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A novel notion of barycenter for probability distributions
based on optimal weak mass transport
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A Additional mathematical background

A.1 p-Wasserstein distance

For p = 2 and p, v € Po(RY) such that 4 is absolutely continuous (a.c.) with respect to Lebesgue
measure, the unique optimal plan is concentrated on the graph of a measurable map and Eq. (1) boils
down to Monge’s problem:
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where T(p, v) is the set of measurable functions 7' : R? — R? such that v = T'#u. The pushforward
operator # is defined such that for any measurable set B C R?, we have v(B) = u(T~(B)). In
such a case, the optimal measurable map 7" in Eq. (14) is uniquely defined (see e.g. Th. 9.4 in [42])
and called Monge map.

A.2  Continuity of V'
Theorem 6 ([9], Theorem 1.5). Let (f15,)n C P2(R?) and (v), C P1(R?). Then

M — o in Wy
v, > v inW;

V(ulv).

= lm V(un|vn)

A.3 On the barycentric projection

For a given transport plan 7 € II(p, v), with i, v € Po(R?), the associated barycentric projection is
given by
Sz ydm, (y).
Rd

First, for each z € RY, S(z) realises min, Ey .., (||z — Y||?). Second, this barycentric map S is
actually optimal for the Monge’s problem Eq. (14) between . and S# i, by Theorem 2.
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Figure 6: Example of pushforward measures constructed from barycentric projections for two
measures 4 and v in two dimensions (left) and one dimension (right).



We next illustrate the differences between the optimal barycentric map and a barycentric map
constructed from an OT plan in the classical Kantorovich formulation in Eq. (1). We sampled
r = 50 observations X; and m = 60 observations Y;, each sets from a 2D Gaussian. We then
defined the source and target distributions as 1 = % > dx,and v = % > dy, respectively. Figure
6(left), shows these discrete distributions together with the pushforward measures SO 4, and
SOT 4, constructed from the optimal weak plan 7" and an optimal plan 797 respectively. The
measure SOT# 11 reasonably fits the target distribution v, since when p is a.c., S°T#u = v. In
particular, if ;2 and v had the same number of points, S©7#/ would have matched v. Regarding the
measure SOV Ty, recall that V (u|v) = inf, <, W(u,n) = Wi(p, SO T#u), and therefore
SOWT 4, <. v. Lastly, we have W2 (i1, ) = 0.85, and V' (u|v) = 0.52 < W2(u, SOT#pu) = 0.81
as expected.

In Figure 6(right), we present an example in one dimension, where we sample 4000 observations
from N(0,2) (resp. N'(14, 1.4)) to construct the empirical source measure p (resp. empirical target
measure v). The distributions p and v are presented in the form of histograms. The distribution
resulting from the optimal weak transport map S,/ #. is in convex order with v.

B Proofs of Section 3

Proof of Proposition 1. Let (pm)m C  P2(R?) be a minimising sequence of F(u) :=
St AiV(plvi) and let M < oo be such that F(u,,) < M for all m. Then (i) is tight.
Indeed,
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where the second inequality comes from Jensen’s inequality. By Prokhorov’s theorem, there exists a
subsequence still denoted (i, )., that weakly converges toward a probability measure p*. Recall that
p belongs to P2 (R?) since |- ||? is a L.s.c. function bounded from below and therefore [ ||z||?du(z) <
liminf,, [ ||z]|?dpm(z) < co. By Theorem 6, we have that

F(u*) = ;A Hn V() = lim F(pin) = | min Fu),

thus F' admits at least a minimiser. O

Proof of Lemma 1. By Strassen’s theorem, we can build X’ ~ p/ and X ~ p in the same probability
space, in such a way that E(X|X’) = X’. Denote by n* the law 7 attaining inf, <_, W3 (u, 1), and
let (X, Z) = (X, S};(X)) be the realisation of the optimal coupling for W3 of x and n*, which can
also be constructed in the same probability space due to its specific form. Then, by (the conditional
version of) Jensen’s inequality we have

V(ulv) = W3 (u,n") =E [E (| X - S{XIP|X")] > E|X" —E(S;(X)|X)]*.
Recall now that S;;(X) = E(Y]X), where the conditional expectation is a measurable function

only of X, constructed from the joint law 7#¥. Thus, for every nonnegative convex function ¢, by
applying twice Jensen’s inequality we get

EQ(E(S(X)[X") < E(S (X)) = EG(E(Y|X)) < E(Y),
where Y ~ v. That is to say, the law 7 of the r.v. E(S}/(X)|X") satisfies n <. v. It follows that
V(ulv) = W5 (u'sm) 2 ot Wo(u' ) = V(u'lv)

This immediately implies that 4’ is a weak barycenter whenever p is. In particular, if p is a weak
barycenter, then so is the Dirac mass supported on its mean. We then deduce that the set of minimisers
of 3. AV (pu|v;) admits at least a Dirac mass d,, and

