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A. Details of THEORY OF SPACE
A.l. Formal Definition

& Definition: THEORY OF SPACE

Ability to construct, revise, and exploit an internal
spatial belief.

We formalize THEORY OF SPACE within a partially ob-
servable framework over a spatial structure S € S. The
agent interacts with S to generate a history h; = (0g.¢, ao:t),
where o and a denote observations and actions. We define
THEORY OF SPACE as the capacity to manipulate a proba-
bilistic belief B; through three core operations:

1. Construct: To form a globally consistent internal spa-
tial belief by actively seeking out and integrating partial
observations. Formally, the agent integrates h; to approx-
imate the true posterior, denoted as B;(S) ~ P(S | h).

2. Revise: To dynamically update the internal belief by
using new information acquired through further explo-
ration to resolve conflicts with prior beliefs. Upon an en-
vironmental shift S — S’, the agent utilizes exploratory
actions Ah to minimize the divergence from the new
ground truth, i.e., Biyar — P(S" | higat).

3. Exploit: 7o utilize the current belief to support spatial
tasks. The agent utilizes a policy 7 conditioned on the
belief, 7(a; | B:), to perform a downstream task 7. In
a benchmark context, we measure the value of belief
by the performance metric J achieved by this policy:
T(r(1B),T).

A.2. Downstream spatial tasks

Drawing on prior work [36, 47], we define tasks to evaluate
an agent’s Route and Survey knowledge. An overview of
the tasks is present in Figure 4 and Table 5.

A.3. Assessment Dimensions

Here we show the detailed definition of five assessment
dimensions.

(D1) Belief Construction Efficiency. Measures how
efficiently the agent collapses spatial uncertainty during ex-
ploration. We quantify this using a normalized information
gain metric, £. Let M be the number of possible positions
for any object at the start of exploration (a uniform prior),
and let C; be the number of positions for object ¢ that re-
main consistent with all observations gathered by the agent
(calculated by AC-3 algorithm, check Appendix B.2). The

N .
efficiency is calculated as £ = 1 — Ei:lﬁ%g?’;(l’c‘). This

score ranges from O (no information gained, C; = M) to
1 (all objects perfectly localized, C; = 1). Note that it can
also be used to calculate the accumulated information gain
at each step. Information gain is mainly used in text-based
environments, since vision-based environments have direct
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access to scenes without such ambiguity. Therefore, for
vision-based environments, we directly use node coverage
to measure exploration efficiency.

Belief Representation and Quality Assessment. A core
contribution of THEORY OF SPACE is disentangling spatial
memory from spatial inference. We structurally decompose
the probed cognitive map into two components:

¢ (D2) The Cognitive Map (Observed): Measures fidelity
and coherent integration of observations over time. We
evaluate using two criteria: (1) Correctness, alignment
with ground truth, computed as a composite of positional,
directional, and facing accuracy; and (2) dynamic rea-
soning diagnostics, including Perception quality, Self-
tracking, Stability, and Local <> Global Consistency,
reflecting internal coherence such as the absence of con-
tradictions within the relational graph and between maps
and relations.

¢ (D3) The Uncertainty Map (Unobserved): Measures
how well the agent models plausible hypotheses about
unobserved regions. We assess Uncertainty Modeling
by providing a candidate set of positions formed by ran-
domly sampled points from both observed and unob-
served areas, and measuring the agent’s ability to identify
valid locations via Fj.

This separation lets us diagnose whether failures stem from
misestimating the observed world or from insufficient rea-
soning about what remains unobserved.

(D4) Belief Revision. Measures the agent’s ability to
revise its spatial belief under latent environment changes.
We evaluate this using the False Belief task (§5.2), where
objects are covertly manipulated (translated or rotated) fol-
lowing the initial exploration. The agent must re-explore to
detect these discrepancies; we measure the accuracy of these
identified changes (both object identity and transformation
type) using the Fj score. Furthermore, we introduce Belief
Inertia to quantify whether belief revision remain biased
toward obsolete priors.

(D5) Belief Exploitation Success. Measures task success
when the agent must utilize its spatial belief. For tasks in-
volving spatial relations (direction, persp.take, action2view),
we score direction and distance separately, awarding 0.5 for
each correct component. For tasks that output coordinates
(view2loc, alloc.map), we compute a coordinate similarity
score.

A 4. Cognitive Map Probing

We give detailed definition of metrics and scores defined for
cognitive map probing here.

Metrics. We evaluate cognitive map using three com-
plementary metrics. Positional accuracy (pos.acc) is the
Euclidean similarity between predicted and true object co-
ordinates: (K/N) - e RMSE/L where RMSE is the root

MUSI
#9

937
938
939
940
9
942
943

944
945
946
947
948
949
950
951
952
953

954
955
956
957
958
959
960

961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980

981

982
983
984
985
986
987



MUSI

#9

988
989
990
991
992
993
994
995
996
997
998
999
1000

1001
1002
1003
1004
1005
1006
1007
1008

1009
1010
1011
1012
1013

1014
1015
1016

MUSI 2026 Submission #9. CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Dynamic Group Belief on Route

Belief on Survey

Static Pairwise Relation (direction)

report allocentric direction and distance from A to B.

Allocentric Mapping (alloc.map)
predict global coordinates (and headings) for all objects.

Forward Dynam-  Perspective Taking (persp.take)

ics output the observation from a specified object’s perspec-

tive.
Action-to-View (act2view)

given a sequence of Goto/Rotate, predict the final
observation (one object in FOV with ego direction/dis-

tance bins).

Mental Rotation (ment.rot)

predict the sequence of front-facing objects during a
360° self-rotation.

Location2View (loc2view)

given a global pose, predict the observation (one object
in FOV with ego bins/distances).

Backward Dynam- Perspective Decision (perc.dec)

ics infer which object’s perspective the agent is currently

adopting.
View-to-Action (view2act)

View2Location (view2loc)
localize the agent (and optionally orientation) from a
target observation under the map.

recover an action sequence that produces a target obser-

vation.

