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Appendix

A Experimental details

A.1 Language modeling experiments

Here we provide details of the language modeling experiments presented in Sec. 4.1 and 4.3.

Training details. Table 5 shows the training and model hyper-parameters used to train the 340M
and 1.3B parameter models. We train with an effective batch size of 64 per GPU with a sequence
length of 2048, using 4 GPUs, for 28,672 steps; this yields 15,032,385,536 tokens. The 1.3B models
were trained with a slightly increased sequence length of 2240; this increases the training token count
to 16,441,671,680 (for simplicity, in the main text, we refer to both of them as trained for 15B tokens)
Note that the actual parameter counts of 340M models are about 370M; we follow this convention
from prior work [23, 6, 22, 8] (likely related to the fact that if the models shared the input and output
embedding matrices of about 30M parameters, they would have 340M parameters; but this is not the
case, either in our work, nor in the prior work).

Training of 340M models using 4 H100-80GB GPUs take about 8 hours for the baseline transformer
and 10 hours for DeltaNet and all the HQLT models with the window size of 64 tokens. For the 1.3
models, these numbers become 26 hours for the baseline transformer and DeltaNet, and 30 hours for
all the HQLTS variants.

We use the £1a [17] toolkit to implement the models, and f1ame [18] to train them.

Table 5: Hyper-parameters of language models.

Model
340M 1.3B
Number of layers 24
Feedforward block multiplier 4
Total hidden size 1024 2048
Number of heads 8 16
Sequence length 2048 2240
Effective Batch size 64
Learning rate le™3
Warmup steps 1024
Minimum learning rate 0.1
Max norm clipping 1.0
Std. of weight initializers 0.02

Implementation details. Both the Synchronous and Delayed-Stream variants of HQLT studied in
this work can directly make use of flash-attention [16] and flash-linear-attention [17] implementations
(without modifying the corresponding Triton kernels) for the quadratic and linear components of the
models, respectively. For Delayed-Block HQTL, we wrote a custom Triton kernel to replace intra-
attention in the DeltaNet implementation of [23] by an efficient softmax attention implementation
[16], and modified the backward function accordingly. Note, however, that there is still room for
optimization as the intra and inter-chunk operations are currently implemented in two separate kernels
(they may potentially be fused into a single kernel for further speed optimization).

Evaluation Details. Here we provide further descriptions of the evaluation datasets used in our
general language modeling and retrieval tasks.

The six zero-shot common sense reasoning tasks we used in Table 2 are as follows. LAMBADA
(LMB.) [33] is a task of predicting the last word in a sentence following some context sentences.
PiQA [34] and HellaSwag (Hella.) [35] evaluate models’ common sense knowledge (learned in
weights) through question answering with multiple choices. WinoGrande [36] (Wino.), inspired by
the Winograd Schema Challenge [55], is a set of pronoun-resolution problems. The ARC dataset
[37] is a set of grade school-level questions about natural science, which is split into two subsets,
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ARC-easy (ARC-e) and ARC-challenge (Arc-c), according to their difficulties (determined based on
whether certain baseline models can solve it). We use the standard 1m-evaluation-harness [12]
for evaluation on these datasets.

In Table 4, we use three additional datasets to evaluate models’ in-context retrieval abilities. SWDE is
an information retrieval task based on the Structured Web Data Extraction dataset [56] (e.g., extracting
some subject-predicate-object information from a raw HTML webpage about a movie). Similarly,
FDA is an information retrieval task, extracting some key-value pairs from a set of PDFs from the FDA
website. SQuAD [40] is the latest version of the Stanford Question Answering Dataset [57] which is
a set of reading comprehension problems, which evaluate models’ ability to answer question based
on a provided text passage. For SQuAD and SWDE, we use 1m-evaluation-harness [12] for
evaluation but by removing leading and trailing spacing in the document (see a related note at https:
//github.com/EleutherAI/Ilm-evaluation-harness/issues/2690). For FDA, we use the
original script from https://github. com/HazyResearch/prefix-linear-attention/blob/
main/lm-eval-harness/prompt_scripts/run_jrt_prompt_hf.sh (following the recommen-
dation by Yang et al. [6] provided at https://github.com/NVlabs/GatedDeltaNet?tab=
readme-ov-file).

The choice of all these tasks follow prior work [22, 23, §].

A.2 Synthetic algorithmic tasks

Here we provide details about the experiments with two regular languages presented in Sec. 4.2. All
the basic settings follow those of Grazzi et al. [8].

