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Supplementary Material for:
Neural Oscillators are Universal

A Another universality result for neural oscillators

The universal approximation Theorem [3.1] immediately implies another universal approximation
results for neural oscillators, as explained next. We consider a continuous map F' : R? — RY; our
goal is to show that F' can be approximated to given accuracy ¢ by suitably defined neural oscillators.
Fix a time interval [0, T'] for (an arbitrary choice) T' = 2. Let Ky C R? be a compact set. Given
¢ € RP, we associate with it a function u¢ (t) € Co([0, T]; RP), by setting

ug (t) = t&. (A.1)
Clearly, the set K := {u¢ | € Ko} is compact in Cy([0, T]; R?). Furthermore, we can define an
operator @ : Cy([0, T); RP) — Cy([0,T]; R?), by

0, tel0,1),

() = {<t CD)F@()), te LTI 4.2

where F' : R? — RY is the given continuous function that we wish to approximate. One readily
checks that ® defines a causal and continuous operator. Note, in particular, that

D(ue)(T) = (T = 1) F(ue(1)) = F(E),
is just the evaluation of F' at £, for any £ € K.

Since neural oscillators can uniformly approximate the operator ® for inputs u¢ € K, then as a
consequence of Theorem and (2.3)), it follows that, for any € > 0 there exists m € N, matrices
W e R™*™m vV ¢ R™*P and A € R9*™, and bias vectors b € R™, ¢ € RY, such that for any
¢ € Ky, the neural oscillator system,

Ge(t) = o (Wye(t) +tVE+D), (A.3)
Ye(0) = 9¢(0) = 0, (A4)
ze(t) = Aye(t) + ¢, (A.5)

satisfies
|2¢(T") = F(&)| = [2¢(T) — @(ue)(T)] < S |2¢(t) — P(ue)(t) < ¢,

uniformly for all £ € K. Hence, neural oscillators can be used to approximate an arbitrary continuous
function F' : RP — RY, uniformly over compact sets. Thus, neural oscillators also provide universal
function approximation.

B Proof of Theorem 3.1

B.1 Proof of Lemma[3.4

Proof. We can rewrite y(t) = fot u(7) sin(w(t — 7)) dr. By direct differentiation, one readily

T w

verifies that y(t) so defined, satisfies

i(t) = /0 u(r) cos(w(t — 7)) dr + [u(r) sin(w(t — 7))} = /0 u(r) cos(w(t — 7)) dr,
in account of the fact that sin(0) = 0. Differentiating once more, we find that
y(t) = —w/ () sin(w(t — 7)) dr + [u(7) cos(w(t — 7))]r=¢
0

= —w?y(t) +u(t).
Thus y(t) solves the ODE (2.6)), with initial condition y(0) = ¢(0) = 0. O
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B.2 Proof of Fundamental Lemma 3.5

Reconstruction of a continuous signal from its sine transform. Let [0,7] C R be an interval.
We recall that we define the windowed sine transform £;u(w) of a function w : [0,7] — RP, by

Liu(w) = /0 u(t — 7)sin(wr) dr, w€R.

In the following, we fix a compact set K C Cy([0,T]; RP). Note that for any v € K, we have
u(0) = 0, and hence K can be identified with a subset of C((—oo, T']; R?), consisting of functions
with supp(u) C [0,T]. We consider the reconstruction of continuous functions u € K. We will show
that « can be approximately reconstructed from knowledge of £;(w). More precisely, we provide a
detailed proof of the following result:

Lemma B.1. Let K C C((—o0,T]; RP) be compact, such that supp(u) C [0,T] for all u € K. For
any €, At > 0, there exists N € N, frequencies wy, ...,wy € R\ {0}, phase-shifts ¢;,...,95 € R
and weights a4, ...,an € R, such that

N
sup |u(t—7)— Z a; Lou(w;) sin(w; 7 —J5)| <,

T€[0,At] j=1

forallu € K and for all ¢ € [0,T].

Proof. Step 0: (Equicontinuity) We recall the following fact from topology. If K C
C((—00,T];RP) is compact, then it is equicontinuous; i.e. there exists a continuous modulus
of continuity ¢ : [0,00) — [0, 00) with ¢(r) — 0 as r — 0, such that

lu(t —7) —u(t)| < ¢(1), V7>0,t€[0,T], Vue K. (B.1)

Step 1: (Connection to Fourier transform) Fix ¢y € [0,7] and v € K for the moment. Define
f(r) = u(ty — 7). Note that f € C([0,00);RP), and f has compact support supp(f) C [0,T]. We
also note that, by (B.I), we have

lf(t+7) = ft)| < o(r), Y72>0,tec(0,T]

We now consider the following odd extension of f to all of R:

[ f(), for T > 0,
F(r) = {—f(—T)7 for 7 < 0.

