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Abstract

In this work, we study the active sequential hypothesis testing problem, also known
as pure exploration, where the goal is to actively control a data collection process
to efficiently identify the correct hypothesis underlying a decision problem. While
relevant across multiple domains, devising adaptive exploration strategies remains
challenging, particularly due to difficulties in encoding appropriate inductive biases.
To address these limitations, we introduce In-Context Pure Exploration (ICPE), an
in-context learning approach that uses Transformers to learn exploration strategies
directly from experience. Numerical results across diverse benchmarks highlight
ICPE’s capability to achieve satisfactory performance in stochastic and structured
settings, demonstrating its ability to meta-learn exploration strategies.

1 Introduction

Modern artificial intelligence systems have achieved remarkable performance across specialized tasks
such as image classification [35], Super-human board-game play [60], protein-structure prediction
[30] and large-scale language modelling [10]. Yet, there is still a lack in understanding how to
autonomously discover meta-skills fundamental for sequential decision making, such as active testing
or active learning [14, 15].

Consider an agent tasked with sequentially selecting samples to quickly improve its understanding
of an underlying phenomenon. When the decision maker can exert some control over the collected
samples’ information content, this is a problem also known as the active sequential hypothesis testing
problem [14, 25, 46, 47, 44] or pure exploration problem [17-19]. Active hypothesis testing has
become increasingly important nowadays, with applications ranging from medical diagnostics [8],
image identification [64], recommender systems [50], etc. Nonetheless, devising an adaptive data
collection strategy is notoriously difficult and highly problem-specific.

In this paper, we address the question: how can sequential decision-making agents autonomously
discover and leverage hidden structure to enhance active exploration for hypothesis testing? We
introduce In-Context Pure Explorer (ICPE), a novel method combining Supervised Learning and
Deep RL [26, 45] , which builds on the in-context learning and sequence modeling capabilities of
Transformers [38]—-a meta-learning approach that uncovers underlying shared structure across a class
of problems M [59, 7].

*Equal contribution (alphabetical order).
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ICPE operates by integrating two complementary neural networks: an inference (/) network, trained
via supervised learning to infer the true hypothesis given current data, and an exploration (7) network,
trained through reinforcement learning to select actions optimizing the inference accuracy of the
I network. We validate ICPE through different benchmarks, demonstrating its ability to efficiently
explore in stochastic and structured environments. In particular, these results show that ICPE achieves
performance comparable to optimal instance-dependent Best Arm Identification (BAI) algorithms
[24, 2], without requiring explicit problem-specific exploration strategies that often involve solving
complex optimization problems. Thanks to the in-context capability of ICPE, it is effectively
discovering active sampling techniques that at test time do not need much more computation than
a forward pass. Consequently, ICPE emerges as a practical applicable method for data-efficient
exploration.

1.1 Related Work

The problem of active sequential hypothesis testing [14, 25, 39, 46, 47, 44, 22], in which a learner
is tasked with adaptively performing a sequence of actions to identify an unknown property of the
environment, is closely related to the exploration problem in Reinforcement Learning (RL) [63],
where an agent needs to identify the optimal policy. This exploration problem has long centred
on regret minimisation [63], with techniques based on Upper-Confidence Bounds [4, 5, 11, 37, 3],
posterior-sampling [32, 48, 56, 27] and Information-Directed Sampling (IDS) [58]; yet these schemes
assume that minimizing regret is the sole objective and falter in identification problems.

A more closely related setting is that of pure exploration in bandits and Markov Decision Processes
(MDPs), settings known as Best Arm/Policy Identification (BAI/BPI) [2, 24, 17, 1, 52, 55]. In these
problems the samples collected by the agent are no longer perceived as rewards, and the agent must
actively optimize its exploration strategy to identify the optimal policy. BAI/BPI reframe the task as
sequential hypothesis testing, yielding instance-adaptive algorithms in fixed-confidence settings such
as Track-and-Stop (TaS) [24]. However, while BAI strategy are powerful, they may be suboptimal
when the underlying information structure is not adequately captured within the hypothesis testing
framework. Although IDS and BAI offer frameworks to account for such structure, extending these
approaches to Deep Learning is difficult, particularly when the information structure is unknown. An
effort is made in [67], where the authors propose a differentiable procedure for BAI, while [52] stuies
the problem for BPL

Recently Transformers [66, 12] have demonstrated remarkable in-context learning capabilities [ 10,
23]. In-context learning [43] is a form of meta-RL [6], where agents can solve new tasks without
updating any parameters by simply conditioning on additional context, such as their action-observation
histories. Building on this ability, [38] recently showed that Transformers can be trained in a
supervised manner using offline data to mimic posterior sampling in reinforcement learning. In
[16] the authors present ICEE (In-Context Exploration Exploitation). ICEE uses Transformer
architectures to perform in-context exploration-exploration for RL. ICEE tackles this challenge
by expanding the framework of return conditioned RL with in-context learning [12, 21]. Return
conditioned learning is a type of technique where the agent learns the return-conditional distribution
of actions in each state. Actions are then sampled from the distribution of actions that receive high
return [62, 36]. Lastly, we note the important contribution of RL2 [20], which proposes to represent
an RL policy as the hidden state of an RNN, whose weights are learned via RL. In a similar work, [9]
study meta-learning in Bayesian bandits using a policy gradient approach. ICPEemploys a similar
idea, but focuses on a different objective (identification), and splits the process into a supervised
inference network that provides rewards to an RL-trained transformer network that selects actions to
maximize information gain.

2 Learning to Explore: In-Context Pure Exploration

We introduce ICPE (In-Context Pure Exploration), a deep-learning framework that combines se-
quential architecture with supervised and reinforcement learning to automatically discover efficient
exploration policies for active sequential hypothesis testing. Instead of explicitly encoding induc-
tive biases, we use transformers to let the agent autonomously infer the problem structures from
experiences.



Environment and Interaction Model. We consider a model class of environments M and a
distribution P(M) € A(M) from which the true environment M is sampled from. We model an
environment as a tuple M = (X, A, P, p), where X is a set of possible observations, A is a finite
set of actions, P = (P;);en denotes the transition functions, with P; : (X x A)! — A(X) and
p € A(X) denotes the initial observation distribution. All the environments in a class M share
the same set of observations X’ and set of actions .A. The learner interacts with the environment in
a sequential manner: (1) an initial observation x1 ~ p is sampled from X’; (2) at time-step ¢, the
learner chooses an action a; and observes the next observation ;41 ~ P;(-|D;, a;), meaning that
Z¢41 is drawn independently from P;(-|Dy, a;) given a trajectory Dy = (21, a1, ..., Tt—1,Gt—1, Tt ).
Formally, the learner uses a randomized policy m = (m;):en, which is a sequence of deterministic
functions, to select actions: action a; is selected by sampling independently from 74 (D;) (with D,
being a random variable), where 7 (D;) specifies a probability distribution over .A.

We assume a task-specific ground-truth hypothesis H3, from a predefined class H of hypotheses for
each environment, where our goal is to efficiently infer this hypothesis. Informally, we can state our
objective as follows:

Given an environment M drawn from P(M), how can we learn a sampling strategy T that
collects data D from M so the agent can reliably infer Hy, solely from D?

An oracle h(H; M) = 1 (A=, Provides super-

vised feedback at training time (not test time), in- Exploration Agent ()

dicating correctness without revealing hidden struc- W N
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mapping [ : Dy A(H),.ywldmg posterior distri- T’t /‘ \at ~ (- Dy)
butions over hypotheses given collected data. The
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Example: Best Arm Identification A relevant ex- S~

ample is that of Best-Arm Identification in MAB i1 ~ Pi([Dy, ar)

problems [24]. Recall that in a MAB problem the = pjgyre 1: Interaction diagram: an exploration
decision maker can choose between K different ac- agent () collects data that an inference agent
tions a1, . .., ax (we also say arms) at each time-step. (I) uses to infer the right hypothesis.

Upon selecting an action a at time ¢, it observes a

random reward r; distributed according to a distribu-

tion v,,. In BAI the goal is to identify the best action

a* = argmax, Er.,, [R] as quickly as possible (hence H* = a*). While several algorithms have
been provided for different settings [61, 28, 53, 34, 49], a major issue is that the algorithm design can
drastically change if the assumptions change. Moreover, it is difficult to design efficient techniques for
more complex settings such as MDPs (in fact, the problem becomes non-convex [41, 51]). Therefore,
in this work we address the open question of whether it is possible to learn efficient exploration
strategies directly from experience, avoiding the process of designing a BAI algorithm.

2.1 1ICPE for Fixed Confidence Problems

In this work, we focus on the fixed confidence setting [24]. In this setting, the agent needs to learn
to stop the data sampling process as soon as it is sufficiently confident to have correctly estimated
H* for an environment M. Let P, be the underlying probability measure of the process ((Dy, a;)):
under a sampling strategy 7. In the following we also write Py, 5 14 () = Enrop ) [P, (+)] to

denote the expected probability over the prior.

