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A Background on the random dynamical systems view of diffusion models1

In the main text, we define the generating process of any generative modeling algorithm as a random2

dynamical system. In particular, dynamical generative models like normalizing flow, rectified flow,3

conditional flow matching-variants, stochastic interpolants [19, 15, 24, 16] etc can be viewed as4

nonautonomous (forced in a time-dependent manner) and deterministic dynamical system. On the5

other hand, diffusion models or score-based generative models [5, 26, 4, 17, 22] have stochastic6

generating processes (reverse or denoising process). However, in the main text, we argued that, for the7

purpose of analyzing the probability flow, we may ignore the noise in the reverse process, and thus,8

also consider SGMs to be nonautonomous but deterministic systems. Here, we present a more general9

dynamical systems definition applicable to both deterministic and stochastic nonautnomous systems.10

These, so-called random dynamical systems have been classically studied as part of dynamical11

systems theory, while undergoing parallel development in the probability and stochastic analysis12

communities (see e.g., [3] and [12] for textbook expositions of random dynamical systems from the13

dynamical systems/ergodic theory and probabilistic/stochastic analysis perspectives respectively).14

The unifying random dynamical systems framework to represent generative models is as follows.15

Consider an instance of a time-discretized Wiener path, Ξ = {ξ0, · · · , ξT−1}, where ξi are indepen-16

dent standard normal variables. These provide stochastic forcing to the dynamics , FΞ
t , at time t,17

which is now extended with a superscript Ξ to indicate a fixed noise path. For a fixed noise, Ξ, F τ,Ξ,18

is defined as a composition (time τ -dynamics) as expected, F τ,Ξ = FΞ
τ−1 ◦F τ−1,Ξ, with F 0,Ξ = Id,19

for all Ξ.20

Example: score-based diffusion [21, 22] In score-based diffusion models, the generating process21

is an Ito process of the form: dXt = ft(Xt) dt + dWt, where ft is a deterministic score term22

that is represented as a neural network, and Wt is a Wiener path/Brownian noise. Given a time-23

integration scheme for this stochastic process, we can define Ft,Ξ as the stochastic flow over a24

short time. For instance, using Euler-Maruyama time-integration with a fixed timestep, δt, we have25

Xt+1 = Xt + ft(Xt) δt+
√
δt ξt. Then, FΞ

t (x) := x+ δtft(x) +
√
δt ξt. In summary, we view a26

stochastic generating process as a one-parameter family of random diffeomorphisms, FΞ
t , for (almost)27

every time sampling, Ξ, of the underlying Brownian path. For the existence of this one-parameter28

family, we refer to classical works on stochastic flows [12, 11]. With this RDS view, the stochastic29

process (a continuous-state discrete-time Markov chain) has a time-dependent transition kernel that30

can now be written in terms of FΞ as:31

Pt(Xt+1 ∈ A|Xt = x) = P(ξ : FΞ
t (x) ∈ A).

Substituting for FΞ
t (x) = x+ δtft(x) +

√
δt ξt, and using the fact that ξt has a normal distribution,32

we get, Pt(A|x) =
∫
A
e−∥y−x−δtft(x)∥2/(2δt) dy for this example process. The usual equation for33

the evolution of the probability measures, say µt, is the Kolmogorov forward equation, which is given34
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by,35

µt+1(A) =

∫
Pt(A|x)dµt(x) =

∫
P(ξt : FΞ

t (x) ∈ A) dµt(x). (1)

On the right hand side of the above equation, notice the transition kernels written in terms of the36

RDS. Moreover, beyond µt, we can also define a sequence of sample-path measures, µΞ
t , which are37

obtained for fixed Brownian paths via pushforwards or the Frobenius-Perron operator,38

µΞ
t+1 = FΞ

t♯µ
Ξ
t := µΞ

t ◦ FΞ,−1
t . (2)

Since we start the process with X0 ∼ µ0, we take µΞ
0 = µ0 for all paths Ξ. We note that since µ039

typically has a density (with respect to Lebesgue Rd), say, ρ0, µt as well as the sample-path measures,40

µΞ
t also have densities up to a finite time, even when FΞ

t is a non-volume preserving diffeomorphism.41

We denote these densities as ρt and ρΞt respectively corresponding to µt and µΞ
t . With the density ρΞt42

defined, we can use the change-of-variables formula in (2) to obtain,43

ρΞt+1 = LΞ
t ρ

Ξ
t :=

ρΞt ◦ FΞ,−1
t

|det∇FΞ
t | ◦ FΞ,−1

t

, (3)

where we define LΞ
t to be a time-dependent linear operator that transforms densities through a44

deterministic system. Combining with the Kolmogorov forward equation in (1), we also have,45