V) = [ e~ [ ydm.()|Pdba () = |~ EY:[.
This implies that inf,, Y A;V (0, |v;) is uniquely attained for o = > \;EY;. O



Proof of Proposition 2. A probability measure /1 is a weak barycenter if and only if Y7 \;V (u|v;)
is equal to the r.h.s. of (7). Let us suppose first that EY; = m for all 1 < ¢ < n, in which case the
infimum in (5) is equal to 0. Then, p is a weak barycenter if and only if © <. v; foralll <i < n
by definition of weak optimal transport (2), since in this case V (u|v;) = 0. The general case can be
reduced to the previous one, noting that

V(ulvi) = mf Wz(u n)

= ot W)+ [, (X) — By, (V)
= V(@lo) + [Ea(X) — B, (V)]

so that minimising ;- A\;V (u|v;) over € P(RY) is equivalent to minimising >, A,V (/[2;) +
S Aillw — E,, Y;]|? over the two independent parameters (w, i'), with w € R? and i/ € P(R?)
centered, taking p as the law of X = X' + w with X’ ~ /. O

Proof of Lemma 2. Thanks to Prop. 3.3 in [5], we have that the (unique) Wasserstein barycenter
verifies i = (Z?:l /\iT}:i) # i1 where T;f is the optimal Monge map between (i and v; (see (14)).
Moreover, from Proposition 4, a weak barycenter i also checks i = (37, NSy’ ) #fi, where S’

is the optimal barycentric projection associated to 7 for V (ji|v;). Therefore, by Jensen’s inequality
applied twice,
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Proof of Theorem 3. Observe first that, by Theorem 2 and Strassen’s theorem, solving the OWT
problem (2) provides a unique (in law) coupling of three random variables (X, Y, Z) such that:

i) (X,Y) has joint law 7#+¥; in particular X and Y have the laws 1 and v respectively,

ii) Z=5,(X)=E(Y|X)as., it has law 1" and it is optimally coupled to X in the sense of
the optimal transport problem (1),

iii) (Z,Y) is a martingale, thatis E(Y|Z) = Z ass..
Bringing all together we get the decomposition:
Y=2+Y-7Z=8,(X)+Y -EYI[X). (15)

Now, by Lemma 1, if X ~ p then the Dirac mass dgx is a weak barycenter too. Thus we have on
one hand:

j= i=1
Using Jensen’s inequality, we see on the other hand that

V(plv;) = inf W3 (p,n)

n<cV;

1<nf E[| X — Z||?, with (X, Z) an optimal coupling for W of x and 7
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Identity (16) thus implies V(u|v;) = V(égx|v;) for all i. Denoting by 7; the law 7 attaining
inf,<_,, WZ(u,n), and by (X, Z;) the optimal coupling for W of 1 and 7;, we see that the latter can
only occur if the equality case E|| X — Z;||? = |[EX —EZ;||? in Jensen’s inequality holds. This implies
that X — Z; is deterministic for each 7. Since EZ; = EY;, we thus must have X — 7, = EX — EY;.
Taking Z = Z; and Y =Y in Eq. (15), and noting that S (X) = Z; = X — (EX — EY;) the
statement follows. 0

C Proofs of Section 3.3

Proof of Lemma 3. Let (j1,,,) and (vy,,), m € N, be two sequences in Py (R?) respectively converging
to p and v w.r.t. Wa. Then, (u,,) and (v,,,) are tight and thus the sequence (7™) := (7whm:¥m) is
tight too. Let 7"+ be a weakly convergent subsequence and 7 its limit. By Proposition 2.8 in [8] we
have

hmme(umh/m) —hmmf/||x—/yd7rm’“H2d,umk /Hx /ydﬂmHQdu(x) > Vply).

However, we have lim,,, V (4t [V, ) = V/(uu|v) thanks to Theorem 6, hence [ ||z— [ ydm,||?dpu(z) =
V(u|v). By uniqueness of the optimum for problem (2) we deduce that 7 = 7#. Since the same
holds true for any weak limiting point of (7™), it follows that 7™ weakly converges to w#-¥. Last,
since [ ||z]|? + ||y[|?dx™(z,y) = [ ||lz|*dum(z) + [ ||y||*dvm(y), this quantity converges to
Jllzl*du(a) + [ llyl*dv(y) f||f'3||2 + |lylI* dn(x,y), whence Wa(7", ) — 0, and (p,v) €
(Pa(R%))2 s 7H¥ € Po(R? x R?) is continuous, as required (hence measurable).