We equip the learner with the capability to stop the sampling process at any point in time. We denote
such stopping rule by 7, which is a stopping time with respect to the filtration (¢(D;));. Then,
the learner wishes to find an optimal stopping rule 7 (with 7 < oo a.s.), exploration policy 7 and
inference network I subject to a confidence level at the stopping time 7:

min  Epopon (7] st Phropouy (R(H M) =1) > 16, (1)

7,7, I



Algorithm 1 ICPE (In-Context Pure Exploration) - Fixed Confidence

1: Input: Tasks distribution P(M); confidence d; learning rates «, 3; initial A and hyper-parameters T', N, .
2: Initialize buffer 53, networks Qo, I and set 0 <— 0, ¢ < ¢.
3: while Training is not over do

4:  Sample environment M ~ P (M) with true hypothesis H*, observe s1 ~ p and set ¢ < 1.
5 repeat

6: Execute action a; = arg max, Qo (s¢, a) in M and observe next state s¢41.

7: Add experience z; = (st, at, St+1,dr = 1{s¢+1 is terminal }, H*) to .

8: Sett «+ ¢+ 1.

9: until a;—1 = astop Ort > N.

10:  Update variable A according to

A« max (0, — B (Is(H"|s7) —1+). 2)
11:  Sample batches B, B’ ~ B and update 0, ¢ as

06— aveﬁ Z {l{a;ﬁasmp} (yr(2) — Qo(s,a))* + (ra(zstop) — Qo (S, astop)) }7 (3)

z€B

¢ ¢+ av(ﬁﬁ Z [log(I4(H*|s")] . )

zeB’

12:  Update @ + (1 — 1)@ + 10 and every T steps set ¢ < .
13: end while

Introducing a stopping action ap to 7, we define 7 = min(N,inf¢ : a; = asmp) for a maximum
horizon IV (the horizon is introduced for practical reasons). We consider solving the dual formulation:

I/\n>i%1mﬂalx Va(m, 1), Va(m, I) == Ejopoar] + A [IP}{/[NP(M) (h(HT; M) = 1) -1+ 6} ,
with H, ~ I (-|D-). To solve this problem, ICPE treats each optimization separately, and optimize
using a descent-ascent scheme. ICPE leverages transformers to encode trajectories D, as fixed-length
states s; = (D¢, .y ) of an induced MDP M, padding with null tokens to horizon N. The resulting
MDP formulation has actions .A U agop and a reward structure penalizing each step until stopping,
defined below.

Learning /. The distribution [ is modeled using a transformer with parameter ¢, and we denote it
by I,. Then, considering a fixed (, A), the maximization with respect to I amounts to solving

max B, p g [R(H M),y Ty,
Therefore, we can train ¢ via a cross-entropy loss — Y ,;, h(H'; M) log(I4(H'|s;)).

Learning 7. The policy 7 is learnt using RL techniques. We define a reward r that penalizes
the agent at all time-steps, that is 7, = —1, while at the stopping-time we have r, = —1 +
AE g ~1(.|s,) [M(H; M)]. Accordingly, one can define the Q-value of (7, I, A) in a state-action pair

7,1 T T
(s,a)as QY (s,a) = Eirepom {Zn:t Tn

We model 7 with a transformer of parameter ¢, and train it using DQN [42, 65] with a replay buffer
B and a target network ()5 parameterized by 6. To maintain timescale separation, we introduce
a separate target inference network I, parameterized by ¢, which provides feedback for training
6. Note that, as discussed earlier, we introduce a dedicated stop-action aso, Whose value depends
solely on history. Thus, its (J-value can be updated at any time, allowing retrospective evaluation of
stopping. For learning the Q-values, we define the reward for a transition z = (s, a, s’,d, H*) as:

ra(z) == =1+ dXlog I3(H*|s"), d = 1{zis terminal},

st = s,a; = al|, with a,, ~ 7, (-|s5).

where we set s’ < s if a = astop, and terminal means either a = agtop Or the last step in the horizon.
We also define the transition zgop by replacing (a, s”) with (astop, s) in z. Then, for a # asgop, the
(Q-values can be learned using a target value:

a(z) = ra(z) + (1 — d) max Qy(s', as).



Instead, for the stopping action, we use the loss (7 (2zstop) — Qa(s, astop))2. Therefore, the overall
loss used for training 6 on a transition z is:

1{a¢asmp} (yn(z) — Qa (s, a))2 + (TA(ZstOp) — Qo(s, astop))2 )

where 1¢,44,,,,) avoids double accounting for the stopping action.

Last steps. To train (6, ¢), we sample two independent batches (B, B’) ~ B from the buffer, and
compute the gradient updates as in eqs. (3) and (4) of algorithm 1. We periodically update target
networks, setting ¢ < ¢ every T steps and using a Polyak averaging 6 < (1 — 1) + nf, with
n € (0,1). Finally, we update \ by assessing the confidence of I, at the stopping time (2) for a fixed
(m, I). Thus, for sufficiently small learning rates, optimizing (A, §, ¢) resembles an ascent-descent
scheme.

3 Empirical Evaluation

We evaluate our approach across various tasks: stochastic bandits with or without latent structure;
learning a probabilistic version of binary search. Due to space limitations, we refer the reader to
appendix C for more details.

Algorithms. In our evaluations we compare to different algorithms, depending on the problem. Some
of the algorithms include: uniform sampling, TaS (Track and Stop) [24], TTPS (Top Two Sampling)
[58]. We also include a variant of IDS [57] based on the I-mapping, which uses the observation that [
defines a posterior distribution over H. Always based on this idea, we also introduce I-DPT, a variant
of DPT [38], based on the fact that I can be used to explore a problem a-la Thompson Sampling.
More information about these methods, and their hyper-parameters, can be found in appendix B 2.

3.1 Bandit Problems

We now apply ICPE to the classical BAI problem within MAB tasks. For the MAB setting we have a
finite number of actions A = {1, ..., K}, corresponding to the actions in the MAB problem M. For
each action a, we define a corresponding reward distribution v, from which rewards are sampled i.i.d.
Then, P(M) is a prior distribution on the actions’ rewards distributions (v,), and for BAI we let
H* = argmax, E,.,, [r], so that we need to identify the best action. Lastly, the observation at time
tis x; = (ay, 1), where a is the chosen action at time ¢ and r; is a reward sampled from v, .

Stochastic Bandit Problems. We evaluate ICPE on stochastic bandit environments with § = 0.1 and
N = 100. Each action’s reward distribution is normally distributed v, = N (p14,0.5%), with (f1a)ac 4
drawn from P(M). In this case P(M) is a uniform distribution over problems with minimum gap
mMaX, flg — MaXpzq fta > Ao, With Ag = 0.4. Hence, an algorithm could exploit this property to
infer H* more quickly. For this case, we also derive some sample complexity bounds in appendix A.
Figure 2 summarizes the results for this setting. We compare to TaS and TTPS, and use the stopping
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Figure 2: Results for stochastic MABs with fixed confidence 6 = 0.1 and N = 100: (a) average
stopping time 7; (b) survival function of 7; (¢) probability of correctness P, 5 () (h(H; M) =1).

rule of TaS also for Uniform and TTPS (the stopping rule is based on a self-normalized process,
compared with a threshold function 3(t, d); see also appendix B for more details). Overall, we

’In the results, shaded areas indicate 95% confidence intervals, computed via hierarchical bootstrapping.



see in fig. 2a how ICPE is able to find a more efficient strategy compared to classical techniques.
Interestingly, also I-DPT seems to achieve relatively small sample complexities. However, its tail
distribution of 7 is rather large compared to ICPE (fig. 2b) and the correctness is smaller than 1 — §
for large values of K. Methods like TaS and TTPS achieve larger sample complexity, but also larger
correctness values (fig. 2c). This is due to the fact that it is hard to define stopping rules. In fact, it is
well known that current theoretically sound stopping rules are overly conservative [24]. Nonetheless,
even using a less conservative rule such as 3(¢,d) = log((1 4 log(¢))/d), which is what we use (and,
yet, has not been proven to guarantee d-correctness), is still conservative. The fact that ICPE can
achieve the right value of confidence can help discover potential ways to define stopping rules. Lastly,
in fig. 2a in black we show a complexity bound (proof in appendix A.1). While seemingly constant,
it is actually slowly increasing in the number of arms.

Bandit Problems with Hidden Information. To evaluate ICPE in structured settings, we introduce
bandit environments with latent informational dependencies, termed magic actions. In the single
magic action case, the magic action a,,’s reward is distributed according to A (i, ,02,), where
om € (0,1) and 1, == ¢(argmax,_,, [i.) encodes information about the optimal action’s identity
through an invertible mapping ¢ that is unknown to the learner. The index a,, is fixed, and the mean
rewards of the other actions ({4 )a=a,, are sampled from 7 (M), a uniform distribution over models
guaranteeing that a,,, as defined above, is not optimal (see appendices A.2 and C.1.2 for more details).
Then, we define the reward distribution of the non-magic actions as N (pia, (1 — 0,,)?).