ρt+1(y) = EΞLΞ
t ρ

Ξ
t , (4)

provided ρ0 = ρΞ0 , where we have used EΞ to denote expectation with respect to the independent46

standard Gaussian RVs, Ξ = [ξ0, · · · , ξτ−1].47

For a fixed noise Ξ, the deterministic dynamics F τ,Ξ is a coupling between ρ0 and a noise path-48

dependent density ρΞτ , i.e., Lτ,Ξρ0 = ρΞτ . Here, the operator Lτ,Ξ is called the Frobenius-Perron or49

transfer operator, which describes the evolution of probability densities through the map, F τ,Ξ. The50

Frobenius-Perron operator Lτ,Ξ is also defined as a composition of per-iteration operators, which51

we denote by LΞ
t , so that LΞ

t ρ
Ξ
t = ρΞt+1. Specifically, we define LΞ

t ρ = (ρ∆volt) ◦ FΞ−1

t , where52

∆volt(x) = |det(dFΞ
t )|−1 indicates the change of differential volume under the application of the53

map FΞ
t . Note that, since the noise Ξ is independent of the state, ∆volt is not a function of Ξ. In54

the standard stochastic analysis literature, we generally refer to EΞLΞ
t as the Kolmogorov forward55

operator, which is described in (1) when µt are absolutely continuous with respect to Lebesgue.56

By definition, EΞLΞ
t ρt = ρt+1. Classically, we may write, ρt+1(x) =

∫
M

κt(x, y) ρt(y) dy,57

where κt(x, y) is the conditional density of the transition kernel, Pt(y, dx), which represents the58

conditional density of the state at time t+ 1 being x conditioned on the state at time t being y. This59

assumes the kernel is absolutely continuous in both arguments, which is typical for diffusion-based60

models (e.g., the transition probability measure in (1) is absolutely continuous). When the target61

measure, µτ = pdata is singular, making ρτ undefined, the probability density ρτ−∆ for a small ∆62

approximates a notion of density associated with the target. For simplicity, ρτ in this case should be63

interpreted as ρτ−∆, which is a convolution of the target measure, pdata, with a Gaussian of variance64

∆.65

A.1 Diffusion models66

Our paper treats the reverse process of a diffusion model as a random dynamical system. While we67

presented this view in the main text and the previous section, here we review the more standard view68

through SDEs. Diffusion models generate samples from an unknown target probability distribution69

π ∈ P(RD) from which we only have access to samples. The general setup [22] is to consider a70

diffusion process, which will be referred to as the forward process, that transforms the target into71

a distribution that is easy to sample from. Typically, the forward process is chosen from a class of72

Ornstein-Uhlenbeck processes73

dXt = −βtXt dt+
√
2βtdB, X0 ∼ π. (5)

It is assumed that βt is positive and integrable such that the integral
∫ t

0
βs ds → ∞ as t → ∞. It74

follows that (5) is a time-rescaling of the standard Ornstein-Uhlenbeck process, through the time75

2



change of variables τ =
∫ t

0
βs ds and the marginals ρt converge geometrically to the standard76

multivariate normal distribution N(0, ID) ∈ P(RD). Since (5) has linear drift, it follows that the77

solutions can be solved analytically, yielding the formula for the marginals in terms of the target78

ρt(x) = EX0∼π[ρt(x|X0)] with the conditional density given by the kernel79

ρt(·|x0) = N

(
exp

(
−
∫ t

0

βs ds

)
x0;

(
1− exp

(
−2

∫ t

0

βs ds

))
ID

)
. (6)

We note here that the above kernel is smooth in the space variable, implying the C∞ smoothness for80

the marginals for all t > 0.81

The forward process is ergodic, with the marginals converging to the standard normal at rate82

exp
(
−
∫ t

0
βs ds

)
. After a finite large time T samples are assumed to be approximately normal.83

Once T is chosen, define the time-reversed process Yt := XT−t, t ∈ [0, T ). It it is known ([7], [2])84

that Yt is a Markov process and that it is a weak solution to the following stochastic integral85

dYt = βT−t (Yt + 2∇ log ρT−t(Yt)) dt+
√

2βT−tdBt, Y0 ∼ ρT . (7)

From the smoothness of the marginals ρt — and hence smoothness of the drift term y + 2∇ log ρt(y)86

— it follows that (7) admits a strong solution for times t < T . It follows from weak uniqueness of the87

backward process [18] that the law of YT−t coincides with that of Xt. Hence, generating trajectories88

from the reverse process provides a way of sampling from the target distribution as t → T .89

