A Appendix

A.1 Analysis of bifurcation curves
A.1.1 PLRNNs

The standard PLRNN [18], given in eq. in sect. was defined by
zy = Fo(zt-1,8t) = Az 1 + Wo(zi-1) + Csy + h,

where ¢(z;—1) = max(z¢_1,0). There are various extensions of this basic architecture like the
dendPLRNN [10] or the ‘shallow PLRNN’ (shPLRNN) [24], as used in sect. @]for training on
single cell membrane potentials. The latter is essentially a 1-hidden-layer version of the form

2zt = Fo(z4-1,8:) = Azi1 + W1dp(Wazi—1 + ha) + Csy + hy, (6)

with W; € RM*L and W, € REXM [, > M, connectivity matrices, h; € RM, hy € R” bias
terms, and all other parameters and variables as in eq. (T). While this formulation is beneficial for
training, the ShPLRNN can essentially be rewritten in standard PLRNN form (see [[24]).

Assume that Dq) = diag(dgq)) is a diagonal matrix with an indicator vector dgq) =
(dq,da, -+ ,dp) such that dy, (2, ) =: dp, = 1 whenever z,, , > 0, and zero otherwise. Then eq.
can be rewritten as

2y = (A+WDgqu_1))zt-1 + Csy + h = Wy 21 + Cs; + h.
Let us ignore the inputs for simplicity. There are 2/ different configurations for matrix Dgq;—1) and
so 2M different forms for matrix Wq(t—1) in the system

zy = Fo(zi-1) = Wou-1)2t-1 + h. @)
Thus, the phase space of the system is divided into 2 sub-regions corresponding to the indexed
matrices
Waor .= A+WDgq., k=1,2...,2M, (8)
see [38.139] for more details. For M = 2, assuming
w 0
W = < ! > , ©
wa1 0

in (B), we have

ail 0
W91:WQ3=< ):A,
0 2

ag

(10)

a1 +w 0
wm_wm_(“ n )

w21 a22

Hence, for this parameter constellation, the map simplifies as there exists only one border which
divides the phase space into two distinct sub-regions, such that can be rewritten as a map of the
form

Z1,t
( ) = T(z14-1,224-1)

22t

s

aj c 21,t—1 hi
Tr(z14-1,224-1) = + i 21-1 <0
b d) \z2:-1 ha
—————
Ar
- , 1)
Ay c 21,t—1 hy
Tr(z14-1,22,4-1) = + i 21,4—1 >0
b, d 22, t—1 ho
—_———
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with a; = a11, a, = a1 +wi1, by = wa1, d = aze, by = ¢ = 0. The map is a PWL dynamical
system whose phase space is split into left and right half-planes (sub-regions) by the borderline X
(z2-axis). Note that bifurcation curves of the 2d PLRNN ({7)) in the (@11, a11 + w11 )-parameter space
can be determined analogous to those of the PWL map (11)) in the (ay, a,)-parameter space.

Another way to simplify the PLRNN to a 2d (M = 2) PWL map with just a single border is to
remove one of the ReLU nonlinearities and define ¢(z¢—1) = (¢1(21.4-1),822.4-1)", where 3 € R
and ¢, is some variant of the Re LU function such as the leaky or parametric ReLU given by

Z; z>0
= ’ . 12
we={7, 7L @ew (12)
Then Dq ) = diag(dy, 3) such that
1; 214 >0
d =:dy = ’ 13
1(21,6) 1 {a; <0 (13)
and so
a1 + aw w a c
Wm:WQs:(ll 11 Bwia >::<l >’
Qway a9 + Pwag b d
a1 +w w a, c
W = Wos = ( e Punz ) — ( ) (14)
wa1 aso + fwas b, d

This gives another example of a representative of 2d PWL maps with only one border defined in eq.
(TT). We are pointing this out because eq. (IT)) is a generic system considered more widely in the
discrete dynamical systems literature [J5 6], and also was the basis for the analyses below and in

Fig.[l}
A.1.2 Fixed points of the map (II) and their bifurcations
For a;, a,, by, by, c,d, hi, hs € R, the map has the following two fixed points

17d) hl +Ch2 bl/r h1+(17al/7“) h2 T
Opm = (/R LRV ( ( , . as)
cm = (477 47T) (1=d) A —ayy) =byrc’ (1=d)(1 —ayy) = byrc

The fixed points O, and O exist iff 2£ < 0 and 2J* > 0 respectively; otherwise they are virtual.
Hence, the existence regions of admissible fixed points are

(1 7d) hl +Ch2
(1—d)(1—al)—blc 0}7

1-d)h h
L-d)h+chs o1
1-d)(1-ay)—brc
Let D/ be the determinant and 7,/ the trace of A%, and

Per(N) = N = (ayr + d)A+aypd—byrc = X =Tz A+ Dgyr, a7
its characteristic polynomial. The corresponding eigenvalues are given by

Eo, = {(hlahQ?al’bl’c’d)|

EOR = {(hlahQaaTvbT‘7C7d)’ (16)