Table 5. Task suite comparison: Route belief emphasizes egocentric, step-by-step path reasoning; Survey belief emphasizes allocentric

mapping and novel view inference.

mean squared error between predicted and ground-truth ob-
ject positions, L is the RMS ¢5-norm of the positions of
all objects in the scene, and K/N is the coverage (the ra-
tio of the number of predicted objects K to the number of
ground-truth objects N). Directional accuracy (diracc) is
the accuracy of directional relationship between each pair
of objects. Facing accuracy (facing.acc) is the fraction of
objects whose predicted facing matches the ground truth.

Using global and local belief representations, we compute
a set of diagnostic scores at each turn ¢ (all per-turn except
Correctness, which is computed only at the final turn after
termination). Unless noted, scores are averaged over turns
and scenes:

e Correctness (final): Measures the accuracy of the
agent’s terminal global spatial belief. At the last turn,
we evaluate the predicted global map and report a com-
posite score given by the (equally weighted) mean of the
three metrics defined above, with weights 1/3 each. We
compute diracc only for correctness, since the global
cognitive map prioritizes consistent pairwise spatial rela-
tions.

e Perception: Measures how accurately the agent inter-
prets newly observed local structure. We compare the
predicted local map to the ground-truth local map for the
current field of view (FOV), counting only objects that
appear in the FOV for the first time.

* Self-tracking: Measures how well the model estimates
its own pose over time. We infer the agent’s pose from the
predicted global map and compare it against the ground-
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truth agent state.

* Local < Global consistency: Measures whether new
local evidence is incorporated into the global belief co-
herently. Within the same turn, we compare local and
global predictions to verify that newly perceived structure
is integrated without contradictions.

 Stability: Measures whether beliefs about previously
observed objects remain non-degrading over time. For
each previously observed object, at every subsequent
turn we check that its predicted state does not worsen;
the per-check score is 1 if the prediction is no worse than
in the previous turn.

A.5. Belief Revision Metrics

We provide detailed definitions of the metrics used to assess
belief revision here.

Metrics. We evaluate performance along four comple-
mentary axes:

 Identification Accuracy (F): How precisely the agent
pinpoints which objects changed. We compute the F
score for detecting the subset of objects whose position
or orientation shifted.

Average Steps: How efficiently the agent revises its be-
liefs to completion. We report Total Steps needed to
identify all changes, and Redundancy Steps, defined as
the number of steps taken after the last changed object
has been observed. Ideally, Redundancy — 0, indicating
the agent recognizes when updating is complete.
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Figure 4. THEORY OF SPACE exploitation task suite: it covers route-level egocentric reasoning and survey-level allocentric mapping.
Route tasks evaluate path-based inference and egocentric observations. Survey tasks test global mapping, geometric transformation, and
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Route <

Belief on Route: Reasoning about paths and
landmark relations

Pairwise Direction

What's spatial direction

between E — : - —

Perspective taking
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Perspective Determine
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Action2View

After actions—»@—» E

, Where is m ? { _
View2Action

You observe at your
front-right, generate 4 D
action sequence -

Allocentric Map i
What's 2D coordinate of ﬁ

&

Mental Rotation

What's object sequence if @&
rotate clockwise

Location2View

If you move to (0, 2), . | 8
where is ? bz A
View2Location i
If you see Eat your right '

( J

front, where are you

perspective conversion. Together they cover both local navigation reasoning and global spatial abstraction.

* Belief Correctness: How accurate the updated beliefs

dating still points toward the obsolete location, while

are on the changed subset. We compute correctness as in
§5.1, but restrict evaluation to changed objects to isolate
the fidelity of re-exploration.

Belief Inertia: Whether updating remains systematically
biased toward obsolete priors. To quantify attraction
back to pre-shift beliefs, we test whether the residual
error of the updated belief aligns with the direction of
the old belief. For each shifted object 4, let b?!¢ denote
the pre-shift belief, b}**" the post-revision belief, and
gi*¢" the post-shift ground truth. Define the prior-offset

and post-revision error vectors: v; = bgld — g°? e, =
bl — g'*. We define positional inertia as
pos eiTvi Hb?ew — b?lde
s = e Pl |-
llesll [lvill +¢ 20

Directional alignment (cos 6;) Proximity weight (w;)

Here cos 6; is large when the remaining error after up-

w; downweights such alignment when the belief has
moved far from b¢'?. We set o to a dynamic noise scale:
the RMS localization error on the first re-observed un-
changed objects during re-exploration; e ensures numer-
ical stability. Under unbiased updating, E[s”°] ~ 0,
whereas s7°® > 0 indicates systematic pull toward the
obsolete prior. For orientation shifts, we measure iner-
tia via s¢ = ]l(qﬁ?e“’ = qﬁfld) , where ¢ denotes the
predicted orientation. It flags failures to overwrite the
obsolete facing direction.
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B. Technical Details

B.1. Benchmark Construction

We expose the ToS world as a Gym-like interface [6]: agents
interact in discrete steps under partial observability at a reso-
lution of 384 x 384 to construct and revise an internal spatial
belief, which we later exploit in evaluation tasks. Scenes
are procedurally generated multi-room layouts on an N x M
grid with n named indoor objects (each with integer (z, y)
and heading in {N,E,S,W}) and a randomized agent spawn
pose. We restrict multi-room layouts to a tree topology: the
room-adjacency graph is connected and acyclic (no loops).

Text-based World At each step, OBSERVE returns a sym-
bolic snapshot of objects in the current room within a 90°
forward FOV. For every visible object we provide discretized
egocentric direction (e.g., front-left) and distance bins (e.g.,
near/midlfar), plus object identity and facing when deter-
minable. Egocentric observations are rendered with a 90-
degree field of view (FOV), discretized into angular and
distance bins. Visibility is room-bounded; doorways act as
transparent portals only when the agent stands in them, en-
abling dual-room visibility. Optional noise modules perturb
bins for ablations.

Vision-based World We procedurally generate scenes in
a 3D simulator with two controllable parameters: the level
(number of rooms) and the object count per room. Objects
are drawn from a library of 293 distinct 3D models, grouped
into 6 categories and 37 subtypes, primarily everyday house-
hold items (see Figure 5). To ensure diversity, each object
type appears at most once in a given scene.