In our first experiment, we vary the standard deviation o, in [0, 1]. Thus, agents must balance
sampling between informative and noisy actions based on varying uncertainty levels. We evaluate
ICPE in a fixed-confidence setting with error rate § = 0.1. Figure 3a compares ICPE’s sample
complexity against a theoretical lower bound (see appendix A) and an informed baseline, denoted as
I-IDS, which performs standard IDS leveraging ICPE’s trained inference network I for exploiting
the magic action (details in Appendix B). ICPE achieves sample complexities close to the theoretical
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Figure 3: (a) Single magic action: mean stopping time and the theoretical lower bound across varying
Om. (b) Magic chain: mean stopping time between ICPE, I-IDS vs. number of magic actions.

bound across all tested noise levels, consistently outperforming /-IDS. To further challenge ICPE, we
introduce a multi-layered "magic chain" bandit environments, where there is a sequence of n magic
actions A, = {a;,,...,a;,} C .Asuch that fha,, = ¢(Naij+1 ), and pq, = ¢p(argmax,g 4, Ha)-
The first index ¢; is known, and by following the chain, an agent can uncover the best action in n
steps. However, the optimal sample complexity depends on the ratio of magic actions to non-magic
arms. Varying the number of magic actions from 1 to 9 in a 10-actions environment, Figure 3b

demonstrates ICPE’s empirical performance, outperforming /-IDS.

Bandit Problems with Feedback Graphs. In bandit problems, playing action « yields its reward,
while full-information settings reveal all rewards. Feedback graphs interpolate between these ex-
tremes: a directed graph G € [0, 1]5*X specifies that choosing u reveals the reward of v with
probability G, ,,. Although feedback graphs have been extensively studied for regret minimiza-
tion [40], their role in pure exploration remains underexplored [55]; here we use them as structured
testbeds, where latent relational and stochastic dependencies must be inferred to explore efficiently.
Formally, upon playing u the learner observes for each v € [K]:

. N (e, 02), with probability G, ,,
no observation, otherwise.
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We tested ICPE on 3 different graph families with 6 = 0.1: the loopy star graph, the ring graph and
the loopless clique [55]. We set the optimal arm’s mean to 1 and all others to 0.5 to facilitate faster
convergence. We compared it to Uniform Sampling, EXP3.G, and Tas-FG using a shared stopping
rule from [55].

As shown in Figure 4, ICPE consistently achieves significantly lower sample complexity, suggesting
that that ICPE is able to meta-learn and leverage the underlying structure of the graph.

3.2 Algorithm Discovery: Meta-Learning Binary Search

To test ICPE’s ability to recover classical exploration algorithms, we evaluate whether it can au-
tonomously meta-learn binary search. We define an action space of A = {1,..., K}, where K is the
upper bound on the possible location of the hidden target H* ~ A. Pulling an arm above or below
H~ yields a observation z; = —1 or x; = +1, respectively—providing directional feedback. We
train ICPE under the fixed-confidence setting for K = 23, ..., 2% using a target error rate of § = 0.01.
In table 1 we report results on 100 held-out tasks per setting. ICPE consistently achieves perfect
accuracy with worst-case stopping times that match the optimal log, (K) rate, demonstrating that it
has successfully rediscovered binary search purely from experience. While simple, this task illustrates
ICPE’s broader potential to learn efficient search strategies in domains where no hand-designed
algorithm is available.

K (Actions) Min Accuracy Mean Stop Time Max Stop Time log, K

8 1.00 2.13+£0.12 3 3
16 1.00 2.93 £0.12 4 4
32 1.00 3.71£0.15 5 5
64 1.00 4.50£0.21 6 6

128 1.00 5.49+0.23 7 7
256 1.00 6.61 £0.26 8 8

Table 1: ICPE performance on the binary search task as the number of actions K increases.

4 Conclusions

In this work, we addressed the design of efficient pure-exploration strategies for the active sequential
hypothesis testing problem, where an agent sequentially selects samples to rapidly identify the true
hypothesis. While particularly relevant across different domains, it is difficult to design optimal
strategies in the presence of hidden structure, and most of the existing optimal strategies are restricted
to simple cases for unstructured multi-armed bandit problems. To overcome these limitations, we
introduced ICPE, an in-context learning framework that leverages Transformers to learn exploration
policies directly from experience. Our results demonstrate that ICPE is able to autonomously
discovering task-specific adaptive exploration strategies. We believe our work makes a fundamental
contribution to active testing, and in particular to the sub-field of best-arm identification. Future
directions include several directions, including a theoretical analysis of ICPE’s guarantees and scaling
ICPE to larger, higher-dimensional problems.
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Appendix

A Theoretical Results

In this section we provide different theoretical results, mainly for the sample complexity of different
MAB problems with structure.

A.1 Sample Complexity Bounds for MAB Problems with Fixed Minimum Gap

We now derive a sample complexity lower bound for a MAB problem where the minimum gap is
known and the rewards are normally distributed.

Consider a MAB problem wit K arms {1, ..., K}. To each arm a is associated a reward distribution
Vo = N (a,0?) that is simply a Gaussian distribution. Let a*(u) = arg max,, i, and define the
gap in arm a to be A, (f1) = far () — Ha- In the following, without loss of generality, we assume
that a*(u) = 1.

We define the minimum gap to be Ay () = mingox () Aa(p). Assume now to know that
Amin 2 A0 > 0.

Then, for any J-correct algorithm, guaranteeing that at some stopping time 7 the estimated optimal
arm @, is d-correct, i.e., P, (a4, # a*(n)) < J, we have the following result.

Theorem A.1. Consider a model  satisfying Apmin > Ag > 0. Then, for any 6-probably correct
method Alg, with § € (0,1/2), we have that the optimal sample complexity is bounded as

1 E,[7] 1
SRR S B o S N
2 1\ T rAlgis s-correct 202K1(1 — 6,6) — (A, + Ag)2’
max (Am S 1/Ai) g p
with Ay = 0 and Kl(x,y) = zlog(xz/y) + (1 — x)log((1 — x)/(1 — y)). In particular, the solution
wa < 1/(Aq + Ag)? (up to a normalization constant) achieves the upper bound.

Proof. Step 1: Log-likelihood ratio. The initial part of the proof is rather standard, and follows the
same argument used in the Best Arm Identification and Best Policy Identification literature [24, 54].

Define the set of models
S= {/J// € RK : Amin(ﬂ//) > AO} )

and the set of alternative models

Alt(p) = {// € S:argmax u, # 1}.

Take the expected log-likelihood ratio between p and ' € Alt(u) of the data observed up to 7
dP,(A1,R1,...,Ar ,R;)
P, (A1,R1, . Ar R,)

upon selecting A;. Then, we can write

t
T S TS

a n=1 a

A, =log where A; is the action taken in round ¢, and R} is the reward observed

where f,, f/, are, respectively, the reward density for action a in the two models p, ¢ with respect to
the Lebesgue measure. Letting N, (¢) denote the number of times action a has been selected up to
round ¢, by an application of Wald’s lemma the expected log-likelihood ratio can be shown to be

E.[Ar] = Z Epu[Na ()KL (tta, 1)

where KL (4, pt),) is the KL divergence between two Gaussian distributions N (pg, o) and N (pl,, o)
(note that we have o instead of ¢ for a = 1).

We also know from the information processing inequality [33] that E,[A.] >
supge g, KI(PL(E), Py (E)), where M; = o(A1, Ry,..., Ay, R;). We use the fact that the
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algorithm is d-correct: by choosing £ = {a. = a*} we obtain that E,[A] > kI(1 — ¢, ), since
P.(€)>1—-dand P, (€) =1—-Py(ar # a*) <1—-P, (a4, = argmax, p,) < § (we also used
the monotonicity properties of the Bernoulli KL divergence). Hence

Z]E KL(N’LL; :u‘a) > kl(]‘ - 6 5)

Letting w, = E,, [N, (7)]/E,[7], we have that

713" waKL(tas 1) = KI(1 = ,6).

Lastly, optimizing over i/ € Alt(u) and w € A(K) yields the bound:
Ep[r] = T*(u)kl(1 - 6,4),
where T™* (1) is defined as

T 1= gu inf wWa KL (pta, tth
(T*(u)) NI }: (tas 1t)-

Step 2: Optimization over the set of alternative models. We now face the problem of optimizing
over the set of alternative models.

Defining Alt, = { WERE sl — > Ao Vb # a}, the set of alternative models can be decom-
posed as

Alt(p) = {u' e RE sargmaxp, # 1, Apin (i) > AO} ,
a
= Ua;glAlta.
Hence, the optimization problem over the alternative models becomes

inf Zw KL(jtq, p,) = min  inf w M
w EAIt (1) N @ ita a#l ' EAlts £ @902

The inner infimum over y’ can then be written as

Pi(w) = #1&£K Zw“ 202

st ph—pp > Ao Vb #a.

&)

While the problem is clearly convex, it does not yield an immediate closed form solution.

To that aim, we try to derive a lower bound and an upper bound of the value of this minimization
problem.

Step 3: Upper bound on P;. Note that an upper bound on ming, PZ(w) can be found by finding a
feasible solution 1'. Consider then the solution pf = 1 — A, p = pq and pj, = py, for all other
arms. Clearly We have that 1, — pp > A for all b # a. Hence, we obtain

2 2
min P < w;—2 4 minwg; —2
min Fa (w) 1992 minwag -
. . . . A2 A2
At this point, one can easily note that if 5-% > m, then sup,,ea (i) MiNaz1 Pr(w) < 5%

This corresponds to the case where all the mass is given to w; = 1. Otherwise, the solution is to set
_ _ _yal
wi; =0and w, = S 1/A7 for a # 1.

Hence, we conclude that

1 1
T*(u)"' = sup min Pr(w) < — max [ A, ———— | .
T = o mpPi) <55 ( VS 1A
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Step 4: Lower bound on P;. For the lower bound, note that we can relax the constraint to only
consider p; — pj > Ap. This relaxation enlarges the feasible set, and thus the infimum of this new
problem lower bounds P (w).