The backward process is only defined for times t < T . In order to extend the backward process to the90

full time interval t ∈ [0, T ], one needs the assumption on the initial density that ∇ log ρ0 = ∇ log π91

exists in a weak L2 sense [7]. However, in practice this is almost never satisfied as the target density92

is typically singular. This implies a singularity in the score st that grows as 1∫ t
0
βs ds

as t → 0. To93

overcome this issue, the backward process is typically only sampled up to time t = T −∆, which is94

responsible for the characteristic noise typically present in image models.95

B Response of the predicted density to learning errors96

In the main paper, we argued that we may ignore the noise term ξ for a fixed path in probability97

space, and simply consider the deterministic nonautonomous system. Here we show how to extend98

the perturbation response result in section 3 to random dynamical systems. Using the framework99

presented in section A, we may go through the same derivation as in section 3 pathwise, by replacing100

Lt with LΞ
t . Again, the density ρΞτ , is close to the target (on averaging with respect to the noise paths,101

Ξ), but not exactly equal. In case the target density with respect to Lebesgue does not exist, we can102

perform integration by parts and treat ρΞτ as a genuine density due to the convolution of the target103

measure with Gaussians that describes the ρΞτ in the discrete time algorithm (DDPM).104

As before, we consider f to be constant functions on the data manifold that are differentiably extended105

to Rd. The pathwise responses derived in this way contain pathwise score functions, sΞ which are not106

the same as the score functions, s. While EρΞ = ρ, we do not get the score by taking expectations107

of the pathwise scores. In order to compute sΞ however, we may recursively apply the log gradient108

of the change of variables through the map, FΞ, i.e., LΞ
t . The above pathwise statistical response,109

if uniformly bounded over the Wiener paths, due to dominated convergence, allows us to exchange110

limits, and thus, the overall statistical response can still be computed pathwise via,111

⟨f, ∂ϵ|ϵ=0EΞ LT,Ξ
ϵ ρ0⟩ = ⟨f,EΞ ∂ϵLT,Ξ

ϵ |ϵ=0ρ0⟩. (8)

C Tangent dynamics: evolution of infinitesimal perturbations112

The primary objective of this work is to study the effect of learning errors on the dynamics. For113

stochastic generative processes, we can extend the linear perturbation analysis in the main text to114

each noise realization of an RDS. As before, to model the effect of score learning errors, we consider115

evolving Ft,Ξ with perturbed scores of the form, st + ϵχt, where χt is a time-dependent vector field116

that indicates the direction of the error in the score. The perturbed dynamics, for a fixed noise path,117

is represented as, F t,Ξ
ϵ = FΞ

t−1,ϵ ◦ · · · ◦ · · ·FΞ
0 , and correspondingly, the perturbed densities, by118

F t,Ξ
ϵ♯ ρ0 = ρΞt,ϵ, leading to the perturbed predicted density, ρτ,ϵ, when we take an expectation over119
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noise realizations Ξ. We can set ζt := ∂ϵF
t,Ξ
ϵ to represent a time-dependent vector field that gives120

the perturbation in the state (sample) at time t due to the learning error field. Taking ϵ → 0, we can121

obtain the following recursive relationship for ζt :122

ζt+1 ◦ FΞ
t = dFΞ

t ζt + χt ◦ FΞ
t , (9)

simply by applying chain rule. Unrolling this recursion, and since ζΞ0 = ∂ϵF
0,Ξ
ϵ = ∂ϵId = 0123

identically as a vector field, we obtain,124

ζΞt+1 ◦ Ft =

t∑
n=0

dFt dFt−1 ◦ F−1
t−1 · · · dFn+1 ◦ F−1

n+1 ◦ · · · ◦ F
−1
t−1 χn. (10)

A vector field can be evaluated at a specific point, say x ∈ RD, to give a tangent vector, that indicates125

the direction of infinitesimal change at x. An interpretation of this infinitesimal change when viewed126

through differentiable scalar fields is the following. If g : RD → R is a scalar function on the127

domain, then, at x, a vector field represents one among the possible directions of an infinitesimal128

change in g. In other words, tangent vector fields can be thought of as (linear) operators which when129

acting on differentiable functions produce their directional derivatives at each point. As an example,130

ζt(x) ∈ RD is a tangent vector that can be used to produce the directional derivative of any g, as131

dg(x) · ζt(x) := limϵ→0(g(x+ ϵζt(x))− g(x))/ϵ. In this sense, there is a natural interpretation for132

the sequence of vector fields defined in (9). Let us fix an orbit/sample path, {xt = FΞ
t (xt−1)}. The133

tangent vectors ζt(xt) ∈ RD can be applied to a scalar function g to obtain the overall infinitesimal134

change in g along the sample path due to infinitesimal learning errors. More precisely,135