We now establish the joint measurability of (z,1) € R* x P(R?) — S () for fixed . Notice this

is a stronger statement than just measurability in the x variable, for each (u,v). Write B(z, ) for
the closed ball of radius > 0 centered at x. One easily checks that the function

f yl{(y,z):zGB(z,r)}dﬂ-(za y)

(‘raﬂ-) — \Ij'r(.’lf,ﬂ') =
S L(y.2):ze By dm(2,)

is measurable w.r.t. the pair (z, 7), the two integrals being limits of integrals with respect to dr(z, y),
of some bounded continuous functions of (z, y, z). Thus, limsup,._,, ¥, (z, ), liminf, o ¥,.(z, 7)
and the function ®(z, ) := limsup, o ¥, (2, ™)L {lim sup, _,, ¥, (2,7)=lim inf, 0 ¥, (,r)} depend in
a measurable way on (z, 7). It follows that (z, p, v) — ®(x, 7") is measurable as the composition
of two measurable functions. But notice that for each fixed y € Po(R?) one has ¥,.(z, 7") =
fé(m,r) [f ydm. (y)]du(z)
u(B(z,r))
converges du(x) a.s. inx, to [ ydm,(y) = S} (x). Thus, for each p1 € Po(R?),

which, by the Lebesgue derivation theorem for Radon measures (see e.g. [16]),

S, (z) = @(z,7"") forallv e Po(R?) and dyu(z) ae. z,

with (z,v) — ®(z, 7"") a measurable function. The conclusion follows.

Proof of Proposition 3. By Theorem 6.16 in [42], we know that their exists a sequence of discretely
supported distributions (Q,,),, C Pa2(P2(R%)) of the form Q,, = iy Aiby,, with (A;)1<;<p in the
simplex, and such that W3(Q, Q,,) := infengq,) [ W3 (v, 7)dr (v, 7) — 0. We set

La(n) 1= /WW)( V)dQ (v Zwum



We denote p" € Py(R?) the minimiser of L,,. Let us prove that (u™),, is tight. First, u™ admits
moments of order 2 thanks to Jensen’s inequality:

JIERTEE <ZA o= s @lPar@) + [ I8 @ Pur @)
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< Z ANV (ulv) + Z i / |yl|?dv;(y) for some u € Po(R?) since ™ minimises L,,
i=1 i=1

< 2/||x|\2d,u(x)+3Z/\i/||y||2d1/i(y)

where the last inequality comes from V(u|v;) = [z — Syi(z)|[Pdu(z) < 2 [ |=|*du(z) +
2 [ ISy (= |2du( ). Moreover since W2(Q,Q,) — 0, we have (Lemma 5.1.7 in [6]) that
J () dQn = [¥(v) ) for any function ¢ such that |[¢(v)| < a + bWZ2(v,10),a,b > 0.
In particular, choosmg P(v ) W2 (v,60) = [ |lyl*>dv(y), it implies that >, A; [ |ly|%dvi(y) —
J [1lyl?dv(y)dQ(v) < oc. Therefore (Z;L:l Ai [ llylI?dvi(y)),, is bounded and (p™), is tight.
Thus by Prokhorov’s theorem, there exists a subsequence, still denoted (u™),,, that converges towards
.

Let us now prove that this particular /i minimises the function L : p +— [, (RY) V(p|lv)dQ(v).

First, let n € Pa(R?), still by Lemma 5.1.7 in [6] and since V (n|v) < W2(n,v), we get that
= [V(nlv)dQ(v) > liminf, ,~ [V (n|r)dQ,(v). Since for each n, the distribution z."
minimises L,,, we have

lirginf/V(nh/)dQn(z/) > litginf/V(,u"\V)dQn(u). (17)

Thanks to Fatou’s Lemma for sequences of measures (Q),, (see [22]), we have that

hmlnf/V p")dQy, (v) > /limian(,u”| /V alv)dQ(v
n— 00

where the last equality comes from the lower semi-continuity of V' (Theorem 2.9 in [8]). This proves
that 2 minimises L.

D Proofs of Section 4

The proof of Theorem 4, on the continuity of G : 1 +— (Z?Il )\Z-SZi) #, leans on the two following
technical lemmas.

Lemma 5. Let (p,,)m be a given sequence and v be a fixed law in Py(R?). For each m, let
Sm 1= S} denote the barycenter map associated with the optimal coupling w°™ for (2). Then, the

sequence of laws (S #pm )m has uniformly integrable second moments.

