation, it is observed that

x
@?=> (2i-1) for z€Z.

=1

Thus, the concerned identity function S : R — R can be approximated well by a n-bit quantized
neural network with two layers and a width of O(x) according to

S(z) = ZI(A(Z’) +w-1)

with  A(z) =Z(z) + Z(z)

for n > 2. For the case of n = 1, Algorithm 1 displays the computing procedure. This completes the
proof. |

13



Under review as a conference paper at ICLR 2026

Algorithm 1 Compute S(x) using Bit-wise Operations

1: Input: z

2: Output: S(x)

3: if t == 0 then

0

: end if

. if x < 0 then
T4~ —T

end if

: S(x) 0

9: p<+0

10: while z > 0 do

11:  if 2&1 then

12: S(z) «+ S(z) + (z < p)

13:  end if

14: r+—ax>1

150 p+<p+1

16: end whileS(x)

AN AN

Algorithm 2 Compute D(x) using Bit-wise Operations
Input: z
Output: D(x)
Aj(z)  Z(wz + 1)
Ag(z) + 1-Aq(x) +1
As(z) + S(A1(x))
D(.T) ~— M (Ag(x), A471(1‘))
fort=1:m—1do
A4)i+1($’) «—7 (1 . 8i+1(A3(CL‘)> + 1)
D(z) + M (D(z), Ag,iv1(2))
end forD(x)
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D FuLL PROOF OF LEMMA 3

Statement. A n-bit quantized neural network with one layer and a width of O(z) can exactly
approximate the multiplication function M : R x R — R where M (z1,22) = z125.

Proof. As stated with ReLLU activation, it is observed that

1
2182 = 55 ((xl +29)% — (21 — 352)2) .
Thus, the concerned identity function M : R — R can be approximated well by a n-bit quantized
neural network with two layers and a width of O(x) according to
M(z) = (Ai(z) — Ag(x)) > 2
with Al(lf) = S($1 + IQ)
and  Ax(z) = S(x1 — x2)
for n > 2. For the case of n = 1, one can compute the A;(z) and Ag(z) from Algorithm 1. This
completes the proof. O

E FULL PROOF OF LEMMA 4

Statement. A n-bit quantized neural network with one layer and a width of 2 can uniformly
approximate the multiplication function D : R x R — R where D(z) = 1/z.
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Proof. As stated with ReLLU activation, it is observed that

m

%:n@m(zf:ﬁ)n (1+ (1 —x)f) .

i=1

Thus, the concerned identity function D : R — R can be uniformly approximated by a n-bit quantized
neural network with two layers according to Algorithm 2. This completes the proof. (|

F FULL PROOF OF THEOREM 3

Statement. Let X C RY and n > 2. Provided the ReLU activation, the collection of functions
expressed by a n-bit quantized neural network with a width of at most N + M + O(]|z||«) is dense
in C(K C RY RM) with respect to the uniform norm, where |||, denotes the infinity norm of an
input variable , N and M indicate the dimensions of input and output, respectively.

Proof. Let f € C(K,RM), where f = (f1,..., far). Decomposing a n-bit quantized neural network
into M sub-networks that correspond to M target sub-functions, the problem of approximating f can
be degenerated to another problem of approximating f; for any j € [M]. It suffices to enable each
approximation to the target sub-function within error € > 0 on K.

It is evident that any continuous function can be approximated well by a polynomial function, which
comprises three types of hierarchical operations, i.e., the identity, upgrade, and degrade operations.
Let x € RY denotes the inputs, where * = (x1,...,2y). Each hidden layer has three group
neurons. The first group of neurons simply records the input (z1, ..., zy) by applying an identity
activation function, in requirement of /N hidden neurons from Lemma 1. The second group of neurons
performs its computation based off of the inputs preserved in other hidden neurons, in requirement
of one hidden neuron. The third group of neurons is used to compute these hierarchical operations.
According to Lemma 3 and Lemma 2, the number of hidden neurons is at most max{z1,...,Znx},
that is, O(||¢||« ). Hence, each hidden layer has N + 1 + O(||x|| ) neurons, arranged into a group
of N neurons, a group of a single neuron, and a group of O(||x ||~ ) neurons. Each approximation to
the target sub-function is within error € > 0 on K.

Finally, the neurons in the output layer of the network are connected to the final hidden layer and
equipped with the identity activation function as usual. Uniform continuity preserves uniform
convergence, continuous functions preserve compactness, and a composition of two uniformly
convergent sequences of functions with uniformly continuous limits is again uniformly convergent.
Thus, we can combine M sub-networks, which approximate the target sub-functions within error
€ > 0 on K, by taking a sufficiently larger number of hidden layers. Thus, the width of each hidden
layer is at most N + M + O(]|x|| oo ). This proof is finished. O

G FuLL PROOF OF THEOREM 4

Statement. Let f; denote the quantized neural network equipped with the ReLLU activation and
1-bit weights. There exist a function f(z) that maps from [—1,1]"¥ to R™ and a certain constant &,
such that for any 1-bit weight, it holds sup,, || f(x) — fii(x)| > 6.

Proof. Let z; denote the i-th element of € [—1,1]" for i € [N]. For example, z; is the first

element of . Here, we construct a target function f : [—1,1]¥ — R as follows
2
cxy
ex , |z £0.5,
flz) = p(cx +1> 1] <

i
0 . |z1] > 05,

where ¢ < 0. It is observed that f is a non-negative function and maintains its maximum at the
original point 0.