For task setup, we additionally generate instructional (Fig-
ure 6) and orientation (Figure 7) images that serve as refer-
ences for the agent in vision-world. We include both images
in the vision prompt. Object placement follows validity con-
straints (e.g., collision avoidance, minimum spacing), and
random seeds control reproducibility across environments.

B.2. Proxy agents

Information Gain Calculation We use the AC-3 arc-
consistency algorithm to maintain, for each object, a do-
main of feasible grid cells. Initially, every object’s domain
spans the entire 20 x 20 map. Each new observation is
compiled into unary and binary constraints (e.g., egocen-
tric direction/distance bins, room visibility/occlusion, and
ALLDIFFERENT to prevent collisions). When a constraint
is added, AC-3 iteratively prunes any cell in one object’s
domain that is unsupported by the domains of related objects,
propagating revisions along incident arcs until a fixed point is
reached (all arcs are consistent). While AC-3 alone does not
guarantee global consistency, in our setting all constraints
are derived from a valid trajectory; therefore the ground-truth

15

Model Overview
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Figure 5. Demonstration figures for FOV and 3D model
distribution. Distribution of all 3D models used in our vision
tasks.

assignment remains supported and is never pruned, ensuring
that domains stay non-empty throughout propagation.

Scripted Proxy Agents We implement two scripted prox-
ies to provide strong, reproducible baselines.

ScouT. From its spawn pose, the agent performs a 360°
sweep (four cardinal ROTATE+OBSERVE actions) to capture
all views at the initial location. It then follows a fixed room-
visitation order: upon discovering a doorway, it enters the
adjacent room, executes the same sequential sweep, and
repeats this “visit-sweep—advance” routine until every room
has been observed at least once.

STRATEGIST. The first stage mirrors SCOUT: a
panoramic sweep to register all currently visible objects.
Thereafter, within the current room the agent maintains, for
each object, a set of feasible positions (“domain’) induced
by accumulated observations. At each turn it: (i) selects
the object with the largest remaining domain (highest po-
sitional uncertainty); (ii) moves to a viewpoint that best
constrains this object (e.g., near it or along a sightline that
intersects the most candidate cells); (iii) at that viewpoint,
orients to test pairwise relations: it computes unresolved
pairwise directions between the target object and all others
in the room, identifies the direction bin with the highest out-
standing count, and OBSERVEs in that orientation first. The
procedure iterates until all objects in the room are resolved
(domains shrink to singletons), then proceeds to the next
unvisited room and repeats.

B.3. Prompts

We show the detailed designs of our prompts for exploration
in Figure 8, evaluation prompts in Figure 9, cognitive map
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Figure 6. Example of distance cues in the vision prompt. The colored cylinders illustrate objects placed at different distances from the
agent: yellow at 2 m, blue at 1 m, red at 2 m, and green at 3 m, providing calibration for mapping visual observations to discretized distance
bins.

prompts in Figure 10, and top-down view for uncertainty
modeling in Figure 11.

16

MUSI
#9



MUSI
#9

MUSI 2026 Submission #9. CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Figure 7. Object appearance and orientation cues in the vision prompt. Objects with facing direction are shown from both the front and
side views, while objects without inherent orientation are displayed only from the front view. This provides the agent with consistent visual

references for recognizing shape and facing.

Exploration Prompt (text)

You are a spatial reasoner
in a 2D, text-only NxM grid.
Every object including you
is a point at integer (x, y)

(_coordinates

>

Goal & Setting Prompt

[Goal]
Minimize total COST while
building a complete and
accurate map of the

You are a spatial reasoner in
a 3D simulated
environment. The world is
rendered in 3D but
abstracted into a discrete 2D
arid of size NxM. Every
entity, including yourself, is
represented by integer
coordinates (x, y) on this
grid

C

Exploration Prompt (vision)

>

[Multi-room rules]
(may exist multiple rooms):
- Your vision is confined to
your current room.

- Doors block vision
between rooms.

- Exception: When located
in a doorway, door is open
and invisible, you can see

into both connected rooms.

- Rooms connect via doors

on vertical (front/back) or

horizontal (leftright) walls.
L

J

Observation Instructions

[Relationship]
bearing in degrees; distance is
Euclidean. Use binned labels.

Bearing is a degree in [-180, 180]; 0° is
- counterclockwise.

front. +: clockwise,

[Orientation]

-forward/backward/right/left (ego)

or north/eastisouthiwest (allo).

-When agent faces north: forward

= north, right = east, etc.
-Gate's orientation: report wall
position (e.g., 'on left wall).

[Binned relationship reporting]

EgoFront (egocentric, objectto-agent);

Cardinal (object-to-object).

Egocentric angle bins (0° is front):
-[-45° -22.5°)—front-left,
-22.5°,0°)front-slight-eft,
-0°—front,
~(0°,22.5°] front-slight-right,
~(22.5° 457 >front-right,
—otherwise—sbeyond-fov.

Cardinal angle bins (45° each):
~(-22.5°,22.5]north,
~(22.5° 67.5]-north east,
-(67.5°,112.5]»east,
~(112.5°,157.5]»south east,
~(157.5°,202.5]»south,
-(202.5°,247 5] »south west,
~(247.5°,292.5] - west,
-(292.5°,337.5]»north west,

Distance bins:

—=0—same dist

istance,
-(0,2]-near, (2,4]->mid distance,

~(4,8]-slightly far,
-(8,16]ar,
~(16,32)-very far,
-32-»extremely far.

Action Instruct

ns

You can jump to objects within
and across rooms, turn, and
observe.

When you are at a door, you can
see objects from both connected
rooms (within FOV).

Available Actions:
{actions}

Action Grammar (HARD
CONSTRAINT):

Actions: [ <M>* <F>]

<M> = "JumpTo(OBJ)" |
“Rotate(DEG)"

<F> = "Observe()" | "Query(OBJ)"
| "Term()"

Constraints:

- Zero, one or more <M>. No
JumpTo at first step.