Proof of Lemma 5. Let (X,,,Y,,) be a pair of random variables (r.v.) with joint law 7#m " defined
on some probability space (€2, F,P). Notice that S,,,#py, is the law of the r.v. E(Y,,|X,,). Then,
for each M, K > 0 we have

/ 2 lPdSm#om (@) =EEYm [ Xa) P15 X122 03)
{ll2= 0}

EEYol [ Xom) LB (v | X )25 M)
=E(| Vi P10 125 M, | Yon 25 K} )
+ B Yo 2L (v X0 22 M, Y [2 < K})

K
<E(|Ynl* 1y, 25 53) + ME(H]E(Ym|Xm)||2)7



where we have used Jensen’s inequality and the fact that E(Y},,| X,,) is measurable w.r.t. the o-field
generated by X,,,. Applying Jensen’s inequality to the last term again, and recalling that Y,,, has law
v € Po(R?), we deduce that

K
sw [ alPaSutton@) < [ felfav) + 3 [lelPava), as)
{llz]>=} {llel*= K}

m

which is smaller than a given £ > 0, by choosing K > 0 and then M > 0 large enough. [
Lemma 6. Let (py, ), p in Po(R?) be such that Wy (py,, p) — 0. We have:

i) For each v € Py(RY) the sequence of laws ((id, Sy )#pm)m converges w.rt. Wa in
Po(RY x RY) 10 (id, S¥)#p .

ii) There exists in some probability space (Q, F,P), a sequence of rv. (Xm)m of laws (pm)m
and a r.v. X of law p such that, for each v € Py(R?), the sequence (X, Sy (Xom))m (with
laws ((id, S} )#pm)m) converges in L?(2, F,P) to (X, S¥ (X)) (with law (id, S%)#p).

Proof of Lemma 6. For the entire proof, we fix a v € Py(R?) and we write S,, := S, and S := S}
for simplicity.

i) By Theorem 2 and Part 1. of Theorem 1.5 in [9], (S #0m )m converges to S#p w.r.t. W; and, by
Lemma 5, also with respect to W5. In particular, the sequence ((id, Sy, )#0m )m has tight marginals,
and therefore it is tight too.

Let us identify its weak limiting points. For simplicity we rename ((id, S,,)#pm)m a weakly
convergent subsequence. By the previous discussion, its weak limit dp(x, z) clearly has first
and second marginal laws equal to dp(z) and dS#p(z) respectively. Moreover, [ ||z||*dp,,(z) +
JZI1PdSm#pm(2) — [ lz]|* + ||2]|?dp(x, 2), hence ((id, Sy, )#pm )m converges to some 7 with
respect to Wy in Po(R? x RY).

Now, by the characterisation of optimisers in Theorem 2, we have V (o, |v) = W2 (pm, Sm#t0m) =
J |z = S (x)||*dpm (). Taking m — oo, and thanks to Theorem 6, we finally obtain

V(el) = WE(p,S40) = [ a2l *di(z. ).
In particular, using again Theorem 2, we conclude that d7(x, z) must be of the form (id, S)#p.

ii) By Skorohod’s representation theorem, one can construct simultaneously in some probability
space (2, F,P), a sequence of r.v. (X, ) of laws (o, )m and ar.v. X of law p such that (X,,,),
converges P— a.s. to X. Moreover, since the sequence (p;, )., converges w.r.t. Wo in Py (Rd), it
has uniformly integrable second order moments. It follows that the sequence of r.v. (|X,,|?)n is

uniformly integrable and, by the Vitali convergence theorem, that (X, ), also converges to X in
L2(Q, F,P).

Now, by Lemma 5, the sequence of r.v. (|:S,, (X, )|?)» is uniformly integrable too. Thus, by the Vitali
convergence theorem, the statement will follow by proving that S,, (X, ) converges in P—probability

to S(X).

For each N € N, let y — (y)V denote the truncation of a vector y € R? obtained by projecting it
onto the centered ball of radius N, (y) := (1 A %)y which is a 1—Lipschitz function bounded

by N. By Theorem 2, the functions S¥ := (S,,,)V are then 1—Lipschitz and bounded uniformly in
m € N. Therefore, by the Arzela-Ascoli theorem, their restrictions to each compact cylinder set R of
R? defines a relatively compact set of functions, with respect to the uniform topology in C(R, R%).
It follows by a diagonal argument that some subsequence (Sn]\{k )& converges, uniformly on compact

sets, to some continuous function S on R4, Since X n converges a.s. to the finite value X, we deduce
that P—a.s. as k — oo, v ~
(Xomgs Sy, (X)) = (X, S(X)).

Notice now that (X, , SN (X,,,)) has the law (id, (-)¥ 0 S,,, )#pm, for each k and thus, by part a)

myg

and continuity of the mapping (z, y) — (z, (y)V), the r.v. (X, S(X)) has the law (id, ()N o S)#p.
Hence we deduce that ~ N
(X, 8(X)) = (X, (S(X))™)



P— almost surely. The previous arguments can be applied not just to (X, ) but to any subsequence
of it. That is, we can similarly prove that any subsequence of (X, (S (X)) )m has a subsequence
that a.s. converges to (X, (S(X))Y). This means that, for each N € N
(X, (S (Xm))™) = (X, (S(X))Y)
in P— probability when n — oo. To conclude, by tightness we can find for each > 0 some N € N
large enough so that P(|S(X)| > N) < nand P(|S,,(X,)| > N) < n for all m € N, which yields
foreache > 0,
P(|Sm(Xm) = S(X)| > €) < 27+ P(|(Sm(Xm))™ = (S(X))V] > €).

