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Abstract

Despite the impressive numerical performance of quasi-Newton and Ander-
son/nonlinear acceleration methods, their global convergence rates have remained
elusive for over 50 years. This paper addresses this long-standing question by
introducing a framework that derives novel and adaptive quasi-Newton or non-
linear/Anderson acceleration schemes. Under mild assumptions, the proposed
iterative methods exhibit explicit, non-asymptotic convergence rates that blend
those of gradient descent and Cubic Regularized Newton’s method. Notably, these
rates are achieved adaptively, as the method autonomously determines the optimal
step size using a simple backtracking strategy. The proposed approach also includes
an accelerated version that improves the convergence rate on convex functions.
Numerical experiments demonstrate the efficiency of the proposed framework,
even compared to a fine-tuned BFGS algorithm with line search.

1 Introduction

Consider the problem of finding the minimizer x* of the unconstrained minimization problem
f@) = f* = min f(z),
zERC
where d is the problem’s dimension, and the function f has a Lipschitz continuous Hessian.
Assumption 1. The function f(x) has a Lipschitz continuous Hessian with a constant L,

¥y, z€RYVEf(2) = V2 f(y)ll < Lilz —yll. M

In this paper, ||.|| stands for the maximal singular value of a matrix and for the {5 norm for a vector.
Many twice-differentiable problems like logistic or least-squares regression satisfy Assumption 1.

The Lipschitz continuity of the Hessian is crucial when analyzing second-order algorithms, as it
extends the concept of smoothness to the second order. The groundbreaking work by Nesterov et al.
[46] has sparked a renewed interest in second-order methods, revealing the remarkable convergence
rate improvement of Newton’s method on problems satisfying Assumption 1 when augmented with
cubic regularization. For instance, if the problem is also convex, accelerated gradient descent typically
achieves O(t%), while accelerated second-order methods achieve O(f%) Recent advancements have

further pushed the boundaries, achieving even faster convergence rates of up to O(%) through the
utilization of hybrid methods [43, 14] or direct acceleration of second-order methods [44, 27, 40].

Unfortunately, second-order methods may not always be feasible, particularly in high-dimensional
problems common in machine learning. The limitation is that exact second-order methods require
solving a linear system that involves the Hessian of the function f. This main limitation motivated
alternative approaches that balance the efficiency of second-order methods and the scalability of
first-order methods, such as inexact/subspace/stochastic techniques, nonlinear/Anderson acceleration,
and quasi-Newton methods.
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1.1 Contributions

Despite the impressive numerical performance of quasi-Newton methods and nonlinear acceleration
schemes, there is currently no knowledge about their global explicit convergence rates. In fact, global
convergence cannot be guaranteed without using either exact or Wolfe-line search techniques. This
raises the following long-standing question that has remained unanswered for over 50 years:

What are the non-asymptotic global convergence rates of quasi-Newton
and Anderson/nonlinear acceleration methods?

This paper provides a partial answer by introducing generic updates (see algorithms 1 to 3) that can
be viewed as cubic-regularized quasi-Newton methods or regularized nonlinear acceleration schemes.

Under mild assumptions, the iterative methods constructed within the proposed framework (see
algorithms 3 and 6) exhibit explicit, global and non-asymptotic convergence rates that interpolate the
one of first order and second order methods (more details in appendix A):

« Convergence rate on non-convex problems (Theorem 4): min; |V f(z;)|| < Ot~ % + ¢~ 3),
« Convergence rate on (star-)convex problems (Theorems 5 and 6): f(x;) — f* < O(t=2 +t71),
* Accelerated rate on convex problems (Theorem 7): f(x;) — f* < O(t =3 +t72).

1.2 Related work

Inexact, subspace, and stochastic methods. Instead of explicitly computing the Hessian matrix
and Newton’s step, these methods compute an approximation using sampling [2], inexact Hessian
computation [29, 19], or random subspaces [20, 31, 35]. By adopting a low-rank approximation for the
Hessian, these approaches substantially reduce per-iteration costs without significantly compromising
the convergence rate. The convergence speed in such cases often represents an interpolation between
the rates observed in gradient descent methods and (cubic) Newton’s method.

Nonlinear/Anderson acceleration. Nonlinear acceleration techniques, including Anderson accel-
eration [1], have a long standing history [3, 4, 28]. Driven by their promising empirical performance,
they recently gained interest in their convergence analysis [64, 26, 63, 38, 69, 67, 72, 71, 56, 65,
66, 6, 60, 8, 57]. In essence, Anderson acceleration is an optimization technique that enhances
convergence by extrapolating a sequence of iterates using a combination of previous gradients and
corresponding iterates. Comprehensive reviews and analyses of these techniques can be found in
notable sources such as [38, 7, 37, 36, 5, 17]. However, these methods do not generalize well outside
quadratic minimization and their convergence rate can only be guaranteed asymptotically when using
a line-search or regularization techniques [62, 68, 56].

Quasi-Newton methods. Quasi-Newton schemes are renowned for their exceptional efficiency
in continuous optimization. These methods replace the exact Hessian matrix (or its inverse) in
Newton’s step with an approximation that is updated iteratively during the method’s execution. The
most widely used algorithms in this category include DFP [18, 25] and BFGS [61, 30, 24, 10, 9].
Most of the existing convergence results predominantly focus on the asymptotic super-linear rate of
convergence [70, 32, 12, 11, 15, 22, 75, 73, 74]. However, recent research on quasi-Newton updates
has unveiled explicit and non-asymptotic rates of convergence [50, 52, 51, 41, 42]. Nonetheless,
these analyses suffer from several significant drawbacks, such as assuming an infinite memory
size and/or requiring access to the Hessian matrix. These limitations fundamentally undermine the
essence of quasi-Newton methods, which are typically designed to be Hessian-free and maintain low
per-iteration cost through their low-memory requirement and low-rank structure.

Recently, Kamzolov et al. [39] introduced an adaptive regularization technique combined with
cubic regularization, with global, explicit (accelerated) convergence rates for any quasi-Newton
method. The method incorporates a backtracking line search on the secant inexactness inequality
that introduces a quadratic regularization. However, this algorithm relies on prior knowledge of the
Lipschitz constant specified in Assumption 1. Unfortunately, the paper does not provide an adaptive
method to find jointly the Lipschitz constant as well, as it is a priory too costly to know which
parameter to update. This aspect makes the method impractical in real-world scenarios.
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Paper Organization Section 2 introduces the proposed novel generic updates and some essential
theoretical results. Section 3 presents the convergence analysis of the iterative algorithm, which
uses one of the proposed updates. Section 4 is dedicated to the accelerated version of the proposed
framework. Section 5 presents examples of methods generated by the proposed framework.

2 Type-I and Type-II Step

This section first examines a remarkable property shared by quasi-Newton and Anderson acceleration:
the sequence of iterates of these methods can be expressed as a combination of directions formed by
previous iterates and the current gradient. Building upon this observation, section 2.1 investigates
how to obtain second-order information without directly computing the Hessian of the function f by
approximating the Hessian within the subspace formed by these directions. Subsequently, section 2.2
demonstrates how to utilize this approximation to establish an upper bound for the function f and its
gradient norm ||V f(z)||. Minimizing these upper bounds, respectively, leads to a type-I and type-II
method.

Motivation: what quasi-Newton and nonlinear acceleration schemes actually do? The BFGS
update is a widely used quasi-Newton method for unconstrained optimization. It approximates the
inverse Hessian matrix using updates based on previous gradients and iterates. The update reads

dr dl git+gf Hi—1d TH,

Tyr1 = x¢ — hi HyV f(xy), Hy = Hy_4 (I — z?‘§t> + dy (d? s gt(g?tdt); - gtgtT,;t 1)
where H; is the approximation of the inverse Hessian at iteration ¢, h; is the step size, d; = x+ — x¢—1
is the step direction, g; = Vf(z;) — Vf(z_1) is the gradient difference. After unfolding the
equation, the BFGS update can be seen as a combination of the d;’s and V f (),

21 — 2y = HoPy. .. PV f(xe) + Y0, aud, )

where P; are projection matrices in R%*? and «; are coefficients. Similar reasoning can be applied to

other quasi-Newton formulas (see appendix B for more details).

This observation aligns with the principles of Anderson acceleration methods. Considering the same
vectors d; and g;, Anderson acceleration updates x;1 as:

a* = ming |V f(z) + Xisg igill, @1 — e = Dog_g b (di — hugs)

where h; is the relaxation parameter, which can be seen as the step size of the method. As all
x;’s belong to the span of previous gradients, the update is similar to (2), see appendix B for more
details. This is not surprising, as it has been shown that Anderson acceleration can be viewed as a
quasi-Newton method [23]. Some studies have explored the relationship between these two classes
of optimization techniques and established strong connections in terms of their algorithmic behavior
[23,76, 59, 13].

Hence, quasi-Newton algorithms and nonlinear/Anderson acceleration methods utilize previous
directions d; and the current gradient V f(z;) in subsequent iterations. However, their convergence
is guaranteed only if a line search is used, and their convergence speed is heavily dependent on H
(quasi-Newton) or h; (Anderson acceleration) [49].

2.1 Error Bounds on the Hessian-Vector Product Approximation by a Difference of Gradients

Consider the following d x N matrices that represent the algorithm’s memory,

Yz[yl,...,y]v], Z:[Z’l,...,z’]\]}7 D:}/—Z7 G:[,Vf(yl)—Vf(Zl),] (3)
For example, to mimic quasi-Newton techniques, the matrices Y and Z can be defined such that,
D= [ oy Lp—jp 1 — Lp—gy e - .}, G = [ cey Vf(l't,H,l) - Vf((Et,i), . .], i=1...N.

Motivated by (2), this paper studies the following update, defined as a linear combination of the
previous directions d;,

x4+ —x = Da where aecRVN. @)
The objective is to determine the optimal coefficients o based on the information contained in the
matrices defined in (3). Notably, the absence of the gradient in the update (4) distinguishes this
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approach from (2), allowing for the development of an adaptive method that eliminates the need for
an initial matrix Hy (quasi-Newton methods) or a mixing parameter h; (Anderson acceleration).

Under assumption (1), the following bounds hold for all z,y, z, x4 € R4 [46],

IVf(y) = VI(z) = V2f(2)(y—2)| < Zlly — =%, )
|f(z4) = @) = V(@) (@ —2) — 3oy —2)TV2f (@) @y — 2)| < Loy — 2. (6)

The accuracy of the estimation of the matrix A& f(zx), depends on the error vector €,

e et en), and e E il (1dil| + 201z — =) 7

The following Theorem 1 explicitly bounds the error of approximating V2 f(x)D by G.

Theorem 1. Let the function f satisfy Assumption 1. Let x be defined as in (4) and the matrices
D, G be defined as in (3) and vector € as in (7). Then, for all w € R* and o € RY,

Ll SN agles < wT (V2f(2)D - G)a < HL SN ayle, ®)
W (V2f(2)D — G)|| < Ll e ©)

Proof sketch and interpretation. The theorem states that the Hessian-vector product V2 f () (y—z)
can be approximated by the difference of gradients V f(y) — V f(z), providing a cost-effective
approach to estimate V2 f without computing it. This property is the basis of quasi-Newton methods.
The detailed proof can be found in appendix F. The main idea of the proof is as follows. From (5)
with y = y; and z = z;, writing d; = y; — z;, and Assumption 1,

L L
IV f (i) = VF(z) = V2 @) (y: = za)ll < S dill* + 1V f(2) = V2 dill < e

The first term in €; bounds the error of (5), while the second comes from the distance between (5)
and the current point & where the Hessian is estimated. Then, it suffices to combine the inequalities
with coefficients « to obtain Theorem 1.

2.2 TypeI and Type II Inequalities and Methods

In the literature, Type-I methods often refer to algorithms that aim to minimize the function value
f(z), while type-II methods minimize the gradient norm ||V f(x)|| [23, 76, 13]. Applying the bounds
(6) and (5) to the update in (4) yields the following Type-I and Type-II upper bounds, respectively.

Theorem 2. Let the function f satisfy Assumption 1. Let x be defined as in (4), the matrices D, G
be defined as in (3) and € be defined as in (7). Then, for all o € RY,

fey) < f(2) + Vf(2)"Da + o Ha 4 EIDell - p & GTDADTGHLIDINEL (1)
IVi(z )l < [IVF(z) + Gall + g(zﬁl |avile; + ||Da||2), 11

The proof can be found in appendix F. Minimizing eqs. (10) and (11) leads to algorithms 1 and 2,
respectively, whose constant L is replaced by a parameter M, found by backtracking line-search. A
study of the (strong) link between these proposed algorithms and nonlinear/Anderson acceleration
and quasi-Newton methods can be found in appendix B.

Solving the sub-problems In algorithms 1 and 2, the coefficients a are computed by solving a
minimization sub-problem in O(N? + Nd) (see appendix C for more details). Usually, IV is rather
small (e.g. between 5 and 100); hence solving the subproblem is negligible compared to computing a
new gradient V f (). Here is the summary:

* In algorithm 1, the subproblem can be solved easily by a convex problem in two variables,
which involves an eigenvalue decomposition of the matrix H € RV* [46].

