Appendix

The appendix is organized as follows.

In Appendix A, we present a simplied theorem about non-negative signals and illustrate the idea
behind the proof.

In Appendix B, we study the multiplicative updates and build connections to its continuous approxi-
mation, which will be used next.

In Appendix C, we provide the proof of propositions and technical lemmas in Appendix A.
In Appendix D, we prove the main results stated in the paper.

In Appendix E, we provide the experimental results on real-world datasets to illustrate the effective-
ness of the proposed algorithm.

A Proof for Non-negative Signals

We mainly follow the proof structure from [11] to obtain the convergence of similar gradient descent
algorithm for the case N = 2, which is a limiting case of ours. We will demonstrate how gradient
dynamics changes with N > 2, which requires us to study the growth rate of error and convergence
rate more carefully.

In this section, we will start with the general set up and provide a simplified version of Theorem 1
about non-negative signals.

A.1 Setup
The gradients of £(u, v) with respect to u, v read as

Val(w) = 2 XT(Xw - y) o u’

Vi L(w) = —%XT(XW —y)ov¥ i

With the step size 7, the gradient descent updates on u; and v, simply are

s = (120 (SXT (K- w) ~ g w2 ) ).

1
Vitl = Vi © <1 +2N7 (nXT(X(Wt —w)—§ O v,fVQ)) .

Let w; = w; — w; where w; := u)Y and w; := v} with the power taken element-wisely. We

denote S as the support of w*, and let ST = {i|w} > 0} denote the index set of coordinates with
positive values, and S~ = {i|w} < 0} denote the index set of coordinates with negative values.
Therefore S = ST U S~ and ST NS~ = (. Then define the following signal and noise-related
quantities:

st = 1g+ Owl —1g- Ow,,

e; ::1Sc®Wt+1S*®W:r_1S+ Ow,,

1 1
by = —~X"Xe, — —XT¢, (13)
n n

1
p, = (XTX — I) (st —w*).
n

13



Let oV be the initial value for each entry of w and rewrite the updates on wy, w; and w; in a more
succinct way:

N
W;Ll = W;'_ ® (1 — 2N (St — W+ P, + bt) o (W:'_)(N72)/N) 7 (14)

N
Wi =W, O (1 +2Nn(si —w* +p,+by)® (W;)(N%)/N)

When our target w* is with non-negative entries, the design of v; is no longer needed and the
algorithm could be simplied to the following form.

wa':ué\':aN,
+ _ N
Wi = U (15)

N
wi,=wl0o (1 —2Nn(si —w* 4+ p;,+b) ® (wzr)(Nﬁ)/N)

The results in this section are all about updates in equation (15), and will be generalized to updates in
equation (14) in Section D.

A.2 The Key Propositions

Starting from ¢ = 0, we have [s) — w*||_ < O(w},,,) and |leg|| ., < a’. The idea of proposition
1 is to show that after some certain number of iterations ¢, we obtain ||s; — w*|| < O(w};,)
and ||e¢||,, < o¥/2. Proposition 2 further reduces the approximation error from O(w},,) to
O(H %XTSHOO) if possible, while still maintaining [|e; || < o™V/4.

Proposition 1. Consider the updates in equations (15). Fix any 0 < ¢ < w} . and let v = Cmf;“—“‘

max ax
where C. is some small enough absolute constant. Suppose the error sequences (by)i>0 and (py)i>0
for any t > 0 satisfy the following:

bt < Cu¢ — a4,

Pelloe < 7llse =Wl

where Cl, is some small enough absolute constants. If the initialization satisfies

1\ 2/ (NV=2) (wr, ) N=D/N 2/(N-2)
o S <) /\ max 5 ,
i log *zex

N
and the step size n < SNZ,C(%W, then for any Ty <T < T where

B 75 o |wh . — V| n 15
= T6pN2c@N-2)/N 8 ¢ SN(N — 2)y¢a¥-2)"

Ty

_— 5 1 1
2= NN = 1)n¢ \ a2 T aN=2)/2 )

and any 0 <t < T, we have

ls7 =Wl < ¢,

letlo < /2.
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Note that the requirement on ||b;||_ < Cp¢ — a™/* can be relaxed to ||b||, < Cy¢ when we just
consider the updates in equation (15) However, we stlll consider the stronger requirement in order to
further generalize to updates in equation (14) later.

Proposition 2. Consider the updates in equations (15). Fix any 0 < { < w} ... and suppose that the
error sequences (by)i>o and (p,)>o for any t > 0 satisfy

1
B=|b
|| t” + ||pt||oc — 200 mln
1
||bt®12H <B < — 10 m1n7
1 *

Suppose that

1\ 2/ (V-2) (w*, YN=2)/N 4/(N=2)
O[S (> A min — ,
4 1Og rgin

1
lso — w*|| < zwy;

5 min?

lleol < a™/2.

Let the step size satisfy n < O‘;SN,Q)/N. Then for any Tz <t < Ty,

8N2(wk,,
*
6 Wiin

T5 = 1
3= IN2(wr. YEN—2)/N 08—

_ 5 1 1
YT NN - i, \aV-2/2 T o(N-2)/4 )

and any i € S we have

|sic —wi| S kp I}leaSXBj V B; Ve,

lecl o < ™/

A.3 Technical Lemmas
There are several lemmas, which are about the coherence of the design matrices and the upper bound
of subGaussian noise term.

Lemma 1. Suppose that ﬁX is a n X p matrix with £3-normalized columns and satisfies p-coherence
with 0 < pu < 1. Then for any vector z € RP we have

1
HXTXZ <pllzlly
n

o0
Lemma 2. Suppose that ﬁX is an X p ly-normalized matrix satisfying p-incoherence; that is
%|X2—Xj\ < p,t # j. For k-sparse vector z € RP, we have:

1
n

Lemma 3. Let ﬁX be a n x p matrix with £o-normalized columns. Let & € R™ be a vector of

< kpllzl

oo

independent o2-sub-Gaussian random variables. Then, with probability at least 1 — 8%

P
2

< [o logp.