∂ϵ(g ◦ F t,Ξ)(x0) = dg(xt) · ζt(xt). (11)

Rewriting (10) to make ζt(xt) explicit along a fixed sample path,136

ζt(xt) =

t−1∑
n=0

dFt−1(xt−1) · · · dFn+1(xn+1) χn(xn+1). (12)

Each term in the above sum consists of multiplication by a sequence of matrices. Let us define137

At := dFt(xt) ∈ RD×D and the product An,t := At At−1 · · ·An, for 0 ≤ n ≤ t− 1, for the sake138

of shorter notation. That is, the perturbation vector ζt(xt) can now be written as139

ζt+1(xt+1) :=

t∑
n=0

An+1,t χn(xn+1). (13)

To analyze the effect of infinitesimal errors on infinitely long sample paths, we can let n → −∞ in140

the above equation. In this case, the asymptotic behavior of the product of random matrices comes141

into play. Oseledets theory (see e.g., [3]) is a collection of classical results on random matrix products142

as applied to cocycles defined on dynamical systems. Essentially, assuming that max{0, log ∥At∥} is143

summable for almost all paths, one can define Lyapunov exponents (for each Ξ) to be the logarithms144

of the set of eigenvalues of the matrix, limn→−∞(A⊤
n,tAn,t)

1/2(t−n). Corresponding to the Lyapunov145

exponents (LE), there is a decomposition of the tangent space at each t in the characteristic directions146

called Oseledets subspaces, i.e., directions in which the perturbation norms grow at an exponential rate147

corresponding to a given LE. Thus, to analyze the growth/decay of the norms in the time-dependent148

linear dynamical system (9), these characteristic directions form a natural basis. Here, since our149

dynamical system is defined only over a finite time interval, we consider a computational proxy for150

the Oseledets spaces, which are described in the main text (section 4). In the remainder of this section,151

we let n → −∞ and review Oseledets theorem.152

Ignoring the control or forcing (inhomogeneous) term in 9, to isolate the time-asymptotic153

growth/decay on an exponential scale, we can consider the following homogeneous tangent equation,154

ωt+1 = At ωt. (14)

If we are only interested in growth/decay on an exponential (in t) scale, finite sums for n close to155

t in (13) are not significant. Moreover, the vectors χn(xn+1) are path-dependent and perturbation-156

dependent, and they are not fundamental directions characteristic of the dynamics. Thus, by consider-157

ing a decomposition (as in section 4) of χt(xt) along Oseledets spaces, we can provide a pessimistic158
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analysis, since a random vector χt(xt) will, with probability 1, have a non-zero component in the159

leading Oseledets space at xt.160

The homogeneous tangent equation (14) gives the evolution of infinitesimal perturbations in the initial161

conditions, i.e., ωt := dF t,Ξ ω0.. This equation gives the most general evolution of infinitesimal162

perturbations along a generic sample path {xt}. When xt is invariant, i.e., a fixed point, At is also163

invariant, and this reduces to linear stability analysis. When xt is a periodic orbit, the matrices At are164

classically studied with Floquet theory and corresponding exponents. In more generality, the random165

matrix product An,t(xn) : TxnRD → TxtRD, known as the tangent propagator [13], is studied as166

n → −∞ under Oseledets multiplicative ergodic theorem.167

When the dynamics Ft is invertible, we consider the limit168

W−(t) = lim
n→−∞

(
A−⊤

n,t A
−1
n,t

)1/(2(t−n))
.

The eigenvectors ϕi(t) of W−(t) are called the backward Lyapunov vectors (BLVs), and the negative169

log of the singular values λi = − log σi are called the Lyapunov exponents. Conventionally, the LEs170

are still deterministic and are defined by taking expectations with respect to the noise paths Ξ. The171

vectors ϕi(t) form a basis for the tangent space at xt are defined for P-a.e. (for almost every noise172

realization). For an exposition on the ergodic theory for RDS, see [10]. When the distribution P does173

not depend on time, the Backward Lyapunov vectors can also be defined in a deterministic manner174