* In algorithm 2, the subproblem can be cast into a linear-quadratic problem of O(N)
variables and constraints that can be solved efficiently with SDP solvers (e.g., SDPT3).
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Algorithm 1 Type-I Subroutine with Backtracking Line-search

Require: First-order oracle for f, matrices G, D, vector ¢, iterate x, initial smoothness M.

1: Initialize M <+ %
3 GTD+DTG M| D]l

: + €
3: M <+ 2M and H «+ : +Iv=—5 )
4 o* « argmin, f(z) + Vf(2)T Da + $aT Ha 4 22l
5: Ty +—z+ Da

* |13

6: while f(xy) > f(x) + Vf(z)"Da* + [T Ha* + MDD
7: return x, M

Algorithm 2 Type-II Subroutine with Backtracking Line-search
Same as algorithm 1, but minimize and check the upper bound (11) instead of (10) on lines 4 and 6.

3 Iterative Type-I Method: Framework and Rates of Convergences

The rest of the paper analyzes the convergence rate of methods that use algorithm 1 as a subroutine;
see algorithm 3. The analysis of methods that uses algorithm 2 is left for future work.

3.1 Main Assumptions and Design Requirements

This section lists the important assumptions on the function f. Some subsequent results require an
upper bound on the radius of the sub-level set of f at f(xz).

Assumption 2. The radius of the sub-level set {x : f(x) < f(x0)} is bounded by R < .

To ensure the convergence toward f(x*), some results require f to be star-convex or convex.
Assumption 3. The function f is star convex if, for all x € R% and V7 € [0, 1],
F(@ = 7)a +72%) < (1 1) f(2) + 7f ().
Assumption 4. The function f is convex if, for all y, z € R%, f(y) > f(2) + Vf(2)(y — 2).
The matrices Y, Z, D must meet some conditions listed below as "requirements" (see section 5 for

details). All convergence results rely on one of these conditions on the projector onto span(D),

P, D(DI D)~ DY (12)
Requirement 1a. For all t, the projector P, of the stochastic matrix D, satisfies E[P;] = %I.
Requirement 1b. For all t, the projector P; satisfies P,V f(x) = V f(x).

The first condition guarantees that, in expectation, the matrix D; spans partially the gradient V f (z;),
since B[P,V f(x;)] = %V f(x4). The second condition simply requires the possibility to move
towards the current gradient when taking the step  + Da. This condition resonates with the idea
presented in (2), where the step 2 — x combines previous directions and the current gradient V f (z;).

In addition, it is required that the norm of ||¢|| does not grow too quickly, hence the next assumption.

Requirement 2. For all t, the relative error m;lh is bounded by 6.

The Requirement 2 is also non-restrictive, as it simply prevents taking secant equations at y; — 2; and
z; — x; too far apart. Most of the time, § satisfies 6 < O(R).

Finally, the condition number of the matrix D also has to be bounded.
Requirement 3. For all t, the matrix Dy is full-column rank, which implies that DI Dy is invertible.
In addition, its condition number k p, 4 VIIDT D|[||(DE Dy)~1|| is bounded by k.

The condition on the rank of D is not overly restrictive. In most practical scenarios, this condition is
typically satisfied without issue. However, the second condition might be hard to meet, but section 5
studies strategies that prevent xp from exploding by taking orthogonal directions or pruning D.



183

184

185

186

187
188

189

190
191

192
193

194
195

196
197
198

199
200
201
202

203
204
205
206

207
208
209

Algorithm 3 Generic Iterative Type-I Methods

Require: First-order oracle f, initial iterate and smoothness xg, Mj, number of iterations 7.
fort=0,...,T—1do
Update G, Dy, € (see section 5).
Ttil, Mt+1 — [algorithm 1] (f, Gt, Dt, Ety T, (Mt/2))
end for
return xp

3.2 Rates of Convergence
When f satisfies Assumption 1, algorithm 3 ensures a minimal function decrease at each step.
Theorem 3. Let f satisfy Assumption 1. Then, at each iteration t > 0, algorithm 3 achieves

f(@er1) < flae) — Mfgl i1 — 2el]?, Mg < max{2L ) %} . (13)

Under some mild assumptions, algorithm 3 converges to a critical point for non-convex functions.

Theorem 4. Let f satisfy Assumption 1, and assume that f is bounded below by f*. Let Require-
ments 1b to 3 hold, and My > M.in. Then, algorithm 3 starting at xo with My achieves

3L o\ 2/3 C _opx\ 1/3
i_qgi_gm(mnsmax{% (2P =0 (55) (I }

where Cy =L (LQQM) + max;eo 4 ||(1 — P)V2f () Py|.

Going further, algorithm 3 converges to an optimum when the function is star-convex.

Theorem 5. Assume [ satisfy Assumptions 1 to 3. Let Requirements 1b to 3 hold. Then, algorithm 3
starting at xo with My achieves, fort > 1,

o g d @) = 1 L LBR’, 1 G(3R)
U =) < ey T asnary 2 T ite T

where Cy d:ef(SL%M + max;eo 4 || V2 f(x;) — BV f(2:) P

Finally, the next theorem shows that when algorithm 3 uses a stochastic D that satisfies Require-
ment la, then f(x;) also converges in expectation to f(z*) when f is convex.

Theorem 6. Assume f satisfy Assumptions 1, 2 and 4. Let Requirements la, 2 and 3 hold. Then, in
expectation over the matrices D;, algorithm 3 starting at xo with My achieves, fort > 1,

o) g 1 o) 1 L(3R)3 1 C3(3R)?
Ep,[f(z¢) f}S71+i[%t]3(f( 0) = f*)+ [%t]Q B) + [%t] 9

where Cj d:ef(sL'H'Qi%2 + (djiN) maX;eo,t] V2 f (a3)]].

Interpretation The rates presented in Theorems 4 to 6 combine the ones of cubic regularized
Newton’s method and gradient descent (or coordinate descent, as in Theorem 6) for functions with
Lipschitz-continuous Hessian. As C', C, and C'3 decrease, the rates approach those of cubic Newton.

The constants C1, Co, and C3 quantify the error of approximating DV?2 f(x)D by H in (10) into
two terms. The first represents the error made by approximating V2 f(z) D by G, while the second
describes the low-rank approximation of V2 f(x) in the subspace spanned by the columns of D. The
approximation is more explicit in C's, where increasing N reduces the constant up to N = d.

To retrieve the convergence rate of Newton’s method with cubic regularization, the approximation
needs to satisfy three properties: 1) the points contained in Y; and Z; must be close to each other,
and to x; to reduce 0 and ||¢||; 2) the condition number of D should be close to 1 to reduce «; 3) D
should span a maximum dimension in R? to improve the approximation of V2 f(z) by PV?f(x)P.

For example, Z; = xtlﬁ, D; = hly with h small, and Y; = Z; + D; achieve these conditions. This
(naive) strategy estimates all directional second derivatives with a finite difference for all coordinates
and is equivalent to performing a Newton’s step in terms of complexity.
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Algorithm 4 Type-I subroutine with backtracking for the accelerated method

Require: First-order oracle f, matrices G, D, vector ¢, iterate x, smoothness M, minimal norm A
Initialize M <« % o % \‘Ilg\ll (1 + /sz), ExitFlag < False
while ExitFlag is False do
Update M and H < GTD;“DTG +1y M“DQHHE” ]
o* + argmin, f(z) + Vf(z)"Da+ taTHa + %
Ty <+ Da

/
If -Vf(xy)"Da> % and |Da| > A then ExitFlag + LargeStep

4
If —f(z. )" Da > % then ExitFlag < SmallStep
2

end while
return ., o, M, v, ExitFlag

Algorithm 5 Adaptive Accelerated Type-I Algorithm (Sketch, see appendix D for the full version)
Require: First-order oracle f, initial iterate and smoothness xg, Mj, number of iterations 7.
Initialize Go, Do. 0, A7, A, A, 2y, My, (Mo)s.
fort=1,...,T—1do
Update G, Dy, €.
do
Compute vy < arg min ®;, set y; = H%ﬂft + t%vt, and update (Mp);
{l’t_;,_l, Ex1tFlag} — [algorithm 4] (f, Gt, Dt, Ety Yty (MO)t7 A)

if ©;41(vir1) < f(zy1) then %), Parameters adjustment if needed
ValidBound < False
if ExitFlag is SmallStep then )\El) — 2)\§1), otherwise A§2) — 2>\§2)
else
ValidBound < True %% Successful iteration
end if
while ValidBound is False
end for
return x

4 Accelerated Algorithm for Convex Functions

This section introduces algorithm 5, an accelerated variant of algorithm 3 for convex functions,
designed using the estimate sequence technique from [44]. It consists in iteratively building a
function ®,(x), a regularized lower bound on f, that reads

I°

D) = s (oo bi (fl@i) + V(i) (@ — @) + AP Lol g AP Lol

where AS”") are non-decreasing. The key aspects of acceleration are as follows (see section 4 for more
details): 1) The accelerated algorithm makes a step at a linear combination between vy, the optimum
of ®,, and the previous iterate x;. 2) It uses a modified version of algorithm 1, see algorithm 4.
3) Under some conditions, the step size can be considered as "large", i.e., similar to a cubic-Newton
step. The A > 0 ensures the step is sufficiently large to ensure theoretical convergence - but setting
A = 0 does not seem to impact the numerical convergence. The presence of both small and large
steps is crucial to obtain the theoretical rate of convergence.

Theorem 7. Assume [ satisfy Assumptions 1, 2 and 4. Let Requirements 1b to 3 hold. Then,
algorithm 5 starting at xo with My achieves, for all A > 0 and fort > 1,

AH R2 A2 g3
* (M0)12nax 3R ? 4(M0)max 2 3R ’ )\T + 6
— < 1: = _— B B ——
e e A b Brw max {1 3} \i55) * (t+1)3
where AV = 0.5-6 (Lk + Ms2) + [V f(20) = RV f(zo)Poll, A =My +1L,
(MO)max = %(QA + (2%2 + 5)5) + (2\/3 — 1) maXogigt H(I — B)V2f(x7)Pl”
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Interpretation The interpretation is similar to the one from Section 3. Ignoring A(1:2) the rate of
Theorem 7 combines the one of accelerated gradient and accelerated cubic Newton [45, 44]. The
constant My blends the Lipschitz constant of the Hessian L with its approximation errors (2x% + x)J
and ||(I — P)V?2f(z)||. The better the Hessian is approximated, the smaller the constant.

5 Some update strategies for matrices Y, Z, D, G

The framework presented in this paper is characterized by its generality, requiring only minimal
assumptions on the matrix D and vector €. This section explores different strategies for updating the
matrices from (3), which can be classified into two categories: online and batch techniques.

Recommended method. Among all the methods presented in this section, the most promising
technique seems to be the Orthogonal Forward Estimates Only, as it ensures that the condition
number £p = 1 and the norm of the error vector ||| is small.

5.1 Online Techniques

The online technique updates the matrix D while algorithms 3 and 5 are running. To achieve
Requirement 1b, the method employs either a steepest or orthogonal forward estimate, defined as
\Y
Tppl =T — hV f(xy) (steepest) or Typl =4 — h(I — Pt_l)ﬂ (orthogonal).

IV ()

Then, it include z; . 1= T in the matrix D;. The projector P;_ is defined in (12), and parameter h

can be a fixed small value (e.g., h = 10~). This section investigates three different strategies for
storing past information: Iterates only, Forward Estimates Only, and Greedy, listed below.

}/t = [xt-}-%aztamt—l?'"a'rt—N-‘rl]v Zt = [ztaxt—la"'axt—N] (Iterates Onl}’)
Y, = [xH% S TEETPS ,xthJr%L Zy = x4, @4—1, ..., Tt—N] (Forward Estimates Only)
Yt:[xt+%,xt,mt_%,...,xt7%], 7y = [a:t,a:t_%,...,xt_%] (Greedy)

Iterates only: In the case of quasi-Newton updates and Nonlinear/Anderson acceleration, the iterates
are constructed using the equation x; 11 — z; € V f(x;) + span{x;_;+1 — ©;—; };=1...~n. The update
draws inspiration from this observation. However, it does not provide control over the condition
number of D; or the norm ||¢||. To address this, one can either accept a potentially high condition
number or remove the oldest points in D and G until the condition number is bounded (e.g., £ = 10%).

Forward Estimates Only: This method provides more control over the iterates added to Y and Z.
When using the orthogonal technique to compute x; 1 reduces the constants in Theorems 4, 5 and 7:

the condition number of D is equal to 1 as DT D = h?[, and the norm of ¢ is small (||¢]| < O(h)).

Greedy: The greedy approach involves storing both the iterates and the forward approximations. It
shares the same drawback as the Iterates only strategy but retains at least the most recent information
about the Hessian-vector product approximation, thereby reducing the ||z; — ;|| term in € (7).

5.2 Batch Techniques

Instead of making individual updates, an alternative approach is to compute them collectively, centered

on ;. This technique generates a matrix D; consisting of N orthogonal directions dy, - - - ,dy of
norm h. The corresponding Y;, Z;, G; matrices are then defined as follows:
K:[It+d17---7xt+dn]7 Zt:[It,...,l’t], Gt:[,Vf(xterl)—Vf(xt),]

This section explores two batch techniques that generate orthogonal directions: Orthogonalization
and Random Subspace. Both lead to § = 3h and k = 1 in Requirements 2 and 3. However, they
require /N additional gradient computations at each iteration (instead of one for the online techniques).
For clarity, in the experiments, only the Greedy version is considered.