)\1’2(0£/R) _ Cll/r2+ d 4 \/(al/r — d2)2 + 4bl/r c _ 72:2/73 4 722/73 2_ 4,.DL/727 (18)
which are always real for b;/, ¢ > 0, while for b/, ¢ < 0 they are real provided that |a;/, — d| >
2\/T/rc. For complex conjugate eigenvalues of A,z obviously IA? = D, /R~ Thus computing
the real eigenvalues, the stability condition for the fixed points is determined as

—(1+D£/R) < 72/72 < 1+D£/R. (19)

Accordingly, the stability region of the fixed points O and Ox can be obtained by P,z (+1) =
1 ¥ (ayr +d) +ayypd —byypc>0and Dpyr < 1as

SC/R = {(h17h27al/rabl/rvca d) € EO[;/R ’al/rd_ bl/rc <1,
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1:|:(al/r—|—d) +al/rd—bl/rc>0}. (20)

Note that when D,z < 0, all the eigenvalues are real and so there cannot be any spiralling orbit.
Remark 1. Consider the PLRNN () with M = 2. For the parameter setting (3), i.e.

a 0 a1l +w 0
WQ] = WQS = ( ' ) = Ag, Wgz = WQ4 = ( " H ) = AR,
0 a922 w21 a22

2

the two fixed points Op /g = (Zf/Ra ZQL/R)T

Oz:Z( hi ha )T 072:( hy w21h1+(1—a11—w11)hz)T
l—ann 1—an)’ 1—ann —win (1—ax)(l—an —wi) ’

are given by

(22)
Hence, the existence regions of admissible fixed points are
hl hl
Fo, =14 (h1,a11,0 <0 Eo, =< (h1,a11, a2, w —F— >0,
Oc {( 1,011 22)| 1—an }, Or {( 1,011,022 11)’ T —— }
and their stability regions can be obtained as
Sc = {(hhau,azz) € Eo, ‘1111 aze <1, 1+ (a11 + a22) + a1 a22 > 0}, 23)

Sr = {(h1,a11,a22,w11) € EOR’(CLH + wi1)aze < 1, 1% (a11 + w1 + azz2) + (a11 + wi1)aze > 0}.

Remark 2. [f b/, c =0, then A1 2(O /r ) are real and the stability regions Sy become

Sﬁ/R = {(hlah2aal/rabl/r7c7 d) € EO[J/R ’bl/Tc = 07 —-1< ap/r < 17 -1< d < 1} (24)

The fixed points are regular saddles for all parameters that belong to

{(hhhz,al/mbl/mad) €Eou |y +d>1 aypd—ay, —d+1 < by c<ay, d}7
(25)

and in this case A1 (Oz/r) > 1, 0 < A\2(Or/r) < 1. Furthermore, they are flip saddles (i.e., with
one negative eigenvalue) if parameters are in

{(hl,hg,al/r,bl/mc,d) € EOL/R ’al/r +d>1, al/,,d < bl/rc < al/rd-i-al/T +d+ 1} U
{(hl,hz,az/mbzm& d) € Eo, p |d—ay, —d+1<by,c<ayd+a,+d+1,

0<al/r+dg 17 al/r}a (26)
for which A1 (Oz/r) > 1, =1 < X\2(Or/z) <0, as well as in

{(hl,hZaal/rvbl/racvd) € E(’)L/R ‘ ay/r +d < -1, al/rd < bl/rC < al/Td_al/r —d+ 1} U
{(hl,hg,al/r,bl/r,qd) € EOL/R‘al/rd—kal/r—kd—kl < bl/rc< al/rd—al/r—&-d— 1,

—1<al/r—|—d<0} Q27)
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such that 0 < )\I(OL/R) <1, )\Q(OL/R) < -1

When b/, ¢ < 0 and |a;/, — d| < 2,/=by, c, the eigenvalues are complex conjugates and both O
and Op, are spirally attracting (attracting focus) if a;/,. d — b;/, ¢ < 1. In this case, if a; /. +d > 0
then they are clockwise spiral, while for a;/,. + d < 0 the spiralling motion will be counterclockwise.
Moreover, for a; /- d — b/, ¢ > 1 they are repelling foci. Finally, for a; /. d — b;/,. ¢ = 1, the fixed
points are locally centers and they undergo a CB at the following boundaries:

Cr = {(al,bl,c,d)|blc< 0, ‘CL[ —d| <2y =bic,qpd—bc= 1},

Cr = {(ar,br,c,d)’ch <0, |lar —d| <2v/=brc, ard—b.c= 1}. (28)

At these boundaries, the fixed points lose their stability with a pair of complex conjugate eigenvalues
crossing the unit circle. For the parameters belonging to C. /, the Jacobian J / is a rotation matrix
whose determinant is equal to 1. In this case, J ;% can be determined by a rotation number which is
either rational (%) or irrational (p). Therefore, in some neighborhood of O /%, there is a region filled
with invariant ellipses such that they are periodic with period p (if the rotation number is a rational
number %) or quasiperiodic (if the rotation number is an irrational number p); for more information

see [60,[59]. For (1 — d) hy + c hy # 0, at the boundary
T = {(hl,hg,ahbbc,d” 1-— a; —d+ald— blC: 0}, (29)

the fixed point O, undergoes a DTB, since, if the parameters tend to 7, then O, — +oo and
A(Or) — 1. Similarly, for (1 — d) hy + chy # 0, a DTB occurs for the fixed point Ox at the
boundary