Since F' is odd, the Fourier transform of F' is given by

. 0o ) oo T
F(w) = / F(r)e ™" dr = z/ F(7)sin(wr) dr = 21 f(r)sin(wr) dr = 2iLy u(w).

—o0 —o0 0

Let € > 0 be arbitrary. Our goal is to uniformly approximate F'(7) on the interval [0, At]. The main
complication here is that F' lacks regularity (is discontinuous), and hence the inverse Fourier transform

of F' does not converge to F' uniformly over this interval; instead, a more careful reconstruction based
on mollification of F'is needed. We provide the details below.

Step 2: (Mollification) We now fix a smooth, non-negative and compactly supported function
p : R — R, such that supp(p) C [0,1], p > 0, [, p(t) dt = 1, and we define a mollifier p.(t) :=

Lp(t/€). In the following, we will assume throughout that e < 7. We point out that supp(p.) C [0, €],
and hence, the mollification F,(t) = (F * p.)(¢) satisfies, for t > 0:

|F(t) — Fe(t)| =

[ = F+ ot

A?ﬂﬂ—f@+r»mvwh

TE[0,€]

S{ sup f(t)f(t+T)}/Oepe(T)dT§¢(€)~

13
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In particular, this shows that

sup [F(t) — Fe(t)] < ¢(e),
te[0,T]

can be made arbitrarily small, with an error that depends only on the modulus of continuity ¢.

Step 3: (Fourier inverse) Let ﬁe (w) denote the Fourier transform of F,. Since F, is smooth and
compactly supported, it is well-known that we have the identity

1 PN )
F.(r) / Flw)e ™ dv, VicR,

:ﬂ .

where w — F. (w) decays to zero very quickly (almost exponentially) as |w| — co. In fact, since
F, = F*p. is a convolution, we have F(w) = F(w)p.(w), where | F(w)| < 2| f||zeT is uniformly

bounded, and p,(w) decays quickly. In particular, this implies that there exists a L = L(¢,T) > 0
independent of f, such that

L
F(r)— —/ F(w)pe(w)e ™™ dw| < 2T f| L / |Pe (W) dw < || f]lL<e, V1 ek

|w|>L

(B.2)

Step 4: (Quadrature) Next, we observe that, since F" and p. are compactly supported, their Fourier
transform w +— F(w)p.(w)e™ ™7 is smooth; in fact, for |7| < T, the Lipschitz constant of this

mapping can be explicitly estimated by noting that
0 [A . —i 0 ot —

G NF(w)pe(w)e W} -7 / (F % po)(£)e ) gt
Ow 9w Jsupp(F.)

= / i(t —7)(F % po)(t)e™ =) dt.
supp(Fe)

We next take absolute values, and note that any ¢ in the support of F, obeys the bound [¢t| < T + € <
2T, while |7| < T by assumption; it follows that

Lip (w o F\(w)ﬁe(w)e_i“T) < (2T + T)||F||p= llpellzs = 3T||Fllz=, V7€ [0,T).

It thus follows from basic results on quadrature that for an equidistant choice of frequencies wy <
-+ < wy, with spacing Aw = 2L /(N — 1), we have

2
. CL?3T||Flp

i , Yr1el0,T],

1t L . Aw et -~ _
o | @) do = 5257 Fluopilu)e™”
2 J_p, 2 =

for an absolute constant C' > 0, independent of F', T'and N. By choosing N to be even, we can
ensure that w; # 0 for all j. In particular, recalling that L = L(T’, €) depends only on € and T', and
choosing N = N(T ¢) sufficiently large, we can combine the above estimate with (B.2)) to ensure
that

N
Aw -~ ~ — Wi T
Fi(r) = 52 3 Pl | <2 flliwe, V7€ [0,T),
j=1
where we have taken into account that || F'||fec = || f]| L.