~ n
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1
—XT¢
n

oo



A.4 Proof for Non-negative Signals

Recall the notation

2/(N-2) « y-2yn\ ) . y(V—zyN | Y2
O(w w6, N) = <1) /\<(wma")> A M ’

max>’ Ymin» ] W o Whin
log — log “min

and 500
Ci= swhin V= [[XTE| v 200e,

_5 min

Theorem 3. Suppose that w* = 0 with k > 1 and X /\/n satisfies pi-incoherence with jp < C., /kr,
where C, is some small enough constant. Take any precision € > 0, and let the initialization be such
that

¢ \YN
O0<a< (H) A®(wh o whi e, N)
p

For any iteration t that satisfies

1 << 1 1 1
NN2(@N=2)/NogN=2 ~ "~ pN2r \ oN=2  ((N-2)/2 >

the gradient descent algorithm (15) with step size n < 8N2(w;1:(1)v<3N*2>/N yields the iterate w with
the following property:
H%XT§HOO\/6 ifi € Sandw}, ngH%XTEHOO\/e,
|we,; —wi| S ‘%(XT,SM V ok H%XTﬁ ® 15“oo Ve ifieSandwl;, 2 H%XTEHOO Ve,
N/ ifi¢sS.
(16)
Proof. Let
1 2 |1 2
= vV —|=XT¢|l v+
C 5 “min Cb n ,s Cb ©

where C}, is some small enough positive constant that will be explicitly derived later. Also by the
requirement of the coherence of the design matrix, we have

C
[Pelloe < P lIse = Wl

IH&X/ m1n

Setting

e\ /INYOER e yN-2N 2/(N=2) (wr YN=2)/N 4/(N-2)
<(——) (= A e~ a( Wmin) 7T .
p+1 8 wn;ax wr .

Aslong as [e| . < a™N/* we have

N/4

1
||bt\|oo+aN/4 < HnXTe +

1
+ H 7XTXet
n

oo

s
n
oo
n
2 1
<= (|I=
<ag (|

< CyC.

oo

v (pnetoo) o
oo
V(p+ l)aN/4>

\/e)
o0

oo

XTe
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where the second inequality is from Lemma 1. Further by Lemma 2, we also have

C
Pl < st = Wl -
Hie :nax/w:(nin >

Therefore, both sequences (b;);>o and (p;):>o satisfy the assumptions of Proposition 1 conditionally
on ||e;|| , staying below o¥/4. If ¢ > w},,., at t = 0, we have already have

l[so = w[| < ¢.
Otherwise, applying Proposition 1, after

T — 75 log |wk . — V| N 15
16nN2((2N-2)/N € 8N (N —2)n¢aN=2)’
iterations and before
T — 5 ( 1 B 1 )
2 N(N —1)n¢ \aW-2)  qN=-2)/2
iterations, we have

lsy —w™ <,

lez, [l < a™/2.
1 2 ||1xT 2
If fwh, < & ||+ XT€]| vV & then we are done.
If fwhs, > & |5 XT€|| Vv &€ wehave ¢ = fw},,. Choose Cy + C,, < g5 as we have in
Proposition 1. After T} iterations, we have
1 * C’Y 1 * 1 * 1 *

Hbeoo + ”pt”oo S Cbgwmin + w:ﬂax/wgliIl gwmin S (Cb + C’Y)gwmin S 200wmin'
Now all the assumptions of Proposition 2 are satisfied. To further reduce ||s; — w*||__ from Lw}
to O( || %XTE ), we apply Proposition 2 and obtain that after

5 “min

6 wr

iterations and before

T, — 25 1 1
T NN = D, N2 T Q0
iterations, we have for any i € S,

|se; —wi| S kp rjnea;(Bj V B; Ve,
et < a1,

We use 1{-} to denote the indicator function. Therefore, the total number of iterations needed is

75 |wi e — @
1+ 15 = 67 N?C@N-B/N log

15
€
6 *

8N (N —2)n¢aN-2)
w

1 2 |1 2 17
1 min 14 2wt > = *XT V —

and the upper bound for the total number of iterations would be

ol

5 1 1
14T = e (e~ et

25 1 1 - 2 11y
i N(N — Dnwii, <a(N2)/2 B a(N2)/4> ]1{ Winin > - H X'¢

min

5 Cy lIn

vz
G
(18)

O
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B Multiplicative Update Sequences with General Order N

In this section, we analyze the one-dimensional updates that exhibits the similar dynamics to our
gradient descent algorithm. The lemmas we derive will be assembled together to prove Proposition 1
and 2. The whole framework is similar to [11]. However, the continuous approximation plays an
important role to deal with N > 2, and the detailed derivation differs from [11] a lot, especially for
Lemma 5, 8 and 15.

B.1 Error Growth

Lemma 4. Consider the setting of updates given in equations (14). Suppose that ||e;|| < 8wmm
and there exists some B € R such that for all t we have ||b:|| + ||p:||, < B. Then, ifn <

Wﬁ)r any t > 0 we have
t—1
(N-2)/N
ledlloo < lleollo TT1 +2Nn(Ibillc + lIp L) led| Y2/
i=1

or in the other form,

(N-2)/N
lets1lloe < leellg (14 2Nn(Ibello + [Pell0) el 2N,

Proof. From the equations above, we get

]-SC @et+1 :]_Sc @Wt®(172NT](St w* +pt+bt)®W(N 2)/N)
=15 @ e, © (Lse — 15e2Nn(s, — W* + p, +by) @ e /)N

= 1. ®e; @ (1 — 2Nn(p, + by) ©@ elN /NN

and hence
N—-2)/N
1se ® erpille < llecllo (14 2Nn(Ibell + IPello) leel| Y 27N

O

When we have the bound for ||b;|| + ||p;|/,,, We can control the size of ||e;|| ., by the following
lemma.

Lemma 5. Let (b;);>0 be a sequence such that for t > 0 we have |b;| < B for some B > 0. Let the
step size satisfy n < (N 57wy and consider a one-dimensional sequence (xy)y>o given

by

AN(N-1)B

0 <z <1,

zep1 =ae(1+ 2Nnbai 2NN

1 1 1
Then for any t < SN(N-1)nB (ngm/N — IENQWN) we have

T < \/Tg.