TR = {(hl,hg,ar,br,c,dﬂ 1—a, —d+ard—brc—0}. (30)

A DTB of a fixed point results in its disappearance, as in this case the fixed point becomes virtual
which may lead to changes in the global dynamics [6]. Furthermore, the BCB curves are given by

&r = {(hl,hg,al,bl,c,d) ‘ (I-d)(1—a)—bc#0,(1=d)hy+chs = O}, 31)
and
Er = {(hl, ha,ar, by, c,d) | (1 —d)(1—ay) —brc#0, (1 —d)hy +chy = 0}. (32)
In addition, the DFB curves for the fixed points O and Oz are

Fr = {(hhhz,aubuc’dﬂ1+az+d+azd—b16—0},

Fr = {(hl,hg,ar,br,c,d)’ l1+a,+d+a.d—Db.c= O}. (33)

Remark 3. The existence regions Eo, and Eo,, are bounded by the BCB curves & and {R.
Remark 4. The stability regions S; /r of fixed points (eq. @) ) are bounded by the DTB curves
Tz R (eqn. @ and @), the DFB curves F R (eq. ), and the CB curves a;/, d — by c = 1.
For instance, for d = 1, Sy are illustrated in Fig. (a). In this case, the stability regions only
exist for by, ¢ < 0 and a;, — d < —2,/—b;, c. Moreover, as shown in Fig. b), for d = 0.01,
these stability regions can exist for both cases by, c < 0, a;/, —d < —2,/=by, ¢ (in blue), and
biyrc <0, a;)p —d>2,/=by, c (in green), but not for by, ¢ > 0. Furthermore, if c = 1, there are
stability regions Sy g for the two cases by, ¢ <0, aj;, —d < —2/—by, ¢ (in blue), and by . ¢ > 0
(in purple); see Fig. a). Finally, when ¢ = 0, as explained in Remark the stability regions have
the form ([24), i.e.

SL',/R = {(hlah%al/mbl/mcvd) € EOL/R ‘ c= 07 bl/r € Ra -1< Qi /r, d < 1} (34)

which are displayed in Fig.[S2|(b).
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bp /r ay /r b,' /r a; /r
Figure S1: Stability regions Sy /z. Left: for d = 1; right: for d = 0.01. The case b/, ¢ < 0,

ay/r —d < —24/=by, c is plotted in blue, and the case b; /. ¢ < 0, a;/ —d > 2,/=b;/, ¢ is drawn
in green.
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1
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Figure S2: Stability regions S; /. Left: for ¢ = 1; the case by, ¢ < 0, a;/, —d < —=2,/=by/. ¢ is
plotted in yellow, and the case b;/,. ¢ > 0 is drawn in purple. Right: for ¢ = 0.

Since the system (TT)) is a linear map in each sub-region £ and R, there cannot be any n-cycle,
n > 2, with all periodic points on only one linear side. So, all period-n orbits have both letters £ and
‘R in their symbolic sequence.

A.1.3  2-cycles of the map (T1I) and their bifurcations

The 2-cycle O, of the map is determined by solving the equation Tz o TR (21, 22) = (21,22)"
where

a; a, + b, c ajc+cd 21 chs + hy (al—i—l)
TroTr(21,22) = 0 ( ) + . (35)
arby+b.d  d+bc) \z by hy + hao(d+1)

In this case if (I —Jr JR) is invertible, then the solution (z1, ZQ)T = (251)’ zél))T is given by

(1) (T (1= d)hy +che)(a+d+a;d—byc+1)
(Z y4 ) =
o (aTd_bTC)(ald_blC)_C(bl+br)—d2—alar+1,

hg(l—l—d—ala,.—b,.c—ala,.d—i-a,.blc)—|—h1(bl—|—a7.bl—|—b,.d—|—alb,.d—blb,.c))

(ard—=brc)(ard—brc) —c(by+b.) —d?> —aja,+ 1
(36)

Also Tr (zgl),zél)) = (zf),zéQ))T yields

2 (9T ((1—d)h1+ch2)(a7.+d+a,.d—b,-c—|—l)
(Z()Z( )) _
Loz (ard—b.c)(ard—bc)—clby+b.)—d?>—ara, +1’

h2(1+d—al a, —bc—a;a,d+a;b, c) +h1(br+al b +bd+a,byd—b b, c)
(ard—br.c)(ard—byc) —c(by+b.) —d? —aja, +1 '
(37

Hence, the existence region of the 2-cycle Or is

((1—d)h1+ch2)(al+d+ald—blc+1)
(ard—brc)(agd —bic) —clby+ b)) —d?> —aja, + 1

EORL = {(hl,hz,ﬂ,l,bl,c,d)’ > 0,
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(38)

((1—d)h1—|—ch2)(aT—|—d+ard—brc+1) -0
(ard—=brc)(a;d—brc) —c(by+b) —d? —aja, +1
aja, + b, c ajc+cd

is given b
a, by + b, d d2+blc> SR by

The characteristic polynomial of Jgr, = Jp Jr = (

Por,(A) = A2 —(d® +aja, + by c+ b )\ + (ap d — b, c)(ad — by ¢), (39)
and
Dre = (a,d—b.c)(a;d — b c),
Por,(1) = (ard—b.c)(ard—byc) —c(by +b,) —d*> —aa, + 1,
Por,(—1) = (a,d—b,c)(ayd — b c) + c(by +b,) +d* +aya, + 1,

ay a, + c(by + b)) + d?
2
V(e a, +b¢)2+ (byc+d2)? +2(a;ar — byc)(byc — d?) + 4cd(a b, + a, by)
5 .