Orthogonalization: This technique involves using any online technique discussed in the previous
section and storing the directions in a matrix D,. Then, it constructs the matrices D, by performing

an orthogonalization procedure on Dy, such as the QR algorithm. This approach provides Hessian
estimates in relevant directions, which can be more beneficial than random ones.
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Figure 1: Comparison between the type-1 methods proposed in this paper and the optimized imple-
mentation of ¢-BFGS from minFunc [53] with default parameters, except for the memory size. All
methods use a memory size of N = 25.

Random Subspace: Inspired by [35], this technique randomly generates D; at each iteration by
either taking D, to be /N random (rescaled) canonical vectors or by using the ) matrix from the QR
decomposition of a random N x D matrix. This ensures that D, satisfies Requirement 1a. For clarity,
in the experiments, only the QR version is considered.

6 Numerical Experiments

This section compares the methods generated by this paper’s framework to the fine-tuned ¢-BFGS
algorithm from minFunc [53]. More experiments are conducted in appendix E. The tested methods
are the Type-I iterative algorithms (algorithm 3 with the techniques from section 5). The step size
of the forward estimation was set to A = 10~2, and the condition number ~ D, 1s maintained below
& = 10? with the iterates only and Greedy techniques. The accelerated algorithm 6 is used only with
the Forward Estimates Only technique. The compared methods are evaluated on a logistic regression
problem with no regularization on the Madelon UCI dataset [33]. The results are shown in fig. 1.

Regarding the number of iterations, the greedy orthogonalized version outperforms the others due to
the orthogonality of directions (resulting in a condition number of one) and the meaningfulness of
previous gradients/iterates. However, in terms of gradient oracle calls, the recommended method,
orthogonal forward iterates only, achieves the best performance by striking a balance between the
cost per iteration (only two gradients per iteration) and efficiency (small and orthogonal directions,
reducing theoretical constants). Surprisingly, the accelerated method’s performance is suboptimal,
possibly because it tightens the theoretical analysis, diminishing its inherent adaptivity.

7 Conclusion, Limitation, and Future work

This paper introduces a generic framework for developing novel quasi-Newton and Ander-
son/Nonlinear acceleration schemes, offering a global convergence rate in various scenarios, including
accelerated convergence on convex functions, with minimal assumptions and design requirements.

One limitation of the current approach is requiring an additional gradient step for the forward
estimate, as discussed in Section 5. However, this forward estimate is crucial in enabling the
algorithm’s adaptivity, eliminating the need to initialize a matrix Hy (quasi-Newton) or employ a
mixing parameter hg (Anderson acceleration).

In future research, although unsuitable for large-scale problems, the method presented in this paper
can achieve super-linear convergence rates, as with infinite memory, they would be as fast as cubic
Newton methods. Utilizing the average-case analysis framework from existing literature, such as [48,
58, 21, 16, 47], could also improve the constants in Theorems 4 and 5 to match those in Theorem 6.
Furthermore, exploring convergence rates for type-2 methods, which are believed to be effective for
variational inequalities, is a worthwhile direction.

Ultimately, the results presented in this paper open new avenues for researchs. It may also provide a
potential foundation for investigating additional properties of existing quasi-Newton methods and
may even lead to the discovery of convergence rates for an adaptive, cubic-regularized BFGS variant.
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Supplementary Materials

Preconditioner for the Type 1 Step

This section presents a simple diagonal preconditionner that helps in reducing the theoretical constants
that involves the error vector €. This simple preconditionner impacts the efficiency of the methods
presented in this paper, in particular, the accelerated Type-1 step.

The type-1 step (10) in Theorem 2 from section 2 is actually a simplified, looser upper bound.
Looking at the last steps of proof of Theorem 2, the upper bound on f actually reads

N
flay) < f(@) + Vf(z)Da + % ((Da)TGa + M > |ai|al-> + §||Da||3.
i=1

However, the minimization of the upper may be intractable as it is a non smooth, potentially non
convex problem. Therefore, it uses the bounds

N
Y lailes = o (sign(a) @ ¢) < [l [ell,
i=1

[ Da| < [|D]f[|er]]-

Diagonal preconditioner Introducing a diagonal preconditioner D leads to those alternatives
bounds,

N
Y lailei < [Dall|D el

=1

IDa|| < |DD7H[[|Da]|.
which gives the following type-1 upper bound on the function values,
oTHa

2

Fle4) < f(@) + Vi@Da+ 5% 4 2 Dalf,

where
i RTD + DTR + L||DD~ ||| D~ e|| D?
— 5 .

The diagonal preconditioner can be set, for instance, to ddiag(D? D), where ddiag is the operator
that extract the diagonal of a matrix. There are two important benefits to use the diagonal precondi-
tioner, as it 1) diminishes the condition number of the matrix D, 2) diminishes the constant §. The
effect of this preconditioner is more important when there is a big difference between the norm of
the direction d;, in particular for the Greedy strategies and memorize the difference between iterates
x; — x;—1 (that can be large) and the forward estimates x; +1 T (that can be small).
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A Known rates of convergence

This section explores the known rates of convergence for different optimization methods. Specifically,
it focuses on two scenarios: functions with Lipschitz continuous gradient and functions with Lipschitz-
continuous Hessian. For smooth functions, the rates of plain gradient descent and its accelerated
version are examined. On the other hand, for functions with a Lipschitz-continuous Hessian, the rates
of the cubic regularized Newton method and its accelerated variant are investigated.

When the function is smooth, i.e., has Lipschitz continuous gradients,

F(w) < J(x) + VI @)y — ) + 5y — ]

the rates of plain gradient descent and its accelerated version read [45]

. _ ﬁf(.%'o) - f* .
Jin, IV f(z)] <4/ 11 (plain, non-convex) (14)

fla) = fla) < L 117,
fla) = f@") < Lo

(plain, convex) (15)
lzo — 2*||%. (accelerated) (16)

However, the class of functions considered in this paper is not the class of smooth functions. However,
if the sequence {z;} is monotone, the constant £ can be estimated as
L<LR.

On the other hand, when the function has a Lipschitz-continuous Hessian, the cubic regularized
Newton method and its accelerated version converge with the following rates [46, 44, 35]:

e\ 2/3
Org‘igt [V fz)] < % (W) , (plain, non-convex)
_ min (17)
3
flwe) = f(2¥) < 9L(tfi4)2’ (plain, convex)
(13)
_ 2 2 3
E[f(z¢)] — f(z*) < <dNN> @ + (;é) L(;Jj) + O (;) , (stochastic, convex)
(19)
14 —z*
fla) — f(a¥) < LM. (accelerated)
(20)

Overall, the rates are faster than first order methods.
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B Linking with Existing Methods

This section presents the fundamentals of Anderson/nonlinear acceleration (appendix B.1), quasi-
Newton schemes (appendix B.2), and their relationship with the proposed method in this paper
(appendix B.3).

B.1 Anderson Acceleration and Nonlinear Acceleration

Anderson acceleration, also known as nonlinear acceleration, is a powerful technique that enhances
the convergence speed of fixed point iterations and optimization algorithms. Initially developed
for solving linear systems, Anderson acceleration has gained popularity due to its effectiveness in
accelerating iterative methods. The method leverages previous iterations to construct an improved
estimate of the objective function’s minimizer.

The Anderson acceleration algorithm employs the following approximation to compute weights:

N
vf (Zm) Z/Wf i), Zﬂﬁl
=0

When the function f is quadratic, this approximation becomes an equality. The underlying idea is as
follows: since the optimum satisfies V f(2*) = 0,

N N N
Y BiVf@i) =0 = Vf (Z ﬁixl) R0 =) Bt

i=0 =0 =0

The Anderson acceleration steps is thus given by

N
Ti41 = Z@*xtqﬂa pr = argm1n|| Z@Vf (e—ip)|?

=0 =0

Over the past decades, the ideas behind Anderson acceleration have been refined. For example, the
constraint can be eliminated by considering the step ;41 — x; instead:

N
Ti41 — Tt = E ﬂimtﬂ'ﬂ — Tt

N

BiTt—it1-
The vector Bz has the property that its sum equals zero. Hence, it can be rewritten as

Tt41 — Tt = Zai(ﬂﬂt—z‘-s-l - It—z‘)

Q
|

argmln Vf(z) +ZO% Vi(@i—it1) = V(@)

i=1

where o € RY has no constraint. By writing d; = @ ;41 — ¥4, gi = Vf(x_iv1) — Vf(zi_s),
and D = [dy,...,di—N+1], G =[Gt - -, gt—nN+1], the step becomes

Zip1 — x¢ = Dy, o« = argmin ||V f(x:) + Gral].
«
However, this version of Anderson acceleration is non-convergent because there is no contribution

from V f (z;) in the step x¢11 — ;. The most popular solution to this problem is introducing a mixing
parameter that combines gradient steps, resulting in the following expression:

Tep1 = a1 — WV f(2) + (D — hG)a, « = argmin ||V f(x;) + Gal. (AA Type 1)
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Following a similar idea, recent works have introduced a type I variant of the algorithm [23, 72, 76,
13] that minimizes the function value instead of the gradient norm:

1
Tip1 =@ — AV f(z) + (D = hG)e,  a = argmin f(z¢) + V f(2) Deor + §OZTDtTGtO¢7
(AA Type D)

By incorporating regularization [56, 13], globalization techniques [76], or performing a line search
on the parameter h, the algorithm converges towards z*.

B.2 Single-secant and Multisecant Quasi-Newton Methods

Quasi-Newton methods, such as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method, approxi-
mate the Hessian matrix in order to efficiently solve unconstrained optimization problems. These
methods avoid the expensive computation of the exact Hessian by using iterative updates based on
previous iterates and gradients of the objective function.

While the BFGS method has been discussed previously (see section 2), this section focuses on other
updates commonly used in quasi-Newton methods: the Davidon-Fletcher-Powell (DFP) formula, the
Symmetric Rank-One (SR1) formula, and the Broyden type-1 and type-2 updates.

B.2.1 The Ideas Behind Single-Secant and Multisecant Hessian Approximation

In quasi-Newton methods, the Hessian approximation is updated using the secant equation, which
relates the gradients and Hessian at two different points. For a twice continuously differentiable
function, the secant equation is given by:

Viy) = Vi) = V() - ),
where ¢ is a point on the line segment connecting = and y. This equation serves as the basis for
updating the Hessian approximation.

Based on this remarkable identity, quasi-Newton methods update an approximation of the Hessian
B, or its inverse H; such that the approximation satisfies

Vf(xt) - Vf(ﬂftfl) = Bt(SUt - $t71)7 H; (Vf(xt) - Vf(ﬂftfl)) =Tt — Tt—-1-

What distinguishes the different updates is how to fix the remaining degrees of freedom. For instance,
the simple SR-1 method updates H; such that

min |H — Heallp : H = HT, H(Vf(xt) = Vf(ri-1)) =24 — 241 21
Those methods are called single-secant as they update I, only one secant equation at a time. Hence,
in general, H; only satisfies the latest secant equation.

Multisecant updates, on the other hand, approximate the Hessian using a batch of secant equations.
By introducing matrices D = [d¢—n41,-..,dt] and Gt = [gt—N+1, - - -, g, the multisecant updates
satisfy

Gy = BiDy, HiGy=D.
Unfortunately, when imposing symmetry, it is impossible satisfy multiple secants at a time [54],
although there are some works trying to enforce symmetry while approximating the secant equation
in a least square sense [55, 59].

When symmetry is not imposed, the solution for B; and H; can be obtained as:

By = Gy[Dy]' + Bo(I — D,D}), Hy = Dy[G)] + Ho(I — G,G]), (22)
where By and H| are the initial approximations, and [A]" denotes the pseudo-inverse of matrix A.
Different choices of pseudo-inverse lead to different methods.

The inversion of B; can be computed using the Woodbury matrix identity, which provides an efficient
way to compute the inverse. The update for B, ! is given by:

1 -1
B! = B! <I -G (DB;'G,) DIB()l) + D, (D}B7'G.)  DiBg".
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This update is equivalent to the update for H;, given that
-1
Byl=Hy, and G = (Dngth) DiBy . (23)

In summary, quasi-Newton methods use the secant equation to update the Hessian approximation.
Single-secant methods update the approximation one secant equation at a time, while multisecant
methods use a batch of secant equations. The choice of updating strategy and pseudo-inverse affects
the behavior of the method.

B.2.2 Davidon-Fletcher-Powell (DFP) Formula

The DFP formula is a Quasi-Newton update rule used to iteratively refine an approximation of the
inverse Hessian matrix. It is defined as follows:

dtdtT B Htflgtg;‘THtfl
df g gF He_194

H,=H; 1+ (24)

In the above equation, g; = V f(z;) — V f(x;—1) represents the difference in gradients, and d; =
x; — x4 denotes the difference in parameter values. The DFP formula updates the matrix [, using
a rank-two matrix such that it remains symmetric and positive definite.