Proof. We start with studying the larger increasing rate of the updates,
(N-2)/N )N

Ti4+1 = J?t(l + 2N7]bt1‘
< z¢(1+ 2NnBux,
2N2 B (N-2)/N
<y <1 + Ul

1-2(N - l)ch(N 2N

< @y (1+ ANy Bay "),

(N— 2)/N)
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rr—1
inequality is by the requirement of step size 1. Therefore, to achieve to some value z7, the number
of iterations needed is lower bounded as

where the second inequality is obtained by (1 + z)” < 1+ (o fore € (0, -2+), and the last

: X — X
Ut+1
T> t t

2N—-2)/N *
— AN2pBz{*N 72/

‘We aim at the number of iterations for ,/xg, and we denote 1" as the maximal number of iterations,
ie. x < /g and x711 > \/Tq. Therefore,

VZo — T Try —Tr

2N—-2)/N — 2N—-2)/N —
AN2pBa N AN Ty N2y RGN/

And for T, we derive the lower bound as

T-1 T-1

T> Ti+1 — Lt N 1 i e édx
- — 4N2an§2N_2)/N - 4N2773 — r(2N-2)/N

N Y L S
= iN?B J,, 2@N-2/N

1 v Zo 1 1 \/E 1
4N2nB [, — x@CN-2/N 4N29B [, 2@N-2/N
VZo

\%

1 N 1
ANZy)B \ 2N — 2 z(N-2)/N

Zo

1 1 1
- ~1.
_ N-2)/N N-2)/2N
8N(N — 1)nB (x(() LY )

1 1 1
Therefore, we know that for any ¢ < SN(N—T)nB (zéN‘Q’/N — ng_Q)/M) — 1, we have z; < /xg.

Since in practice ¢ is chosen as an integer, without loss of generality, we simply the requirement as

1 1 1
t< sNv-TB (I[()N—%/N T om-orew | H

B.2 Understanding 1-d Case
B.2.1 Basic Setting

In this subsection we analyze one-dimensional sequences with positive target corresponding to
gradient descent updates without any perturbations. That is, w; = uj", -XTX = I and ignoring the
error sequences (b;):>o and (p;):>0. Hence, we will look at one-dimensional sequences of the form

0<zo=a<z* 19)
Tep1 = (1 — 2Nn(ay — x*)xEN_2)/N)N.

Lemma 6 (Iterates behave monotonically). Let ) > 0 be the step size and suppose the updates are
given by
Tip1 = 2¢(1 — 2Nn(ay — x*)xEN_Q)/N)N.

Then the following holds

L IfO<xzo<z*andn <
xy < a*.

2N(2N—2)(1¢*)(2N*2)/N then for any t > 0 we have vo < xi_1 <

2. Ifx* <z < %x* andn < 6*)% then forany t > 0 we have r* < x; < 131 <
3,.x

N2(z
51' .
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Proof. Note that if x¢g < x; < a* then 2y — * < 0 and hence x;y1 > ;. Thus for the first part it is
enough to show that for all ¢ > 0 we have z; < x < z*.

Assume for a contradiction that exists ¢ such that
zo < wy < o,
Ti41 > ZC*.

Plugging in the update rule for x4, 1 we can rewrite the above as

T < ¥
< @(1 - 2Nn(zy — 2*)z{V /NN
(2N—2)/N N
<z |1+ — Tt
= 2N —2 (2N —2)(z*)@N-2)/N

(22) (2N-2)/

= N, by our assumption we have 0 < A < 1. The above inequality gives us

1\ ¢z 1 N
< 1 - .
(/\) T Ry
1
And hence for 0 < A < 1 we have f(\) = ()% 2 + 5-—5\ < 1+ 1/(2N — 2). Since for

0 < A < 1 we also have
1 1 1 2N1—2+1
") = — — 0
N =585 =3 2N—2(A) =

so f(A) > f(1) =1+ 1/(2N — 2). This gives us the desired contradiction and concludes our proof
for the first part.

Letting A =

We will now prove the second part. Similarly to the first part, we just need to show that for all ¢ > 0
we have z; > z*. Suppose that z* < z; < %x* and hence we can write x; = 2*(1 + ) for some

7 € [0, 5]. Then we have

o1 = (L+7)a* (1 — 2Nipyara N /NN

> (L+7)a* (1= 3Ny (a") V=DMV

1 \Y
>x*(1+7) (1 - 2]\/'7)
.

Y

The last inequality is obtained by letting f(7) :== (1 +~) (1 — ﬁv)N, we could get that
N N-1
1 1 1
"W=(1-— — (1 1— ——
') < QNV) 5( +v)( 2N7>

N-1
1 1 1
= (1- 2 0.
( 2N7) (2 27) ”
Hence, f(v) > f(0) = 1 when v € [0, 3], which finishes the second part of our proof. O

Lemma 7 (Iterates behaviour near convergence). Consider the same setting as before. Let x* > 0
and suppose that |z — x*| < Lz*. Then the following holds.

1. Ifvg < x*andn < then for any t > —2 —— we have
N

1
2N (2N —2)(z*)@N=2)/N> nN2(z*)

1
0<a*—a < §|xofx*|.

2. If.]j* S Zo S %J)* Cl}’ld’f] S W thenfor anyt Z

1
e 3Nz EN-B/N We have

2N2n(z

1
0<a—a*< §|x0—x*|.
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Proof. Let us write |zg — 2*| = y&* where 7 € [0, 3].