M2(0Ore) =

+

(40)
Thus, the stability region of Or is

Srr = {(hl,hg,al/r,bl/r,c, d) € Foy, ’ —1<(apd—="0brc)(ard—D;c) <1,
— (apd—=br.c)(agd—bjc)— 1< c(bl+br)+d2+alar < (ardbrc)(aldblc)+1}.

41)
In addition, for ((1 — d)hy + c he) (a; + d 4+ a; d — by ¢+ 1) # 0, the set

TRL {(hl,hg,al,ar,bl,br,c,d)’al ar+bct+b.c+d®—ara, d®—bb.*+ab.cd

+arblcd10}, (42)

is the DTB curve for the 2-cycle Or . As in this case, for the parameter values belonging to 7z 2,
the points of the 2-cycle O, tend to +00, and the corresponding eigenvalue tends to one. Moreover,
for (1 — d)hq + ¢ ha # 0, the BCB curves of O~ can be computed as

5713[: = {(h17h27al7bl7cad)|al+d+ald—blc+1zo},

E%E = {(h17h27a"r'7b7'7c7d) | Qr +d+a7' d_b’! C+ 1 = 0} (43)

Note that here the condition (1 — d)hy + ¢ he # 0 guarantees a regular BCB in the sense that only
one periodic point of O . collides with the switching boundary; for more details see [6]. Besides,

Fre :{(hl, ha, ay, ar, by, by, ¢, d) ’ aja, + bic + bpe+ d* 4 ay apd?® + by bpc?

—albrcd—arblcd+1:0}, 44)
is the DFB curve of the 2-cycle Ox .

Remark 5. One can see that for (1 — d)hy + ¢ ha # 0 the DFB curves of the fixed points O and
Oxr (Fr and Fr) and the BCB boundaries of the 2-cycle Og 1 ( 5713 ¢ and 5723 ) are the same. In this
case, the DFB of the fixed points can lead to the (attracting) 2-cycle Og .
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A.14 3-cycles of the map (II) and their bifurcations

Here, we investigate the existence, stability and bifurcation structure of maximal or basic 3-cycles.
Note that for the continuous map (IT)), basic n-cycles O n-1 (n > 3) exist in pairs with their
complementary cycles (O »»-27 ), and they appear via BCBs such that one of them may be attracting
and the other repelling [6} 20} |38]]. In this case, a BCB of basic cycles demonstrates a non-smooth fold
bifurcation which includes a stable basic orbit and an unstable nonbasic orbit [6, |3} |19]. Furthermore,
the complementary orbits can have nonempty stability regions such that, similar to the basic orbits,
they are bounded by curves of BCBs, DTBs and DFBs [6} |5]].

Basic 3-cycles Oz -2 and their complementary cycles Orz,. The basic 3-cycle O (2 can be
obtained from the equation Tz o Tz o T (21, 22) = (21, 22)" where

ar(a? +byc) + b.(ajc+ cd) c(a? +bye) +d(ajc+ cd) ) (z1>

Ty oTr o Tr(21,2) —
coTeoTr(n,2) (bT(dQ—&-blc)—i—a,(albl—i—bld) (@2 + by ) + clar by + by )

22

hi(bic+ai(a + 1)+ 1) + ho(ar ¢+ c(d + 1)) s)
hi(brd+bi(a; + 1)) + ho(brc+ d(d+1) + 1) .
If (I — J% Jg) is invertible, then the solution (21, 25)T = (217, 28") " is
(1 —d)h1 +chy)G1 GoN\T
(", 5" = (< e )G, =) (46)

where

G = a?d2 + a%d + a12 — 2a; bied — ajbje + apd® + apd + a; + 61262 —bied +bie+d®+d+1,

Q
[

—aja, —d® —c(aby+ arby + ar by +d(2b + b)) + (ard — by c)(ayd — by c)® + 1,

Go = hg + bihy + dhg + d*hg + ajbihy + bichy + bidhy — a?azhg + byd*hy — a,bichy

— ata,dhy 4 aib,d’hy + bib.c*hy — a,bic? ho — a?apd*hy + alb, d*hy + b b, *hy
+ a;a,byhy —a;b.chy —a,bychy +a,b;dhy + b b, chy — b, cdhs + a; a, bichs

—|—alarbldhl—albrcdhg—blbrcdh1+2alarblcdh2—2alblbrcdh1. (47)
Further
el 2) (2T (1 —=d)hy +cha) Ky Ko\T
Ta (o, ) = (o2, )7 = (APt ehalfls Koyn
T (1—=d)hi +cha)Hy Hy\T
Te(a”,57) = (57,5”) = (( s ) =) (48)

where

K, =a, +d+ aja, +bc+ a.d+ a.d* + d* + aja.d — ajb.c — bpcd + aga,d?® + byb,c?
— ajb.cd — apbjed + 1,