Tasks. In “Parity”, an input is a sequence of zeros and ones, and the task is to determine whether
the number of ones in the sequence is odd or even. This essentially corresponds to modulo 2 addition,
with the chance-level accuracy of 50%.

In “Modular Arithmetic (Mod Arith)”, the task is a modulo 5 addition and multiplication task (without
brackets). Each symbol in an input sequence is either a number (from 0 to 4, in the module 5 case,
which is our setting), or a mathematical symbol (there are five of those: {+, —, %, =, eos} where the
last symbol is the extra “end-of-sequence” token; which is not necessary for the modulo 5 case but
included by convention). Here not only the output, but also the numbers in the sequences, are drawn
between 0 to 4. This makes the total vocabulary size of 10 with a chance level accuracy of 20%.

Model configuration. The model hidden size is set to 128 and the number of heads is 4. For
HQLTs, we use the dynamic vector mixing strategy, and the chunk size is set to 8 (except for the
Delayed-Chunk variant, we set it to 16 for an implementation reason). We use 2 layers for Parity and
3 layers for Modular Arithmetic. Naturally, the crucial factor 2 is applied after the sigmoid activation
on the dynamic learning rate 3; in DeltaNet (Eq. 8) to enhance its state-tracking ability [8].

Training settings. We train with a batch size of 1024 for 20,000 steps. We search for the best
learning rate among {5e 3, 1le =3, 5e 4, 1le~*} (the only difference compared to Grazzi et al. [8] is
that this list includes 5e ~3 instead of 1e~2), each with three seeds. We directly measure the validation
accuracy to determine the best configuration. In the main result table, Table 3, we report the best/max
result among the seeds for the best configuration, while Table 6 shows variability among seeds. (Note
that we now have an updated Table 7 for the best results; we will replace Table 3 with this table in the
final version. Our main conclusions are not affected by these updates). This is a standard practice in
formal language recognition tasks [58, 9]. We train with sequence lengths from 3 to 40, and validate
on sequences of lengths from 40 to 256.

Each training run on a single H100 takes about 70 min.

Evaluation. We report “normalized accuracies”, that is, by denoting the raw accuracy as A,,,, and
the chance level accuracy as Apance, We report (Araw — Achance) /(100 — Acpance ), Where Acpance 18
50% for parity and 20% for modular arithmetic (modulo 5), such that all the accuracies are scaled to
be between 0 and 100, where 0 is chance-level and 100 is perfect accuracy.
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Table 6: Median accuracy and median absolute deviation over 3 seeds using the best learning rate
for each case. This is to complete Table 3 which shows the best/max result among the seeds. The
top-block results are taken from [8]. We show normalized accuracies [%] (0% is chance level).

Model Parity Mod Arith
acc T acc T
Transformer [8] 03+1.3 1.8+ 09
Mamba [8] 1000 £0.0 214+ 2.7
DeltaNet [8] 999+ 0.6 82.6+14.6
HQLT
Delayed-Stream 30+£03 222+ 5.6
Delayed-Chunk 23+0.1 14+ 0.1
Synchronous 99.7+£0.1 932+ 32

w. Linear Atm. | 2.1+£0.3 329+11.6

Table 7: (Updated Table 3 after complete hyper-parameter search) Evaluating Expressivity of
Hybrid Quadratic-Linear Transformers (HQLTs) using regular language recognition tasks: Parity
and Modular Arithmetic without brackets (Mod Arith). The top-block results are taken from [8]. We
show normalized accuracies [%] (0% is chance level).

Model Parity Mod Arith
acc T acc T
Transformer [8] 2.2 3.1
Mamba [8] 100.0 24.1
DeltaNet [8] 100.0 97.1
HQLT
Delayed-Stream 33 27.8
Delayed-Chunk 2.8 1.4
Synchronous 100.0 97.0
w. Linear Atmn. | 2.5 44.5

5 B Further discussion

456 B.1 Practical computational costs of increasing the window size

457 In Sec. 4.3/Table 4, we demonstrated how increasing the quadratic attention window size in HQLTs
458 improves their retrieval abilities. Here we discuss the computational costs for such improvements. In
459  practice, within the range of window sizes discussed here, the actual computational cost is negligible,
460 since during inference with a batch size of 1, short-window attention can be efficiently computed
461 with a few/two steps of parallelizable matrix multiplication on a GPU, regardless of whether the
462 window size is 64 or 1024. Training time is also only minimally affected by the increased window
463 size as training is parallelized over the sequence elements. However, the total state size (which
464 has a direct impact on the memory requirement) increases as a function of the window size .S as
465 S(din + dout) + dout * diy per layer and per head.
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