For the first part, we have 2o = (1 — 7)z*, we want to know how many steps ¢ are needed to halve
the error, i.e.,

N-2
ze(1 — 2Ny(ay — )z, ¥ DN > (1 - L)zt

2
We have that
N-—2 N-—2
21— 2N(ae —a*)e, ¥ )Y > w14+ 2Nn2a* (1= 7)) 7)Y
N-—2 2N —2
> zo(1+ Npy(1—9)'F (%)% )N
It is enough to have
N-—2 2N —2
zo(1+ Ny(1 =) "% (@) TNV = (1= Da*
N—2 * 2N —2 ’}/
=1 =NA N (1 =) 7 () 7)) = (1= )
_ % 1
=t > — 1> — —
<1 — NI (=) )R
1
=t > - —
2(1 N ’7) 2NN 2N2/’7(x*)2NN 2
=t > 2
" N2 B
. 1 . 1 1 1

The last step is by v € [0, 5], we could obtain that T < R < S/ < 2.
Therefore after ¢t > ——2 _— the error is halved.

nN2(z*) N

To deal with the second part, we write g = 2*(1 + -y). We will use a similar approach as the one in
the first part. If for some x; we have z; < (1 + v/2)z* we would be done. If x; > x*(1 + v/2) we
have ;41 < zy(1 — 2NnZz*(2*) N =2/N)N_ Therefore,

zo(1 — 2N77§9U*(3U*)(N_2)/N)Nt <2*(1+47/2)

(1 2
= Ntlog(1 — Nyy(z*)EN=2/N) < log (1+7/2)
To
IOg z* (1++/2)
=t> — e :
~ Nlog(1 — Nopy(a*)@N=2)/N)

We can deal with the term on the right hand side by noting that

1 log ~L(1+)"f/2) 1 log 1;:42

Nlog(l — Nypy(z*)2N-2)/N) = Nlog(l — Nypy(z*)@N-2)/N)

(M _ 1) / (M)
1\ I+y
= N —Npy(zr)@N-2)/N

_ 1 —3/0+3)
- N_Nn,y<x*)(2N—2)/N
1

< N2y (z*)2N-2)/N

where the second line used logz < x — 1 and logx > T—;l Note that both logarithms are
negative. O

Lemma 8 (Iterates at the beginning). Consider the same setting as before. If 0 < xy < %m* and

To 3 . 1, . *
n < 2N(2N74)(‘/]E*)(?’Nﬂ)ﬂ\,,for anyt > AN (N2 e DT we will have 5x* < zy < x*.
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Proof. We need to find a lower-bound on time 7" which ensures that zp > % At any time ¢, we
have

xpp1 = x¢(1 — 2Nn(ay — x*)xﬁNﬁQ)/N)N > x4(1 — 2N?n(zy — x*)xENd)/N).
Top1 — x> —2N?*n(xy — x*)xizN_2)/N
Ti+1 — Tt >
2N2n(x* — xt)x§2N72)/N N
3 Tetr — T >TZ:_11—T
=0 2N?*n(a* —x )x(2N_2)/N - t=0 -

Therefore, for ¢ that is larger than the left hand side, we have z; > %x*.

T—1
Tr41 — Tt
<
; 2N 2p(z* — xt)xgzzv—m/N N2pz* ; x](f?N—Q)/N
T-1
~ N2par + - dx
Nz ; z g2N=B)/N (x@N?)/N $(2N2)/N>

t t

T-1
1 T
< - -
= Nepor ; /l_t eI yI

1 1 1
T N o ( @N-2)/N <2N2>/N> (7 = 20)
Tt Tit1

Lo 2%
<
= N2pa~ /zo 2@N—2)/N (20)
L1 ( 1 1 1,
N or2X. 2N-2)/N _ _(@N-2)/N | \ ¥ —To
N2nz* 0<t<T-1 x§ )/ x§+1 )/ 2
21
1 1 1,
+ N2 (Lar)eN-2/N <xT — 5t > (22)

For equation (20),

Nl

1 EE | o< L N 1
NZnz» [, zCN-2I/N T > N2z | "N —2.(0N-2)/N
xo

1 N 1 N 1
T N2z TN _92 (%m*)(zv_z)/zv + TN _—92 x(()N—Q)/N

1 1 2(N=2)/N
= N(N — 2)nz* x(()N—2)/N - (z)N-2)/N |

For equation (21), we first focus on

1 1

2N—-2)/N =~ (2N—2)/N "
xg / xEJrl )/

‘We have that

Zep1 = 2¢(1 — 2Nn(xy — x*)zEN_z)/N)N

= :Cg_q[ﬂ)/[v = xEQNfz)/N(l — 2Nn(z — x*)xﬁNﬁz)/N)QN_Q.

)
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To deal with the multiplicative coefficient, with n <

P r—1

(I+2)" <1+ 7—Eqy; wherez € (0 —L-), we obtain that

1
2N(2N—3)(z")

(1 - 2Nn(z, — x*)ng—Q)/N)2N72 <(1+ QNU(x*)(2N72)/N)(2N72)

<1+

2N (2N — 2)n(z*)PN-2/N

- 1 —2N(2N — 3)n(z*)EN-2)/N
1— QNW(I*)(2N72)/N

1 — 2N (2N — 3)p(z*)2N-2)/N"

Therefore,
1 1 1

1

ex—z7~ using the inequality

,:E§2N_2)/N inJ\lf—2)/N JC,E2N_2)/N z§2N—2)/N(1 _ 2N7](1't _ JL‘*)JSEN_2)/N)2N_2

1

1
=—  |1-
NN ( (1 2Nn(a, —x*)xEN‘”/N)?N?)

1 1 —2N(2N — 3)p(z*)BN-2/N
< - —
= x£2N—2)/N 1— 2N77(;c*)(2N—2)/N
- 1 2N (2N — 4)n(z*)PN-2/N
— $§2N—2)/N 1— QNU(x*)(QN_Q)/N
1
- _ (2N-2)/N
< NeREDYiY 2N (2N — 4)n(x")
t
1 «\(2N—-2)/N
0

If we further require the step size satisfies n < i

1 1 1 (1 . )
———— max — —z* — xg
N2pz* 0<t<T-1 <$(2N2)/N wgﬁ’?)/N> 9

t

which is with the same order with the result of equation (20).