P− a.e.175

D Robustness of the support upon alignment176

Proposition 4.1 shows that with high probability an aligned and convergent generative model can be177

used to learn the support of the data distribution accurately. First, by convergence, we mean that the178

generating process enjoys a theoretical convergence result in Wasserstein metric. For instance, we179

can consider a convergence result from [14] for denoising diffusion probabilistic model (DDPM), a180

time-discrete diffusion model. For any general target with compact support, as we have assumed,181

suppose the score is learned with a L2 error O(ϵ), uniformly over time t ≤ τ. Then, [14] show that182

the Wasserstein-2 distance between the predicted density, ρτ,ϵ and the target pdata is O(ϵ1/18). Note183

that, by definition of Wasserstein-2 distance, if T is the optimal transport map between pdata and184

ρτ,ϵ, then, Ex∼pdata
∥T (x) − x∥2 ≤ Cϵ′, where T (x) ∼ ρτ,ϵ. Now since ∥T (x) − x∥ is a random185

variable with a small mean and variance, we can get an ϵ0 (applying Chebyshev’s inequality e.g.)186

in the statement of Proposition 4.1 given any δ > 0, such that with probability (over n independent187

draws from pdata) ≥ 1− δ/2, we have that ∥T (xi)− xi∥ ≤ ϵ0, for all i ≤ n.188

Next we examine the alignment property. In Proposition 4.1, we assume alignment with high189

probability. That is, with probability ≥ 1− δ/2 over independent draws from pdata, alignment holds,190

i.e., at the generated samples, T (xi), the most sensitive Lyapunov subspace Ed is tangent to the191

support of pdata. In other words, the generated samples T (xi) = xi + ϵhi, where hi is along T∂M.192

Now consider a one-classifier trained to predict 1 if a data point is on the support and -1 otherwise.193

A kernel-based classifier is always realizable for a discrete data distribution [20]. It is a one-class194

classifier because for all the data points xi, the output label is 1 and we do not have negative samples.195

A key observation is that the confidence margin of a (one-class) hyperplane classifier trained using196

xi is the same as that trained using T (xi). Therefore, we can apply a known generalization result,197

and going further, even data-dependent upper and lower bounds for classification using the true data198

distribution to now the predicted distribution, provided the prediction is aligned (margin does not199

change). This is the essence of the proof. In summary, we pose learning the support as estimating a200

one-class classifier. Then, we use the fact that the margin does not change when we move data points201

along the separating hyperplane.202

E Alignment proofs203

In the proof of Theorem 4.3, we make assumptions about the dynamics of the vector field vt, whose204

time-discretized flow is our dynamics, F t. Mainly, toward the end, when t > t∗, we assume specific205

anisotropic behavior of the vector field. It is helpful to think of the anisotropy by considering local206

coordinates that align the first d coordinates with the most sensitive subspaces, Ed
t . In other words,207
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consider local coordinates, Φt : RD → RD around xt, such that, Φt(0) = xt and dΦt(0) maps the208

first d standard basis vectors to Ed
t .209

Recall assumptions (i)-(iii) in the statement of Theorem 4.3. Consider the Jacobian matrix at time210

t, dFt(x) in block form, dFt(x) =

[
Id + δt∇t,dvt,d(x) δt∇t,d⊥vt,d(x)
δt∇t,dvt,d⊥(x) Id + δt∇t,d⊥vt,d⊥(x)

]
, and the second211

derivative d2Ft can be written as two block tensors:
[
δt∇2

t,ddvt,d(x) δt∇2
t,dd⊥vt,d(x)

δt∇2
t,ddvt,d⊥(x) δt∇2

t,dd⊥vt,d⊥(x)

]
and212 [

δt∇2
t,dd⊥vt,d(x) δt∇2

t,d⊥d⊥vt,d(x)
δt∇2

t,dd⊥vt,d⊥(x) δt∇2
t,dd⊥vt,d⊥(x)

]
. To obtain an estimate of wt := tr((dFt)

−1 d2Ft), we213

first observe that using assumptions (ii)-(iii), the Schur complement of the first dxd block of dFt214

reduces to Id + δt ∇t,d⊥vt,d⊥. Using this Schur complement and assumption iii, we obtain that215

the first block of wt, which is wtE
d
t is given by δt tr((Id + δt∇t,dvt,d)

−1 ∇2
t,ddvt,d). Then, using216

assumption ii, we obtain the estimate in the main text.217

F Regularity of alignment218

Lemma 4.4 shows a notion of regularity of the alignment property. We show this by using the Arzela-219

Ascoli theorem on the space of functions Ed
ϵ , for some ϵ perturbation of the dynamics. Applying220

Arzela-Ascoli gives the existence of a converging subsequence on this space. This subsequence221

consists of most sensitive subspaces of perturbed systems, which from convergence, will also be222

closely aligned with the data manifold if the original dynamics is aligned. To apply Arzela-Ascoli,223

one sufficient condition is to assume Ft,ϵ ∈ C1+α since we then obtain that Ed
ϵ is Holder continuous.224