Step 5: (Conclusion) To conclude the proof, we recall that F (w) = 2iLy,u(w) can be expressed
in terms of the sine transform £;u of the function u which was fixed at the beginning of Step 1.
Recall also that f(7) = u(to — 7), so that || f|| e = ||u||r~. Hence, we can write the real part of
29 F(w;)Pe(wj)e™iT = £225 L, u(w;)pe(w;)e™™i7, in the form a; L4, (w;) sin(w; 7 — ¥;) for
coefficients c; € R and 6; € R which depend only on Aw and p,(w;), but are independent of w. In

14



515 particular, it follows that
al Aw - ~ X
supulto = 7) = D" o Lagulws) sin(uT = 05)| = sup [F(r) = Re | 5537 F(wg)pelwy)e T
T€[0,At] i=1 te[0,At] T
Aw A~
< sup |F(7)- F(w;j)pe(w;)e ™™
o )= 50 Y i)
< sup |F(7) = Fe(7)]
T€[0,At]
+ sup |Fe(r)— Aw iﬁ(w)ﬁ (wj)e ™™
TG[O,At] € 27T o J € J .
516 By Steps 1 and 3, the first term on the right-hand side is bounded by < ¢(€), while the second one is

517
518

519
520
521

522
523

524

525
526

527
528
529

530
531

532
533

534
535

536

537
538
539
540

bounded by < 2sup, ¢ ||u|/ =€ < Ce, where C = C(K) < oo depends only on the compact set
K c C([0,T]; RP). Hence, we have

N
sup |u(to —7) — Zajﬁtou(wj) sin(w;T —95)| < ¢(e) + Ce.

T€[0,At] J=1

In this estimate, the function v € K and ¢y € [0, 7] were arbitrary, and the modulus of continuity ¢
as well as the constant C' on the right-hand side depend only on the set K. it thus follows that for this
choice of o5, w; and ¥, we have

N
sup sup sup |u(t—T)— Z a; Lyu(wy) sin(w; 7 — ¥5)| < ¢(e) + Ce.

u€K t€[0,T] T€[0,At] j=1

Since € > 0 was arbitrary, the right-hand side can be made arbitrarily small. The claim then readily
follows.

O

The next step in the proof of the fundamental Lemma [3.5]needs the following preliminary result in
functional analysis,

Lemma B.2. Let X,) be Banach spaces, and let K C A& be a compact subset. Assume that
® : X — Y is continous. Then for any € > 0, there exists a § > 0, such that if [|u — u || < § with
u€ X, uf € K, then ||®(u) — ®(ulf)|y <e.

Proof. Suppose not. Then there exists €y > 0 and a sequence u, qu, (j € N), such that |lu; —
ul|x < 571, while || ®(u;) — ®(ul)|ly > €. By the compactness of K, we can extract a

subsequence j; — 00, such that uﬁ — u’€ converges to some u® € K. By assumption on u;, this
implies that

(k—o0)
g, — ™[l < flug, —ufy llx + [Juf, —u[x "—"0,

which, by the assumed continuity of ®, leads to the contradiction that 0 < ey < | P(uj,) —
O (ul)||y — 0,as k — oo. O

Proof of Lemma @ Now, we can prove the fundamental Lemma in the following,

Proof. Let ¢ > 0 be given. We can identify K C Cy([0,T];RP) with a compact subset of
C((—o00,T);RP), by extending all u € K by zero for negative times, i.e. we set u(t) = 0 for
t < 0. Applying Lemma with X = Cy([0,T];R?) and Y = Cy([0, T];R?), we can finda § > 0,
such that for any v € Cy(|0, T]; R?) and u** € K, we have

|u—ufpe <6 = ||®(u) — ®(u)||p= <e (B.3)
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By the inverse sine transform Lemma [B-T] there exist N € N, frequencies wy, ..., wy # 0, phase-
shifts ¥4, ..., 9y and coefficients a, . . ., ay, such that for any v € K and ¢t € [0, T:

N
sup |u(t—7)— Z a; Lyu(w;) sin(w; 7 — 395)| < 4.
T€[0,T) =1
Given Liu(wy), ..., Lyu(wy), we can thus define a reconstruction mapping R : RN x [0,7] —

C([0,T}; R?) by

N
R(Brs- - Bast)(1) = a;Bsin(w;(t — 1) —10;).

j=1
Then, for 7 € [0, t], we have
|u(T) — R(Liu(wr), ..., Liu(wn); t)(T)] < 4.
We can now uniquely define ¥ : RV x [0,72/4] — Cy([0,T]; RP), by the identity
U(Liu(wr), ..., Lou(wn);t?/4) = @ (R(Liu(wr), ..., Liu(wy);t)) .