Zo
2N74)(93*)(3N72)/N ’

1

we have for equation (21),

_ 1 1,
= Nequ (V27N gt — o

1

1

~ 2N2nx* x(()N*2)/N’

Combining the results from equations (20), (21), (22), we obtain that

T 1 1 2(N=2)/N 1 1
< - +
N(N = 2)nz~ xéN—2)/N (z*)(N=2)/N 2NZpz* x(()N—Q)/N
1 1 1,
+ N2y (%x*)(2N—2)/N T =35t
1 1 2(N=2)/N 1 1
< * (N=2)/N ~ (*\(N—2)/N + (N—2)/N Rl (N—2)/N
NNV — 2 \ o (") 20 (a")
3
<

2N(N — 2)17x*x(()N_2)/N '

Lemma 9 (Overall iterates). Consider the same setting as before. Fix any € > (.

1. [fE < |$*—.’L‘0| < %I* and?? < 6N2(z%)

we have
|[x* — x| <.

23

: sx—z log

|[z* —mo

}QN,WN then for any t >

nN2(z*) N

€



2. If0< 2y < %:v* andn < 2N(2N—4)EK£*)(3N—2)/N then for any

t> 3 log |x*—mo|+ i
T N2 (2*)FE € 2N(N — 2)77x*;v(()N_2)/N
we have
o —e <z < a’.
Proof. 1. To prove the first part we simply need apply Lemma 7 [log, W%“l] times. Hence
after
21 *— 3 *—
UG € nIN?(x%) "~ €

iterations we are done.

2. For the second part, we simply combine the results from the first part and Lemma 8, it is
enough to choose ¢ larger than or equal to
3 log |x* — x| n 3
— 10 .
nN2(2*) % € AN(N — 2)paalN 2N

B.2.2 Dealing with Bounded Errors b,

In this subsection we extend the previous setting to handle bounded error sequences (b;):>o such
that for any ¢t > 0 we have ||b;||, < B for some B € R. That is, we look at the following updates
i1 = (1 — 2Np(z, — 2* + bz DN
Surely, if B > z*, the convergence to z* is not possible. Hence, we will require B to be small

enough, with a particular choice B < %x*. For a given B, we can only expect the sequence (2 ):>0
to converge to x* up to precision B. We would consider two extreme scenarios,

wfiy =2 (1= 2Ny(z} — (" = B))(z) )NV,
@i =2 (1= 2N(z; — (2" + B))(zy ) V2NN,
Lemma 10 (Squeezing iterates with bounded errors). Consider the sequences (x; )i>0, (1)t>0 and
(x] )i>0 as defined above with
0<zy =af =10 <2*+B
Ifn < W then for allt > 0

0<uwz, <z¢y <z <2*+B.

Proof. We will prove the claim by induction. The claim holds trivially for t = 0. If 27 > x4, we

have
N—

fy =2 (1= 2Nn(zf — (a* + B)(z) ™ )V

M)

N-2

v (1= 2Nn(z) — (2" + B))z, ¥ )V
N—

V

= (xs + D)1 —2Nn(zy — " + bp)a, ¥

>
I
8
3
|
8
N
|

N-—2

+ 2]\77)(%+ —x;— B — bt)xﬁ)N
N-—2 N-—-2
(m¢ =1-=2Nn(z; — 2" + b)), V) > (x4 + O)(my — 2NpLx, ™ )N

N—-2

> (2 + A)(my — 2NpAz, ¥ )Y
N-—-2
=zml + (x; + A)(my — 2NnAz, ¥ )Y —zym!

— Tgmy .

N-2\ N
2Nnlz, N N
my

=aml + (x, + A)mY (1
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We almed to show that (z; + A)m¥ (1 — 2N77Amt /mt) — zym} is positive. With n <
we can see m; > 1/2 for all ¢ and

4N(:L’*+B)(x*)(N 2)/N >

(z¢ + AN)ymd (1 — 2N17A:Et /mt) —zymd > (zp + A)mi (1 — 4N77Axt )N —azml¥
N—

> (z + A)ymi (1 — 4N217AxtT) —azml.

The last inequality is obtained via (1 — )™ > 1 — nx. If we further require n < W,
we obtain that

N_2 1
(z: + A)ymY (1 = AN?* Az, ¥ ) —zemly > (x + AN)miY (1 by A) —zymly

x 1
2 me (xtJFA_ 2™ 2x*A2_mt>

Zm,{VA<1 L A)

20 2x*
1 1

Therefore, we obtain that
N
Ty > Tmy = T

For z, , it follows a similar proof. O

Lemma 11 (Iterates with bounded errors monotonic behaviour). Consider the previous setting with

B<larn< W. Then the following holds

L If |xy — x*| > Bthen |xiy1 — o*| < |ze — 2*|.

2. If |xy — 2*| < B then |z — 2*| < B.
Proof. The choice of B and step size 1) ensures us to apply Lemma 6 and Lemma 10 to the sequences
(7 )ez0 and (2] )so. =

Lemma 12 (Iterates with B near convergence). Consider the setting as before. Then the following
holds:

1. If (x* — B) < w9 < x* — 5B then for any t > ——2——5we have
nN?(z*) N

1
|o* — 2] < §|x0 -z

2. Ifx* +4B < xg < 63: then for any t > ——2 < we have
nN2(z*)" N

1
|a* — x| < §|:1:0 —z*|.

Proof. 1. To prove the first part, let us first apply Lemma 7 on z; twice, therefore for all
25 2

> = 2N _—2
N

B 477]\72(95*)2NN72 nN?(x* — B)

we have

0<(z*=B)—x;

IN

1
L0 = @ = B)|

1 1
Z|x0 _.T*‘ + iB

IN
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When z; < z*, from Lemma 10 we have
0<a*— a2y
<af—ux;
1 N 5
—|xo — -B
4|$0 X |+ 4
< =|wg — ¥
< Q\xo x|
When x; > z* then by Lemma 10 we have
* 1 *
0<z—x §B§g|xof:c,

where both last inequalities are from zy < x* — 5B.