- Exactly one <F>, and it must be
the final action.

- No more than one Observe().

- Term() may appear only alone.
- Any violation is invalid.

Examples:
{examples}

Rules:

- Observe action only reports from
your current position and facing
direction. If you jump multiple
times, the final Observe() action
gives the view only from your last
position.

- Actions execute in order. Field of
view: {field_of_view)".

Observe and Query action have
costs:

{costs)
L

Format & Rules Instructions

[Rules]

- Achieve complete
coverage with the fewest
steps;

- Prefer actions that reveal

more unknowns; avoid
redundancy

-FOV is 90°, you can NOT
see objects outside your
FOV.

- Track your current and
initial pose

Figure 8. Exploration prompts
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Exploration Prompt (vision)

Here is an example of your
observation: blue cylinder 1 m
straight ahead; red cylinder 2
m straight ahead; yellow
cylinder 2 m at 45° to your
front-left; green cylinder 3 m at
22.5° to your front-slight-right:
{image_placeholder)

The image shows all objects in

numbered (1-N) in the top-left,
matching the object order in
the room layout.

For items with a facing
direction, two copies are shown
side-by-side: the left copy has
its front facing the camera; the
right copy has its front facing
left.

Items without a meaningful
facing direction are shown
once.
{image_placeholder)

Exploration Prompt - False Belief

the room. Each tile is >

YYou have returned to the initial
position and face north.

There are {n_changes} objects in
the room that have been changed
(position or orientation).

Note one object is either moved or
rotated, not both.

Goal: Explore the room again and
identify which objects have been
changed and how with minimum
costs.

Use the same action set as the
exploration phase.

You must use the
Term(changes="...") action to
submit your answer and terminate.
Format: Term(changes="object1:
change_type, object2:
change_type")
Example: Term(changes="appl
position, chair: orientation”)
You have a maximum of
{max_steps} steps.

MUSI
#9
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Pairwise Direction

You return to your starting position and face north.
From a Top-Down map, describe where
{obj_name} is relative to {anchor_name}.

Answer format: <cardinal direction>, <distance>

Example: north-west, near

Perspective Taking

Now you jump to {anchor_name}'s direction, facing
its direction. Describe where {obj_name} is relative
to you.

Answer format: <ego direction>, <distance>

Example: front-left, near

Perspective Determine

Now you jump to an object's position, facing its
direction. You observe that {observation}. Which
object are you standing at?

Answer format: <object_name>

Example: lamp

Action2View

You return to your starting position and face north.
You will execute the following action sequence:
{actions}

After executing the actions, what is the ego relation
of {target} relative to you?

Answer format: <ego direction>, <distance>
Example: front, near

View2Action

You return to your starting position and face north.
Then you have executed an action sequence and
changed to a new location and facing direction.
You observe the following:

{final_obs}

What action sequence led to this final view? The
action sequence must be valid and only contain
move actions.

Answer format: <sequence of move actions>
Example: JumpTo(lamp), Rotate(90)

Allocentric Map

Treat your starting position as the origin (0, 0) while
facing north. Report allocentric coordinates using (x
right/east, y up/north).
Objects: {object_list}.

Answer format: (x0, y0); (x1, y1); ... in the same order.

Example: (1, 0); (-2, 3); (0, -1)

Mental Rotation

You return to your starting position and face north.
You will perform a full 360-degree rotation by
continuously turning {turn_direction} in place.
Assume all walls are removed (you can see through
walls), so every object is visible.

Focus on this set of objects: {object_pool}.

List them in the exact order they appear directly
ahead while you rotate.

If two objects share a bearing, place the nearer one
first.

Answer format: <object_name1>, <object_name2>, ...

Example: mug, sofa, plant

Location2View
{origin_instruction}You move to {loc} and face

{direction}.
What is the egocentric relation of {target}?

Answer format: <direction>, <distance>

Example: front, near

View2Location

You move to a new location and face {orientation}.
{observations}

{origin_instruction}What is your new 2D coordinate (X,
y)?

Answer format: (x, y)
Example: (2, -1)

Figure 9. Evaluation prompt design. We show the prompt for each evaluation task.
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Cognitive Map Prompt - Base

[Cognitive Map (JSON)]

[Schema (shared)]
- position: [x, y] integers

"+x|-x|+y|-y" (local/rooms)

[General rules (shared)]

facing direction.

Represent the scene as a JSON map.

- facing: "north|south|east|west" (global) or

- Include only observed objects.
- MUST include facing key if the object has

Cognitive Map Prompt - Global

[Global Cognitive Map]

- Grid: concise global map on an NxM grid.
- Frame: origin [0,0] is your initial position;
your initial facing direction is north.

- Content: include all observed objects and
gates; include the agent

- Facing: use "north|south|east|west"
(cardinal direction only).

[Example]

"agent": {"position": [2, 3], "facing":
"east"},

"chair": {"position": [2, 4], "facing":
"north"},

"sofa": {"position": [5, 1], "facing": "west"}

Cognitive Map Prompt - Local

[Local Cognitive Map]
- Structure: include an "objects" dict; each object's
position and facing are relative to the agent at
time of writing.
- Frame: must include "origin":"agent". Always
keep in mind that the origin is the agent's current
position and orientation.

- +y: facing forward

- when facing +y: +x -> right, -x -> left, -y ->
backward

- All positions/facings relative to this frame.
- Content: "objects" dict; include all objects and
doors in your current field of view; exclude agent.
- Facing: use "+x|-x|+y|-y" (local axes).

[Example]
{
"origin": "agent",

"objects": {
"chair": {"position": [0, 1], "facing": "-x"}
}

Cognitive Map Prompt - Base (False Belief)

[Cognitive Map (JSON)]
Represent the scene as a JSON map.

[Schema (shared)]

- position: [, y] integers

- facing: "north|south|east|west" (global) or
"+x|-x|+y|-y" (local/rooms)

[General rules (shared)]

- MUST include facing key if the object has

facing direction.

Cognitive Map Prompt - Global (False Belief)

[Global Cognitive Map]

- Grid: concise global map on an NxM grid.