By doing so, since the other arms are not constrained, by convexity of the KL divergence at the
infimum we have p = py, forall b ¢ {1, a}. Therefore

/

: (Ha — p1)? : (1 — ph)? (a — pp)?
Pr(w) > inf Wg~———— = o,
w(w) 2 Wipl—pi >N Z ¢

= inf w1 + wg
202 wiplh —ph >Ao 202 * 202

Solving the KKT conditions we find the equivalent conditions u> = p} + Ag and

w1 + wala — wa
wi(p — 1) + walpia — i — Do) = 0 = py = 2L T Yalla 7 a0,

w1 + wg
Therefore
;| wip + walta — walo w1 + Wapta + wi1g
Mg = + Ay = :
w1 + wg w1 + wag

Plugging these solutions back in the value of the problem, we obtain

P (w) > wiwy (1 — pa + Ao)? waw?  (pa — pi1 — Ao)z)
“ (w1 +w;z)? 202 (w1 +w;z)? 202
 wiwa (1 — pa + Do)?
T w1+ wg 202 ’
 wiwg (Ag+ Ao)?
w4 w; 202 '

Let 0, = A, + Ag, with 6; = Ay. We plug in a feasible solution w, = %, yielding

(T*(n))"' = sup minP’(w) > min 1/(616a)° 02
14 N weAl(OK) azt1 @ — a#£l Zb 1/95(1/9% I 1/9%) 252"

1 1
A, 17031+ 67/62) 207
1 , 1
2025, 1/602 gl 1+ 0362

N 1 1

= 2025, 1/02 1+ 02 /A2
B 1

402, 1/62

A.2 Sample Complexity Lower Bound for the Magic Action MAB Problem

We now consider a special class of models that embeds information about the optimal arm in the
mean reward of some of the arms. Let ¢ : R — R be a strictly decreasing function over {2, ..., K}°.

Particularly, we make the following assumptions:

1. We consider mean rewards p satisfying j1; = ¢(argmax,; 1q), and p* = max, fiq >
@(2). Arm 1 is called "magic action", and with this assumption we are guaranteed that the
magic arm is not optimal, since

1 1 1

1 ———— = ¢(arg max i) < 9(2) < 1= maxp, > 1.
maxg flg astl maxg g maxg flg a

2. The rewards are normally distributed, with a fixed known standard deviation o for the
magic arm, and fixed standard deviation o for all the other arms.

3One could also consider strictly increasing functions.
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Hence, define the set of models

S= {u eRN 1y = ¢(arg;naxua),maxzta > ¢(2)} ;
a#1 a

and the set of alternative models
Alt(p) = {,u’ € S:argmax u, # a*} ,

where a* = argmax, (.

Then, for any d-correct algorithm guaranteeing that at some stopping time 7 the estimated optimal
arm @, is d-correct, i.e., P, (ar # a*) < 6, we have the following result.

Theorem A.2. For any §-correct algorithm, the sample complexity lower bound on the magic action
problem is

E,lr] = T* (u)Ki(1 - 3,0), ©)
where kl(z,y) = xlog(x/y) + (1 — x) log((1 — ) /(1 — y)) and T* () is the characteristic time of
u, defined as

(=1 _ - (¢p(a*) — m(w; Ko (w))?
R i Ve~ B

where m(w;C) = ZZQL::;HG and the set K, (w) is defined as
aec a

Kolw)={a}Uu{be{2,....K}: up >m(w;CpyU{a}) and pp > #(2)} .
withCy, ={be€{2,...., K} : up > p} forxz € [K].
Proof. Step 1: Log-likelihood ratio. The initial part of the proof is rather standard, and follows the
same argument used in the Best Arm Identification and Best Policy Identification literature [24, 54].
Take the expected log-likelihood ratio between p and p/ € Alt(u) of the data observed up to 7

AP, (Ay, R ArsR)
Ar=log 52 A R A R

upon selectlng Ay. Then, we can write

= X3t o

a n=1

where A; is the action taken in round ¢, and R; is the reward observed

where f,, f/, are, respectively, the reward density for action « in the two models y, p’ with respect to
the Lebesgue measure. Letting N, (t) denote the number of times action a has been selected up to
round ¢, by an application of Wald’s lemma the expected log-likelihood ratio can be shown to be

ZE )KL (ttas 1)

where KL(jq, 11, is the KL divergence between two Gaussian distributions N (p4, o) and N'(u,, o)
(note that we have o instead of ¢ for a = 1).

We also know from the information processing inequality [33] that E,[A;] >
supge g, KI(PL(E), P (£)), where My = o(Ay, Ry,..., A, Ry). We use the fact that the
algorithm is d-correct: by choosing &€ = {a, = a*} we obtain that E,[A;] > kI(1 — 4, 9), since

P,&)>1—-6and P, () =1—-Py(ar #a*) <1—Py(a; = argmax, p,) < 6 (we also used
the monotonicity properties of the Bernoulh KL divergence). Hence
Z]E KL(:u’aa :ua) 2 kl(l - 6 6)

Letting w, = E,, [N, (7)]/E,[7], we have that

(71> waKL(pta, i) > KI(1 = 6,6).
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Lastly, optimizing over p/ € Alt(u) and w € A(K) yields the bound:
E,[r] > T*(p)kl(1 - 4,9),
where T (u) is defined as

T (p) = s f KL (g,
(T* (1)) wez&)ﬂeﬁt Zwa (Has 1})-

Step 2: Optimization over the set of alternative models. We now face the problem of optimizing
over the set of alternative models. First, we observe that S = Ugzq+ {1t : 11 = ¢(a), ta > ¢(2)}.
Therefore, we can write

Alt(p) = Uag (1,00} {1 11 = ¢(a), pg > max(¢(2), ) Vb # a} .

Hence, for a fixed a ¢ {1, a*}, the inner infimum becomes

, (¢(a¥) — )?
f — a
uflg]RK 1 201 + g;l “ 202
, , ®
s.t. Hq, 2 max (¢(2)a /J/b) Vba
1y = d(a).
To solve it, we construct the following Lagrangian
P I /
ﬁ(,u,@)—anT—i-; +29b max )_Ma)’

where 6 € Rf is the multiplier vector. From the KKT conditions we already know that #; = 0,68, = 0
and 6, = 01if py < ¢(2), with b € {2,..., K}. In particular, we also know that either we have
wy, = o, or puy = pyp. Therefore, for py, < ¢(2) the solution is pj = pp, While for iy, > ¢(2) the
solution depends also on w.

To fix the ideas, let KC be the set of arms for which p; = p, at the optimal solution. Such set must
necessarily include arm a. Then, note that

=) Sy

O be[K]

and

o _ o I, — Hb
oy, 2
Then, using the observations derived above, we conclude that

+6,=0 forb#(1,a).

;o Zbelc Wh p
Ho = <~ >
2bek W
with py, = p, if b € K, and pj, = p;, otherwise. However, how do we compute such set ?

First, K includes arm a. However, in general we have IC # {a} : if that were not true we would have
Hy, = Ho and gy = i, for the other arms — but if any i, is greater than p,, then a is not optimal,
which is a contradiction. Therefore, also arm a* is included in /C, since any convex combination of
{1ta} is necessarily smaller than f,+. We apply this argument repeatedly for every arm b to obtain K.

Hence, for some set C C [K] define the average reward

2 acc Wakta
DaccWa
andthesetC, = {a} U{be {2,..., K} : up > py} for x € [K]. Then,
K=Kw)={a}u{be{2,...,K}: up>m(w;Cp) and up > ¢(2)} .

m(w;C) =

In other words, K is the set of confusing arms for which the mean reward in the alternative model
changes. An arm b is confusing if the average reward m, taking into account b, is smaller than ;. If
this holds for b, then it must also hold all the arms &’ such that pp > pup. O
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Finally, to get a better intuition of the main result, we can look at the 3-arms case: it is optimal to
only sample the magic arm iff |¢(a*) — ¢(a)| > W
Lemma A.3. With K = 3 we have that w; = 1 if and only if

6(a) — (a)] > T~ te)

and w1 = 0 if the reverse inequality holds.

Proof. With 3 arms, from the proof of the theorem we know that K, (w) = {a, a*} for all w. Letting
m(w) = W, we obtain

(T*(‘u))71 — wrélgé) Wi ¢(a*)2;%¢(a)) + wa(,ua - m(w)) —2}—0—(,;&* (,Ua* — m(w)) .

Clearly the solution is w; = 1 as long as

(0a) ~6@F _ walp = m()? + e (e~ m(w)?
202 w:wa-&-w}a{* =1 202 '

To see why this is the case, let f; = W, fo(wa, wex) = “"‘(’L“TW and f3(wq,we+) =
War (Hax —m(w))®

o7 . Then, we can write

Wa 2 +wa*fi’>] ,

Wlfl+Waf2(wa7wa*)+wa*f3(waawa*):W1f1+(1_w1)|:1 o T T
- W1 - W1

Being a convex combination, this last term can be upper bounded as

Wa fo N War f3 ) '

Wlfl +waf2(waawa*)+wa*f3(wavwa*) < max (fla 1—w 1—w
— w1 — w1

Now, note that also the term inside the bracket is a convex combination. Threfore, let w, = (1 —w1 )«
and wyr = (1 —w1)(1 — ) for some « € [0, 1]. We have that

(1 - wi)age + (1= wi)(1 — a)ptar
1—0.11

m(w) = =apg + (1 — a)pgr.