2. The second part follows a very similar proof for x?‘ , the number of iterations would be

4 2
t> s > 2 —.
N2t T N+ B) R

O

Lemma 13 (Overall iterates with B). Consider the same setting as before. Fix any € > 0, then the
following holds

I IfB+e<|z*—z0| < %x* then for any t > 15— log 12" =20l jterations we have
AnN2(2*) "N €
|2* —a¢] < B+e

2. If0 < xog < x* — B — ¢ then for any
75 ¥ —x 15
| 0‘

t> s log
16nN2(x*) ~ € 8N(N — 2)7730*:3(()N_2)/N

we have x* — B — e < x; < x* + B.

Proof. 1. If z9p > 2* + B then by Lemma 10 and Lemma 11 we only need to show that
(27 )>0 hits 2* + B + € within the desired number of iterations. From the first part of
Lemma 9, we see that

3 1 |z* + B — x| 15 |a* — x|
2N -2 og S 2N -2 ]'Og
N+ B) C T N f

* —
iterations are enough, where we require M > %

2. The upper bound is obtained immediately from Lemma 10. For lower bound, we simply
apply the second part of Lemma 9 to the sequence (x; );>0 to get

‘> 75 1og |SC* - Iol + 15
T 16pN2(2%) PR € 8N (N — 2)pa*alN 2N
3 |$* — B - IE()| 3
> —~— log +
nN2(z* — B)*~5" € 2N(N = 2)n(z* — B)xéNﬂ)/N

to ensure the results we wanted.
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Lemma 14. Suppose the error sequences (by)i>o and (p;)¢>o satisfy the following for any t > 0:

[Ib: ® 15 < B
HptHoo — 20 ||St W*Hoo N
Suppose that
1
20B < ||sg —w¥[| < 5w;‘nin.
Then for n < SN (w; )<2N 575 and any t > NZ('LU:naX%(ZN72)/N we have

1
st =Wl < 5 llso = Wl -

Proof. Note that |[bo|. + [Pl < 75llso — w*||.. For any i such that |so; — w}|

1 |lso — w*|| ., Lemma 11 guarantees that for any ¢ > 0 we have [s;; — w}| < 3 [|so — w*||
On the other hand, for any i such that |sg; — *\ > Zlso — w*||, by Lemma 12 we have
| )(2 ~—=77% Which concludes the proof. O

|s0,; — wi| < 1 |lso — w*|, forany ¢t >

N2 (wk,

B.3 Dealing with Negative Targets

Lemma 15. Let x; = u” — vV and 2* € R be the target such that |x*| > 0. Suppose the sequences

(ut)e>0 and (vg)e>0 evolve as follows
0<wup=q, up1=u(l—2Nn(xy—z*+ bt)uiv_Q),
0<wo=0c, vip1=uv(l+2Nn(z,—z*+b)v)N"2),

where o < (2 — 2¥)ﬁ|x*\1ﬂv and there exists B > 0 such that |b;] < B and n <

m. Then the following holds: For any t > 0 we have

1
o Ifz* > 0and ul¥ > x*, then v §§

o Ifz* < 0and v

Proof. Let us assume x* > 0 first and prove the first statement. From the updating equation, we
obtain that

= —2N7](1’t —x* + bt)

Therefore,
t b e — s
E —2N’I](£BZ — iC* + bz) = E 7“31\,71 d

i=0 i—0 Y

>z:/l+1 du

1
= [ ——du
|

= (2 N) (i —ug ™).

When u > 2*, we have that u>~ " < (2*)2=N)/N_Therefore,

t
> —aNp(wi —a* +b;) > (2— N)(uf N —ud™).
i=1



Similarly for v;, we have

t t

* Vit1 — Uy

OIN(z; — 2" 4+ b)) =y ——"t
;:1 n( ) E N

Therefore, we have that

1 N-2
= v <
t = <2a2_N _ ($*>27\’N>

1 N-—-2
= 1 < «a
2 —aN-2/(e*) %
< | —————s
Zloo 22

1
= V¢ < 27 .

z
b

~
2
4

Q

For z* < 0, we obtain a similar result by symmetry. O

Lemma 16. Let x; = v — x; and 2* € R be the target such that |x*| > 0. Suppose the sequences
(z7)i>0 and (z; );>0 evolve as follows

0<zy=aV <% — )%=z, af, =af (1 - 2Nn(@, — a* + by) () N D/NN
0<zg =aV <N —1)¥=[a¥|, wr, = (14 2Nn(z, — 2* + by) (@ ) NNV,

1
@ 1B)(=

and that there exists B > 0 such that |b;| < B and n < N
holds: For anyt > 0 we have

ON=Z/N Then the following

o Ifz* > 0thenx; < N3 (1 + 2Nn|by|(x; )N —2/N)N,

3

o Ifz* < 0thenx) < oNTILZ (1 + 2Nn|by|(z] )N =2/N)N,
Proof. Assume x* > 0 and fix any ¢ > 0. Let 0 < s < t be the largest s such that z7 > z*. If no
such s exists we are done immediately. If s = ¢ then by the first part we have z; < oV and we are
done.

If s < t, by Lemma 15, we have z; < %aN . From the requirement of initialization, we have
1 Ny A2\ VY
1, =
€T N

(14 2Nn(zt — a7 —a* 4 by)(z;) NNV < <1 +
Therefore

t—1
ry =y [[(U+ 2Ny} —a; —a* 4 by) (e )N DN

t—1
1
= 5041\7 -2 H (1 + 2]\7’17($;r —z; — z* +bi)($;)(N_2)/N)N
i=s+1
t—1
<o T (2Nl () Y2,
i=s+1

28



This completes the proof for * > 0. It follows a similar proof for the case * < 0. O

C Proof of Propositions and Technical Lemmas

In this section, we provide the proof for the propositions and technical lemmas mentioned in
Appendix A.

C.1 Proof of Proposition 1

By the assumptions on (b;);>¢ and (p;):>0, we obtain that
el < CoC =™/,

¢

* || C’Y
Wiax/C

<
T Wwha/C

1Pelloe < Is¢ —w Winax < C5C.