- Frame: origin [0,0] is your initial position;
your initial facing direction is north.

- Content: include ALL objects and gates;
include the agent

- Facing: use "north|south|east|west"
(cardinal direction only).

NOTE: you must include all objects and
gates.

[Example]

"agent": {"position": [2, 3], "“facing":
"east"},

"chair": {"position": [2, 4], "facing":
"north"},

"sofa": {"position": [5, 1], "facing": "west"}

Cognitive Map Prompt - Uncertainty map (text)

### Fog Probe
{symbol_def}

The map displays candidate points
labeled A-Z.

Select the points that are located in
unexplored/unobserved regions.
Map:

{symbol_map}

Example:

"unexplored": ['A", "C"]
B

##t# Fog Probe

The map visualizes the environment:
- *North is Up.**

- **Coordinates**: (0, 0) is at the
bottom-left. X points Right (East), Y
points Up (North).

- **Grey points**: All positions with
integer coordinates.

- **Red letters (A-Z)**: Candidate
points to evaluate.

- **Blue point**: Your current position.

Select the candidate points (Red
letters) that are located in
**unexplored/unobserved** regions.
Map:

{image_map}

Example:

I
"unexplored": ['A", "C"]
B

Cognitive Map Prompt - Uncertainty map ( )

Figure 10. Belief probing prompt design. We use these prompts to ask the model to output a cognitive map or select unobserved

points.

Symbol Map (text)

iEsaasasaadssdsdsdi
#.o.. T HEEEH A
#...D. . hEEEHEEEEES
[ 7 HhEFF RS
#I..... HHEFF RS
#o.o... FHEHEE A
#.LF. L LEHHE RS
A HF AR
#o.o... iEEEEEEEEEE

igsssssssssssssdsdi

Figure 11. The symbol map and the image map provide parallel representations of the same environment for text and vision settings in

uncertainty probing prompts.

#: wall
: empty cell
A-K: object
+: door
* 1 agent position
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Image Map (vision)

o : empty cell
e : object
e : agent position
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C. Extra Results

To enable a like-for-like comparison between the text and
vision settings, we instantiate identical room layouts across
modalities. Concretely, we generate 100 evaluation instances
with IDs 0-99; for each ID, we use the ID itself as the
random seed to drive task sampling in both environments.
This seed tying guarantees deterministic layouts and bit-for-
bit reproducibility across modalities.

20

C.1. Additional Results for passive setting

The performance of various models in both text-based and
vision-based environments is summarized in Table 6.

C.2. Additional Results for multi-room settings

We show detailed results for different room settings includ-
ing two-room and four-room layouts. In both the two-room
and four-room settings, we use the same room size and the
same number of objects per room as in the three-room set-
ting. For the four-room setting, we connect the main room
with all the others. We evaluate GPT-5.2 and GEMINI-3
PRO, the two best-performing models. Additionally, we
tested higher resolution, but found no performance gain.
Table 7 and 8 report passive and active performance of the
two-room setting. Table 9 and 10 report passive and active
performance of the three-room setting. As the number of
rooms increases, exploration cost rises accordingly. The re-
sults also underscore the importance of efficient exploration:
in the four-room setting, which demands more strategic ex-
ploration, the gap between active and passive performance
becomes substantially larger.

C.3. Uncertainty Map Probing

To probe an agent’s ability to model uncertainty, we provide
it with a top-down view of the scene in which all objects are
removed, and we overlay a set of candidate points. These
points are sampled randomly and include both previously
observed and unobserved locations. The agent’s task is to
identify which candidate points remain unobserved, thereby
revealing its belief over unseen regions.

Representation. The agent receives an empty top down
map that shows only the candidate points and its current
position, with no objects present. The agent must select the
points that have not yet been observed. In the text based
world, the top down map is represented as an N x M sym-
bolic grid, where different symbols denote the agent, gates,
and candidate points. In the vision based world, all objects
are removed and the agent instead receives a top down image
of the environment, check examples in Figure 11. We use
F to evaluate selected points.

We report Uncertainty scores in Table 3. GEMINI-3
PRO models uncertainty better than GPT-5.2 in both text-
and vision-based settings. These results help explain the
information gain and cognitive map trends in Figure 12.
GPT-5.2 achieves higher initial information gain (i.e., it
ramps up faster), likely because it quickly commits to an
explore-the-doors strategy. However, it generalizes poorly
to unobserved regions, reflected by the subsequent plateau
in Figure 12: additional steps yield little marginal gain. In
contrast, although GEMINI-3 PRO improves more slowly
at the beginning, its cognitive map accuracy continues to
increase with exploration, suggesting it keeps collecting
useful evidence and progressively resolving uncertainty.
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&(ec‘.‘o‘\ Qeﬁ-? W & & foca\]\e« q\e‘ﬂrwcx A\ s 6\6‘“50\ \o(‘:l\].\e\)1 q\e‘i‘n’\oc
Static (S) Dynamic (D) Static (S) Dynamic (D)
Methods Route Survey Avg.
Vision-based World

Proprietary Models

GPT-5.2 473 35.0 63.9 54.5 49.3 64.8 83.3 50.3 65.6 571
GEMINI-3 PRO 63.8 36.3 57.5 49.0 58.0 67.2 85.3 70.4 57.0 60.5
CLAUDE-4.5 SONNET 473 33.5 37.7 40.8 15.7 54.8 58.3 44.7 54.8 43.1
Open-source Models

GLM-4.6V 11.5 24.5 4.7 19.0 2.7 229 11.7 20.0 33.6 16.7
QWEN3-VL 20.8 28.3 22.7 16.7 4.7 33.2 21.7 27.3 40.8 24.9

Text-based World

Proprietary Models

GPT-5.2 84.5 88.2 97.0 89.0 76.0 96.3 98.3 94.8 89.2 90.4
GEMINI-3 PRO 82.7 92.7 97.0 87.5 75.7 86.2 91.3 85.7 80.0 86.5
CLAUDE-4.5 SONNET 73.0 80.7 90.7 77.7 59.0 76.9 74.3 59.2 70.7 73.6
Open-source Models

GLM-4.6V 22.3 39.8 25.0 25.3 4.7 21.2 9.0 27.0 35.7 23.4
INTERNVL-3.5 36.7 67.8 42.7 41.2 8.7 37.3 19.3 38.7 43.8 374
QWEN3-VL 40.8 69.3 56.5 50.0 17.7 42.8 40.3 42.5 54.6 45.6

Table 6. Exploitation Performance (%) of Belief Construction via Passive Observations. Models are evaluated as passive comprehension
agents on Route- and Survey-level reasoning using standardized observation logs from scripted proxy explorers, decoupling exploration
from belief construction across text- and vision-based environments. GEMINI-3 PRO leads most tasks in the vision-based world and achieves
the best overall average, while GPT-5.2 leads the text-based world and attains the best overall average.