Hence, we obtain that

Wa(tta — m(w))? + war (flar — m(w))* _ Wa f2 + war f3

2(1 — wy)o? 1—w
_ a(l — O‘)Q(/Ja — ﬂa*)Q + (1 - 0‘)042(#(1* - N'a)Q
202 ’
—a(l—a) (1 — ) (pta — par)* + a(ptar — ,Ua)27
202
e )?
—a(l— Q)M_

202

Since this last term is maximized for & = 1/2, we obtain

802

(Ma _,ua*)Q
Wlfl +Waf2(wa7wa*)+wa*f3(wa7wa*) Smax f17 .

2
Since f; is attained for w; = 1, we have that as long as f; > %, then the solution is wy; = 1.

On the other hand, if (““g@% > f1, then we can set w, = (1 — w1)/2 and we+ = (1 — wq)/2,
leading to

(Ha — ;“a*)2
802 ’

which is maximized at w; = 0. O

w1 f1 + Wa f2(Wa, War ) + war f3(Wa, War) = w1 f1 + (1 —wr)
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A.3 Sample Complexity Bound for the Multiple Magic Actions MAB Problem

We now extend our analysis to the case where multiple magic actions can be present in the environment.
In contrast to the single magic action setting, here a chain of magic actions sequentially reveals
information about the location of the optimal action. Without loss of generality, assume that the first
n arms (with indices 1, ..., n) are the magic actions, and the remaining K — n arms are non—magic.
The chain structure is such that pulling magic arm j (with 1 < j < n) yields information about only
the location of the next magic arm j + 1, while pulling the final magic action (arm n) reveals the
identity of the optimal action. As before, we assume that the magic actions are informational only
and are never optimal.

To formalize the model, let ¢ : {1,...,n} — R be a strictly decreasing function. We assume that the
magic actions have fixed means given by
o(j +1), ifj=1,...,n—1,

i = ¢(arg maX,¢(1, . n} ua), if ) =n.

and that the non—magic arms satisfy

= max pg > o(n).
K aﬁ{l,...,n}u ( )

Thus, the optimal arm lies among the non—magic actions. Considering the noiseless case where the
rewards of all actions are fixed and the case where we can identify if an action is magic once revealed,
we have the following result.

Theorem A.4. Consider noiseless magic bandit problem with K arms and n magic actions. The
optimal sample complexity is upper bounded as

i B [r] < mi & Ii:[" i <1+ n-1 (n—2 j(n—1+j))>
mnt Kae |7 < min n,g _— - min , -
Alg 8 = i:j+1n—1+z n—14+j 2 Jj+1

Proof. In the proof we derive a sample complexity bound for a policy based on some insights. We
use the assumption that upon observing a reward from a magic arm, the learner can almost surely
identify that the pulled arm is a magic arm.

Let us define the state (m, 7, ), where m denotes the number of remaining unrevealed magic actions
(mg = n — 1), r denotes the number of remaining unrevealed non-magic actions (rg = K — n), and
[ is the binary indicator with value 1 if we have revealed any hidden magic action and 0 otherwise.

Before any observation the learner has no information about which n — 1 indices among {2, ..., K}
form the chain of intermediate magic arms. Hence, one can argue that at the first time-step is optimal
to sample uniformly at random an action in {2, ..., K'}.

Upon observing a magic action, and thus we are in state (m, r, 1), we consider the following candidate
policies: (1) start from the revealed action and follow the chain, or (2) keep sampling unrevealed
actions uniformly at random until all non-magic actions are revealed. As previously discussed,
starting the chain from the initial magic action would be suboptimal and we do not consider it.

Upon drawing a hidden magic arm, let its chain index be j € {2,...,n} (which is uniformly
distributed). The remaining cost to complete the chain is n — j, and hence its expected value is

n—2

Eln -] = "5

Therefore, the total expected cost for strategy (1) is

n—2
2

We can additionally compute the expected cost for strategy (2) as follows: if the last non-magic action
is revealed at step ¢, then among the first 7 — 1 draws there are exactly » — 1 non-magic arms. Since

Ty =
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m-+r

o ) ways to place all » non-magic arms m + r slots, we have

there are (

T, = E[Draws until all non-magic revealed]

m-+r

= Z i - P[Last non-magic revealed at step ]
m-+r i—1
(7’71)

PN

_rleml! mz-i_f i—1
(m ) i:TZ r—1

rloml O] 0!

(m+r)! ; (r=1D—r)!
rloml &R /i
:<nw+w!§;TC>

rerl-m! fm+r+1
:(m—l—r)!( r+1 )
rerl-m!l (m4+r+1)- (m+r)!
T mn) T (rtD)-rml
rtm+r+1)
=1

Finally, we define a policy in (m,r,1) as the one choosing between strategy 1 and strategy 2,
depending on which one achieves the minimum cost. Hence, the complexity of this policy is

n—2 rm+r+1)
1) = mi
V(im,r,1) mm( 5 1 >

Now, before finding a magic arm, consider a policy that uniformly samples between the non-revealed
arms. Therefore, in (m, r, 0) we can achieve a complexity of 1+ 2=V (m—1,7, 1)+ L=V (m, r—
1,0). Since we can always achieve a sample complexity of n, we can find a policy with the following

complexity:

V(m,r,0) = min (n, 1+ LV(m -1,r1)+ LV(m,r - 1,0))
m—+r m—+r

-2
= min n,l—&-imin n 7r(m—|—r) + ! V(m,r —1,0)
m+r 2 r+1 m+r

Given we always start with n — 1 hidden magic actions we can define a recursion in terms of just the
variable r as follows:

n—1
Viry=14+ ——T
(1) =1+ = T() +

—V(r-1
mons el AU}

where T'(r) = min ("T_Q, W) Letting A(r) = ;=17 and B(r) = 1 + n’i{irT(r), we can

write

V(r) = B(r)+ A(r)V(r — 1),
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Clearly V(0) = 0 since if all non-magic actions are revealed, then we know the optimal action
deterministically. Unrolling the recursion we get

V(1) = B(1),
V(2) = B2) + A(2)B(L),
V(3) = B(3) + A(3)B(2) + A(3)A(2)B(1),

=>_| II 4@ ) BG).
j=1 \i=j+1
Substituting back in our expression, we get
d . ] n—1
V(r)= R T— 1+ ———T() | .
=2\ Il ;= ( T m)
j=1 \i=j+1

Thus starting at » = K — n we get the following expression:

K—n K—n . . .
. i n—1 . (n—=2 j(n—1+7)
m E || - 14+ — " m
B n—1+1 <+n—l+j m( 2 7 g+1 ’

j=1 \i=j+1

which is also an upper bound on the optimal sample complexity.
O

To get a better intuition of the result, we also have the following corollary, which shows that we
should expect a scaling linear in n for small values of n (for large values the complexity tends instead
to "flatten").

Corollary A.5. Let T be the scaling in theorem A.4. We have that
min(n, (K —n)/2) ST < Cmin(n, K/2).

Proof. First, observe the scaling

(1+ n—1 win <n;2,j(nj—+11+j)>) — 0(n)2).

At this point, note that

K—n i K—n n—1 —1
—_— 1 .
. H n—1+1 H ( * i >
1=5+1 i=7+1
Using that 7 < log(l +z) < z, we have

K—n 1 K-—n 1
1 = —1 14— ) >—-(n—-1 -,
e O (REC BRI D S
= j+1 i=j+1 i=j+1
and
K—n 1 K—n 1
1 = —1 1+ — ) <—-(n—-1 _—
ogH l—H Z og<+ >_ (n )Z n—1+1
= ]+1 i=j+1 i=j+1
Define H,, = E?:l 1/ to be the n-th Harmonic number, we also have
K—n 1
Z - = Hg-n — H,
g1
Therefore
K—n .
—(n—1)(Hg_, — H;) <1 — < — D) (Hg_1 — Hpsie
(n—1)(Hx—n i) nglj_Ln_l‘H —(n—1)(Hg—1 +i—1)
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Using that H; ~ log(¢) 4+ v + O(1/¢), where + is the Euler-Mascheroni constant, we get

. n—1 K—n . . n—1
7 < H ) < n+j—1 .
K—n ~ n—1447 "7 K—-1

i=j+1

. n—1
Therefore, we can bound Zf:_ln (%) using an integral bound

K—n . n—1 K—n n—1
n+j—1 </ n+x dm<e<K_1).
, K-1 ~—Jo K-1 - n

From which follows that the original expression can be upper bounded by an expression scaling as
O(min(n, (K —1)/2)).

. n—1
Similarly, using that ZJKZ_ln (K{n) > (K — n)/n, we have that the lower bound scales as
min(n, (K —n)/2). O
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B Algorithms

In this section we present some of the algorithms more in detail. These includes: ICPE, TaS, I-DPT
and /-IDS.

MDP Formulation for ICPE. Recall that in ICPE we treat trajectories of data D; = (z1, a1,...,%¢)
as sequences to be given as input to sequential models, such as Transformers. We treat trajectories
as states of an MDP M. An environment M can be then modeled as an MDP, which is a sequential
model characterized by a tuple M = (S, A, P',r, H}y,, p), where S is the state space, A the action
space, P’ : § x A — A(S) is the transition function, 7 : S — [0, 1] defines the reward function (to
be defined later), H* € H is the true hypothesis in M and p is the initial state distribution.