Choose C}, and C., such that Cj, + C, < 1/40. Therefore, we have

1
B < [Ibellog + 1Pl + 0" < (Cy + C1)C < 45€

For any j such that w} > %C , we have that B < %wj* Therefore, by applying Lemma 13, we know
when
. 75 o lwk . — Y| n 15 B
= 16pN2¢@N-9/N %8 SN(N — 2)pCa®™-2) ~

we have |w;; — wj| < C.

T17

On the other hand, for any j such that w; < %C, wj,¢ will stay in (O,wj*. + %{] maintaining
|wj¢ —w}| < ¢ as required.

By Lemma 5, we have that ||e;| . < a™¥/2 up to

T, — 5 1 1
PTN(N-1)¢ \oN-2 T 2T
From our choice of initialization o, we can see that 17 < T5 is ensured. To see this,

1\ 2/(N=-2) C(N—Z)/N 2/(N=2)
8 log W

16¢(N-2)/N

a2 ¢ L 10T
8 15log “max

4o (N-2)/2 <l5a(N—2)/2 log Wihax + C(N—2)/N) < ((N=2)/N
16 € -

15 | Wi 6 (1 1
:>2C(N—2)/N =" TN SO qive) T vz
. 75 o |wh e — ] N 15 - 5 IR
16y N2C@N-2)/N %8 ¢ SN(N — 2)Ca™-2 = N(N — )¢ \a®¥-2 ~ o-2)/2
=17 <T5.
(23)
O

C.2 Proof of Proposition 2

By Lemma 5, with the choice of B = gisw? ., we can maintain ||e;|| ., < o/¥/* for at least another

t< 25 1 1 _T
= N(N = Dnut,, \aN=2/2  o(N=2)/4 ] — 4
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Now we consider to further reduce ||s; — w* || from fw; to |2 XT¢|| Ve Let B; = (by);
and B = max;ecg B;.

We first apply Lemma 14 for log, 155 ¢ év ) times, the total number of iterations for this step would be

*
2 wmln

lo
TN (wr )EN-2/N 82 100(B v ¢)’

After that we have ||s; — w*|| < 20(BV€)andso ||p,||,, < kp-20(B Ve). Hence, forany i € S
we have

Ib: © Lill o + [Pelloe < Bi 4+ ku20(B V).
Then we further apply Lemma 13 for each coordinate ¢ € .S to obtain that

1 1
lwie —wi| < ‘(XTQ@' Vkp HXT§ ©1lg|| Ve
n n
o0
the number of iterations needed for this step is NZ(U};B(ZNﬁ) v log Winin
Therefore the total number of iterations needed to further reduce ||s; — w*||  is
6 w;lin
Ts = IN2(wr. YEN-2)/N log p
2 wr . 15 wk

min min

% N2 OV BN B2 T00(B V€] T IV (g, OV DN 8 e

Since T3 is no longer related to «, we can easily ensure 73 < T); with some mild upper bound on

a(N=2)/4 < (i) T D g g
log rf““
* N—-2)/N
a(N—Q)/4 < (wmin)( _ )/ A 1/2
log “win
:>Oé(N_2)/4 (a(N—Q)/All og —nin mm + (w;in)(N—Q)/N> < (w:ﬂin)(N—Z)/N
:>OZ(N72)/2 1og Winin < ( :cnm)(N72)/N o a(N72)/4(w:nin)(N72)/N 24)
1 o Uhin 1 1
:(w;in)(zvfz)/zv 8= T SN2z N2/
6 o Uhin 25 1 1
AN (i O TN 8 T = NN~ Dy, \a® A2 iV
=13 < Ty.
O

C.3 Proof of Technical Lemmas

Proof of Lemma 1. Since ﬁX is with /5-normalized columns and satisfies p-coherence, where

0<p<,
(%)) (%)

Therefore, for any z € RP,
1
H XXz
n

< max{l,u} <1.

<pllzl

oo

Proof of Lemma 2. 1t is straightforward to verify that for any i € {1,...,p},

1
’(XTXZ) —z;
n i
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Therefore,

oo

n
O

Proof of Lemma 3. Since the vector £ are made of independent o?-subGaussian random variables

= 1, the random variable - (XT¢); is still
It is a standard result that for any € > 0,

un
1 €2
Pl||— <2 - .
( ‘oo>€> h pexp( 202)

XT¢
n
Setting € = 24/202 log(2p), with probability at least 1 — # we have

and any column X; of X is ¢5-normalized, i.e. H ﬁXi

o2-subGaussian.

NG

1 o2logp
< —2+/02log(2p) < .
S Ve 0g(2p) S -

[
n

‘ o0

D Proof of Theorems in Section 3
In this section, we provide the proof for all results we mentioned in Section 3.

D.1 Proof of Theorem 1

Proof. Now let us consider the updates in equation (14). The major idea is to show that the results in
Theorem 3 can be easily generalized with the lemmas we developed in Section B.3.

Let us denote
N-—2 1

(wr, N)=(2—2"% )3 (wh, )~ A2¥ (2% — 1)¥3 (w}, ) ™.

min» min

We set

e \AN
ag( ) A D (w) rins € N) AU (whin, N).

p+1 max’ Wmin» € min»

Under the same requirements on other parameters with Theorem 3, we satisfy the conditions of
Lemma 4, Lemma 5 and Lemma 16. From these lemmas, we could maintain that

w;>O:>O§w;§aN/4,

w;<0:>0§wj'§aN/4,
up to T + Ty as defined in Proposition 1 and 2.

Consequently, for w? > 0 we can ignore (w;t)tzo by treating as a part of bounded error b;. The

+

+
same holds for sequence (w};);>0 when w} < 0. Then, for w} > 0 the sequence (w;,

follows

) evolves as
w;’:t-&-l = wzt(l - 2N77(w;‘ft - w; + (bje — w;t) +pj,t)(w;‘ft)(N_2)/2)N-

The b;; — w;, explains why we need |[b; ||, + a™¥/* < Cy¢ in Proposition 1. For w} > 0, we
follow the exact proof structure with Theorem 3 with treating (w;t)t >0 as a part of bounded error.
For w} < 0 it follows the same argument by switching w; and w; .