Thus lim sup,,, P(|Sm (Xm) — S(X)| > €) < 27 for arbitrary n > 0 or, equivalently, P(| Sy, (X,,) —
S(X)| > €) — 0as m — oo, which concludes the proof of b). O

We can now proceed to the proof of continuity of G : p — (307 AiSki) #pu.

Proof of Theorem 4. Let (py)m, p in Pa(RY) such that W5(pm, p) — 0. We need to prove that
W3 (G(pm), G(p)) — 0. For each m, we write S}, := Si and S* := Sy

By Lemma 6.ii), there exists in some probability space a sequence (X, ), of laws (p,, ) and ar.v.
X of law p such that

(Sp(Xi), ooy I (X)) = (SH(X), ..., S™(X)) in L*(P).
Therefore, Y7, A; S, (Xn,) converges to >+, A;S*(X) in L?(P). Since >, \;S%, (X,,,) has
law G(py,) and Y"1 | \;S*(X) has law G(p), the proof is complete. O

Proof of Proposition 4. As in [5], we easily see that

Zx/nx—sw )2y ZA/IIS — 8% (@) Pdu(a /nw— 2)|2du(z).

But f |z — Syi(z)||Pdu(x) = W3 (u, Syi#p) since from Thm 1.4 in [8] the barycentric map
Sy is an optlmal map for the Monge problem between p and S}/#p. Moreover, by definition

G( ) = S#u., therefore [ ||z — S(z)||*du(z) > W3 (u, G(u)). Finally, since Si#u <. v;, we
have that [ ||S(z) =S4 (x)||*dpu(x) > V(G(p)|v;). This, recalling that V (u|v;) = WQQ(,u, Sid),
yields

> ANV (plvi) = ZA V(G(p)|vi) + W3 (p, G(1)). (19)
i=1
Therefore, if 1 is a weak barycenter, we readlly getthat u = G(u). O

Proof of Proposition 5. As in the proof of Theorem 4, we denote S}, the optimal barycentric projec-

tion associated to %% € II(uy, v;). First, we easily have that y, 1 € P2(R?), indeed by Jensen’s
inequality

/nxn Qi (& //HZASk ) Pdyan (e <ZA/HyII avi(y

Then (p1 ) is tight, with uniformly integrable 2-moments by Lemma 5. Therefore (1) admits a

convergent subsequence in Wy. Let fi be a weak limit of a subsequence (i, );, then we have

Wo(pr,, 1) — 0. By continuity of G in Theorem 4, we get Wy (ug; 41, G(1)) —— 0.
j—o0 j—o0

Moreover, by Theorem 6 we have for F(u) = Y1 A,V (u|v;) that F(ug,) — F(fi) and
F(pr,+1) — F(G(ft)) as j — oo . Let us prove that these two limits coincide. From (19),

we have
n

> Z)\zv( Mk |Vz Z)\zv Hk; +1|Vz) = (M/cj—i-l)-
= i=1

Iterating this inequality leads to F'(jux;) > F'(pr;+1) > F(ur,,,) which yields F'(ii) = F(G(f1))

and then fi = G(fi), using inequality (19). Thus (i,); converges w.r.t. Ws to a probability

distribution /i which is a fixed point of G.

O



Proof of Lemma 4. The proof is similar to that of [35, Lemma 3.8]. For the sake of clarity, we rewrite
it in our setting. We assume that z = [ S%(x)dQ(v), fi(x)-a.s. is not true, then

0</||x—/ v)|Pda(z)
~ [ alPanta —2//xs" aQw)dn(z) + [ | [ Siaee)Pai).

Moreover, S“ #0 <. p, therefore by Theorem 1.4 in [8], we get

[v ([/ S4dQ(v ]#uu)d@ < [1 [ saaw) - st a0
/ Isz@ian@aew) - (1 [ staewane)

Finally, noticing that [ ||z — S%(x)|/*dj(x)d = [V(i|v)dQ(v), we hence get
v ([/S”d@ ]#uu) aQ) < [ Vialv)a(w)
which is in contradiction with i weak barycenter of Q. O

In order to study the convergence of the iterative scheme in (10), we define the following objects:

1
=5 [ Viubeew) 0)
Hp)(a) =~ [(5;~i0dQ0)(@) o ek e
Moreover, we denote by {F } the filtration of the i.i.d. sample vk~ Q, namely F_; is the trivial
sigma-algebra and Fj; is the sigma-algebra generated by 1, ..., v* and therefore piy, in (10) is

JF-measurable.

The next two Propositions are needed to prove Theorem 5.
Proposition 6. The functions p € Py(RY) — HH(;L)HH%Q(M) and ;1 € P2(RY) — L(u) are continu-
ous w.r.t Ws.