B.2.3 Symmetric Rank-One (SR1) Formula

The Symmetric Rank-One (SR1) formula is another Quasi-Newton update rule used to estimate the
inverse Hessian matrix. It is defined as:

(dt - Ht—lgt)(dt - Ht—lgt)T

H,=H;, 1+ )
‘ =t (dt - Ht,lgt)Tgt

(25)

Here, g; = Vf(xy) — Vf(x¢—1) and d; = x; — x4—_1. The SR1 formula updates H; at each iteration
to approximate the inverse Hessian matrix, ensuring that the resulting matrix H; remains symmetric.

B.2.4 Multisecant Broyden Methods

The multisecant Broyden methods utilize the update equation from (22), where A' is chosen as the
Moore-Penrose pseudo-inverse of A, given by AT = (AT A)~! A. In this equation, By and Hy are
scaled identity matrices. After simplification, the two types of updates can be expressed as follows:

—1 -1
B! = D, (DjGt) D} + By <I —-a, (DIGt) DI) : (26)
H, = D,(GTG)~*GT + H, (IfGt (GtTGt)_thT). 27)
Both updates are quite similar, differing mainly in the choice of the pseudo-inverse of the matrix G.

B.2.5 Link with Anderson Acceleration

The connection between quasi-Newton methods and Anderson Acceleration is strong, as for instance,
there exists an equivalence between Broyden methods and Anderson acceleration. To illustrate this,
let’s closely examine the update of v in (AA Type I):

1
— hGy)a, o =argmin f(z;) + Vf(z)Dia+ iaTDfGta
D; — hG,
— hGy

Ti41 = Tt — th

o, a:DIVf(x))+DIGia=0
o, a:a=—(DFG) DIV f(x)

)
Srip1 =3 — hVf )
Sxie1 =24 — hVf )
Sxip1 =2 — hVf )
zy — (Dy(D{ Gy)"'Df + h (I — Gy(D} G,) "' D)) V f(z4)

STt+1
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The above step is precisely the quasi-Newton step 2141 = x+ — B, 'Vf (2+), where B, ! corresponds
to the Broyden update given by Equation 26, with B 1 — hI. A similar reasoning can be applied to
Equation 27.

When considering the single secant updates, following the same reasoning as in Section 3 leads to the

same conclusion for the SR-1 and DFP updates.

This result is expected since the approximations H; or B, ! satisfy the single or multisecant equation:
H t Gt =D ts

indicating that the matrix H; maps vectors from the span of previous gradients to the span of previous
directions. This observation justifies the construction in (4).

B.3 Links with Algorithms 1 and 2

Both Algorithms 1 and 2 can be viewed as quasi-Newton and Anderson/nonlinear acceleration
schemes. The update formulas are

ol Hia M| Dial]? aef G Dy + D} Gy + IM || Dy |||
s e o T 2 '

min f(x) + V() Dy +
(Type D)

M N
min |V () + Gea| + 2(2_; ailleds + 1Dia?), (Type IT)

The resemblance with Anderson/nonlinear acceleration is strong, as the objective function are similar.
In fact, if the function is quadratic, L = 0 and therefore M can be set to 0 as well. In this case, the
coefficients « are exactly the type I and type II Anderson steps eqs. (AA Type I) and (AA Type II).

The same idea holds when comparing to quasi-Newton methods. In both cases, the optimal solution
«* can be written implicitly:

T 1\ —1

o =— <Ht + ]WDtDé|Dta”> DV (1), (Type I - solution)
5 —1 Vi

o = — (G?Gt + MDtTDt) <G$Vf(m) + |25t||5(|a*|)> 7 (Type I - solution)

where M/ & IV f(xt) + G| M and O(]a*|) is a subgradient of |o*|. The step then reads
Tyr1 = o + Da* (Generic step)

M DT Dy || Dy

-1
6 ) D?Vf(l’t), (Type I - step)

Typ1 = xp — Dy (Ht +
M
lleell )

- —1
Tip1 = xr — Dy (GtTGt + MDF Dt> (GtTV f(z)+ 5

(a*|)> ,  (Type II - step)

The type I is a quasi-Newton step with a symetrization of GT D, along with a regularization, while
the type II step can be seen as a quasi-Newton method with a regularization on R, with a correction
term on the gradient. The Hessian approximation therefore reads

MD;TDt”DtOé*H

-1
- —1
. ) DT, Ht:Dt(GtTGtJrMDtTDt) GT.

B ' =D, (Ht +

Again, when the objective function is quadratic, . = 0 and therefore M = 0. Moreover, when f
is quadratic, the matrix multiplication DT G satisfies DTG + GTD = 2DTG as DTG becomes
symmetric. Hence,

Tep1 = X — Dy (DfGt)_l DIV f(zy), (Type I - quadratic)
Tip1 = x4 — Dy (GtTth1 GIvf(x,), (Type II quadratic)
The steps are exactly the type I and type II multisecant Broyden methods from eqs. (26) and (27), with

the only difference that there is no initialization Hy or By. Again, this is expected by construction of
the method, where the initialization is estimated with a forward estimate (see section 5).
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C Solving the sub-problems

Solving the Type 1 Subproblem The Type 1 subproblem is a well-studied problem that involves
minimizing a specific objective function. A method proposed by[46] has proven to be efficient for
solving this problem. The method utilizes eigenvalue decomposition on a matrix to find the optimal
solution. In this paper, the matrix involved in this problem is relatively small, therefore eigenvalue
decomposition is not a concern even for large-scale problems. The subproblem aims to determine the
norm of the solution, and this can be achieved through solving a system of nonlinear equations using
bisection or secant method.

Solving the Type 2 Subproblem The Type 2 subproblem can be formulated as a Second-Order
Cone Program (SOCP). The objective function of this subproblem consists of three terms: a norm
term, a sum of absolute values term, and a quadratic term. The norm term can be transformed
using singular value decomposition, and the sum of absolute values term can be expressed as linear
programming. The quadratic term can be simplified using a rotated quadratic cone. By utilizing these
techniques, the Type 2 subproblem can be effectively solved using existing SOCP solvers.

C.1 Solving the Type 1 Subproblem

The Type 1 subproblem can be expressed as follows:
1 M
min V f(z)Da + EaTHa + FHDQH?’,

where H is symmetric but not necessarily positive definite. This problem has been well-studied,
and [46] proposed an efficient method to solve it using eigenvalue decomposition on the matrix H.
Although eigenvalue decomposition may be challenging for large-scale problems, it is not a concern
here since H € RV*N  with a relatively small N (e.g., N = 25 in the experiments).

In essence, the subproblem involves determining the norm of the solution = ||a||. This can be
accomplished through a simple bisection on the following system of nonlinear equations:
MDTD
<H + 271I> a=-D'Vf(x), |al=7r 7 >—Amn(H). (28)

Interestingly, this problem is equivalent to the following formulation, as shown in Proposition 1:

M
(8+51) &= VIO D) V2DV S, ol =1 > ~AuialH), &= VT (D D)%,
(29)

which involves the eigenvalue decomposition (DT D)~Y/2H(DT D)~/ = VAVT.
Proposition 1. Problems (28) and (29) are equivalent.

Proof. The first step is to split D7D = (DT D)'/2(DT D)'/? and then employ an eigenvalue de-
composition on (DT D)~Y/2H (DT D)~/2 = VAVT (where V is orthonormal due to the symmetry
of the matrix):

(H + MDQTDTI> o =—D'Vf(x)

& (DT D)2 <(DTD)1/2H(DTD)1/2 + ]\gr[) (DTD)2a = —D'V f(x)
< (DTD)V?y (A + A?I) VvT(DTD)Y?a = —D'V f(x)
& (A + A?I) VvI(DTD)Y2a = —VT(DTD)"\2D'V f ()

& (A + A?I) a=-VI(DTD) V2DV f(x).
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Once the eigenvalue decomposition is performed, the subproblem (29) becomes relatively simple

since it involves solving a diagonal system of equations for a fixed value of . The main objective

is to find an interval [r'min, "max] that encompasses the optimal value r = ||«||. Once this interval

is identified, a straightforward bisection or secant method can be employed to obtain the optimal

solution.

Finding initial bounds Starting with rp,;, = max{0, —Anin(m)} and ryax = max{2rmyin, 1},
do Tmax ¢ 2rmax  while ||&]| > rmax.

where @ = — (A + MmaxT) - VT(DTD)~Y2D!'V f(z). Increasing 7,y increases the regulariza-
tion, hence reduces the norm of a.

Finding o  After r* has been found such that |r* — ||@||| is sufficiently small, the best « is simply

Mr*

-1
o= (DTD)"Y?*va=—(DTD)"/?v (A + I> VvI(DTD)"Y D'V f(x).

In the case where the diagonal matrix is not invertible, which happens when r* = r,;;, it suffices to
use the pseudo-inverse instead.

C.2 Solving the Type 2 Subproblem

The Type 2 subproblem is given by:

N
L
i = ilei + || Da? ). 30
m;HIIVf(wHGaIHQ(;Ia e+ [ Dal?) (30)
(a) —_——— (©)

(b)

Although it may not be immediately apparent, this subproblem can be formulated as a Second-Order
Cone Program (SOCP) with O(N) variables and constraints.

C.2.1 Fundamentals of SOCP

SOCP solvers handle the following conic problems:

min cor + Z ci[ti;wi]  subject to
i
k

Aoz + Z Aifti;wi] =0 (SOCP Standard Matrix Form)
i=1

x>0

(ti,wi) ek, ot;> ||wi||, t>0.

Here, k represents the number of cones, and the cone /C refers to the second-order cone, also known
as the Lorenz cone.

A useful transformation is the rotated quadratic cone, defined as follows:
la,b,c] € K, & 2ab> ||

The rotated quadratic cone can be reformulated as a second-order cone using a linear transformation:

1 1
o [ v Y[t
if |b| = % —% 0| |w® then (t,[w?;w)) e & [a,bd €k,
¢ 0 0 Ik w

Thanks to this transformation, the rotated quadratic cone can be included in SOCP solvers.
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C.2.2 SOCP Formulation of the Type 2 Subproblem
The SOCP of (30) is composed of the three terms a, b, and c.

Term (a) Let UgZGvg be the singular value decomposition of G. Write P = UgUg as the
projector onto the columns of G. Then,

IV#(x) + Ra| = ||PeV f(z) + PeGa + (I — Pe)V (2|
= IIPaV£(2) + Ral® + | - Po)V £ ()2
= Ve UV £(z) + SaVEa) | + I - Pe)V f(x)]?

— UV £@) + SaVTo|® + (I - Po)V £(a)]?

Let the vector wy = [ULV f(z) + Z¢Va; ||[(I — Po)V f(z)|]. Hence,

IVf(z)+ Gal| = | min (tr,w1) €Kp, wi = [U5Vf(x)+ScVe; (I - Pe)V)].

1, &, W1
Term (b) This term is standard in linear programming. Let o = oy — a_, with o, a_ > 0,

N

N
Z laile; = Z(a+ + a_)e;.
i=1

i=1

Term (¢) LetUpX DVDT be the singular value decomposition of D. Using the rotated cone, the
constraint can be written as

1
2t3b Z ||UD2DVD04H2 = ||ZD‘/7D04||27 b= 5

Using the transformation into a Lorenz cone, this is equivalent to

1o 0 sl [vv v O][® 1 0
01 0 ib|=|F —J 0 W, b=g, (t W, wa]) € K.
00 IpVe| L 0 0 I [w

Simplification. Note that, since b = %, the value can be immediately replaced. Same idea with ¢3:
the constraint is written as

Since, by construction, to > wéo) and t5 > 0, t3 always satisfies the condition, which means both ¢3

and its constraint can be removed. The constraints thus simplify into
t
1 0 1 _1 9 2
0 =|vz "2 © (0)
{0} * {EDVLY;} o] [ 0 0 ]k] Wy ;o (te, [wy ', wol]) € K.

w2

Final formulation Gathering all terms, the final SOCP formulation reads
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L
minimize  {, + 5 (o +a) e+ t2)

subjectto wy = [USV f(z) +ScVia; (I — Pe)Vf()],
oy, a_ >0

a=qa4 —a_

oy 0
015N _% % 0 t20 - | -1
SpVE Ova Ona —In) [wd” | T {g 2
wo

(tlv wl) € ’Cv (t27 [(‘uéO))wQ]) € ’CL; t2 Z 0

673 Standard matrix formulation The SOCP can be written under the standard matrix form (SOCP
674 Standard Matrix Form). Let the variables

Qy, O 2 07 (tl,Wl) S ’Cla (t27 [WSO)WQ]) S IC27

0 . . .
675 where t1, to, and wé ) are scalars, wa, a4, and a_ are vectors of size NV, and wj is a vector of size
676 N + 1. The SOCP matrices read

CO:[L;T LgT} c1=[1 Oixnt1] c2= T\L/a 2]:7\/5 01><N]

[—2eVE 2eVE
Ao = 025 v 02 v
| SoVE —SpVE
A, — (Oni1x1 INt1xNt1
1= 10 0
A N+1x1 N+1xN+1
-0N+%><1 ON—iilxl Oni1xN
_ﬁ ﬁ 01><N
L 0N><1 0N><1 *IN><N

b= V@) Us |(I-PR)VI@] -5 Onal”.