Using the short-hand notation Ryu = R(Lyu(wi), ..., Liu(wn);t), we have sup, ¢ 4 [u(T) —
Reu(r)| < 6, forall t € [0, 7). By (B-3), this implies that

|<I>(u)(t) — U (Lyu(wr),. . .,Etu(wN);t2/4)’ = |D(u)(t) — P(Reu)(t)| < e.

B.3 Proof of Lemma |3.6|

Proof. Letw # 0 be given. For a (small) parameter s > 0, we consider

1
Js = ga(—sw2ys + su), ys(0) =9s(0) =0.
Let Y be the solution of - '
Y = —w?Y +u, Y(0)=Y(0)=0.
Then we have, on account of ¢(0) = 0 and ¢’(0) = 1,
o(—sw?Y + su) — a(0)
s

s to(—sw?Y + su) — [~w?Y +u] = — 0/ (0)[~w?Y + ]

1 50 2 — g _w2 U
:7/0 3¢ [ (=C?Y 4 u)] dC = o)=Y+l

S

_1 (/O [0 (—Cw?Y + Cu) — o’ (0)] dc) [~w?Y +u .

S

It follows from Lemmathat for any input u € K, with sup,c ||ul|z~ =: B < oo, we have a
uniform bound ||Y|| L~ < BT'/w, hence we can estimate

| —w?Y +u| < B(wT +1),
uniformly for all such u. In particular, it follows that

|sTlo(—sw®Y 4 su) — [-w?Y +u]| < B(Tw + 1) sup lo’(x) — o’ (0)].
|z|<sB(Tw+1)

Clearly, for any § > 0, we can choose s € (0, 1] sufficiently small, such that the right hand-side is
bounded by 9, i.e. with this choice of s,

|s*10(—sw2Y(t) + su(t)) — [~w?Y (t) + u(t)]] <6, vtelo,T],

holds for any choice of v € K. We will fix this choice of s in the following, and write g(y, u) :=
s~ to(—sw?y + su). We note that g is Lipschitz continuous in y, for all |y| < BT /w and |u| < B,

with Lipy(g) < w? SUD|¢|< B(wT+1) o’ (§)].
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To summarize, we have shown that Y solves
V=g(Yu)+f  Y(0)=Y(0)=0,
where || f|| L < d. By definition, y, solves
s = 9(ys;u),  ws(0) =9s(0) =0.
It follows from this that

1) — Y (1)) < / / {19(ws(0), u(®)) — g(¥'(8), u(O))] + | £(0)[} dB dr
< / / {Lip, (9)lys(0) = Y (0)| + 8} do.dr
< Tw? |€|<;1(1pT+1) lo’ (& \/ lys(1) — Y ()| dr + T?6.

Recalling that Y (¢t) = £,u(w), then by Gronwall’s inequality, the last estimate implies that

sup |ys(t) — Liu(w)| = sup |ys — Y[ < O,
t€[0,T te[0,T]

for a constant C' = C(T', w, supj¢|< p(wr+1) [0 (§)]) > 0, depending only on 7', w, B and o’. Since
0 > 0 was arbitrary, we can ensure that C§ < e. Thus, we have shown that a suitably rescaled
nonlinear oscillator approximates the harmonic oscillator to any desired degree of accuracy, and
uniformly for all u € K.

To finish the proof, we observe that y solves
j=o(-wly+su),  y(0)=y(0)=0,
if, and only if, y; = y/s solves
ijs = s Lo (—sw?ys + su), ys(0) = 9s(0) = 0.
Hence, with W = —w?, V =3,b=0and A = s~ !, we have

sup |Ay(t) — Lyu(w)| = sup ys(t) — Lyu(w)| < e
t€[0,T] te[0,T]

This concludes the proof. O

B.4 Proof of Lemma[3.7]

Proof. Let €, At be given. By the sine transform reconstruction Lemma [B.1] there exists N € N,

frequencies w1, . . . ,wy, weights «q, . . ., an and phase-shifts 91, . .., 9, such that
N €
sup |u(t—7)— Zajﬁtu(wj)sin(ij -9, < 3 Vte[0,T], Vu € K, (B.4)