Proof. Let us first assume that (p,, ), p in P2 (R%) are such that Wa(p,,, p) — 0. We want to prove
that

1H (o) 122,y = 1H (0)E2 () (22)
when m — oo. Consider the probability space (€2, F,P) and r.v.’s (X,,)., and X constructed in
Lemma 6.ii), and recall that, for each v € Py(R?), the r.v.’s (X, Sy (Xin)) havelaw (id, S; )#pm

for each m and converge in (€2, F, P) to the r.v. (X, S¥(X)), which has the law (id, S¥)#p. We
next extend this construction in order to suitably randomise v. More precisely, we enlarge the
probability space (€2, F,P) to the product space (2, F,P) = (Q x Po(R?), F @ B(P2(R?)), P Q),
that is, we add an independent random variable, called v, taking values in ”Pg(]Rd) and which has
distribution Q.

Thanks to the measurability of the mappings (x,v) — S, and (z, V) — S, proven in Lemma 3, by
replacing v by v in the previous objects we obtain random vectors (X, S} (X)) and (X, S¥ (X))
defined in (€2, F,P) which have, conditionally on {v = v}, the laws (id, S[’,’m)#pm and (id, S)))#p
respectively. Moreover, v is independent of the r.v. X, X3,... X, under P.

Now, by conditioning on {~ = v}, using the convergence result in Lemma 6.ii) and the dominated
convergence Theorem, we can easily check that ((X,, S} (Xm)))m converges to (X, S)(X)) in

P—probability. Furthermore, one can integrate w.r.t. Q the bound (18) obtained for fixed v in the
proof of Lemma 5 and, denoting [E the expectatlon with respect to IP, deduce that

supr(HSW (Xm)|I? Lesy (x) |\2>M} // |z]|2dv(2)Q(dv)
m {llzl?>K}

+M//||x\\2du(m)Q(dV),



for each M, K > 0, where the r.h.s. is finite since Q € Pa(P2(R?)). It follows that the sequence
((Xon, Sy (Xim)))m has uniformly integrable second moments, and therefore converges also in

L2(2, F,P) to (X, 5¥(X)), thanks to the Vitali convergence theorem. In particular, as m tends to
infty, we have

/V(umIV)d@(V) =E|Xm — S) (Xun)|? = E|X = Sy(X)|* = /V(M\V)dQ(V),

which proves the continuity of the function z € Pa(R?) = L(p).
We observe now that E (8% (Xm)|Xm) = [5) (Xn)dQ(v) and E (Sr(x)x) =

_ Pm
J Sy (X)dQ(v), P— a.s., Moreover, if F, denotes the o-algebra generated by (X, Xo,...), one

has E (5% (Xm)|Fx) = E(SY, (Xim)|Xm) and E (S¥(X)|Fs) = E (S%(X)|X). Using the
continuity in L2(Q, F, P) of the conditional expectation with respect to F,,, we deduce that
X —E (S“ (Xm)|Xm) -+ X-E (S;’(X)|X) (23)

Pm

in L*(Q, F,P). We conclude that E|| X,,, — E(SY (Xp)|Xm)||> = E[X — ESY(X)|X)|? as
m — oo, which is exactly the required convergence (22).

O

Proposition 7. For the sequence (uy)x defined in (10), we have
E(L(pks1) = L) | Fr) < VR L(ik) = vl H (1) |72 0 - (24)

Proof. The arguments are similar to the ones used for the population Wasserstein barycenter iterative
scheme in the proof of Proposition 3.2 in [10]. Let us set them for the present problem. Let

v € supp(Q), then ([(1 — ~x)id + fykSl’j:], S J# 1k belongs to (g1, S, #41r). Therefore we
have

V(pky1lv) < W3 (prsr, Sp #un)  since S, #uy, <c v

< / 10 = )z + S () — 8% ()P ()
— [ll2 = St @IPdun(e) ~ 22 [ o= S, (@), = Sy @)
92 [ lle = Sy @)lPdun(z)

= V(o) + 9BV (o)~ 2 [ o= S, (o).~ S (@) o).

Integrating with respect to v, and divided by 2 we get

L) < Lw) + BV Galt) = [ (Hw) @) = SEy @)dps ().