6\@0{\0“ Q@ﬁq_@é@ Qeic'éec %Cm\e\ﬂ © R e Py @emxo‘ \0&\,\@74 « RS
Static (S) Dynamic (D) Static (S) Dynamic (D)

Methods Route Survey Avg.
Vision-based World

Proprietary Models

GPT-5.2 39.2 37.3 63.3 53.8 58.3 68.2 92.7 523 68.6 59.3

GEMINI-3 PRO 57.8 339 53.8 48.5 58.7 64.6 83.3 54.7 69.8 58.3
Text-based World

Proprietary Models

GPT-5.2 85.3 92.0 99.0 90.0 83.0 97.2 99.7 89.5 95.2 92.3

GEMINI-3 PRO 88.2 86.7 91.7 87.3 79.3 90.1 92.7 81.5 82.9 86.7

Table 7. Exploitation Performance (%) via Passive Observations under two rooms settings.

&\.60\\0“ Qeﬁﬁ? o Qdc'(\eo' 3&'}\6\“ \l\e\ﬁﬁd (A\\OC'(“ & “\e‘\\-‘o‘ \Oc’l“\e\ﬂ \,\exﬂl\oc
Static (S) Dynamic (D) Static (S) Dynamic (D)
Methods Avg.cost Route Survey Avg.
Vision-based World
Proprietary Models
GPT-5.2 10.8 413 362 482 490 547 569 72.0 452 59.7 51.5
GEMINI-3 PRO 6.6 517 363 630 472 56.0 634 850 503 67.5 57.8
Text-based World
Proprietary Models
GPT-5.2 6.2 68.7 673 900 768 64.0 834 9277 737 83.7 77.8
GEMINI-3 PRO 6.2 760 683 89.0 772 727 83.1 96.0 775 86.2 80.6

Table 8. Exploitation Performance (%) via Active Exploration under two rooms settings.
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6.\.@0\'\9‘\ QG‘SQ o 9 o5C e {Aoaﬂ'@\ﬂ @ 6«@{"0\ AF =P 6\6(\\50\ \0&{\@« @ e\,ﬂ,\oc’
Static (S) Dynamic (D) Static (S) Dynamic (D)
Methods Route Survey Avg.
Vision-based World

Proprietary Models

GPT-5.2 47.0 37.7 59.7 38.3 40.3 60.1 73.7 50.5 65.9 52.6
GEMINI-3 PRO 63.5 35.5 58.7 42.8 43.0 64.4 81.7 48.8 67.4 56.2

Text-based World

Proprietary Models

GPT-5.2 83.8 88.2 94.3 86.8 62.7 94.8 93.7 82.0 92.5 86.5
GEMINI-3 PRO 81.2 91.3 96.7 82.2 68.3 76.8 81.3 74.2 79.0 81.2

Table 9. Exploitation Performance (%) via Passive Observations under four rooms settings.
6\(60\'\0“ Qe;"& ¥ Qe&G'éec. {&C{l{\e\ﬂ \1\@0"7;&0\ %\\00"“ o? “\e(\"( o \oc'l“'\e\ﬂ \J'\esﬂl\oc
Static (S) Dynamic (D) Static (S) Dynamic (D)
Methods Avg.cost Route Survey Avg.
Vision-based World

Proprietary Models

GPT-5.2 232 412 332 490 308 307 325 497 405 554 40.3
GEMINI-3 PRO 19.7 59.8 342 603 347 46.0 56.8 627 440 64.8 51.5

Text-based World

Proprietary Models

GPT-5.2 16.4 653 69.0 743 628 443 66.6 763 575 77.8 66.0
GEMINI-3 PRO 19.7 763 772 917 733 643 77.0 837 740 81.9 77.7

Table 10. Exploitation Performance (%) via Active Exploration under four rooms settings.
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Figure 12. Accumulated Information Gain and Cognitive Map
Correctness over steps.

C.4. Cognitive map Validation & Correlation

Cognitive Map Validation & Correlation. To validate the
utility of the probed cognitive map and investigate whether
it faithfully reflects the agent’s reasoning process, we first
conducted two ablation studies:

* Sufficiency Test (Oracle Map): We conditioned the
model on the ground-truth cognitive map before gener-
ating answers for evaluation. Performance rose to near-

22

perfect levels (=~ 95% for both models in both worlds).
This confirms that our cognitive map representation cap-
tures all necessary information for the tasks; performance
bottlenecks stem from the agent’s inability to accurately
construct the map, not the representation format itself.

* Alignment Test (Explicit Reasoning): We prompted the
model to explicitly generate the cognitive map before an-
swering the evaluation questions. This resulted in a slight
performance degradation compared to direct answering.