Therefore, we could closely follow the proof of Theorem 3 to generalize the result from non-
negative signals to general signals. The result remains unchanged as well as the number of iterations

requirement in equation (17) and (18). With the choice of C, = ﬁ in the proof of Theorem 3, recall
that

V 200,

1 1
(= Zwh;, V200 HXTg
) n

‘ o0
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and define the indicator function with A as the event { $w};, > 200 || XT&|| v 200¢},

1(4) = 1, when fwh;, >200[1XT&|| V200,
~ 10, when  fwpy, <200|EXTE|| vV 200e.

‘We now define that

75 |Wiax — ™| 15
* o max
T (w*,a,N,n,(,€) = T6nN2CEN—2)/W log . + SN(N — 2)nCa™-2
6 w:nin
N2 (wy, PN log == 1(4),

(25)

5 1 1
* \Vi — —
Tu(w?, 0, N, G €) 1= N(N —1)n¢ (a(N—Q) a(N_2)/2>

O Ty (a7 ) 1)
The error bound (16) holds for any ¢ such that

T (w*,a,N,n,(e) <t <T,(Ww,a,NnCe).
The equation (23) and (24) ensure that it is not a null set.

Thus, we finish generalizing Theorem 3 to general signals with an extra requirement ¥ (w}; , N) on
the initialization a.

For the case k = 0, i.e., w* = 0, we set w*; = 0 and

min

4/N
€
a< | —— .
<p+1>

Conditioning on [le;|| ., < a¥/4, we still have that

1
bl + a™N/* < paN/* 4 anTg

1
+ oVt <2 (anTg

1
<Oyl < —C.

‘ o0

Therefore, by Lemma 5, for n < we ensure |jel| ., < o¥/* up to

1

N(N—D)ca(N-272>

5 1 1 . o . . .

NN —T¢ (aN,2 — Q(N_QW), which agrees to the definition of T, (w*, o, N,n,(,€) in th1Ds
case.

D.2 Proof of Corollary 1

Since ¢ is made of independent o2-sub-Gaussian entries, by Lemma 3 with probability 1 — 1/(8p?)
we have

2
<9 202 log(2p) .

1
[
n n

’ oo

202 log(2p)
n

Hence, letting ¢ = 2 , we obtain that

2 2
€ < ko logp.

P 2 N/2 2 .
Iwe=wll; £+ o™ <he + (- k) mgys S =

i€s i¢s

D.3 Proof of Theorem 2

We now state Theorem 2 formally as below.

Theorem 4. Let Ty, T, T3 and T, be the number of iterations defined in Proposition 1 and
Proposition 2. Suppose ¢ > 1, wi, ... > 1 and the initialization o < exp(—5/3), fixing o and n for

all N, both Ty — Ty and Ty — T5 have a tight lower bound that is increasing as N increases (N > 2).
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Proof. We observe first that under the assumption ( > 1 and w* > 1,

max

75 [ hax —wol _ 6 Whin : ;
6 NI CN=D)/N log max and T3 = TN (wr AN TN log —=in are decreasing as IV increases.

For the rest part of T» — T}, we will be showing that a lower bound of that is increasing as IV increases.
As Ty — T7 is by design a lower bound of the “true” early stopping window, the lower bound we get
here is tight for 75 — 7} and is treated as equivalent to 75 — 7} to indicate the monotonicity of the
"true" early stopping window.

5 1 B 15
N(N = 1)n¢ \aN=-2)  a(N=-2)/2 ] = 8N(N — 2)naN-2)

N 5 1 4
T AN(N —1)n¢ \aV=2) ~ o(N-2)/2

Denote

1 1 4
f(N) = N(N —1) (a(N—Q) B a(N—2)/2> ’

Therefore,

. —(2N - 1) 1 4
F'N) = v =1y <a<N2> - a<N2>/2>

1 1 1 4
TN DY G T e
~ —(2N—-1)— (N -1)Nloga 1 2
- ON2(N —1)2 aN=-2) o (N-2)/2
2N —1 2

+ N2(N _ 1)2 a(N=2)/4
Note that the second term is always positive, we just need to show the first term is positive.

—(2N-1)— (N —-1)Nloga > 0,
1 2

aN=2) o (N-2)/2 >0,
which is satisfied when
lo a<mmw_min L 1N 5
SE=NBN(N-1) N=\I-N N/ 6

aN=2/2 <179,

We can further derive that when v < exp(—5/6) A 1/4, we have a lower bound of T, — T is
increasing as IV increases.

To show T, — T3 is increasing as N increases, we just need to show T} is increasing. It follows a
similar proof.

We can further derive that when o < exp(—5/3) A 2, we have Ty — T3 is increasing as N increases.
O

D.4 Proof of Remark 2
The proof is indeed similar to that of Theorem 4. Fixing any N > 2 and step size 7, we look at

Ty — Ty and T4 — T'3 and show that a tight lower bound of that is increasing as « decreases. We
start with 15 — T7.
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Recall that

T 5 1 1 15 )
T NW D¢ \aV2) T a(N=2)/2 ) T §N(N — 2)p¢a(N-2)

75 1 ‘w;mx _ aN|
"~ 16yN2CEN-2)/N %8 c

> 5 1 1 75 1 |w:nax|
= NN -1Dn¢ \a¥-2)  o(V=2)/2 ] 16yN2¢2N-2)/N 08—,

Notice that the second term is not about . We just need to show that f(«) = (X(lvl,g) - a(NEQ)/Z is

increasing as « decreases. With the general requirement of & < 1, we have that

(N-2) (N-2)/2

4 e
f( ) T aN-D alN/2

1 1
(N —-2) (QQN/2 o a(N—l))

(N-2)/2 -9
[0

For T, — T3, it follows a similar proof.

E Experiments on MNIST

Original

Figure 7: Experiments with different choice depth parameter /N. The number of measurements is
set as n = 392, where the dimension of the original image is p = 784. We use Rademacher sensing
matrix.

The efficacy of different depth parameter N is shown in Figure 2 and Figure 7 on both simulated data

and real world datasets. The MNIST examples are successfully recovered from Rademacher linear
measurements using different deep parametrizations.
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