Ky = hg + byhy + dha + d*ha + ajbhy + bychy + bidhy — afayha + afbyhy + bid*hy
+ a?brchg + a,byd?hy + bibec?he — a?ard2h2 + lech2h1 — aibjchy — azbichs + ajbjdh,
+ by b, chy — by ed hy + ayaybydhy — a; bibychi — a, by cdhy — bibycdhy + a; arbyd?hy
— aybib,c*hy — aybicdhy + a?brcdhy + ajaybycdhy — a; by by cdhy — a?a,dhs,

Hy, =a;+d+ aqa, + ayd + brc + a;d® + d® + aja,d — a, bjc — byed + aja,-d® + bpb,.c?
— a;b.cd — a.bied + 1,

H2 = hQ + blhl + th + d2h2 + b%czhg + arblhl + blChg + brdhl — a%ath + b?chl
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+ byd*hy — ala,dhy — bicdhg + aibyd®hy + a?b.dhy — bicdhy — aa,d*hg + b?b.c*hy
+ aja,;bih1 — ajbjche — ajb.chs + a;b.dhi + aja.-biche — a;bib,.chy — a;bjed ho

+ aqa,byd*hy — aibib.?hy — a,bicdhy 4 a?brcdhy + aja,bicdhy — aibibycdhy . (49)

Therefore, the existence region of the 3-cycle Ox (2 is given by

L= d)h+cha)G 1 —d)hy + ch) K
Eo.. = {(h1,h2,al,bl,c,d)| (¢ ) lG 2)G1 >0, (( ) 1G 2) K1 -0
1—d)h ho)H
(( ) 1G+c 2) Hi < 0}7 0

where G, Gy, Ky and H; are defined in and (@9). On the other hand, the characteristic
polynomial of

ar(a? + by c) + by(a;c+ cd) c(a? +byc) +d(ac+ cd) )

Jre2 = JiJp =
REE T OLUR (bT(dg—i—blc)—i—ar(albl—i—bld) d(d? + by ¢) + cay by + by d)

is

Po,..(\) = A2 — (a?a,« +d® + c(aby + aiby + arby + d(2b; + br))))\ + (ard — byc)(ard — bic)?.
(51)
According to
Drr2 = (apd —bc)*(ard — b, c),
Po, . (1) = —aja, —d* — c(aby + aiby + arby + d(2b; + by))
Po,, . (—1) = ajay + d* + c(aby + aby + apby + d(2b; + b)) + (ard — bypc)(ard — bie)® + 1,
(52)

the stability region of the 3-cycle O .2 is given by

Spr2 = {(hl,hg,al/r,bl/r,c, d) € Eo, ., | —1< (ayd—bye)*(ard—by.c) <1,
— (ad — be)*(ar d — brc) — 1 < aja, +d° + c(aby + arb, + azby + d(2b; + b,))
< (ald—blc)z(ard—ch)—l—l}. (53)

Furthermore, for (1 — d)hy + ¢ hy # 0 and Gy, Go, K1, Ko, Hy, Hy # 0, the DTB curve for the
3-cycle Og 2 is

TRL2 = {(hl, ha, ay, ar, by, by, c,d) | by ajcd® — a, ai d* + arai — 2b, aibicd + 2a, a; by c d

+ alblc+bralc+brbl2¢:3arb?cszr2blcd+a7,blc+brcd+d310}.
(54)
For (1 —d)hy + chy #0

Erpr = {(hhhg,ar,bmc, d)| K1 = a, +d+ aa, +bc+ard+ a.d® + d* + aqa,d

—albrc—brcd—l—alaTdQ—i—bleCQ—all)chl—aTblccl—f—l:O}7
572252 = {(hl,hg,aT,br,c,d)’Hl =aq+dtaa+adt+bc+ad+d®+aa-d
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—aprbjec—bed+ara,d®+bb.c®—a;brcd—abjed+1 zO}, (55)
are (regular) BCB curves of O 2. Furthermore, the set
Frre = {(hl7 ho,ay,ar., by, b, c, d)‘ — b, ULlQCd2 + aralzd?’ + aral2 + 2b,a;bic*d — 2a,abyed?

+ aibie + brage — bbic® + a, bF ¢2d + 2bjed + aybic + b cd +dP 41 = o},
(56)

is the DFB curve of O 2. As noted, the basic 3-cycle Oy .2 exists in a pair with its complementary
cycle Oz . Moreover, the existence region of Oz~ can easily be found by interchanging the letters
L and R in all notations of the equations (45]))- and considering

) (2)

Mo 2P0 2P so (57)

Further, the stability region of the 3-cycle Og2 for the parameter values satisfying is given by
Srep = {(hth,al/T,bl/r,C, d) ’ -1< (ard — b, 0)2(al d—b C) <1,
— (ard = byc)*(ayd — bie) — 1 < aZa; + d° + c(arby + arby + aib, + d(2b, + by))

< (apd—"b,c)*(ard —byc) + 1}. (58)

Notice that whenever the stable 3-cycle Oy .2 exists, its complementary orbit Oxz - also exists, but
it is unstable. Furthermore, for (1 — d)h; + ¢ ha # 0 both the 3-cycles O 2 and Oz, appear at
the same BCB curves (53)). On the other hand, the DTB and DFB curves of the 3-cycle Og: are
given by

TR2p = {(hl, ha, ay, ar, by, by, e, d) ’ blazch - ala3d3 + ala% — 2hanbyPd + 2apa,bycd?