T€[0,At] J=1

where any u € K is extended by zero to negative times. It follows from Lemma[3.6] that there exists
a coupled oscillator network,

j=oc(wey+Vu+b), y(0) = g(0) =0,

with dimension m = pN, and w € R™, V' € R™*P, and a linear output layer y — ﬁy, Ac RmMxm,
such that [Ay(t)]; =~ L,u(w;) for j = 1,..., N; more precisely, such that

€
teSl(l)pT Z|a3\‘£tu (wy) } @) < 3 Vue K. (B.5)
Composing with another linear layer B : R™ ~ RP*N — RP, which maps 3 = [34, ..., Bn] to

N
BB = Z a; B sin(w; At — 9;) € RP,

Jj=1
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we define A := BA, and observe that from (B-4) and (B:3):

N
sup |u(t — At) — Ay(t)] < sup |u(t — At) — Z o Lyu(w;) sin(w; At — 95)

t€[0,T te[0,T7] j=1

N
+ sup 3oy |Loulw;) = [Ayl; (1) I sin(ew; At — ;)|

te[0,T] =1

B.5 Proof of Lemma[3.8

Proof. Fix X, A,y as in the statement of the lemma. Our goal is to approximate u — Yo (Au + 7).

Step 1: (nonlinear layer) We consider a first layer for a hidden state y = [y, y2]7 € RP*P, given by

(=0 =00

This layer evidently does not approximate o(Au(t) + 7y); however, it does encode this value in
the second derivative of the hidden variable y;. The main objective of the following analysis is to
approximately compute ¢ (¢) through a suitably defined additional layer.

Step 2: (Second-derivative layer) To obtain an approximation of o (Au(t) 4 7y), we first note that
the solution operator

S:u(t) = n(t), where ij(t) = o(Au(t) +7) —o(y), n0(0) =17(0) =0,
defines a continuous mapping S : C([0, T]; RP) — C3([0, T]; RP), with 5(0) = 7(0) = #(0) = 0.
Note that 7 is very closely related to y;. The fact that 7 = 0 is important to us, because it allows
us to smoothly extend 7 to negative times by setting n(¢) := 0 for ¢ < 0 (which would not be true
for y1(t)). The resulting extension defines a compactly supported function n : (—oo,0] — RP,
with 7 € C%((—o0, T]; RP). Furthermore, by continuity of the operator S, the image S(K) of the

compact set K under S is compact in C%((—o0, T]; RP). From this, it follows that for small At > 0,
the second-order backward finite difference formula converges,

n(t) — 2n(t — At) + n(t — 2At)
At?

sup
t€[0,T]

— n(t)‘ =oat—0(l), VYn=S8(u), ue K,

where the bound on the right-hand side is uniform in v € K, due to equicontinuity of
{7i|n = S(u), u € K}. In particular, the second derivative of 7 can be approximated through
linear combinations of time-delays of n. We can now choose At > 0 sufficiently small so that

n(t) — 2n(t — At) +n(t — 2At) €
&0 i) < g

sup
t€[0,T

Yy =S(u), u € K,

where ||X|| denotes the operator norm of the matrix ¥. By Lemma applied to the input set
K = S(K) C Cy([0,T); RP), there exists a coupled oscillator
2(t) =o(w® z(t) + Vn(t) +b), =2(0)=2(0)=0, (B.6)

and a linear output layer z +— Az, such that

sup ‘[n(t) —2n(t — At) + n(t — 2At)] — Zz(t) < eAf?

< , Vn=8(u),uekK.
Sup s =S

Indeed, Lemma 3.7 shows that time-delays of any given input signal can be approximated with any
desired accuracy, and 7(t) — 2n(t — A) — n(t — 2A) is simply a linear combination of time-delays
of the input signal 7 in (B.6).

To connect 7(t) back to the y(t) = [y1(t), y2(t)]T constructed in Step 1, we note that
i = o(Au(t) +b) — o (b) = i — §i2,
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and hence, taking into account the initial values, we must have 7 = y1 — y» by ODE uniqueness. In
particular, upon defining a matrix V' such that Vy := Vy; — Vys = V1, we can equivalently write

(B:6) in the form,

i(t) = o(w® 2(t) + Vy(t) +b), 2(0) = (0) = 0. (B.7)