Ay =

677 This completes the SOCP formulation of the type 2 subproblem.
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e7s D Accelerated Algorithm

Algorithm 6 Adaptive Accelerated Type-I Iterative Algorithm

Require: First-order oracle f, initial iterate and smoothness xg, Mj, number of iterations 7.
)\81) 0, )\82) — 0, A < —o0, (M) < My
Initialize G, Do, €q (see section 5)
T, M, « [algorithm 1] (fa G07 D07 €0, X0, (MO)O>
Initialize E(()O) = f(x1), Eél) =0,A = |z — a0

fort=1,...,T—1do
Update Gy, Dy, €; (see section 5)
Set by, (t+1)2(t+2), B, « t(t+1)(t+2) B t+3

Update 0¥ « 0% 4 b,_1[f(x t) — V@) Ta), Y — 6D 4 b, V()

do
ValidBound < True
Set v +— arg min, ¢¢(v ) (See proposition 2).
Let y; + t+3”t + 757
{It_;,_l, Qi Mt+1, Yt Ex1tFlag} < [algorithm 4] (f, Gt, Dt, Ety Yty (MO)t7 A)

%% Check if the next ¢ is still a lower bound for f(z;y1)

Define ¢ = ¢¢ + be[f (241 + Vf(@e41) (@ — 241)]-
Set vy « argmin, ¢ (v) (See proposition 2).

if &, (vy) < f(x441) then %% Parameters adjustment if needed
ValidBound <— False % Unsuccessful iteration: ¢ry1(vet1) > f(Teg1)-
if ExitFlagis LargeStep then

16 (b]|Vf(2ep1)l])? (2) (2)
If A% =0 then \? « > . Else, \\? « 2\?)
‘ 9 (Bt 1V f(2s41)T Dyoyy)? o !

else %% Exitflag is SmallStep
—b? 2
1 A" =0 then A\ « 2|V f (w1l

Else, \\" « 221

2B 1V f(ze41)T Doy
end if
if (MO)t+1 < Mt+1 then (MO)t+1 — MH—I (“||Etf|‘|l + ”thatu> W Rescaling
end if
{)\gl, t+1} —{\ (1) /\(2)} (Mo)e41 < “’1 %% Successful iteration
end if
while ValidBound is False
end for
return x

679 Proposition 2. Let vy be the the minimizer of

PN G o)
61(v) = 67 + [ (7] v+ S0 — o2 + Z= o — o]

680 where /\El’Q) > 0. Let ry = ||vg — x| Then,
0 if A =P =
llegt | (1) <2> _
r = ||Ut _ TO” _ Atil) %f )‘t >0 and )‘t =0
AVHVDEPEAP Il L 2
£ ;(2) LB GF )\,(5 ) >0
2
) e
vy = argmin &4 () = xg — rtm
t
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E Additional Numerical Experiments
This section presents additional numerical experiments.

Methods The methods compared are the type 1 and type 2 steps with the following strategies:
Iterate only, Forward estimate only, Greedy (refer to section 5), and the accelerated type 1 method
with the strategy forward estimate only. The batch methods are not included as they perform poorly
in terms of the number of oracle calls. The baseline is the L-BFGS method from minFunc [53].

Method parameters In all experiments, the memory of the methods is set to N = 25. The
parameters of the L-BFGS are left untouched except for the memory. The initial smoothness
parameter is set to 1 for the type 1 and type 2 methods. The initial point is randomly generated by the
function randn () in Matlab, with a seed of 0.

Functions The minimized problems are: square loss with cubic regularization, logistic loss with
small quadratic regularization, and the generalized Rosenbrock function. The regularization parameter
of the square loss is set to 1e — 3 times the norm of the Hessian, and the regularization of the logistic
loss is set to 1e — 10 times the square norm of the feature matrix.

Dataset The datasets for the square loss and the logistic loss are Madelon [33], SidoO [34], and
Marti2 [34] datasets.

Post-processing The dataset matrix is normalized by its norm, and a feature vector of ones is added
to the data matrix.

E.1 Nonconvex optimization
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Figure 2: Comparison of type 1 methods on the Generalized Rosenbrock function in R0
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Figure 3: Comparison of type 2 methods on the Generalized Rosenbrock function in R%°
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Figure 4: Comparison of type 1 methods: Square loss and cubic regularization on Madelon dataset

E.2.1 Square loss and cubic regularization

E.2 Comparison of Type 1 Methods on Convex Problems

First Order Oracle Calls
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Figure 5: Comparison of type 1 methods: Square loss and cubic regularization on sido0 dataset

1 1 1 1 1 1 1
10° 7 I I
(\d Gradient Descent Gradient Descent
& X \ = =Iterate Only = =Iterate Only
| Sl Forward Estimate Only Forward Estimate Only
= 5 R \ v Greedy L = sl b n e Greedy N
= 10 R = Accelerated Forward Only Accelerated Forward Only
H T \ == =1bfgs minfunc == =1bfgs minfunc
H ‘! 'K\% = \’\«\
. — - L e ]
0 50 100 150 200 250 0 50 100 150 200 250
Iteration t

Figure 6: Comparison of type 1 methods: Square loss and cubic regularization on marti2 dataset
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702

E.2.2 Logistic regression
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Figure 7: Comparison of type 1 methods: Logistic loss and cubic regularization on Madelon dataset
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Figure 8: Comparison of type 1 methods: Logistic loss and cubic regularization on sidoQ dataset
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Figure 9: Comparison of type 1 methods: Logistic loss and cubic regularization on marti2 dataset
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703 E.3 Comparison of Type 2 Methods on Convex Problems
704 E.3.1 Square loss and cubic regularization
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Figure 12: Comparison of type 2 methods: Square loss and cubic regularization on marti2 dataset
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E.3.2 Logistic regression
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Figure 13: Comparison of type 2 methods: Logistic loss and cubic regularization on Madelon dataset
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Figure 14: Comparison of type 2 methods: Logistic loss and cubic regularization on sido0 dataset
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Figure 15: Comparison of type 2 methods: Logistic loss and cubic regularization on marti2 dataset
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F Missing proofs

F.1 Technical results

In this section, the following definitions simplify the notations:

D; = (D'D)"'DT, (1)
DI =D(D"D)™, (32)
rp = || Dill[| DI, (33)

H= DTTHDT where H is defined in (10). (34)

Note that the pseudo inverse D+ exists under Requirement 3.

Proposition 3. The first-order and second-order conditions of the subproblem in algorithm 1 read

M
D'Vf(z)+ Ha+ 7DTD04HD04H =0, (35)
M
H+ 7DTDHD04H = 0. (36)
Proof. See [44], equation (3.3), and [46], equation (2.7). O]

Proposition 4. Let f satisfies Assumption 1 and B € R**? be any matrix. Then,

IVf(z) + BDa = Vf(zy)| < gIIDaII2 +I[B — V2 f(x)] Dall.

Proof. The result follows directly from (5),
IVf(x)+ BDa =V f(zy)|| < |Vf(z)+ V2 f(x)Da— Vf(xy )| + [|BDa — V?f(z)Dall

A

Zl1Dal? + 1B ~ V()] Dol

O

Proposition 5. Assume the matrix D satisfies Requirement 1b, and « satisfies the first-order condi-
tion (35). Let H be defined in (34). Then,

M||Daf

IVf(z) + BDa =V f(zs)| = |(H - B+ )Da+V f(z )

Proof. The following equation follows from the optimality condition multiplied by D(DT D)1,
writing P = DD; = DTTDT, assuming PV f(x) = V f(x),

Vf(z)+ (H+ w

It suffices to replace V f(x). O

)Da = 0.

Proposition 6. Assume D satisfies Requirement 1b. Let H be defined in (34). Then, if B = H — M~
in proposition 4, the following holds:

1B = V2£(@)]Dall < | Dall (§IDillle] + (I — P)V2f(@)P| + M || DT Dy 1241l — 5 p )

Proof. Since
V2f(z)Da = PV?f(z)PDa + (I — P)V?f(z)PDa,

where P = D(DTD)~'DT, and because PD = D and
-~ DTG+ G"D  M|D|e PGD; + D{G"P
' MBI 5, PEDDECTP

M| D[]l

2 2 2 2

T
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the inequality becomes

I[B — V?f(z)|Dall < (37)

2

PGD; + DIGTP
( LBt ~ PV? f(x)P) Da

M|[Dilllell

+ (DTTDT2 — M~yP — (I - P)v2f(x)P) Da (38)

The term (38) can be decomposed into

(D%FDTM”I;H'E” — MyP — (I - P)sz(x)P) Da

= HP ((DTTDTMU;”'s - M7> Da — (I - P)VQf(x)PDoz> H

Since P satisfies ||Pvy + (I — P)va|| = ||Pvi|| + ||(L — P)v2]l,

PGD; + DIGTP

5 D«

1B = V*f(2)]Dal| < ~ PV f(z)P

IDHlell
2

+ M||Da|| ‘ DI D;

P’yH 39
+ || Da|l|[(I = P)V?f(z)P||.

It remains to bound the first from (37). Since DT D; = DTTDT =P,D;D =1 PD = D, and

[Pl =1,

PGDT + DTTGTP

5 — PV2f(x)P

D«

IN

5 (I(PGD; — PV (@) P)Dal] + |[(DF G P ~ PV?f(x)P)Dal)

IN

%( |Ga = V2f(@)Da|| + | D4 | (6T = DTV f(x))Da]|)

Using inequality (8) for the first term and (9) for second gives

PGD; + DIGTP 1 (L& L|Da|
‘ : <5 | 3 22 lailes + 1041 =5— |l
=1

2
N
Because S [aile; < [l < || Dyl||[Dal,
PGD; + DIG"P
2

— PV?f(z)P| Da

L
< =

— PV2f(x)P| Dal| < 5

1Dt [llle ]l Dexf]-

Injecting this result back in (39) gives the desired result,

115 - v2s)pal <al (A2HEL L i - pyv )

Dll||e
+ M||Da| HDTTDT| !H ” —IVH.

O
Proposition 7. Under the assumptions of propositions 4 to 6, setting v = 0 gives
M| D
H”2a”Da—|—Vf(x+)H
L € L+ Mk
< 1Dal? + |pal ({1 (E052 ) o 1 - PV p@PL ). )
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Proof. Using propositions 4 and 5, setting B = H— M~yPandvy =0 gives

M||D
H”a”Da—ka(:u)H
L||Da? L 1 D][lle]l
< Z280 4 Da) (S IDillell + I = PYV2f ()Pl + M || DT D=2
Moreover, )
‘DTTDTID”M' ‘ < IDITID]lle]
2 2
All together, and by definition of kp (33),
M| D
’”2(1”Da+Vf(x+)
L € L+ Mk
<ZIDal? + IDal ({5 (552 ) wp + 11 - PV )
2 1D 2
O
Proposition 8. Under the assumptions of propositions 4 to 6, setting v = I1Dol ” gives
L+M lell L+ Mkp
190l < 252 1ol + el (15 (255 nD+||<1—P>v2f<x>P|| o
Proof. Using propositions 4 and 5, setting B = H — M~Iand y = ”Da” gives
IVf (@)l
L|| Dol \DHH&H [ D]l
< ——5—— +Dal ||DTH||5|| +I(I = P)V2f(x)P|| + M || D{ D; 5 F
Moreover, )
D D D D D
DD, DIl _ 1Dadl p| o [P+ DIl (Dol
2 2 2 2
All together, and by definition of xp (33),
L+M llell L+ Mkp
IVf(zi)l < | Da||* + || D] (IIDI 5 kp +[|(I = P)Vf(2)P|

O

Proposition 9. Let Assumption 1 and Requirements 1b to 3 hold. Then, Yy € R<, algorithm 1
ensures

flas) < fy) + ML

: —z|)? Lk + Mk?
= ol + T (192 0) - PR pp) 4 62

2

Proof. The output of algorithm 1 ensures that
flzg) <
min f(z) + Vfx)' Do+ 2(Da)TV2f(x)Da + %aT (H - D"V?f(2)D) a + %HD&H3
However, by the definition of H (10),
%aT (H - D"V?f(2)D) o

1 Tp + DT M| D

§§ (aT (G;G — DTV2f(a:)D) a—+ ||a|22||5||>
1 TpD + DT M| D

<5 (aT (G;G — DTV2f(x)D) o+ ||D12||Da|||2||5)
! M||D|||le

=3 ((Da)T (G —V%f(z)D) a + ||DT||2||Da||”2”””> ,
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The last equality comes from the fact that

T T T AT T T
aT(DTG)a_aT(D G;LG D, D G2G D>a_aT<D G—;G D>a.

Now, using (8) with w = Da gives

N
1 L||D M| D
o (# = DT @) < FS e+ D1 el FEHEL

Finally, since
N

> lailei < llallell < IDT][|Dallle]l,
i=1
the inequality becomes

1 | De?
gaT(H—DTVQf(w)D)OéS 1 (LID el + M DT D]l [lel])
[Dal® Jlell 5
= —— (Lkp + Mk%3) .
e 2
All together,
f(z4)

<min f(x) + Vf(x)' Do+ %(Da)TVQf(x)Da + %aT (H—-D"V?f(z)D) a+ %HDQH?’