These results reveal an externalization gap: the model’s
latent internal spatial belief is richer or more accurate than
the discretized JSON output it produces. While it is a lossy

Methods Text (%) Vision (%)
GPT-5.2 41.8 57.0
GEMINI-3 PRO 46.6 64.5

Table 11. Pearson correlation () between belief correctness and
downstream performance. All correlations are significant (p <
.001).

compression of the agent’s true internal state, the explicit
map remains a strong diagnostic signal. We support this
claim by computing the Pearson correlation between the
agent’s cognitive map Correctness and downstream task
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performance. To ensure a robust correlation, we calculate
the average performance across five independent cognitive
map runs for each sample. As shown in Table 11, belief
correctness is consistently and positively correlated with
downstream success in both modalities, with all correlations
significant (p < .001). The association is stronger in vi-
sion (r=0.570/0.645) than in text (r=0.418/0.466). The
stronger vision correlation suggests that perception-driven
mapping errors and unstable belief updates more directly
translate into task failures. Thus, we establish map probing
as a validated diagnostic proxy for failure analysis. While
acknowledging that correlation does not imply causality, we
treat the explicit map as a robust, albeit conservative, signal
for diagnosing reasoning breakdowns rather than definitive
evidence.

23

D. Additional Visualization Examples

We include concrete examples of task formats and answer
styles with open-ended, format-constrained outputs in Fig-
ure 13.

D.1. Cognitive map output by models

We visualize the turn-by-turn cognitive maps (in Figures 14
and 15 of GPT-5.2, comparing them against ground-truth
maps. The performance is noticeably stronger in text-based
environments than in vision-based ones.

D.2. Exploration pattern examples by models

We include representative trajectories from each model to
illustrate the active exploration patterns identified in our
analysis, shown in Figure 16, 17, 18, 19, and 20 . These
examples highlight how different models manifest recurring
exploration behaviors: for instance, GPT-5.2 often adopts
a “finding-gate” strategy, rotating until a doorway is de-
tected before moving toward it, while other models more
frequently repeat redundant checks. All figures mark the
agent’s position and orientation explicitly, with actions anno-
tated beneath each frame and a shared legend provided for
each trajectory.

D.3. Analysis Platform

We also include some demonstrations in Figure 21, 23, 22,
24, and 25 of our designed platform for better analysis
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Pairwise Direction

Q: You return to your starting position and face
north.

From a Top-Down map, describe where shelf is
relative to truck.

A: south east, mid distance

Perspective Taking

Q: Now you jump to backpack's direction, facing its
direction.
Describe where chair is relative to you.

A: front-left, mid distance

Perspective Determine

Q: Now you jump to an object's position, facing its
direction. You observe that truck is front-left, mid
distance, facing backward; shelf is front, mid
distance. Which object are you standing at?

A: laptop

Action2View

Q: You return to your starting position and face
north.

You will execute the following action sequence:
1. Jump to the object at front-right, mid distance.
2. Rotate(-90)

3. Jump to the object at front-right, mid distance.
4. Rotate(-180)

After executing the actions, what is the ego relation
of bike relative to you?

A: front-right, mid distance

View2Action

Q: You return to your starting position and face
north. Then you have executed an action sequence
and changed to a new location and facing direction.
You observe the following: pan is at front-right,
slightly far, facing backward; truck is at front-right,
mid distance, facing forward; laptop is at front, mid
distance, facing backward What action sequence
led to this final view?

A: [['rotate’, 90], ['jumpto’, 'green door’],
[jumpto’, 'shelf], ['rotate’, 180]]

Allocentric Map

Q: Treat your starting position as the origin (0, 0)
while facing north. Report allocentric coordinates
using (x right/east, y up/north). Objects: shelf, truck,
lamp.

A: [[12,-1],[10, 1], [0, 4]]

Mental Rotation

Q: You return to your starting position and face
north. You will perform a full 360-degree rotation by
continuously turning counterclockwise in place.
Assume all walls are removed (you can see through
walls), so every object is visible. Focus on this set of
objects: bike, pan, television. List them in the exact
order they appear directly ahead while you rotate. If
two objects share a bearing, place the nearer one
first.

A: ['television', 'pan’, 'bike']

Location2View

Q: Treat the green door as the new 'origin’ (0, 0).
You move to (2, -5) and face north. What is the
egocentric relation of pan?

A: front, mid distance

View2Location

Q: You move to a new location and face north. You
observe: pan is at front, mid distance, facing right;
truck is at front-right, mid distance, facing left; green
door is at front-slight-left, slightly far, on left wall
Treat the green door as the new 'origin' (0, 0).

A: [2, -5]

Figure 13. Examples of task formats and answer styles used. EacB$lock illustrates a spatial reasoning task type in our suite (Route-level
and Survey-level), including the corresponding input context and an example open-ended answer that must follow a strict output format. In
the vision setting, textual scene descriptions in the questions are replaced by rendered observation images.
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Figure 14. GPT-5.2’s turn-by-turn cognitive map in text world during exploration.
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Figure 15. GPT-5.2’s turn-by-turn cognitive map in vision world during exploration.
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Figure 16. Example trajectory illustrating GPT-5.2’s door-finding strategy and systematic sweeping pattern: Upon detecting a door, the
agent navigates toward it and executes a strategic rotation to maximize environmental coverage. The process terminates once all target
objects have been successfully identified.
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Figure 17. Example trajectory illustrating GPT-5.2’s omission pattern
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Figure 18. Example trajectory illustrating GEMINI-3 PRO’s door-finding strategy and systematic sweeping pattern in vision world: Upon
detecting a door, the agent navigates toward it and executes a strategic rotation to maximize environmental coverage. The process terminates

once all target objects have been successfully identified.
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Figure 19. Example trajectory illustrating GEMINI-3 PRO’s object sweeping pattern mostly found in text world: Orbit the starting object

using it as the pivot point. Randomly select an observed door to jump to a new object, then resume pivoting around the new target in a
continuous loop.
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Figure 20. Example trajectory illustrating CLAUDE-4.5 SONNET’s exploration pattern: There is no clear exploration pattern.
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Performance Charts
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Figure 21. Platform designed by us for analysis (chart)
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Dashboard Overview

Configuration Summaries

&) text_active_think

[l samples: 100

Q, Exploration

Evaluation

@ Cognitive Map Correlation

avg_node_coverage:

avg_edge_coverage:

avg_exploration_steps:

avg_action_cost:

avg_action_fail_ratio:

avg_valid_action_ratio:

avg_final_information_gain:

avg_action_counts:
move:
rotate:
return:
observe:
term:
forced_term:

query:

0.430

7.650

6.650

0.757

1.880

4.690

0.050

6.650

avg_accuracy:

task_metrics:

DirectionEvaluationTask:
accuracy:
total_count:

correct_count:

PovEvaluationTask:
accuracy:
total_count:

correct_count:

BackwardPovEvaluationTask:
accuracy:
total_count:

«correct_count:

ForwardFOVEvaluationTask:
accuracy:
total_count:

correct_count:

BackwardNavEvaluationTask:

0.839

0.730

219

0.630

300

189

100

94

0.827

300

exploration: cogmap_acc_correlations:
consistency: avg_accuracy:
stability_avg: pearson_r:
overall: 0892 p_value:
pos: 0.819 significant:
facing: 0.986 n_samples:
dir: 087

ForwardFOVEvaluationTask:

rooms_vs_global_last:

pearson_r:
overall: 0.658
p_value:
3 0.762
po= significant:
facing: 0.581
n_samples:
dir 0630

PovEvaluationTask:
local_vs_global_avg:

pearson_r:
overall: 0.894
pvalue:
pos: 0.381
significant:
facing: 0.965
n_samples:
dir: 0.837
BackwardNavEvaluationTask:
relations_consistency last: None
pearson_r:
map_vs_relations_last: None
p_value:
correctness: significant:

Figure 22. Visualization Platform for analysis: Metrics for active exploration in text world
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Evaluation

@ Cognitive Map

[A Correlation

avg_node_coverage: 0.984
avg_edge_coverage: 0.468
avg_exploration_steps: 11.270
avg_action_cost: 10.270
avg_action_fail_ratio: 0.045
avg_valid_action_ratio: 1
avg_final_information_gain: 0.791
avg_action_counts:
move: 2.140
rotate: 7.720
return: 0.540
observe: 10.270
term: 0.970
forced_term: 0.030
query: 0

avg_accuracy:

task_metrics:

DirectionEvaluationTask:

accuracy:

total_count:

correct_count:

PovEvaluationTask:

accuracy:

total_count:

correct_count:

BackwardPovEvaluationTask:

accuracy:

total_count:

correct_count:

ForwardFOVEvaluationTask:
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total_count:

correct_count:
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300

147
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300
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100
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300
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0.687
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Figure 23. Visualization Platform for analysis: Metrics for active exploration in vision world
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Turn 2

2 Environment Observation (click to toggle)
You observe:

o bike: front-right, mid distance, facing left

o lamp: front, mid distance

* blue door: front-right, slightly far, on front wall.

Strictly follow this format:

THINK:

[Your thoughts on next step actions]
FINAL ANSWER:

Actions: [ ... ]...

9 Assistant Thinking (click to toggle)

objects/doors in one observe....

() Assistant Action
Actions: [JumpTo(blue door), Observe()]

FINAL ANSWER:

{

"agent": { "position": [3, 5], "facing": "north" },
"lamp": { "position": [0, ...

ul Cognitive Map JSONs

You have a maximum of 19 exploration steps left.

¥ Global Cognitive Map Response (click to toggle)
THINK: Infer a consistent integer-coordinate layout from binned bearings/distances; keep agent at the blue door position and place
objects relative to initial origin and subsequent doorway observation.

@ Predicted @ Ground Truth (Observed)
{ {
"agent": { "bike": {
"position": [ "position": [
3, 2,
8 3
1, 1,
“facing": "north" "facing": "west"
+ h
"lamp": { “lamp": {
"position": [ "position": [
o, o,
3 4
] 1,
}, “facing": "east"
"bike": { Ty
"position": [ "vase": {
2, "position": [
3 o,
1, 1
“"facing": "west" 15
} “facing": "east"

Figure 24. Visualization Platform for analysis:

Jump to the blue door to stand in the doorway, which should open visibility into both connected rooms and reveal the most new

@" Ground Truth (Full)

"television": {
"position": [
2,
-1
1,
"facing": "east"
"chair": {
"position": [
2,
7
1,
"facing": "east"
},
"truck": {
"position”: [
10,
1
1,
"facing": "west"
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Turn 4

2 Environment Observation (click to toggle)

You rotated counterclockwise 90°. You observe: <image>.

You have a maximum of 17 exploration steps left.
Strictly follow this format:

THINK:

[Your thoughts on next step actions]

FINAL ANSWER:

Actions: [ ... ]...

2 Assistant Thinking (ciick to toggle)

Still no objects/doors visible; rotate to face east to re-scan the remaining quadrant of room 1 (and potentially spot the green door

or other objects)....

;- Assistant Action
Actions: [Rotate(-90), Observe()]

¥ Global Cognitive Map Response (dlick to toggle)

THINK: Need a minimal global cognitive map including only entities observed so far (agent, 2 doors, bike, lamp, television, cap).
Use initial agent position as origin; agent currently facing east after three -90° rotations. Approximate integer grid positions

consistent with observations (blue door o...

ul Cognitive Map JSONs

@ Predicted @ Ground Truth (Observed)
{
“agent": { £
"position": [ "position": [
0, 2,
] =i
1, 1,
"facing': "east" "facing": "east"
3, 3
"blue door": { "bike": {
"position": [ "position": [
3, 2,
6 3
1 1,
To “facing": "west"
"green door": { ’
"position": [ "cap": {
6, "position": [
3 4,
1 -1
3 1,
"lamp”: { "facing": "east"
"position": [ 5
-1, "lamp": {
5 “position": [
1 o,
3 4
“hike": { 1.

# Local Cognitive Map Response (click to toggle)

THINK: Build a local (agent-centric) map from the current view (agent facing +y in local frame), including only currently visible

doors/objects; add facing only for the television.

@ Ground Truth (Full)

"television":
"position":
2,
=il
1,

"facing": "east"

"chair': {
"position":
2,
7
1,

"facing": "east"

"truck": {
"position:
10,
1
1,

"facing": "west"

"bike": {
"position":
2,
3
1

{
[

[

[

[

room_from_json
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State before Turn 4
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State at Turn 4

Observation 1

Figure 25. Visualization Platform for analysis: one turn of active exploration in vision-world
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