Step 3: (Conclusion)
Composing the layers from Step 1 and 2, we obtain a coupled oscillator
jt=ow oy + VT ), ((=1,2),

initialized at rest, with y* = y, y2 = 2, such that for A := ¥4 and ¢ := S0 (), we obtain

sup [[Ay2(8) + ] — So(Au(t) + )| <[] sup [Ax(t) ~ [o(Au(t) + ) - o ()]
te[0,T] te[0,T]
=[] sup |Ax(t) = ii(t)|
te[0,T)
~ -2 — A —2A
< [ sup |Tae) - 20220 L0 =280
te[0,T] At
t) — 2n(t — At) +n(t — 2At
R e
te[0,T) At
<S4
=5 Ty 7€
This concludes the proof. O

B.6 Proof of Theorem 3.1]

Proof. Step 1: By the Fundamental Lemma there exist IV, a continuous mapping ¥, and
frequencies wy, . . . ,wn, such that
@ (u)(t) — U(Leu(wr), ..., Loau(wn);t?/4)] < e,
forallu € K,and t € [0,T]. Let M be a constant such that
t2
|Ltu(w1)|a ) |£tu(wN)|a Z < Mv
forall uw € K and t € [0, T]. By the universal approximation theorem for ordinary neural networks,
there exist weight matrices 33, A and bias -y, such that

‘\Ij(ﬁla ceey BN;t2/4) - EU(Aﬁ + 'Y)| S €, /6 = [517 sy 5N;t2/4]T7
holds for all ¢ € [0, 71, | 1], .-, |8n] < M.
Step 2: Fix ¢; < 1 sufficiently small, such that also | X||||A||Lip(c)er < €, where Lip(o) :=

SUP|¢|<||A[ M+|y|+1 |0 (§)] denotes an upper bound on the Lipschitz constant of the activation func-
tion over the relevant range of input values. It follows from Lemma|[3.6] that there exists an oscillator

network,

j' =o' oy +Vutb'), y'(0)=7¢"(0)=0, (B.8)
of depth 1, such that

sup |[Lou(wr),. .., Lou(wy); 12 /4] — Ayt (t)] < e,
t€[0,T

forallu € K.

Step 3: Finally, by Lemma [3.8] there exists an oscillator network,
§ = o(w? @y + V2 o),

of depth 2, such that

sup [A%y*(t) — Zo(AA'y () + )| < e,
te[0,T]
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holds for all y! belonging to the compact set K1 := S(K) C Cy([0,7]; RV *1), where S denotes
the solution operator of (B-8).

Step 4: Thus, we have for any « € K, and with short-hand Liu(w) := (Liu(wr), . .., Liu(wn)),
|®(u)(t) — A%y ()| < | () (t) — U(Lou(w); 2 /4)]
+ |\I! ﬁtu w); t2/4) — So(AlLyu(w); 2 /4] + )|
+ [So(A[Lsu(w); 2 /4] +7) = Sa(AAMY (1) + )]
+ [So(AAwyi () + ) — A% (1))
By step 1, we can estimate
|®(u)(t) — U(Lou(w);t*/4)| <€, Vte[0,T], ue K.
By the choice of ¥, A, vy, we have
| W (Liu(w); t2/4) — So(A[Lu(w); /4] +7)| <€, Vte[0,T), ue K.
By construction of ' in Step 2, we have
S (AlLu(w); 2/4] +7) — So(AAryi(t) + )|
< IBILip(o) Al [[Lru(w); ¢2/4] — Aly' ()]
< [[Z[[Lip(o)[|All ex
<k¢
forall t € [0,T] and u € K. By construction of 4? in Step 3, we have
|So(AA' (t) + ) — A%P ()| <€, Vte[0,T], u€eK.

Thus, we conclude that
|@(u)(t) — A%y? ()] < 4e,

forallt € [0,7] and v € K. Since € > 0 was arbitrary, we conclude that for any causal and
continuous operator ® : Co([0,T];RP) — Co([0,T]; R?), compact set K C Cy([0,T]; RP) and
€ > 0, there exists a coupled oscillator of depth 3, which uniformly approximates ® to accuracy e for
all w € K. This completes the proof. O

20



	Introduction
	Neural Oscillators
	Examples of Neural Oscillators

	Universality of Neural Oscillators
	Setting
	Universal approximation Theorem
	Outline of the Proof

	Discussion
	Another universality result for neural oscillators
	Proof of Theorem 3.1
	Proof of Lemma 3.4
	Proof of Fundamental Lemma 3.5
	Proof of Lemma 3.6
	Proof of Lemma 3.7
	Proof of Lemma 3.8
	Proof of Theorem 3.1