[ Dal® ||| 2 M 3
Lkp + M + Da
4 HD||( b HD) 6 | |

<min f(r) + Vf()" Da + 5(Da) V2 f(r) Da +

Now, by Requirement 3, for all y, one can find « such that
Do = P(y—x)=DD'(y — 2).
Indeed, multiplying both sides by DT gives
a=Di(y—z).

Therefore, the minimum can be written as a function of y instead of a,

. 1
fla) < min f(2) + V(@) Ply—2) + 5(Ply — ) VI (@)Ply — )
[Py —)|1? Jle]
4 1D]]
Since PV f(z) = V f(x) by Requirement 1b, and using the crude bound || P(y — )| < |ly — ||,

flos) < min [(@)+ VI - 2)+ 50 - ) @)y -2

M
+ (Lkp + Mrp) + 1Py — ). (42)

L= o) V@) - PV @)P] (- )

ly — [ |l 2y, M 3
- (L M — Ny — .
+ 4 ”DH ( Kp + /‘LD) + 6 lly — ||

Using the lower bound (6),

F) + V1@~ ) + 3y~ ) V2 @)y — )~ ¢yl < 7).

the crude bound (y — z) [V2f(z) — PV2f(2)P] (y—z) < ||V2f(z) — PV2f(z)P||||y — =

Requirements 2 and 3 lead to the desired result,

M+L
6

2 and

ly — =

Flas) < F) + =gl =l + 1

(19270 - P20y Pl + 625 M)

O
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760 Proposition 10. Let Assumption I and Requirements la, 2 and 3 hold. Then, Yy € R?, algorithm 1
761 ensures

) < (157 ) 1)+ 510+ %(MT“’H@/ —aff?

Ny —=z|? [ .Lk + Mk? d— N

+

762 Proof. The proof is the same as for proposition 9, until equation (42),

flzy) < min, fla) + V@) Py — ) + %(P(y —2))T V2 f(x)P(y — x)

[1P(y —2)|I* [l 2y, M 3
L M —||P(y — .
+ 4 D] ( Kp + HD) + 6 | P(y — )|l
763 With Requirement 1a, the following relations hold (see [35, lemma 5.7])
N
E[|P(y —2)I’) = (y — =) "E[P](y — =) = v - z|?, (43)
N

E[|P(y — 2)|1°] <E[|P(y — 2)|*]lly — =] = —lly - x|?, (44)

El(y - ) PV (@) Py - )] < o (v — 2) V@) - 2) + N 9 )y —
(45)

764 Hence, removing the minimum and taking the expectation of (42) gives

Bf(ay) <f(@) + VI (y - 0)

2
+3 (-0 @ -0 + N @y - o)

Nlly —=|? [lell NM 3
+ I B (L + M) + =y — 2l
i 1 o] )
765 Using the lower bound from (6)

S =DV — ) < f6) + ¢y — ol — £@) = V@) -2

766 in the inequality over the expectation gives

Bf(r+) <)+ V@) (- )

2
+ 5 (£0)+ Sl = ol = £0) - V@) - o))
+ 2NN 02 )y —
N ||y — z|? N M
+37”y 4:6” |:|;|(L/<;D+M )+3F|\yfx|\3

767 After simplification,

Bften) < (1- 55 ) 10+ Forw + 3 (1= D) vt o)

1N(d ) 2 2
ty g IV @y - 2|
N ly == Jlell N’L NM 3
Lo | N L M il _
a1 oy Feet Meb) + (e gy ) v =<l
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To simplify the expression, since N < d,

NL  NM Iy H3<N(M+L)
62 " 6d = Y

Finally, since the function is convex,

N N T N N

_ - —r)< — — — .

: (1 : ) Vi@ (- ) < (1 ) ) () - f(@)
From this last relation, Requirement 2 and Requirement 3 comes the desired result,

B(es) < (1= ) £@)+ o100+ 2O g = af?

2
y—x N Lk+Mr?> N d N

2
O
Proposition 11. Under the assumptions of propositions 4 to 6, setting
L el 2
Y2 a1+
1oy U+ D)
gives
Da
i (5 + 1520 Do+ v (6)

L Jell
2| D||

<|Dal (HD 1+ 2L - pyvey (w)PIIJrM(v— el )) @

3D
Proof. Using propositions 4 to 6, setting B = H-M v P gives

it (5+ L20) Do vy

<5 IDall + 1Dal (G121l + 1 - P)V 5o >P|+MHDTD Il wH)

It remains to bound the last term,

[ Dl[le]l -3 1 [IDIlllell -3
HDTTDT s P = D(DTD)~2 ((DTD)™! y— 7 (DTD)~2DT
Since the smallest and largest eigenvalue of (D7 D)~! are % ( ) the norm can be explic-
itly bounded as follow:
Dllllell DIl DIl
H T R ez, )T 202,,(D)
Setting v such that the maximum is attained at the right-hand-side, i.e.,
-2 -2 2
T min (D) + Trnax (D) rp + 1 el
vz I DIlllell = TR
4 4 D
simplifies the bound into
Dllllell el
DTDT”* —Py| <y~
H ' 2 2| D|’
The last step consist in replacing || D;|| by ﬁ. O
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F.2 Missing proofs from Section 2

Theorem 1. Let the function f satisfy Assumption 1. Let x . be defined as in (4) and the matrices
D, G be defined as in (3) and vector € as in (7). Then, for all w € R? and oo € RV,

LIl SN eyle; < wT (V2 f(2)D — G)a < Ll S agle, ®)
lwT (V2 f(2)D — G)|| < Heel g, ©)

Proof. Using Cauchy-Schwartz with (5) gives that, for all v,

T(VIy) = VI(2) = V2 f(2)(y - 2) < ly — 21
Let v = v;, y = y;, and z = z;. By the definition of Y, Z, D, G in (3),

L
oF (- V2 f ) < A0l g2

Lijo|

Introducing V2 f(x) gives
vi (ri = V2f(z)di) = vof (ri = V2f(2)di) + 0] (V2f(2i) = V2 f(2))ds.

Since the Hessian is L-Lipchitz-continuous Assumption 1, (V2 f(z;) — V2 f(z))d; < L||d;||||z; — =||.
Therefore, by the definition of ¢;,

vl (ri — V2f(x)di) <

Let v; = sign(«;)w. Summing all inequalities multiplied by |«;| gives the first desired result:

Llville;
_ 48
. 43)

N
T (G—sz(a?)D)a < Ljw] 221':1 52|C“2|.

The second result is rather straightforward, since (48) with v; = w gives

Ljwle;
Tr, —V? d;) < =112t
w (r Vef(x) )_ 5
Therefore,
> z al Ljjwl]le]
> (W (1 = V2 (@)di))? < flwlly | D (= V2 (@)di)? < ull, | D Le? < TR
=1 =1 =1

O

Theorem 2. Let the function f satisfy Assumption 1. Let x be defined as in (4), the matrices D, G
be defined as in (3) and € be defined as in (7). Then, for all o € RY,

J(e+) < f(2) + Vf(2) D+ e ffe 4 HBal - g & SO0 CHUDIEL (1)
IV£@)l < IV (@) +Gall + & (S, lailes + 1Da?), an

Proof. The inequality (11) is a direct consequence of (5) (with y = x4, 2 = z) combined with (9),

IV §(e1) ~ Vf(z) ~ 9*f(x) Dol < £ || Do

& w7 (Vf(es) ~ Vf(@) - V2f()Da) < 200 g2

& wTVi(zs) < ZDal? 4 u” (V(z) + V2 (x) Do)
& wTVi(z,) < Y <||Da||2+2|az|ez> £ (Vf(z) + Ga)

N
& wIVf(ay) < ||w||< <||Da||2+z|ai|ez> + Vi >+Ga||>

=1
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Setting w = V f (x4 ) gives (11).
The inequality (10) instead comes from (6) combined with (9). Indeed,

f(#4) < f(&) + V(@) Da + 5(Da)" V2 (z)(Da) + ¢ | Da?

9

©) 1 L||Do| & L

< f(x) + Vf(@)Da + = [ (Da)TGa + MZWH& + = || Da?
2 2 6

It remains to use the followings bounds:

N
Y lailei = T (sign(a) © ) < [lall]el
i=1

[De| < [|D]lfe]]-
All together,

f(24) < f(&) + Vi(z)Da + 3 (Da) Ga+ L lalPID]] + ¢ |Dal?

Finally, since (Da)” Ga is a quadratic form, only the symmetric counterpart of DTG counts. That

means, writing H = I)Tczﬂ +IZ||D||le|| gives the desired result,
o'Ha L
fey) < f(2) + Vf(z)Da+ —— + = Dall*.
O
F.3 Missing proofs from Section 3
Theorem 3. Let f satisfy Assumption 1. Then, at each iteration t > 0, algorithm 3 achieves
f(@es1) < flae) — Mfz“ @11 — e]l®, Mg <max{2L; 40}, (13)

Proof. Using (35), at each iteration, after the while loop, the first-order condition of the subroutine
algorithm 1 reads

M,
DYV f (1) + Hyapr + ;+1DtTDtat+1”Dtat+l|| =0. (49)

The subscript ¢ is dropped for clarity. After multiplying by «,
Vi(z) ' Da+ o' Ha + %HD&HS =0.
In addition, multiplying both times by « the second-order condition (36) gives
o"Ha > —%HD&HB.

which gives, after replacing it in (49),

M . M .
Vf(z:)TDa < 77||Doz||3 + 7||Da||3 = 0. (50)
Injecting eqs. (49) and (50) into the while condition of algorithm 1 gives the desired result:
1 M| Da?
f(xy) < flz) + V()" Da + §aTHa+M, (1)
1 T M| Da?
= -z Da — — =221
f@) = 59 (@)Da - =2
M||Dal]?
< _—.
< fla) -
Where (51) is guaranteed if M > L. Therefore, in the worst case, M < 2L. O
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g2 Theorem 4. Let f satisfy Assumption 1, and assume that f is bounded below by f*. Let Require-
813 ments 1b to 3 hold, and My > M. Then, algorithm 3 starting at xo with My achieves

. 8L ([ fxo) = N\ (O Flwo) = F\'°
Z:?ln7t|‘vf($1)|‘ = max{ 2/3 (12]\4min RVE) 12— M. )
where Cy = 6L (%) +maxicio [|(T — P)V2F (i) B

814 Proof. The starting inequality is (41):

1vsaol < ZEM pa + Do ||(”‘5” (“M“D)nm|<I—P>v2f<w>P||).

1D 2
815 The result is obtained by decomposing the inequality using a maximum,
IV ()l
llell (L+ Mkp
< max { (£ + a)1Dal? s 2100l ({5 (F5572 ) o+ 101 = PIF 1P )}
st6 In the first case,
Vi(z
Do) > VA Lf+( A})” (52)
817 while in the second case,
Ik (L2 ) sy 4 ||(1 — P)V2f(x)P|
sts  Let C; be defined as
3 L+ Mit1kp,
Co= 5 (FEREEE ) wp, 4 = POV S @) P
st9  Then, using Requirements 2 and 3, and since M < 2L by Theorem 3,
142
Cy <C=46L < “) K + max||(I — POV2 f(x) Py
s20 Therefore,
Vi(z

821 At each iteration ¢, combining eqs. (52) and (53) into Theorem 3 gives

/2

My s My [ (IVF@E)IN IIVf( Dl
_ > LR S N BT

12 ”MH =12 "M\ M, ’

=D

(o) = floeg1) >

g22 Therefore,

flxo) = f* > f(zo) — f(x4)
=) fl@i)— f(wit1)

=0
t—1
i+1

>3 (H oo — il

1=0

X f
Ny M [ (19 @) IV @)l
71‘:0 t 12 L+MZ‘+1 ’ C

. , 3/2 ) 3
st Mo [ (195N (19
ielo,g—1] 12 L+ M; C

Mo . | (IVF@)\*? IV £ (@)l
> RN ML
=1 mm{ﬁﬁ%( 3L  min C
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After analyzing separately each case of the minimum, either

min ||V f(z; 8/2 mln Vf(x
M < pof@) = [ e IVF @)l Flao) = f*
3L B tMmin C - tMmin

It remains to simplify to obtain the desired result,

L _ e\ 23 C e\ 1/3
Juin [V £ ()] < max{ ?;/3 <12f(MLin> ; (tl/g) <12W> }

O

Theorem 5. Assume [ satisfy Assumptions 1 to 3. Let Requirements 1b to 3 hold. Then, algorithm 3
starting at xo with My achieves, fort > 1,

« fxe) — f* 1 L(3R)? 1 Oy(3R)?
U =) <8 ey " avnesy 2 itz 1

where Co —6L"+2’”" + max;epo 4 ||V2 f(x:) — BV f (i) P

Proof. Starting from the inequality in proposition 9,

M, 1+ L ) — |2
Feo) < f) + Ly e =2l oo

6 2
where
Lk + M, 1K>

V= |V f (@) = PV () P+ 6

and setting y = (1 — ;)¢ + Bya* and f(a*) = f* gives
N M1+ L N 2|z — 2|2
Floen) — £ < (- B+ Ba) — 7+ Mt By gy Bl 2B g0
Because the function is star-convex,
M; 1+ L B2||zy — x*||?
Flren) — £ < (- B)(fw) — )+ M F Loy, oo Bl 2 o