Provided the target function, we intuitively have

sup 1f(x) = fivi(z)]| > max [f(z) — froi(z)] - 4)

ze[—1,1] ze{—1,0,1}~
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Notice that we have some observations on the right side of Eq. (4)

11— fisi(z)], 21=0,
0= fivu(z)], =1 €{-1,1}.
It is observed that fiy;(x) belongs to {—1,0,1} forx € {—1,0,1}" and fi4(0) = 0, implying
that | f(x) — fiwi(x)| € [0, 2]. Hence, we can rewrite Eq. (4) as
)

sup  [|[f(z) — fiwi(z)| > max [f(x) — froi(z)]

xe[—1,1]N xe{—1,0,1}N

- a 17 -bit\ L + O* it (L
xz,u.,zwg—)io,uN—J Jrou(@)] + | Jiovie()]

> 1— b b
2 epmax A= fr(@)] 4 ()

>1,

|f(x) = froi(z)| = {

V

where i € {2, ..., N}. This completes the proof. O

H FuLL PROOF OF THEOREM 5 AND COROLLARY 6

Statement. Let K be a compact set in [—D, D] where D > 0, and p is a probability measure
defined on K. For a fully-connected architecture with a width of at most V,, and a depth of L, there
exists € > 0 and § = O(C,,'n~Le€) where C,,,, = DLNE such that if max |Q,,(8) — 0] < 6, then
the following holds

||an(9)(:U) - fa(:B)HLzo(K)]RM) <e.

Statement. Let K be a compact set in [—D, D] where D > 0, and p is a probability measure
defined on K. For a fully-connected architecture with a width of at most NV,, and a depth of L,

there exists € > 0 and d; = O(C;'/Nu(K)n~Fe) such that if maxg |Q,,(0) — 6| < 6o, then the
following holds

Han(O)(w) - f‘g(w)HLi(K,RM) <e.

Proof. It is evident that ReLU is a 1-Lipschitz activation function. For any [ € [L], the approximation
effects led by the connection parameter of the [-th layer becomes

Hf(x;wm) _ f("”w(l))H < HW<L>h(L—1> _W<L>;L<L—1>“
2 2

< [we]], ey -Ae]
- 2 2

L
< (L], ) oo -]
< (11w, 2
L
- < I || ) [wiont=) - Wi
- 2 2
k=l+1
L
< (I [we]) e - wol, e,
- 2 2 2
k=Il+1

The above inequalities also hold for b"). Further, we consider the approximation effect led by a
collection of connection parameters, that is,

| fo(@) = f5(@)]], < H(W(mh(L—l) b)) - (WD RE-D 4 5<L>)H2

L
(k) @ _w® f(1-1) @ _ p)
<3 (T o], ) (e s o, « oo -5 ).

=1
&)
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in which l
n0l, < (IL[wl, H 1, ) ]
||, < (TT|w Hw\|2+z w b
k=1
and
L
|fo(@)l, < (H |wol. ) folla+ 3 ( IT [w®| ) b0, -
I=1 =1 \k=I+1
It is observed that |0 < (n — 1) for € N,,; thus, we have [W® || < N, (n — 1) and ||b® |, <
VNy(n—1)forl € [L].
Let R(0,0) denote the maximum of |# — 6|, or formally R(6,6) = max, ;6 — 0). Then we have
WO WOy, < N,R(6,6) and |bD) —bD ||y < /N, R(0,0) for | € [L]. Thus, Eq. (5) becomes

-1

[ fo(@) = fa(@)]|, < Y (Nun)™! [(l\fwn)l_1 Il + Y (Nun)*

1 B B k=0 )l B A
< {[Z(an) ] |, + ; (Nyn)E™ IMHNwR(e,e)

< (£ o+ HEe) Gty r0,0)

N, R(0,0)

For convenience, we take a short notation

Al Nun L) = N [L<an)“ ], + L) (Nun)® _)1]

Nyn —1 (Nyn —1)2

It is easy to obtain that A(z, Ny, L,n) = O(LNEnE=1)(||z||2 + c), where c is a universal constant.
Let 1 be a Lebesgue measure defined on K. Thus, we have

[ /K | fo() —fg(a:)Hﬁdu(w)}1/2 < [02 /K {A(w,Nw,L,n)2R(9,é)2rd,u(:c)}

1/2 A
<o Nt ) | [ (al,+ 0P dute)] - R0.0),

€ss sup Hfg(w) - fe(:B)H < Cuo esssup {N Az Nw,L,n)R(O,é)}
reK e K

1/2

<0 (LNiﬁnL_l) (ess sup ||| oo + C) R(6,0) .
e K

(6)
Provided K C [—~D, D] where D > 0, we have ||z|s < v/ ND and |||~ < D. Further, one has

1/2
[/ (|||, + ¢)? d/i(:l:)j| <VND u(K) and esssup|z|oo < D . @)
K zeK
Substituting Eqs. (7) into Eq. (6), we have

{ er(w)—fA(w)HLzKRM O (LNEn ' /N u(K)D) R(0.0)

. 3
Hff)(w) HLoo (K,RM) = O(LNL o 1D) R(6,0) .
Provided that ~
R(6,9) <é; for i=1,2
n—1
with
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it holds 8y, 0, € (0, 1) for € > 0. By setting § = Q,,(6), the followings hold

R(6,0)
p— <6 = ||f0(5'3) - fé(m)||L°°(K,RM) Se€
R(9,0)
— < by = || fo(x) — fé(w)HL2(K,RM) se€.

We can finish the proofs of Theorem 5 and Corollary 6.
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