We can then take the conditional expectation with respect to the filtration Fj, knowing that py, is
F-measurable and that v/* is independently sampled from J},, we have

BL(u1) ) < L) + 2 [ V(u)aQ0) ~ 2 [ (HGm) (@), [ o S, ()00 (z)

= L) + Ve L(r) — e /<H(uk)(l‘)»H(Nk)(x»d”k(x)
= (14 9) L) = el [ H ()7, -
O

Proof of Theorem 5. We will proceed in a similar way as in the proof of Theorem 1.4 in [10]. Let us
first note that the set K is compact in Po(R?) w.rt. Wy (see [42]). Moreover, the sequence (uz,)y, is
a.s. included in this compact set, as can be seen by induction using the facts that the function | - |2*¢



is convex and that Sjk # s, <. vy, with vk ~ Q. Now let /i be a weak population barycenter, i.e. [i
minimises L deﬁned in (20), and write L := L(ji). We introduce the sequences

k—1

_ 1
hig:=L(ux) —L>0 and ay:= —_— .
Hl L+

From condition (11), the sequence (), converges to some o, > 0. By Proposition 7, we have

E(hier — (1)l F) < 42L — wl HGu) B, < 2L
= E(api1hrs1 — aphg|Fr) < ag1viL  upon multiplying by o g (25)

Defining now

sooe [ 1 if Elarihig — axhil Fi) > 0
k=19 0 otherwise,

we deduce that

D E@Gk(ansrhiry — aghy)) = Y B0 E(ag i — arhi] Fr))
k=1 f=1

Zakﬂ’m < L(p Z’Y < 0.

k=1 k=1

| /\

Since hpay > 0, by the quasi-martingale convergence theorem (hjay )i, converges almost surely.
Since () converges to ao, > 0, then (hy )y also converges almost surely to some ho, > 0. Taking
expectations in Eq. (25) and summing we get

k
E(agt1hr+1) < E(agho) + L Z Umi170 < C.

m=1

Fatou’s Lemma yields E(asohoo) < 00, and since a, < 00, we deduce that h is almost surely
finite. Our goal now is to show that h., = 0. From (25) we deduce as before that

k k
E(ak+1hk+1) 040]710 S L Z 05m+1772n - Z O‘m—&-l’}/m]E (||H(/’L7n/)||]]2_42(um)> .
m=1 m=1

Taking liminf, using Fatou on the 1.h.s. and monotone convergence on the r.h.s. we obtain that

—00 < E(asche) = E(agho) < C —E <Z am—O—l’Ym”H(ﬂm)h%Q(pm))

m=1

hence, in particular,

S Wl H )2, () < +o0 as. (26)
k=1

Note that the conditions in Eqgs. (26) and (11) imply that
liminf; HH(uk)Hﬂ%z(M) =0, as. 27

Observe also that, by the compactness of Kg and the continuity of L in Proposition 6, the set
{p: L(p) > L+ 6} N Kg is Wa-compact. Therefore, the function p — ||H(p)||£2(p), also Ws-
continuous by Proposition 6, attains its minimum on that set. That minimum cannot be zero, as
otherwise we would have obtained a fixed-point that is not a weak barycenter, contradicting our
hypothesis. It follows that

V6 > 0, inf{p:L(p)ZE+§}ﬁK@||H(p)||]%2(p) > 0. (28)
Since {ug }i C Kg a.s., we deduce from the previous result the a.s. inclusions of events:

{hoo > 20} C {ue € {p: L(p) > L(x) + 0} N Kg V¢ large enough}
C Upen {”H(/it)”]%?(#t) > 1/0: Vtlarge enough} C {liminftﬁoo\\H(pt)||ﬂ%2(ltt) > O},
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where Eq. (28) was used to obtain the second inclusion. It follows using Eq. (27) that P(hs > 20) =
0 for every € > 0, hence ho, = 0 a.s. as claimed. In other words, L(u) — L a.s. as k — oo.

We already established that {14}, C Kg, hence the sequence is relatively compact. We finally
conclude that the limit /i of any convergent subsequence { /i, } ¢, satisfies L(f1) = lim; L(ux;) = L,
whence, it is a weak barycenter.

Remark 2. Assumption (A) can be replaced by the following more general condition:

(A’)  Q gives full measure to a Wo-compact set Kg which is “weakly geodesically closed”,
in the sense that for any p,v € Kg and t € [0,1], ((1 —t)id + tS})#pu € K.

E Numerical results

E.1 Proximal algorithm for the computation of the OWT plan
This section is dedicated to the resolution of the OWT problem. Let 4 = >\, a;0,, and v =

Z;n:l b;d,,, be two discrete measures, the OWT problem boils down to solving

T

] 7Ty) 2
g 7 i\ T 1 L,V ’ 2
WGIE}“EWL . “ ||x < a /i H * e, )(’/T) ( )

1=

——
f(m) g(m)

where 1¢ is the indicator function of the set C i.e.