+ a, by c + bjayc+ b b2c® — a b2 2d + 2bpcd + ajbrc +byed +d® — 1 = 0},
(59)

and

Frep = {(hl, ha,ay, ar, by, b, c,d) | — blagcd2 + alafd?’ + alai + 2bja,byd — 2aa,b,cd?

+ apbrc+bayc — b b2c® +ay b2 d + 2byed +aybyc+bjed +d® +1 = 0},
(60)

respectively.

A.1.5 Multiple attractor bifurcations (MABs) of the map (1)

To detect multiple attractor bifurcations for the map (TT)), a straightforward way is to determine
the overlapping stability regions of different periodic orbits. For instance, as shown in Fig. [TIA,
forc = 0.8, d = 0.2, b = —0.4, b, = 0.5, two stability regions Sg and Sg 2 overlap in the
(ar, a,)-parameter plane (or in the (a11, a1 + w11)-parameter space for the 2d PLRNN ). Their
overlapping region, displayed in yellow, reveals the structure of the (ay, a,.)-parameter plane. This
helps us to find various MABs. Assuming ho = 0 and varying h; from a negative value to a positive
one, an MAB of the form

05 & 05, + 0% o, 61)

occurs in the overlapping region. An example of this kind of bifurcation is illustrated in Fig. [S3JA.
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Moreover, Fig. @indicates, for c=0.9,d = 0.3, by = —0.6, b, = —1.54, there are nonempty
overlapping regions Sg,r N Sk 2 and S o2 N Sk. This leads to the occurrence of two different
MABSs given by (61)) and

03 &% 05 + Ogys, (62)

for ho = 0 and h; changing from negative to positive values. Both of these bifurcations are shown in
Fig.[S3]A and Fig.[S3B, associated with the points Pyand P, in Fig.[S4] Note that in Fig.[S4] all the
points P», P3 and P, belong to the overlapping region S -2 N Sk (in sky blue). These points are
related to the parameter values ¢ = 0.9, d = 0.3, by = —0.6, b, = —1.54, a, = —1.8, ho =0, and
they only differ in the parameter a;. In this case, one can see that fixing all parameters and changing
only the parameter a;, from P» to Py, the basins of attraction change. The corresponding basins of
attraction for these three points are demonstrated in Fig. (right) and Fig. [S5|for hy = 0.5 (after
the bifurcation).

A?>2
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.
>0 5 °
1 .
-2 -2 *
. ‘ 4
0.5 0 0.5 1 " ) 1 0 1 )
h
]
Bo.
0.2
x 0
0.2
0.4
03 02 01 0 01 02 03 04 05

hy
Figure S3: MAB at ¢ = 0.9, d = 0.3, b; = —0.6, b, = —1.54, ho = 0. A) Left: Bifurcation dia-
gram for a; = —0.44 and a, = —1.8 corresponding to the point P; in Fig.[S4] Right: Multistability
of the fixed point Oz and the 3-cycle O, .. after the bifurcation and their basins of attraction at
hy1 = 0.5. B) Left: Bifurcation diagram for a; = —0.35 and a, = —2.2 corresponding to the point
P, in Fig. |S_Z} Right: Multistability of the 2-cycle O% , and the 3-cycle O . after the bifurcation
and their basins of attraction at h; = 0.7.

A P, P, P | y —ﬁ
C}t d .{RL ﬁ j \' ~Fre
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3 ( ! S
= SRL -FI“

s T3
< @H

-4 ‘ ) ‘ ‘ ‘ 4

-1.5 -1 -0.5 ay 0 0.5 1 15 1 0.5 ay 0 0.5 1

Figure S4: Analytically calculated stability regions for a different parameter setting than used in
Fig.[I] Left: Analytically calculated stability regions Sz, Sgrz and Sz .2, shown in green, red
and blue, respectively, in the (a11, a11 + w11 )-parameter plane for ase = 0.3, wo; = —1.54. The
overlapping regions Sg N Sr 2 and Sk 2 N Sk, representing multi-stable regimes, are given in
yellow and sky blue. Right: Bifurcation curves for the same parameter settings as determined by
SCYFI. Note that SCYFI identifies additional structure (regions demarcated by gray curves) not
included in our analytical derivations.
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Figure S5: Multistability of the fixed point OF, and the 3-cycle O% ., at ¢ = 0.9, d = 0.3, b; =
—0.6, b, = —1.54, a,, = —1.8, hy = 0 after the bifurcation and their basins of attraction at h; = 0.5.
Left: a; = 0.06 (point Ps in Fig.[S4); right: a; = 0.26 (point P, in Fig.[S4).