This is because Ed
ϵ is by construction an orthonormal basis for the column space of dF t

ϵ , which is225

Cα. For the Holder continuity of Ed
ϵ , we also need the eigenvalues of dF t

ϵ to be nondegenerate. With226

uniform Holder constants and exponents, since M is compact, we get the needed equicontinuity.227

G Additional numerical experiments228

Our numerical results using score-based diffusions indicate robustness of support in all cases; further,229

they also show alignment, qualitatively validating the dynamical mechanism for robustness that230

we show in the main text. We report on the numerical methods, implementation details and our231

experiments in this section. The supplementary material also contains the code needed to reproduce232

the figures in the main text.233

G.1 Sampling via reverse diffusion234

In the case of score-based diffusions, our dynamics F τ refers to the Euler-Maruyama discretization235

of the reverse diffusion (7). There are various noise schedules βt used in practice. In terms of236

the continuous time SDE (5), choosing βt is tantamount to reparameterizing the time variable in237

the standard Ornstein-Uhlenbeck process via τ =
∫ t

0
βs ds. From a mathematical perspective, the238

density evolutions are therefore the same. Practically, however, the process has to be discretized239

and some noise schedules are more robust against time-discretization errors [8]. For the purpose of240

this study, we therefore fix the noise schedule to be the cosine noise schedule from [17] that was241

shown empirically to yield good FID and NLL scores. We observe that our experimental results242

on alignment and robustness do not change when using different noise schedules. The cosine noise243

schedule from [17] translates to the formula for βt given by244

βt =
π

(1 + δ)
·
sin
(

π
2 · t+δ

1+δ

)
cos
(

π
2 · t+δ

1+δ

) .
This comes from the formula for αt = f(t)/f(0), f(t) = cos

(
t+δ
1+δ · π

2

)2
given in [17] and noting245

that αt = exp
(
−
∫ t

0
βs ds

)
.246
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Figure 1: Score-based diffusion with numerical estimates of the score. Top row: starting density,
ρ0 and the density at time 0.9. Bottom row: predicted target, ρ1−∆. In each figure, the red curve
represents the analytical data manifold.

Once a suitable approximation to the score is acquired, the backward equation (7) is discretized to247

yield the random dynamical system248

Yn+1 = Fn(Yn, ξn) := Yn + βT−tn (Yn + 2sT−tn(Yn)) δt+ ξn
√
2βT−tnδt, Y0 ∼ N(0, 1).

We also study solutions the perturbed system249

Yn+1 = Fn(Yn, ξn) := Yn + βT−tn (Yn + 2sT−tn(Yn) + ϵχT−tn(Yn)) δt+ ξn
√

2βT−tnδt.

The perturbation vector χn specifying the error between the original dynamical system Fn(·, ξn) =250

Fn(·, ξn; 0) and the perturbed dynamical system Fn(·, ξn; ϵ), and ϵ measures the strength of the251

perturbation (see A). The timesteps tn is chosen equispaced with 0 < t0 < · · · tn = T −∆ = 1−∆,252

with ∆ controlling the early stopping time to avoid singularities. This corresponds to solving the253

backward SDE (7) from t = T − t0 backward to t = ∆.254

G.2 Two dimensional examples255

We perform a number of experiments on two-dimensional domains with one or two-dimensional256

support of the target. We show our experiments with the 2 moons distribution in Figures 1(main257

paper), 6 and 5. We also visualize the Lyapunov vectors on a different example in Figures 1 and258

2. Throughout, LVs and LEs are computed using the QR algorithm (a finite-time version of the259

Gram-Schmidt process from [6]) described in section 4.260

In these planar experiments, we represent the manifold as a curve (or a collection of curves as in the261

half-moon example) Γ = {Γ(t) : t ∈ [0, 1]} ⊂ R2. The target measure is given by dpdata = q dγ262

where dγ is the arc-length measure for the curve Γ(t), and q some smooth density. We can compute263

expectations against π via the parameterization as264

E[g(X)] =

∫
Γ

g(x)p(x)ds =

∫ 1

0

g(Γ(t))p(Γ(t))Γ′(t) dt.

The Ornstein-Uhlenbeck process 5 is a linear SDE with additive noise. The density ρt can therefore265

be solved analytically [18] via the integral equation266

ρt(x) =

∫
Γ

ρt(x|x0)q(x0)ds.
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Figure 2: The finite-time Lyapunov vectors shown in green at two samples of the predicted distribution.
The reverse sample path is shown in blue. The leading LV, shown in a darker green, shows alignment
with the data manifold.