2

Since algorithm 1 ensure a decrease in the function value, the iterate x; satisfies

x € {z: f(x < f(=o))},

and therefore, ||z — z*|| < R by Assumption 2. In addition, M < 2L by Theorem 3. The inequality
now becomes

3 2(t)
(Floern) = 1) < (L= B)(Fl) — 1)+ B2 4+ 7 22 4

Finally, since M < 2L, the scalar C is bounded over time by Cs:

2 2
o) < ¢y st 2N

+ max V2 f(x;) — P2 f(24) P
Now, let
. B, = WD)

* by : By = Bi_1 + by, hence b, = w, and

b1
L] ==
ﬂt BH-l .
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Therefore, fort > 1,

By Bi1 by By By
1 = — = —_— = _ 1 — 1 = .
B B, B B, +B8i1 = Bi—1 B,
Injecting those relations in (54) gives
B, bit1 )3 LR? biir \? R2C,
Te41) — f7) < xp) — f*) + ( + :
(f( tJrl) f ) Bt+1 (f( t) f ) Bt+1 2 Bt+1 9
hence the recursion
b3, LR® b, R*C
B _p* < B _p* t+1 t+1 2
i1 (f(2e1) — ) < Be(f () — ) + B2, 2 By 2
t t
b3,, LR? b2, R2C,
S B ) — * + 1+1 1+1 )
¢ by t bl
Bo im0 B LR* Ym0 B R2C,
T ok S T ok 4 i+1 i1 .
(Flaen) = 1) < (o) = ) + =gt S 4 SR 2
Therefore, the rate reads By the definition of b; and By,
by _36 ((+1)°(E+2)° _9G+D6E+2) _9
Bi2+1 8 (i+1)2(i+2)2(i+3)2 2 (i+3)2 — 2
b? i+ 1)2(i + 2)? i+ 2
04 DAT27 3042, 0y 3,
Biyi 406+1)0E+2)E+3) 2(0+3) 2
Hence,
t b?+1
2o B2, 2t+1) 27
Biy1 T (t+1)(t4g2)(t+3) ~ (t+2)(t+3)’
t b7 .
2izo By _ Zizo3(itD) 3+t 9
Bir1 (t+1)(t—g2)(t+3) (t+1)(t22)(t+3) 2(t+3)°
Shifting from ¢ + 1 tp ¢ gives the desired result,
flay) — f* 1 L(3R)? 1 Co(3R)?

+

oo =1) < S ) T e T2

) 2

142 4

O

Theorem 6. Assume f satisfy Assumptions 1, 2 and 4. Let Requirements la, 2 and 3 hold. Then, in
expectation over the matrices D;, algorithm 3 starting at xo with My achieves, fort > 1,

Ep,[f(ze) — /1] < ————(f(wo) — /) +

1L

B8R 1 Cy(3R)®

1+ [T [’

where (3 d:ef(SL'HEiQ"i2 + (d;N) max;eo,q V2 f(x

)ll-

2 [&¢] 2

Proof. The proof technique is similar to [35]. Starting from proposition 10 with z = x,

Bf(ziir) < (1 - 5) Pl + 3 f ) + %(

(d

)

+ N [ly — z]? <5L"€ + My k2

d 2 2

Ef(wis1) < (1 - 5) flae) + % (f(y) Ll

40

—$t||2

2

Tl )

where the expectation is taken with Dy, ..., D;_ fixed. Using the inequality M;,1 < 2L gives

L
Gt gl -l

)



852 where

def k+2k%  (d— N)
= (dL i
e # (612 4 2 s 19270

8sa Lety = Bex* + (1 — B)xy, Be € [0, 1]. After using Assumption 4 and Assumption 2,

Ef(ze) < <1 - JZ) flae) + % (f(ﬁtx + (1= Bi)w,) + 57 CSR + 33 LR3>
< (1-3) s+ 3 (B + 1= posen + 2 C3R 5 LR3)
= (1= 3) s+ 3 (Berten) + (4= s + 2 0332 L5 LR?’) 7

s
2 3
— (1= ) s+ (st + S0 BT ) -

g5« Hence, the recursion
3
Ere - 1) < (16 ) G - 1+ 5 (A5 20,

855 Now, define

bt = t2,
t 3
4 (d
Bt:Bo+ZObi> BOS(N>
d bt+1 N Bt
Bt N Bin = d Bt B

ss6 Replacing those relations in the recursion gives

Biy1 (Ef($t+1) - f*)

N d by \> C3R? d by \° LR3
<B M+ — (= — ki
<Bi(1(0) 1)+ o ((NBM) e

d b}, C3R? d2 b}, LR?

s57  Expanding the inequality gives

2
By (Ef(2e41) = f7) < Bo(f (o) = 1) + By 2 N
t=0 "

858 Since

859 the bound becomes

By (Ef (z441) — %) < Bo(f(x0) — f*) + N3t2 5 + 2t




860

861

863

864

865

866

867

868

869

870

871

Dividing both sides by B, gives

By d 3(t+1)? C3R?> d* 9(t+1) LR3
EBf (@) = 1" < —s (F(@o) = ) + &7 : + -
Bo+% NBO-F@ 2 N2Bo+% 2
After the following simplifications,
By B 1 B 1
3/3 t+1)3 37
Bo+(t+1)%/3 14 L8014 1(N( 1))
3t+1)* 3 (t+1)? 1 B L _ 9
Bo+(t+1)*/3  Bo1+ L% i+1 " By %1 t+ 1
0
9(t+1) 9 (t+1)3 1 9 1 27
= 3 5 < »-3Bo 2 = 27
Bo + (t+31) By (t?:;l) (t+1) By (t+1) (t+1)
0
the inequality finally becomes (after shifting from ¢ + 1 to ?),
1 1 L(3R)? 1 C3(3R)?
Ef(z) = 1" < ———55(f(@o) = ) + + ~
TR FT ] 2
O
F.4 Missing proofs from Section 4
Notations The following functions define the estimate sequence,
t
b(z) = Zbi—l (f(@s) + V(i) (z — z5)), (55)
i=2
A 2 A 3
$(x) = fl@1) + () + =~z = 20" + == llz — 2ol (56)
Pi(x)
® = 57
t(x) Bt 9 ( )
where /\EL?) are non-negative and increasing, and the sequences b;, B; are
EE+1)(t+2) o
Bi=——"F—— = bi, 58
: - ; (58)
t+1)(t+2
by = % = By11 — By. (39
(60)
Moreover, the following quantities will be important later,
vy = arg min ¢¢(x) = arg min &4 (x), (61)
by
- (62)
b=
ye = (1 = Be)zi + Bror. (63)

F.4.1 Technical results

Lemma 1. From [44, Lemma 4]. The Bregman divergence of the function |||’ satisfies, fori > 2,

el =l = ()@ - y) > =

9i—2
Proposition 12. The function ¢, is lower-bounded by
AW A2
¢t > Pr(ve) + =l — vel* + T [l — we? (64)
—— 2 12
=¢;

-yl

where vy = arg min, ¢:(z).
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g72  Proof. The first order condition on ¢; reads,
)\(1) /\(2)
9 (At sl + 21 sl -
873 Multiplying both sides by (z — v;) gives
A NS
l(x —v)+V tTHvt —20|? + tT”Ut — 20| | (z —v) = 0.
s74 Note that, since ¢; is an affine function, ¢}(z — v;) = ¢,(z) — ¢;(v;). Hence,

>\§1) /\]EQ)
b(x) — () +V THW — x| + ‘THvt —zo|® | (z —v) = 0.

g75  Finally, on both sides and after reorganizing the terms,

— xo]? +

A @ A
() = o)+ 257 P4 25 o=l =9 (2 ~ ) (@),
(65)
g76 From lemma 1 with x = x — x¢, y = v — X9, and after reorganizing the terms,

lz = woll” = V(llve — o) (@ — ve) = g5 & — vel|" + [lve — olI"

1
= 9i2
g7z Therefore, using the previous inequality with ¢ = 2 and 7 = 3, (65) becomes

(1) A2 A2 A®)
0u(2) 2 Lulve) + Z oy — > + “i oy — 2ol + 2oy — 22+ 2oy —
s7e By definition of ¢} = ¢:(vy),
. AW A2
Bu(2) 2 8% + oy — 2l + 2o - 2

879 O
sso  Proposition 13. Under the assumptions of proposition 11 the condition
@D G roTDa
(- 25
881 is guaranteed as long as v and M are sufficiently big,
v L el 1+ K%
20D 2

> (5 (10at + {5emo )+ = PV )

1
\ ol lell
+ 3Dy
ss2  Proof. Elevating to the square the inequality of proposition 11 gives

(a1 (++ ”D;“”)) Dl + 195 + (31 (34 1520) ) vre)a

L lell 2 ( llell >>2
+ (I = P)Vf(z)P||+ M |~ — .

883 The desired result holds if the following condition is satisfied,

(o120

L |e| y lel V)
> 2 (= — .
| Dall ( | Dy ||+2”D|| ko + I = PIVAf@)Pl +M (7= 55

< | Dal? (IID )+ L
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885

886

887
888

889
890
891

892

893
894

895

896

897

898

899

After simplification of the squares and ,
IIDaII L | 2
*II al| + 5 =k + (1= P)V7f(x) Pl -
2| Dl

Hence, the following condition is sufficient,

M > g (5 (1Dall+ {0 ) + 16 = PIV2£) 1)

O

Proposition 14 (Guarantees that algorithm 4 terminates). Let f satisfies Assumption 1. Then, under
Requirements 1b to 3, if My < M, the output of algorithm 4 guarantees that

M <2 (5 (IDal + gen ) 10 - PV )P
2

2 2[|D]|
I = P)V25(@)P|
< LFED + M T M
2 2[[D]|
m (v + 1520) < ) (5 (10l + {5omn ) + 16 = Vs ).

Proof. Assume A = oo, so that the algorithm can only terminates with ExitFlag equals to
SmallStep. Either the algorithm terminates at M = My, or My < M. In the second case,
algorithm 4 multiplies M by a factor 2 while

1f ()]

o (y+ 1Bel) = 2 —V/(@)" De,

then, by proposition 13, once

1 L
M2 m (2 (IIDaII + H@) +|I(I - P)sz(x)P”)

holds, the condition is met and the algorithm terminates. In the worst case, M is at most two times
larger than the bound:

1 L
<ot (2 (1Dl + 5k ) + 1 - PV F@)P (66)
[Dall , J \ 2 D]
2 2[| D]l
Since, forall ¢c; > 0, ca > 0, c3 > 1,
-1 -1
atas g ole ) g el (67)
c1 + co c1 + co i +1
the bound becomes
_ 2
wt < (1, 20— PP
[ D] + llell
2 2[lD]l
Going back to (66), and after multiplying both sides by ~ + ”DQO‘” with y = 1 \‘Ilg‘\ll 1+2” D gives
HDOt\ L el 1+kD
| D] tapl 2 (L [l 2
m (15 o (5 (1Dal+ o ) + 10 = PIF2 )Pl
2 2[|D]l
Once again, using (67) gives
Da L
i (v + 1520) < ) (5 (1pall + 1 5hmn ) + 12 = V£ P).
O
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915

Proposition 15. Assume f satisfies Assumption 1. Then, under Requirements 1b to 3, if

|1 Dal| > 2 (5% ol = P>1V2£(x)P||> |

V3-1

then the condition
2 V@I _

_e IV T
33/4 \/M = Vf(x‘i‘) DO&
is guaranteed as long as M is sufficiently big,
2
L<M.
V3-1 7
Proof. Starting from proposition 7,
M| D
HH2aHDa+ Vf(x+)H
L € L+ Mk
<Z Dl + 1Dal ({5 (F552 ) ko 4 10 - PIT2 1@ )
2 1Dl 2
Assuming
L
—+M el (L+ Mk
2 2 a2 1 (B2 w4 11 - P20 L

or equivalently,

el 5 0= P)V2f(z)P|
Da| >4
|| Oé” = <2|D||HD + KLD +M )

gives the simpler bound

M||D L+E+M
2°"Da+w<m+>H < 2w T o

Elevating both sides to the square give
(L(1+ 75) + M)?
16

M2

TIIDOéII4 + M||Dal|Da™V f(x1) + |V f(zp)|I* <
hence, and using the fact that kp > 1,
(2L + M)2 —4M?