We define the state at time-step ¢ as s; = (D, 1. ), with &,y indicating a null sequence of tokens
for the remaining steps up to some pre-defined horizon N, with s; = (z1, J1.nx)-

To be more precise, letting (stg , af' ) denote, respectively, the null elements in the state and action at
. o o @ o o
time-step £, we have Dr.p 1 = {57, Gy 1,501 " 5 O jo—15 Sian )

The limit N is a practical upper bound on the horizon that limits the dimensionality of the state,
which is introduced for implementing the algorithm. The action space remains A, and the transition
dynamics P’ are induced by (p, P).

B.1 ICPE with Fixed Confidence

Recall that D; = (z1,0a1,...,%¢—1,a¢—1,2¢) and H, ~ I(-|D,). In the fixed confidence setting,
problems terminate at some random point in time 7, chosen by the learner, or when the maximum
horizon N is reached. We model this by giving 7; an additional stopping action agp, such that
7 @ Dy — AU {asop} so that the data collection processes terminates at the stopping-time
7 = min(N, tstop), With teop = Inf{t € N : a; = astop }-

Optimizing the dual formulation

i Va(m, 1
REp g Al )

can be viewed as a multi-timescale stochastic optimization problem: the slowest timescale updates
the variable )\, an intermediate timescale optimizes over I, and the fastest refines the policy 7.

Algorithm 2 ICPE (In-Context Pure Exploration) - Fixed Confidence

1: Input: Tasks distribution P(M); confidence d; learning rates «, 3; initial A and hyper-parameters T', N, .
2: Initialize buffer 53, networks Qo, I and set 6 <— 0, ¢ < ¢.

3: while Training is not over do

4:  Sample environment M ~ P (M) with hypothesis H*, observe s; ~ p and set ¢ < 1.

5 fort=1,...,N —1do

6: Execute action a; = arg max, Qo (s¢, a) in M and observe next state s¢41.

7: Add experience z; = (s¢, at, St+1, de = 1{s¢41 is terminal}, H™) to B.
8: If a; = astop, break the loop.
9:  end for
0:  Update variable A according to

—_

A« max (0, — B(I4(H”|sr41) —1+6). 9
11:  Sample batches B, B’ ~ B and update 0, ¢ as

00— Vot 3 (o) (1(2) = Qo(5.0))" + (raGato) = Qols. )] 10)

z€EB
1 .
¢ o+ aVargy > llog(Is(H*|s)]. (1)
zeB’

12:  Update § < (1 — 1)@ + n6 and every T steps set ¢ < ¢.
13: end while
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MDP Formulation. We can use the MDP formalism to define an RL problem: we define a reward
r that penalizes the agent at all time-steps, that is 7, = —1, while at the stopping-time we have
rr = =1+ AEgs(|s,)[R(H; M)]. Hence, a trajectory’s return can be written as

GT = Zrt =-7+1 +T(ST7CLT) = _T+)\I(H*|ST)'
t=1

T
Accordingly, one can define the Q-value of (, I, \) in a state-action pair (s, a) at the ¢-th step as

7,1 T T
Q) (s,a) = EMN’P(M) [ant Tn

Sy = 8,a; = a} , with a,, ~ 7, (+|s5)

Optimization over ¢. We treat each optimization separately, employing a descent-ascent scheme.
The distribution I is modeled using a sequential architecture parameterized by ¢, denoted by 1.
Fixing (7, A), the inner maximization in eq. (1) corresponds to

mngghp( [ B(Hz5 M), with Hy ~ Ty (-[s,).

We train ¢ via cross-entropy loss:

= h(H'; M)log Is(H'|s;) = —log Iy (H*[s),
H/
averaged across environments. Alternatively, a MAP estimator may be used with the same loss.

Optimization over 7. The policy 7 is defined as the greedy policy with respect to learned ()-values.
Therefore, standard RL techniques can learn the @)-function that maximizes the value in eq. (1)
given (A, I). Denoting this function by Qg, it is parameterized using a sequential architecture with
parameters 6.

We train (g using DQN [42, 65], employing a replay buffer 3 and a target network ()5 parameterized
by 6. To maintain timescale separation, we introduce an additional inference target network /g,

parameterized by ¢, which provides stable training feedback for . When (I, \) are fixed, optimizing
7 reduces to maximizing:
—7+ Alog I4(H™|s.).

Hence, we define the reward at the transition z = (s, a, s, d, H*) (with the convention that s’ + s if
a4 = Gsop) AS:
ra(z) = —1+dXlog I3(H*|s'),

where d = 1{z is terminal} (z is terminal if the transition corresponds to the last time-step in
a horizon, or a = agyop). Furthermore, for a transition z = (s, a,s’,d, H*) we define zgop =
2|(a,5") e~ (auop,s) @S the same transition z with a <~ agtop and 8" < s.

There is one thing to note: the logarithm in the reward is justified since the original problem can be
equivalently written as:

minmax ~Ef;p(un 7] + A [1og (BRypue) (h(H7: M) = 1) ~ log(1 = )]

after noting that we can apply the logarithm to the constraint in eq. (1), before considering the dual.
Thus the optimal solutions (, 7) remain the same.

Then, using classical TD-learning [63], the training target for a transition z = (s, a, s’, d, H*) can be
defined as:
a(z) = ra(z) + (1 = d)ymax Qg(s', a'),

where € (0, 1] is the discount factor.

As discussed earlier, we have a dedicated stopping action ap, Whose value depends solely on history.
Thus, its @-value is updated retrospectively at any state s using an additional loss:

(TA(Zstop) - Q0(57 astop))2 .

Therefore, the overall loss that we consider for  for a single transition z can be written as

I{G’#astop} (yk(z) - Q9(57 a))2 + (TA(Zstop) - Q9(57 astop))2 s
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where 1(,4,,,.) avoids double accounting for the stopping action.

To update parameters (6, ¢), we sample independent batches (B, B’) ~ B from the replay buffer and
apply gradient updates as specified in eqgs. (3) and (4) of algorithm 1. Target networks are periodically
updated, with ¢ < ¢ every M steps, and 6 using Polyak averaging: 6 < (1 —n)0 +n0, n € (0,1).

Optimization over \. Finally, we update X by assessing the confidence of I at the stopping time
according to eq. (2), maintaining a slow ascent-descent optimization schedule for sufficiently small
learning rates.

Implementation with the MAP estimator. A practical implementation may consider to use the

MAP estimator H, = arg max; I,(H|s,), which is what we do in practice, since it results in a
lower variance estimator. We note that the loss function for I, and the reward for (g, as defined
above, still yield the same optimal solution.

Cost implementation. Lastly, in practice, we optimize a reward 7)(z) = —c + dI;(H*|s'), by
setting ¢ = 1/, and noting that for a fixed A the RL optimization remains the same. The reason why
we do so is due to the fact that with this expression we do not have the product AEg 1, [R(H'; M)],
which makes the descent-ascent process more difficult.

We also use the following cost update
ctr1=ct — B(L =0 — Is(Hy|s741)),

or ¢ip1 = ¢ — B(1 — & — h(H,; M)) if one uses the MAP estimator. To see why the cost can be
updated in this way, define the parametrization A = e~*. Then the optimization problem becomes

min max min ~EYpaplt] +e7° [PLNP(M) (h(I:IT; M) = 1) -1+ 5} ,
Letting p = IP’LNP(M) (h(ﬁT; M) = 1) — 1+ 9, the gradient update for x with a learning rate /3
simply is
R
implying that
—log(At41) = —log(As) — BAep.
Defining ¢; = 1/, we have that

log(cer1) =log(c) — (Bp/ct) = copr = e/,
Using then the approximation e ~ 1+, we find ¢;41 = ¢t + 8p = ¢ — f(1 — 6 — I (Hjy|8r41)).

Training vs Deployment. Thus far, our discussion of ICPE has focused on the training phase. After
training completes, the learned policy 7 and inference network I can be deployed directly: during
deployment, 7 both collects data and determines when to stop—either by triggering its stopping
action or upon reaching the horizon N.

B.2 Other Algorithms

In this section we describe Track and Stop (TaS) [24], and some variants such as I-IDS, I-DPT and
the explore then commit variant of ICPE.

B.2.1 Track and Stop

Track and Stop (TaS, [24]) is an asymptotically optimal as 6 — 0 for MAB problems. For simplicity,
we consider a Gaussian MAB problem with K actions, where the reward of each action is normally
distributed according to N(p1q,0%), and let i1 = (q)ae[k) denote the model. The TaS algorithm
consists of: (1) the model estimation procedure and recommender rule; (2) the sampling rule, dictating
which action to select at each time-step; (3) the stopping rule, defining when enough evidence has been
collected to identify the best action with sufficient confidence, and therefore to stop the algorithm.

25



Estimation Procedure and Recommender Rule The algorithm maintains a maximum likelihood
estimate fi, () of the average reward for each arm based on the observations up to time ¢. Then, the
recommender rule is defined as G; = arg max, fio(t).