1C(7T):{ T ifreC

oo otherwise.
The proximal algorithm to solve Eq. (29) then reads:
mttl = proxeeg(we — 0V f(7h)). (30)

As II(u, v) is a closed non-empty convex set, the proximal operator of g reduces to the Euclidean
projection onto IT(p, v):

Dr0ji1(,(P) = axgmin | P~ x* = axgmin r, ~P) +
TERTXM TERT XM

where || - || is the Frobenius norm. This projection problem can be solved by Dykstra’s algorithm
with alternate Bregman projections [20] or by stochastic dual approaches of OT regularised by an L,
norm [36]. This method is summarised in Algorithm 3. In particular, we used an accelerated version
of Eq. (30) via FISTA [12] (with w, € [0, 1) an extrapolation parameter and 6, the usual stepsize
chosen by a line search) in order to compute the optimal plan 7, in the weak transport problem.
The optimal barycentric projection is then given by S}/ = F;y. We initialised the algorithm with a
random matrix whose elements sum to 1. Observe that, from Algorithm 1, the K optimal barycentric
projection computations can be parallelised for each step n.

Algorithm 3: Computation of the optimal weak plan

Output: 7r,’;;
Input: p = 377, a;d,;, and v = 37" | b0,
Initialise 7y random matrix;
while not converge do

Pryy =1+ we(me — mo-1);

o1 = Projiy () (Per — 00V f (Pry1));
end

With respect to the efficiency of this algorithm, Figure 7 shows a comparison of different settings
for Eq. (30) in order to compute an optimal weak transport plan. For that purpose, we considered

11
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Figure 7: Convergence of the algorithm (3) in several settings for measures ; and v supported on
r = m points.

two discrete distributions ¢ and v each constructed from r = m = 10, 100 and 250 samples of two
dimensional Gaussian measures. We illustrate the convergence for both the standard and accelerated
versions of the proximal algorithm, as well as for the projection into II(1u, v) via Dykstra’s algorithm
or the stochastic dual approach. As expected, the accelerated version of Eq. (30) converges faster
than the classical proximal algorithm, and the projection step in more stable with Dykstra’s algorithm.
Moreover, the smaller the number of support points, the faster the convergence. We have also noted
that the random initialisation does not affect the convergence towards the minimiser of Eq. (29).

E.2 Additional experiments

Gaussian distributions As in Section 5 of [5], we computed a weak barycenter between two 2D
centered ellipses F(Y;) = {s € R? : 2!%'x = 1} with covariances matrices

20 1 0
21:(0 1> and 22:(0 2>,

by considering 300 random observations foe each ellipse. We then executed the iterations of
Algorithm 1 until the difference of the objective function (i.e., the sum in Eq. (5)) between two
successive iterations was smaller than 1e — 5. This occurred at the 8th iteration, and the resulting
weak barycenter was a circle within both ellipses. As we have access to the value of the weak
barycenter problem (see Eq. (7)), we also compared the value of the objective function at the 8th
iteration (that is 3.62¢ — 4) to 1 S°2_| |[E(Y;)||> — || 37, E(Y;)||?, with a plug-in estimator for
E(Y;). The approximated objective was equal to 3.21e — 4, therefore, Algorithm 1 gave a satisfactory
optimised weak barycenter.

Ellipse distributions (r = 100 & K = 15). We considered ellipse distributions with random center
in (—5,5), random semi-major and semi-minor axes in (6, 14). The results are presented in Fig. 8,
where the same conclusions as in the Gaussian examples hold.

Pair-of-ellipses (r € (200,300) & K = 10). In the same fashion, we considered distributions
supported on two ellipses with random centers in (—5, 5), random semi-major and semi-minor axes
in (1,7) and (7, 13) respectively. Fig. 9 shows the distributions (left) as well as the OT and OWT
barycenters (right) computed from random samples of the distributions. Observe that, once again, the
weak barycenter better preserved the structure of the distributions when computing Algorithm 2.

12



oT P 100{ . or e 100 , or ..
t'— K .'\ e
e Weak barycenter .53 » 75 « OTentropy, e=1 75 + OT entropy, € =50 M
h ) « Weak barycenter \. Weak barycenter "¢,
5.0 '." . e, *o 5.0 l..-‘ o T ‘.
25( § f N, ‘\ 25) 5 f8 \oos
i o Pou ol
H .
¢ 0.01 § i l i 0.0f 3 [‘ f
K $ o H ERN | e
251§ . ... —25{ 3 % N
Ly . ? s, 2, g
-5.0 \‘ ‘ . . ..' 2 -5.0 .‘. S . -.:-'
. e & SRR O
-75 S K -75 ‘.. LRTRRY S
. .
—10.0 S recimpen _10.0 TP
-15 -10 -5 0 5 10 15 -5 0 5 10 -5 0 5 10

Figure 8: (left) Ellipse distributions and their OWT (black) and OT (red) barycenters computed with
Algorithm 2. (center & right) Illustration of the weak (black), OT (red) and OT Sinkhorn (blue)
barycenters for different values of ¢ = 1, 50.
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Figure 9: (left) Distributions supported on a pair-of-squares. (right) OWT (black), OT (red) and OT
Sinkhorn for € = 1 (blue) barycenters computed with Algorithm 2.
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