The kernel ρt(x|x0) is the Green’s function to the associated Fokker-Planck equation and is given by267

ρt(x|x0) =
1

Zt
exp

(
−|x− e−

t
2x0|2

2(1− e−t)

)
.

The score st = ∇ log ρt can also be solved for in terms of the one dimensional integral268

st(x) =

∫
Γ
∇xρt(x|x0)q(x0)ds∫
Γ
ρt(x|x0)q(x0)ds

.

Our paper focuses on the propagation of score errors through the dynamics. To validate our theoretical269

results on the robustness of the support in a stylized setting, and since the integrals involved are270

tractable in the low-dimensional setting, we estimate the score via quadrature rather than training271

a neural network. This is done to maintain explicit control of the errors involved in our motivating272

examples and experiments.273

G.3 MNIST training details274

Here we present additional details on the MNIST results from the main paper. We showed that275

MNIST generation with diffusion models tends to have robustness of the support. Further, we276

also observed that our proposed mechanism of alignment holds even in this higher dimensional277

setting. Specifically, we showed that the leading O(20) (approximately the intrinsic dimension of the278

support/data manifold) LVs span the tangent spaces to the data manifold. As empirical proof of this,279

we saw that moving along an LV of a higher index (indices are, by convention, in decreasing order of280

LEs) takes us off the data manifold. This is shown in more detail in Figure 3.281

These images are produced by a DDPM where the score model is trained by minimizing the simplified282

conditioned score matching loss from [9]:283

Lsimple(θ) = Et,x0,ϵ

[
∥ϵ− ϵθ(

√
αtx0 +

√
1− αtϵ, t)∥2

]
,

where t ∼ U(σmin, T ), x0 ∼ pdata and ϵ ∼ N (0, I). Once again we note that in the continuous284

setting we have αt = exp
(
−
∫ t

0
βsds

)
. Training is done in batches of 64 for 30 epochs. The285

backward process consists of 4000 steps, generating a trajectory of (11) from time T = 0.9 down to286

∆ = T/4000. We use an Adam optimizer with learning rate 2e-5.287

Once trained, the score approximation is given by sθ(x, t) =
1√

1−αt
ϵθ(x, t). The neural network ϵθ288

is a U-Net, that was implemented in PyTorch by [25]. The U-Net consists of two down-sampling289

stages, one mid-level stage, and two up-sampling stages, where the 28× 28 image is down-sampled290

to an array of 7× 7 images and up-sampled again. Each downsampling stage consists of two ResNet291
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Figure 3: Top: Denoising diffusion trajectory sampled by approximating the score using a U-Net
architecture trained on the MNIST digit dataset. Middle: The Lyapunov vectors of indices 1, 2, 20, 50
and 100 (from left to right) calculated along the sample trajectory. Notice that the principal Lyapunov
vectors recover meaningful features of the sampled digit. The is in contrast to the lower Lyapunov
vectors (higher indices indicate smaller LEs), which become progressively more noisy. Bottom: The
sample image perturbed in the direction of the Lyapunov vectors in the same column. The Lyapunov
vectors represent the principal directions in which errors in the sampling algorithm influence the
sampled image. Notice that the principle Lyapunov vectors morph the shape of the sample without
destroying image fidelity, whereas the lower Lyapunov vectors destroy image structure. This is
consistent with our claim that errors propagate the image tangent to the data manifold.

layers with SiLU nonlinearity and an Attention layer. The mid-level consists of a ResNet layer292

followed by an Attention layer followed again by a ResNet layer, before up-sampling in a symmetric293

fashion.294

G.4 CIFAR-10295

Our perturbation experiments on the CIFAR-10 data distribution also confirm the robustness of the296

support property exhibited by score-based diffusion models. In Figure 4 (left), we show images297

sampled by a pretrained generative model from [23] Github. On the right hand side of Figure 4, we298

show images generated by the same model with a score perturbation of size 0.1 (L∞ norm) added299

to Ft for each t. These samples look visually no different and produce similar likelihood scores,300

≈ 3.7 bits/dim, compared to the predicted samples using the original pretrained score model even for301

perturbation size up to 1. As expected, this behavior of robustness of the support is reproduced with302

any stable time-integration scheme, e.g., using predictor-corrector or probability flow ODEs.303

G.5 Conditional flow matching304

So far, all our numerical experiments were carried out with diffusion models. Here we compare the305

robustness of the support across other conceptually different generative models. Specifically, we306

consider experiments with conditional flow matching variants [16, 15] and stochastic interpolants307