MIDallDaTV f (1) + £ )| < =

1D

Assuming \/§271L <M,

-M

§ 4
[Dall.
16

M| Da||DalVf(zy) + IV f(zs)]? <

After reorganization, and writing r = || D,
M, VS
16 Mr

f 3/4
2y cor® > 4c§/4 (ﬁ) )
T 3

< =Da"Vf(zy).
Using

the inequality becomes
MYV f(z )P 4

T
—Da Vf($+) Z B M3/4 @
2 V)]
33/4 /M :

1D,

(68)

Finally, the condition on || Da/|| in (68) is made stronger by replacing M with its lower bound, by

using Requirements 1b to 3 and because xp > 1, i.e.,

2 _ 2
IDall > 4 <6;D =Py i(sc)m) .
V3-1
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919
920
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922

923

Proposition 16. If A" and \? satisfy

b? || D] 2 4 b
A s Yy, < n tt), A s 2 Py,
t = 7Bt t+1 {7t T t = \/?f)iBtQ t+1
Then, the function ¢ satisfies
MY 430
2

AP 4@

22— o,

Iz — zoll* +

By f(xy) < ¢i(x), oi(x) < Bif(z) +

where

;AP =M 4L

~ Lk + MyK2
A = ||V f(z0) — PoV f(zo)Pol| + 6 (21>

Proof. The result is proven by recursion. At ¢ = 1, the condition B, f(x;) < ¢¢(x) is obviously

satisfied since
flz1) < mvingﬁl(v) = f(z1)-

On the other hand, by proposition 9,

) A2 A
f(z1) < mlmf(:zc) + 7”@" —zo|® + THﬂU — x|

52 O
< flx) + THIE —zo* + THI — x|

Therefore, the second condition holds by definition of ¢,
TP G
¢ = f(x1) + THfE —xol|” + THx — x|

AV HAD A 4+ 2@

< Il o+ P o ol
Now, assume ¢ > 1, and By f () < ¢:(x). Hence,
min ¢p.41(z)
M 2\
:mzin&(x) + b [f(@e41) + V(@) (@ — 2eg1)] + t2+1 lz — ol + %1”% — zo|?

=min ¢ () + bt [f(2e41) + VI (@e1) (@ = 2p41)]

RO 2 _ @) ,
%HI —zo* + %HI —zo?

Zmin ¢ (z) + by [f(Te11) + VI (@e41) (2 = e41)]

. 1) NG ,
> min ¢y + tTHI —ue|® + ﬁ”x — 0| + by [f(@eg1) + VF(@es1) (@ — 2441)]
M \@
ZmzinBtf(l?t) + *’7||$ —ug]|* + fTHJU —ve]|* 4+ by [f(@141) + VI (@e41) (@ — e41)]

+

A4
> H}gnBtf(xtH) + V(@) (@ — 1) + ¢ [f(2e11) + VI (@e401) (2 — T441)]
/\(1) )\(2)
+ tTHx —vel® + fTH@" —ue?

. NS NG ;
=min Byt f(2e41) + VI (2041)(Bee + b — Bryazesn) + t7||$ — v + f—2||x —u?

(63) .
= min By f(z41) + Bea VI (@e01) (9 = 2141

(1) L@
+ 0V f(@e1)(@ —ve) + t7||$ — v + f—2||x — v
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The inequality is satisfied if either
)\(2)
@ 0< B V(ze1) (e — o) + 0V f(2ep1)(@ — v) + 7||$ vl o
/\(1)
() 0< B VI(@ir1) (Y — Teg1) + 0V f(@p01) (2 —vp) + tTHCI7 — vl

It remains now to find sufficient condition such that one of the previous inequalities hold.

Define z;4; to be the output of algorithm 4 starting from v, hence y; — 441 = —Dyay. The
algorithm guarantees that
2
x
b) V() Doy > — t“ﬂ') ke (69)
My (’Yt + #)
) \v4 3/2
(@ —Vf(ri1) Dioy > jwm—“)” and || Dal > A. (70)
34 /My
Combining the expressions (a) and (b) leads to the following sufficient conditions:
2 |V Al A 3
0< Bt+133ﬁﬁ+btvﬂxt+l)($—vt)+ ﬁ”x_vt” ; (71)
T 2 )\(1)
0 S Bt+1 ||f( t+1)|| + tif(a?Hl)(:C - ’Ut) + tTH(E — ’Ut||2. (72)

My (’Yt + IlDtat”)

Case 1: equation (71). Starting from the first order condition of the minimum of (71) over =z,
)\(2)
tif(J:tH)—l—iTHx—th(x—vt) =0. (73)

Multiplying (73) by (z — v;) gives
AP 5
bV f(zep1) (@ —vp) = —THx — v
Hence, when x satisfies (73),
(2) /\(2)

Ay
bV f(41)(w — vg) + ﬁ”x — | = —THJU —u)?. (74)

Going back to (73), after isolating x — vy
4b; 1
(—v)=—— Vi(@t41) 77—
& lz— vl

Therefore, after taking the norm and changing the power,

m 3/2
lz = el = (A(; IIVf(fvt+1)|> ;

3/2
AP A 4b
& Lz — v’ = T | S IV @)l

6 6
4 3/2
= ——=—= (Ou[|Vf (e 0)[])""
31/A2
After using (74) and injecting the minimal value makes the condition (71) stronger:
2 |Vfa)l®? 4

0 < By

— bV f (o))
34 /M, 3\/@

Hence, if A?) satisfies
2 4 62 @5 4 b
11— > b S N>
33/4 /M1 ~ 4 2 ¢ V3 B},
then (71) is satisfied.

M1, (75)
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Case 2: equation (72). Starting from the first order condition of the minimum of (72) over =z,

bes 1V (@es1) + AV (@ — ve). (76)
Hence,
bV f(we41)
(x —v) = ——————=.
A
Injecting the value back in (72) gives
[f(@er)I® oIV @)l | 1o IV (@)
B D t (1) b 1)
M ( + | tarH) >‘t 2 >‘t
Therefore, if the following condition holds,
2
Biia > % o )\(1) > b} M+ (”y |Dtat) ,
2My (% + w> A 2By 2

then (72) is satisfied.
O

Proposition 17. Let f satisfies Assumption 1. Then, under Requirements 1b to 3, using the re-scaling
technique from algorithm 6

ledl 1Dl
M, — M,
e e (30 - 25

makes (Mo )i+1 bounded as follow:

(Mo)esr < (28 + (26 4 1)0) + (V3 — 1) muax (T~ PAV? SRl ()

Proof. By proposition 14, for all A, if My < M4,

2||(I — P)V? f(x) P
[Dooc]
PR VoN |

My < Lip, +

where (M) is the initial smoothness parameter in algorithm 4. The desired result comes immediately

el
2[[ Dy ]|

technique requires My < M.

after multiplying by ( + HDth) using Requirements 2 and 3 and because the re-scaling

In addition, if || Dyay|| is sufficiently large, i.e., if

|| Dscvt|| > max {A 2628 + 2 max .y

then by proposition 15 the algorithm terminates when My >
stronger condition

f 1L For simplicity, consider the

| Dicee|| > A+2/£D6—|—2 max T (78)
<i<t \/571[/
Hence, (Mj);+1 cannot be larger than
(Mo)t+1
L I — P)V2f(z;)P;
<= (A + 2k2%6 + 2 max I )1V f(z:) Pl + 5/@) +max ||(I — P)V2f(z;) P,
2 0<i<t L i
V3—1
L
= 528+ (2" + K)9) + (2V3 = 1) max [|(I - P)Vf(w:) i
O
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Proposition 18. Let f satisfies Assumption 1. Then, under Requirements 1b to 3, )\gl) and )\?) in
algorithm 6 are bounded by

b2 (M )2
(1) o, Zt4+1 \1¥0/max
AT L2 B, 7 (79)
(2) 4 bl C 2
N <2 NeD: 3 ax{l, A}(1\40)rm. (80)
where
ef L
(Mo < 5 (28 + (267 + 1)8) + (2V3 = 1) max (1 = P)V* /(@) Pl 8D

Proof. Since algorithm 6 doubles A", \) until ¢ > f(z441), then by proposition 16, both A",
)\752) achieves at most
b7 D« 4 b3
)\gl) <2. %Mt“ (% + ;t) 7 /\122) <o. S llyn
¢

There are three cases to distinguish.

First case. When (M) = M;11, whatever the value of ExitFlag, by proposition 17, and by
construction of algorithm 6, (M), is bounded as follow:

My)s—1 L

(o) < o { L 5 LA 4 (2674 90) + (V5 - 1) s 7 = RV S @R}
_’L_

In the worst case, the maximum is attained in the right hand side. For simplicity, let (Mp)max be

defined as

(Mo & 52+ (262 + )3) + (213 = 1) yuas (T = POV f ()|

In this case, /\gt) and )\g are bounded by
b; [ D]
AD <o Ly 1O
t — Bt ( 0) Ve + 2
4 bt+1
V3 B
By Requirements 2 and 3, -, is bounded by

A <2 (Mo)max- (82)

2
1l 1+#h, _ 14#2

0.
2D 2 7 4

Yt =

Moreover, under the condition (78),
[(I = P;) V2 f (i) Pyl

| Deae| > A+ 26%56 + 2 max 7 ,

0<i<t

1
V3-1
the algorithm algorithm 4 terminates with ExitFlag equals to LargeStep. Hence, to update )\El),
(I = P)V?f () ||

| Dicw|| < A+ 26%H0 + 2 max y (83)
0<i<t \/§—1L
Therefore,
D 1 1 I—P)V?f(x;)P;
g MRl 1R <A+2n25+2max I = POV /(i) ”)
<<t \/§—1L
1+ 5k2 2

< = — —_ P P
<1 ( ( 6+A) (VB 1) s (1~ PV f(anln)
< ( 0 max
= L
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976
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980

By consequence,

b? D
)\1(51) SZ : ‘g_l (MO)max ('Yt + 7“ t20ét>

bf+1 (Mo)
B, L

max

<2.

Second case. When My < M, and ExitFlag equals SmallStep, only A; is updated. Therefore,

b? Dy«
1 +
)\,E)<2~ttht+1<’Yt+” ;tH)

Since My < M4, by proposition 14, then by Requirements 2 and 3,

Do L €
Moo (et P22 < ) (5 (100l + ke, ) 1 = POV s@0R).

< (1412 (’; (1wl + %) + mas 17— Pi)v2f<xi>a-||)

Because ExitFlag is SmallStep, || D«/|| is bounded by (83). Hence,

D L )P
Voo (30 1200) <10y (4 2 42 g W= PITH@OR 5
2 2 <i<t 71

— PV ()P,
+ max (I - P)V=f (i) B

—(+#)| 2 (At (2 +1)9) + VB mas (1~ P)V*f(z) Pl

S(l + 52)(M0)max-
. 2 (Mo ) max
Since (1 4 £?%) < *=0pmax

[ Drove| (Mo)?
M, < max .
t+1 (% + B < i
Hence,
)\El) S 2 bt+1 (Mo)max
i L

Third case. It remains to bound /\](52)’ when (Mp); < M;11 and ExitFlag equals LargeStep. In
such a case, by proposition 14,

1 L €
Mo 5475 (5 (19 e ) +10 - RO ste0R1)
i D]l

Note that, for all a, b, the function xig is decreasing as long as b < a. Hence, since ExitFlag equals
LargeStep, ||Diay|| > A and
[l ] [l
1Deaell + 5,150 _ A+ 5,15
el — [l:]]
1Dreell + iy A+ p,]
and therefore, using Requirements 2 and 3 leads to

My <4 1‘ | (L (A'i‘ e HDt> + |(I—Pt)v2f(33t)Pt||)

)

A+ 2 [ Dell
<5 ( me) 10 =PI son )
< i( (A + k) +max (I — P)V2f (xz)P>
<9 My)

A
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Therefore, after combining this inequality with (82),

A <o, Al 1 2L
< .%B—gmax N (Mo) max-
O

Theorem 7. Assume [ satisfy Assumptions 1, 2 and 4. Let Requirements 1b to 3 hold. Then,
algorithm 5 starting at xo with My achieves, for all A > 0 and fort > 1,

AOR2 | @RS
oo (Mo)2 (BRI | 4(Mo)max 2y (3R, A
— < L2 (2 2 @ 6
fe)-fr==p= ) *—55 mags) *— ey
where XM =056 (Lk + M%) + ||V f(z0) — PoV f(z0)Pol, A =M+ L,
(MO)max = %(QA —+ (2,‘62 + Ii)é) =+ (2\/§ — 1) maxo<;<t H(I — PZ)sz(xZ)RH

Proof. By construction of ¢ (z), from proposition 16 and Assumption 2,

By f(x) < mmin ¢t(x) (34)
< ¢i(”) (85)
AV + A0 AP+
< Btf(x*)‘*‘tf“x* —$0||2+tTH33* — of? (86)
AV 30 AP 4 3@
< B * t 2 t 3 87
< tf(»’”)+72 R+76 R (87)
A A0 AP 4@
e R2 t R3 38
= flz) — fF < 5B, + 6B, (88)
By proposition 18, the following bounds holds:
2 2
(1) <9. bt+1 (Mo)max
AvT s B, L
4 b 2
AD <o = Tl X{l; }(Mo)max.
¢ V3 B? A
Hence,
2 - b? ~
et Ve Molax 1 3(1) s J5pr max {1; X} (Mo)max +A? s
¢ = 2B, 6B, ‘
Since bjg—tl = (tig),
b _ 3 (89)
B} (t+3)%
b7, 32
S 90
B?  (t+3)? ©0)
91
Therefore,
2 3 3WpR2 | 3@ps3
Flae) — < Vo (3R A Mo [ 21 (3R T
! = L t+3 3v3 "Af\t+3 (t+1)3
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