Sampling Rule. The sampling rule is based on the observation that any J-correct algorithm, that is
an algorithm satisfying P(a, = a*) > 1 — ¢, with a* = arg max, p,, satisfies the following sample
complexity

El7] > T*(u)kl(1 - 6,3),

where kl(z,y) = xlog(z/y) + (1 — z)log((1 — z)/(1 — y)) and

War W Az

T 1= sup min —- ,
(T)7" = sup min S

with Agq = g« —MaXgze~ ta. Interestingly, to design an algorithm with minimal sample complexity,

2
1 _ min(#a* Werwe AL

we can look at the solution w* = arginf, ¢ o (x) T'(w; p), with (T'(w))~ R

The solution w* provides the best proportion of draws, that is, an algorithm selecting an action a with
probability w} matches the lower bound and is therefore optimal with respect to 7*. Therefore, an idea

is to ensure that N;/t tracks w*, where N, is the visitation vector N (t) := [N1(¢) ... NK(t)}T.

However, the average rewards (i, ), are initially unknown. A commonly employed idea [24, 33] is to
track an estimated optimal allocation w*(t) = arginf, ¢ 5 (k) T'(w; f1(t)) using the current estimate

of the model /i(t).

However, we still need to ensure that i(¢) — w. To that aim, we employ a D-tracking rule [24], whcih

guarantees that arms are sampled at a rate of v/£. If there is an action a with N, (t) < v/t — K /2 then
we choose a; = a. Otherwise, choose the action a; = arg min, N, (t) — tw(t).

Stopping rule. The stopping rule determines when enough evidence has been collected to determine
the optimal action with a prescribed confidence level. The problem of determining when to stop can
be framed as a statistical hypothesis testing problem [13], where we are testing between K different
hypotheses (H, @ (ftq > maxp£p fha))a-

We consider the following statistic L(t) = tT'(N(t)/t; ii(t))~*, which is a Generalized Likelihood
Ratio Test (GLRT), similarly as in [24]. Comparing with the lower bound, one needs to stop as soon
as L(t) > kl(6,1 — §) ~ In(1/6). However, to account for the random fluctuations, a more natural
threshold is (¢, d) = In((1 + 1n(t))/d), thus we use L(t) > B(t, ) for stochastic MAB problems.
We also refer the reader to [31] for more details.

B.2.2 I-IDS

We implement a variant of Information Directed Sampling (IDS) [57], where we use the inference
network I learned during ICPE training as a posterior over optimal arms. This approach enables
IDS to exploit latent structure in the environment without explicitly modeling it via a probabilistic
model; instead, the learned I-network implicitly captures such structure.

By using the same inference network in both ICPE and I-IDS, we directly compare the exploration
policy learned by ICPE to the IDS heuristic applied on top of the same posterior distribution. While
computing the expected information gain in IDS requires intractable integrals, we approximate them
using a Monte Carlo grid of 30 candidate reward values per action. The full pseudocode for I-IDS is
given in Algorithm 3.

B.2.3 I-DPT

We implement a variant of DPT [38] using the inference network. The idea is to act greedily with
respect to the posterior distribution I at inference time.

First, we train [ using ICPE. Then, at deployment we act with respect to I: in round ¢ we selection
action a; = argmaxy I(H|D;). Upon observing x;,1, we update D;,; and stop as soon as
argmaxy [(H|D) > 1— 6.
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B.3 Transformer Architecture

Here we briefly describe the architecture of the inference network I and of the network Q.

Both networks are implemented using a Transformer architecture. For the inference network, it is
designed to predict a hypothesis H given a sequence of observations. Let the input tensor be denoted
by X € RBXHXm where:

¢ B is the batch size,
* H is the sequence length (horizon), and

* m = (d + | A|), where d is the dimensionality of each observation ;.

The inference network operates as follows:

1. Embedding Layer: Each observation vector m; = (x, a;) is first embedded into a higher-
dimensional space of size d. using a linear transformation followed by a GELU activation:
ht = GELU(Wembedmt + bembed)y ht € Rdc-

2. Transformer Layers: The embedded sequence h € RP*Hxde i5 then passed through
multiple Transformer layers (specifically, a GPT-2 model configuration). The Transformer
computes self-attention over the embedded input to model dependencies among observations:

h' = Transformer(h), h' € RB*xHxde

3. Output Layer: The final hidden state corresponding to the last element of the sequence
(h! _—1,.) 1s fed into a linear output layer that projects it to logits representing the hypotheses:

0= Wouth{7_1,; + bout, [BS RBX‘Hl.

4. Probability Estimation: The output logits are transformed into log-probabilities via a
log-softmax operation along the last dimension

log p(H|X) = log_softmax(0).

For (), we use the same architecture, but do not take a log-softmax at the final step.

Algorithm 3 I-IDS

1: Input: Pre-trained inference network I,; prior means and variances 114, 02 for all a € A; target
error threshold &

2: Initialize: f,(z) = N (x| pq,0?2) for each a

3: fort=1,2,...do

4:  if max, Iy(a | Di—1) > 1 — 0 then

5 return arg maxg Iy(a | Di—1)

6: endif

7.

8

for each arm a € A do
Approximate information gain:

g1(a) = H (I4(- | Di-1)) = Brnp@riap,_y) [H Lo (- | D1, 0,7))]

9:  end for
10:  Select action a; = arg max, g:(a)

11:  Observe reward 7
12:  Update dataset D; = D1 U {(ay, )}
13: end for
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Figure 5: Model architecture for the inference network I (similarly for Q).

C Experiments

This section provides additional experimental results, along with detailed training and evaluation
protocols to ensure clarity and reproducibility. All experiments were conducted using four NVIDIA
A100 GPUs.

C.1 Bandit Problems

Here, we provide the implementation and evaluation details for the bandit experiments reported in
Section 3.1, covering deterministic, stochastic, and structured settings.

Model Architecture and Optimization. For all bandit tasks, ICPE uses a Transformer with 3
layers, 2 attention heads, hidden dimension 256, GELU activations, and dropout of 0.1 applied
to attention, embeddings, and residuals. Layer normalization uses ¢ = 10~°. Inputs are one-hot
action-reward pairs with positional encodings. Models are trained using Adam with learning rates
between 1 x 10~% and 1 x 1075, and batch sizes from 128 to 1024 depending on task complexity.

C.1.1 Stochastic Bandits Problems

In the stochastic Gaussian bandit setting, we evaluate ICPE on best-arm identification tasks with
K € {4,6,8,...,14}. Arm means are sampled uniformly from [0,0.4K], with a guaranteed
minimum gap of 1/K between the top two arms. All arms have a fixed reward standard deviation of
0.5. The target confidence level is set to 6 = 0.1.

We compare ICPE against several widely used baselines: Top-Two Probability Sampling (TTPS) [29],
Track-and-Stop (TaS) [24], Uniform Sampling, and I-DPT. For I-DPT, stopping occurs when the
predicted optimal arm has estimated confidence at least 1 — 6. For TTPS and TaS, we apply the
classical stopping rule based on the characteristic time 7 (fi;):

. 1+logt
t-T"(f1r) > log (6g>

Each method is evaluated over three seeds, with 30 environments, and 30 trajectories per environment.
95% confidence intervals were computed with hierarchical bootstrapping.
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C.1.2 Bandit Problems with Hidden Information

Magic Action Environments We evaluate ICPE in bandit environments where certain actions
reveal information about the identity of the optimal arm, testing its ability to uncover and exploit
latent structure under the fixed-confidence setting.

Each environment contains &' = 5 arms. Non-magic arms have mean rewards sampled uniformly
from [1, 5], while the mean reward of the designated magic action (always arm 1) is defined as
p1 = ¢(arg max,-1 the) With ¢(i) = ¢/ K. The magic action is not the optimal arm, but it encodes
information about which of the other arms is. To control the informativeness of this signal, we vary
the standard deviation of the magic arm o7 € {0.0,0.1, ..., 1.0}, while fixing the standard deviation
of all other armstoo = 1 — o75.

ICPE is trained under the fixed-confidence setting with a target confidence level of 0.9. For each
o1, we compare ICPE’s sample complexity to two baselines: (1) the average theoretical lower
bound computed for the problem computed via averaging the result of Theorem A.2 over numerous
environmental mean rewards, and (2) I-IDS, a pure-exploration information-directed sampling
algorithm that uses ICPE’s I-network for posterior estimation. All methods are over 500 environments,
with 10 trajectories per environment. 95% confidence intervals are computed using hierarchical
bootstrapping with two levels.

Beyond the exploration efficiency analysis shown in Figure 3a, we also assess the correctness of
each method’s final prediction and its usage of the magic action. As shown in Figure 6a, both
ICPE and I-IDS consistently achieve the target accuracy of 0.9, validating their reliability under the
fixed-confidence formulation.

Figure 6b plots the proportion of total actions that were allocated to the magic arm across different
values of o1. While both methods adapt their reliance on the magic action as its informativeness
degrades, I-IDS tends to abandon it earlier. This behavior suggests that ICPE is better able to retain
and exploit structured latent information beyond what is captured by simple heuristics for expected
information gain.
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Figure 6: (a) Final prediction accuracy across varying levels of noise in the magic action (o1). Both
ICPE and I-IDS consistently achieve the target confidence threshold of 0.9. (b) Percentage of actions
allocated to the magic arm as a function of o;. ICPE continues to exploit the magic action longer
than I-IDS, suggesting more robust use of latent structure.