A.2 Proofs of theorems

A.2.1 Proof of theorem[|

Proof. Let £(80) be some loss function employed for PLRNN training that decomposes in time as
T
L =%, L Then

0L _ 0L
o0 P 00
6£t - aﬁt 6Zt
90~ 0z 00 (63)
Denoting the Jacobian of system (2) at time ¢ by
0F9(zt_1) ﬁzt
= = 4
Ji D21, Bz, (64)
we have
th - 8275 3zt,1 8+zt o 8zt,1 6+Zt
W om0 o T T an (65)

where 0T denotes the immediate partial derivative (see [48] for more details). Assume that I';, is a
k-cycle (k > 1) of . Thus, I'y, is a set of temporally successive periodic points

Pri=A{zpn, Zpek_q, - - 7zt*k,(k,1)} ={zpr, F(Zge )y - - ngl(zt*k)}, (66)
such that all of them are fixed points of
Ziyk = Fg(zt) = Fg(Fg(Fg(Fg(Zt)))), (67)

and k is the smallest such positive integer (for £ = 1, I'; is a fixed point of Fy). Similar to (]6_3]), the
tangent vector 92ttk can be computed as

Oz _ Oz 0 | Oz YT 0m 0'au %)
90— 0z 00 0o LT ag 0
Thus, for 2y = FJ(2;r) we have
k—1
8Zt*k . 6zt*k 8+zt*k
0 = EOJM,T 50 T Tag (69)
Accordingly
_ _ (-1 g,
Ozpr IkalJ*k RAET adj( Hr=o Js k) Ozer 00
o0 e o0 Py, (D) 20
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where PHk—é g, (1) = det (I — H’:;é JMT). Moreover, from and we have
r= txk _p

oL, oL, Ot zper
H 8zt*k ( H Jt*k >

90
Now, suppose that I';, undergoes a DTB, such that the fixed or cyclic points given by (66) tend
to infinity and one of their eigenvalues tends to 1 for somarameter value § = 6y. This implies
1»

B 1
Py Tk, (1)

(71)

azf*k

goes to 1nﬁn1ty Therefore

>

Prys-s J,. T(l) becomes zero at § = 6, and so, due to

loss function.

Let {24, 2t,, Zt5, - - .} be an orbit which converges to I'y, i.e.

lim d(z,,T%) = 0. (72)
n—oo

Then there exists a neighborhood U of I'y, and k sub-sequences {z;,,, }oo—1, {Zt)mii fone1s ="
{2t n_1) Fowe1 of the sequence {z;, }72; such that all these sub-sequences belong to U and

a) Ztpmts — Fk(ztk(m,fqus)a §=0,1,2,--- k-1,
b) lim =z, =2zpk_g, s=0,1,2,--- k-1,
m—r oo

c) forevery z;, € U thereis some s € {0,1,2,--- ,k — 1} such that z;, € {24, ... };—1-

This implies for every z;, € U with z;, € {z,,,,, }r—; . there exists some 7 € N such that

zt, = 2t,,,, and ﬁan;o Zt)n,. = Zewr_g - Consequently, there exists some N € N such that for

every n > N both Ztpny, a0 Zper g belong to the same sub-region and so the matrices Wy, .., )
and Woer_g) (s € {0,1,2,--- , k — 1}) are identical. Without loss of generality, let s = 0. Since

_ ok
Ztprny F (ztkﬁ)’so
k-1
aztk(ﬁﬂ) Oz, 8+ztk(ﬁ+1>
— = H by + (73)
0 LT 9 0
. 0z tr(atl) 0z

On the other hand, limg 00 —55 = lima 00 39 , Which results in

k—1 -1
. aztk(ﬁ,+1) . a+ztk(ﬁ,+1)
limg oo — 0D = ([ T Jony | limnyog —
r=0

00 00

adj (I HT OJt*k )

+
0 Ztp(nit1)
PH',Z& Jt*k—v- (1)

o0

(74)

This means as 7 — oo, for any orbit converging to I'y, the norm of the loss gradient tends to infinity
at § = 6y which completes the proof. O

A.2.2 Proof of theorem

Proof. Let T';, be a k-cycle (k > 1) of (2) defined by periodic points (66). Suppose further that
I';;, undergoes a BCB for some parameter value § = 6,. Hence, one of its periodic points, e.g.
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z4k, collides with one border. Therefore, z,, ;«+ = 0 for some 1 < m < M by the definition of
discontinuity boundaries in [38,[39]]. Similar to the proof of Theorem[I] for & = A, W we have

di( I -TI2) I
3zt*k_1 “ j( HT:O ¢ le) 8+Zt*k_1

— , (75)
a6 Py g, () o0
in which
3+zt*k,1
=L — 1, ) Doy Zpek s
Dwnm (n,m) k) 2ok
3+Z sk _
ﬁml = L(mm) Zoeks (76)

where 1(,, .y is an M x M indicator matrix with a 1 for the (n,m)’th entry and 0 everywhere else.