[1], and all our experiments are based on the implementation by the TorchCFM package Github.308

At their core, these dynamical generative models interpolate samples from a source density ρ0 and309

samples from the target pdata. For instance, a variance-preserving interpolation is used in stochastic310

interpolants [1] and a straight line interpolation is proposed in rectified flow sampling [16]. In these311
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Figure 4: Left: images predicted by a pre-trained score-generative model by Song et al 2021
[Github link] on CIFAR-10 training images. Right: Predicted images by the model when a size 0.1
perturbation is added to the score vector field.

generative models, a stochastic path such as Xt = (1 − t)X0 + tX1 + σ(t)ξt, with X0 ∼ ρ0,312

X1 ∼ pdata is predetermined, while the probability flow path is computed. This is in contrast to313

SGMs, where the probability path is predetermined for the reverse process by choice of the forward314

process. The score approximation is performed for Brownian/OU paths in SGMs, while for other315

paths in flow matching. Thus, it is natural to ask if the learned dynamics for these different probability316

paths also possess the robustness property.317

Less robust flow matching models. Following TorchCFM tutorials [24], we learn vector fields318

vt with an MLP and 256 training samples per epoch from the 2 moons data distribution. The319

generated probability density is quite accurate for all of these models. In Figure 5 (top left), we320

show the generated density from Optimal Transport-Conditional Flow matching [24]. Next, we add a321

perturbation of size 0.5 and 1.0 in the L∞ norm to the learned vector field vt. The predicted densities322

for OT-CFM (first row) and stochastic interpolants (third row) seem to show the most robustness to323

the support, while for non-rectified flow matching the densities do not seem to exhibit robustness of324

the support, in comparison. Visually, all of these models seem to be less robust (c.f. Figure 1) than325

score-based diffusions. It is noteworthy that this is not due to the effect of the noise in the diffusion326

process, as the same robustness is visible even for deterministic time-integration (probability flow327

ODEs) using the scores. Thus, the robustness seems to be dynamical, with different dynamics on328

probability space and the loss function/formulation together dictating specific dynamics on sample329

space.330

To understand the effect of the dynamics further, we compute the LVs and LEs as before using an331

iterative QR algorithm. Recall that the LEs are recovered as the time-average of the log diagonal332

elements of Rt (see section 4 of the main paper). We observe that some paths (i.e., with non-zero333

probability with respect to the source distribution) may have positive leading LEs, while SGMs were334

always observed to have stable LEs. We take the source density to be 8 Gaussians, but essentially335

similar results were obtained with a standard Gaussian source density.336

In Figure 6, we show the leading LV (in blue) calculated for three different GMs in the top row. Also337

plotted is the score of the approximate 2 moons density (shown in red) in each case. The model338

OT-CFM seems to be most consistent with Theorem 4.3, showing most orthogonality with the score,339

or alignment, among the flow-matching models, but much less compared with diffusion models. To340

quantify the alignment, we plot the histogram of the absolute value of the dot product between the341

normalized score vectors. The generative model using optimal transport appears to have the best342

alignment since the histogram has a faster decay and a sharper peak at 0 (orthogonality between the343

score and the leading LV). Although Theorem 4.3 only proves that the orthogonality is a sufficient344

condition for the robustness of the support, it seems to agree qualititatively with the observations345

in Figure 5. The most aligned model, being OT-CFM, also exhibits most stability of the predicted346

support to perturbations. Moreover, none of these models are as robust or as aligned as diffusion347

models for the same target. These interesting results can open up avenues to pinpoint the most348

prevalent cause of robustness or lack thereof of the support. Furthermore, our results can be a starting349

point to understanding the deep connection between the dynamics on sample space that leads to350

robustness and the dynamics on probability space (which does not uniquely determine the sample351

space dynamics).352
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Figure 5: Top row: (Left) Two moons data distribution generated by an optimal transport-conditional
flow matching (OT-CFM) algorithm [24]. OT-CFM dynamics perturbed by errors in the vector field of
L∞ norm 0.5 (center) and 1 (right). Middle row: densities predicted by non-rectified flow matching
model with perturbations of size 0.5 (left) and 1.0 (right). Bottom: densities predicted by perturbed
stochastic interpolant models.
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Figure 6: Top row: the target score vector field (blue) and the top LV (red) computed using unperturbed
GMs: OT-CFM (left), CFM (center) and stochastic interpolant (right). Bottom row: the histograms of
the dot products (absolute value) between the normalized target score and the leading LV (red) over
40,000 points. We see that the stochastic interpolant model and CFM are less aligned than OT-CFM
according to our definition in this case.
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