Magic Chain Environments To assess ICPE’s ability to perform multi-step reasoning over latent
structure, we evaluate it in environments where identifying the optimal arm requires sequentially
uncovering a chain of informative actions. In these magic chain environments, each magic action
reveals partial information about the next, culminating in identification of the best arm.

We use K = 10 arms and vary the number of magic actions n € {1,2,...,9}. Mean rewards for
magic actions are defined recursively as:
¢(ij+1), iszl,...,n—l,

Hia = ¢(argmaxa¢{i1,...,in} Ma)a lf] =n,
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where ¢(i) = i/ K, and the remaining arms have mean rewards sampled uniformly from [1, 2]. All
rewards are deterministic (zero variance).

ICPE is trained under the fixed-confidence setting with § = 0.99. For each n, five models are trained
across five seeds. We compare ICPE’s average stopping time to the theoretical optimum (computed
via Theorem A.4) and to the I-IDS baseline equipped with access to the /-network. Each model
is evaluated over 1000 test environments per seed. 95% confidence intervals are computed using
hierarchical bootstrapping.

In interpreting the results from Figure 3b, we observe that for environments with one or two magic
actions, ICPE reliably learns the optimal policy of following the magic chain to completion. In these
cases, the agent is able to identify the optimal arm without ever directly sampling it, by exploiting the
structured dependencies embedded in the reward signals of the magic actions. Figure 7 illustrates a
representative trajectory from the two-magic-arm setting, where the first magic action reveals the
location of the second, which in turn identifies the optimal arm. The episode terminates without
requiring the agent to explicitly sample the best arm itself.

Initial State
|?‘?|?|?‘?|?|?‘7|?|?|Stop|

Step 1: Selected Action 0
|0.400‘?|?|7‘?|?|?‘?|?|?|Stop|

Step 2: Selected Action 4
|o.4oo‘ ? | ? | ? ]o.900| ? | ? ‘ ? | ? | ? |Stop|

Step 3: Selected STOP
|o.4oo’ ? | ? | ? |o.900| ? | ? ‘ ? | ? | ? |STOP|

Figure 7: Example trajectory in the 2-magic-arm environment. ICPE follows the magic chain: the
first magic action reveals the second, which identifies the optimal arm.

For environments with more than two magic actions, however, ICPE learns a different strategy. As the
length of the magic chain increases, the expected sample complexity of following the chain from the
start becomes suboptimal. Instead, ICPE learns to randomly sample actions until it encounters one of
the magic arms and then proceeds to follow the chain from that point onward. This behavior represents
an efficient, learned compromise between exploration cost and informativeness. Figure 8 shows an
example trajectory from the six-magic-arm setting, where the agent initiates random sampling until it
lands on a magic action, then successfully follows the remaining chain to identify the optimal arm.

Initial State

[z [ = [ =2 [ = ] 2] 2 [ 2 ] 2] 2 ] 2 [stp]
Step 1: Selected Action 7

[z [ 2 [ = ] = [ 2 ] 2 [ 7 Jazeo] 7 [ 7 ] stop |
Step 2: Selected Action 4

[ 2 [ 2 [ 2 ] 7 Joeoo| ? [ 2 [1209] 7 [ 7 [ stop |
Step 3: Selected Action 6

[(2 [T 2 [ 2 [ 7 Joeoo] 7 Jos500[1299] ? | 2 | stop |
Step 4: Selected Action 5

[ 2 [ 2 ] 2 ] 7 Joeoo[o0200[0500[1299] 7 [ 7 [ stop |
Step 5: Selected Action 2

[ 7 [ 7 Jooo] 7 Jo600]0200[0500[129] ? [ 7 [ stop |
Step 6: Selected Action 9

[ 2 ] 7 Joooo[ 7 [o0.600]0200][0500][1299 ] 7 [1.916 ] Stop |

Step 7: Selected STOP
[ 7 [ 7 Joooo] 7 Jo0600]0200[0500[1299] 7 [1.916 [ STOP |

Figure 8: Example trajectory in the 6-magic-arm environment. Rather than starting from the first
magic action, ICPE samples randomly until finding a magic action and then follows the chain to the
optimal arm.
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Figure 9: Loopy star graph. Figure 10: Ring graph. Figure 11: Loopless clique
graph.

C.2 Exploration on Feedback Graphs

In the standard bandits setting we studied in Section 3.1, the learner observes the reward of the selected
action, while in full-information settings, all rewards are revealed. Feedback graphs generalize this
spectrum by specifying, via a directed graph G which additional rewards are observed when a
particular action is chosen. Each node corresponds to an action, and an edge from u to v means that
playing u may reveal feedback about v.

While feedback graphs have been widely studied for regret minimization [40], their use in pure
exploration remains relatively underexplored [55]. We study them here as a challenging and structured
testbed for in-context exploration. Unlike unstructured bandits, these environments contain latent
relational structure and stochastic feedback dependencies that must be inferred and exploited to
explore efficiently.

Formally, we define a feedback graph as an adjacency matrix G € [0, 1]5X*¥ where G, , denotes

the probability that playing action u reveals the reward of action v. The learner observes a feedback
vector r € R, where each coordinate is revealed independently with probability G, ,:

. N (j1y,0?), with probability G, ,,
no observation, otherwise.

This setting allows us to test whether ICPE can learn to uncover and leverage latent graph struc-
ture to guide exploration. We evaluate performance on best-arm identification tasks across three
representative feedback graph families:

* Loopy Star Graph (Figure 9): A star-shaped graph with self-loops, parameterized by
(p,q, 7). The central node observes itself with probability ¢, one neighboring node with
probability p, and all others with probability ». When p is small, it may be suboptimal to
pull the central node, requiring the agent to adapt its strategy accordingly.

* Ring Graph (Figure 10): A cyclic graph where each node observes its right neighbor with
probability p and its left neighbor with probability 1 — p. Effective exploration requires
reasoning about which neighbors provide more informative feedback.

* Loopless Clique Graph (Figure 11): A fully connected graph with no self-loops. Edge
probabilities are defined as:

0 ifu=w,
Guow=14(2%L if v # v and v is odd,
1 -2 otherwise.

Here, informativeness varies systematically with action index, requiring the learner to infer
which actions are most useful.

These environments offer a diverse testbed for evaluating whether ICPE can uncover and exploit
complex feedback structures without direct access to the underlying graph.

31

M2



We tested ICPE in a fixed-confidence setting, using the same graph families but setting the optimal
arm’s mean to 1 and all others to 0.5 to facilitate faster convergence. ICPE was trained for K =
4,6,...,14 with a target error rate of 6 = 0.1. We compared it to Uniform Sampling, EXP3.G, and
Tas-FG using a shared stopping rule from [55].

Loopystar Looplessclique Looplessclique

601 —— ICPE —— ICPE —— ICPE
—— TaS-FG 4 20, —— TaS-FG Y 20, —— TaS-FG Y
o | = exp3c @ 7| - exp3G //‘ 07| - exp3c /./'
£ Uniform £ Uniform £ Uniform
2a0 215 215
a 3 o— =3 e
a = a & a b
S0 = S h S ’
L v 10 v 10
& & &
© 20 e e
g g g
2., Ea — z° —
4 6 8 10 12 14 4 6 8 10 12 14 4 6 8 10 12 14
Number of Actions Number of Actions Number of Actions
(a) (b) (©)

Figure 12: Sample complexity comparison under the fixed-confidence setting for: (a) Loopy Star, (b)
Loopless Clique, and (c) Ring graphs.

As shown in Figure 12, ICPE consistently achieves significantly lower sample complexity than all
baselines. This suggests that ICPE is able to meta-learn the underlying structure of the feedback
graphs and leverage this knowledge to explore more efficiently than uninformed strategies. These
results align with expectations: when environments share latent structure, learning to explore from
experience offers a substantial advantage over fixed heuristics that cannot adapt across tasks.

C.3 Meta-Learning Binary Search

To test ICPE’s ability to recover classical exploration algorithms, we evaluate whether it can au-
tonomously meta-learn binary search.

We frame the task as a structured multi-armed bandit problem where the optimal arm (i.e., the
target number) is uniformly drawn from 1, ..., K. Pulling the correct arm yields a reward of 410,
while pulling an arm above or below the target yields —1 or 41, respectively—providing directional
feedback. The agent must learn to interpret and exploit this structure to efficiently locate the target.

We train ICPE under the fixed-confidence setting for K = 23,...,28, using 150,000 in-context
episodes and a target error rate of 6 = 0.01. Evaluation was conducted on 100 held-out tasks per
setting. We report the minimum accuracy, mean stopping time, and worst-case stopping time, and
compare against the theoretical binary search bound O (log, K).

Number of Actions (K) ‘ Minimum Accuracy ‘ Mean Stopping Time ‘ Max Stopping Time ‘ logy, K

8 1.00 2.13+0.12 3 3
16 1.00 2.93+0.12 4
32 1.00 3.71+0.15 5 5
64 1.00 4.50 £0.21 6 6
128 1.00 5.49 £0.23 7 7
256 1.00 6.61+0.26 8 8

Table 2: ICPE performance on the binary search task as the number of actions K increases.

As shown in Table 2, ICPE consistently achieves perfect accuracy with worst-case stopping times that
match the optimal log, (K) rate, demonstrating that it has successfully rediscovered binary search
purely from data. While simple, this task illustrates ICPE’s broader potential to learn efficient search
strategies in domains where no hand-designed algorithm is available.
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