. 0Tz,
Since z,,, 4« = 0 at = g, due to |i % becomes the zero vector at § = 6. Consequently,
0z k4

0Ly
00

and so | 56 H vanishes at § = 6. Now it can be shown that at = 6 the loss gradient
goes to zero for every z; € Br, (the proof is similar to the last part of the proof of Theorem . O

A.2.3 Proof of corollary/l]

Proof. For M = 2, let h; # 0. Then the DFB curves of the fixed point I'; coincide with the BCB
curves of the 2-cycle Og - of the form

Fi=&ke = {(h1, ha, a11,a22)|1 + agy + ags + arrase = 0}, (77)
or
Fo = Ehe = {(h1, ha, a11, w11, w21, a)|1 + @11 + w11 + az + (a11 + wir)age = 0}, (78)
For M > 2, assume that I'; = {2z} is a fixed point of the system, i.e.

adj(I — Wasy))

27 = (I - Wqn) th=
: ( o)) PI—qu)(l)

h, (79

where PI,WW*) (1) is the characteristic polynomial of I — War) at 1. Let us denote the first
1

row of the adjoint matrix of I — W) by adj(I — Was))1. If adj(I — Wor))1 h # 0, then
we can analogously demonstrate that the DFB curves of the fixed point align with the BCB curves of
the 2-cycles. This implies that, in accordance with Theorem [2] DFBs of fixed points will also lead to
vanishing gradients in the loss function. O

A.2.4 Convergence of SCYFI

To ensure that SCYFI almost surely converges, we can simply choose the number of random
initializations (i.e., Ny in algorithm [I)) large enough such that every linear subregion will have
been sampled with probability almost 1.More precisely, drawing uniformly from the 2 different
Dq-matrices (linear subregions) for initialization, the probability that a particular subregion has not
been drawn after r repetitions is p = (1 — 2%)’" Hence, in order to ensure that all 2" subregions
have been visited with probability 1 — € we need r > [ﬁ] iterations. Choosing N,y = 1,
we can thus ensure that SCYFI was initialized in each subrégion with probability almost 1, and
thus, in the limit, will have probed all subregions for dynamical objects. This argument extends
to k-cycles by replacing 2 by 2™ above (strictly, a more precise bound for & > 2 is given by
QM (k=1) 5 (2M — 1) = 2Mk _ 9M(k=1) dye to the fact that the PLRNN (2} is a linear map in each
subregion and, hence, cannot have any k-cycles with all periodic points in only one subregion).
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A.2.5 Proof of theorem[3

Proof. We examine the convergence and scaling behavior of SCYFI for fixed points. A similar
argument applies to k-cycles where & > 1.

Let z] be a fixed point of the system, i.e.

zi = (I-Wouy) R (80)
z] is a true fixed point iff
(dm(t]) —a) - zmex > 0, Vme{1,2,---, M}, (81)
where Doy:) = diag(di(t7), da(t7), -+ ,dm(t7)) and 0 < a < 11is a positive real constant.

For examining SCYFI’s efficiency, here we focus on two scenarios that impose specific constraints
on parameters 8; other cases remain to be investigated.

Case (I) : Let R be a randomly generated matrix with uniformly distributed entries in the interval
[0,1), and h # 0 be a random vector with all its components being non-negative. For an arbitrary
€ > 0, we set

1
A= ————diag(R),
21 R+ HeelR)
1
W:7(R—dia R). 82
>+ IRl + < e(R) ®2)
Then
||diag(R)|| 1
Al = < ,
1Al = SR+ < 27 R+«
R — diag(R R diag(R 1 R
i IR dis(R)| _ IR| ¢ diag(R)) 1+ R )
2+ ||R| +e 24+ ||R| +e€ 24 ||R|| +¢€
and so ||A| + ||W]| < 1. Therefore
vt [Woe|| = |[A+WDau || < A+ W {|Daw|| < A+ W] <1, @4
and so
vt p(Wau)) < ||[Waw ] < 1. (85)
In this case, for any n € N, we also have
n n n
[T Waeo| < TTIIWaeoll < (l4l+1w1)" < 1. (86)
i=1 i=1
This ensures the stability of all fixed points and k-cycles of the system.
According to (83)), we have
71 > n
(I-Waup) = Z Wowy = I+ Waup) + W(%(t;) +ee (87)

n=0

Hence, all the elements of (I - WQ(tT))_l are positive, and s0 zy, ¢+ > 0 for every t]. This implies
that all true and virtual fixed points exist within a singular sub-region. Additionally, only one fixed
point is true, while all the other fixed points are virtual.

Case (II) : Let h = (hy,ha,--- ,hy)" be a random vector with all h,,, uniformly distributed in
(0,1] and

Brmin = min{hy, : hy €h, 1<m < M} >0, 0 < Boin < 1,

Bmaz = max{hp : hy €h, 1 <m <M} >0, 0 < Braz < 1. (88)
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Assume further that R; is a randomly generated matrix with uniformly distributed entries in the
interval (—1, 0], and for M > 2

Bmin .
w o= it (R, - diag(R,)). 89
MR+ B g(R1) (89)
Consider
Bmin
mazr — ijl - i'GW, 0<tmar < 57— 90
a max { |wij| + wy i o M +|[R| + € ©0)
and S C {1,2,---,M} = I such that Kk = 2M—card(S) « 9M  GQuppose that Ry =
diag(ry,--- ,rar) is a randomly chosen diagonal matrix with r,,, uniformly distributed in (—1,1)

for m € I\ S, and the other elements (m € S) uniformly distributed in (r* — 1,0) where
* _ (M—1)dmaz Bmaz :
r* = ‘—mermez  Since

Bmin
(M - 1)04max Bmum (M - 1) ﬁma;ﬂ (M - 1) (M - 1)
0< < < < <1, ©1
T MRl +e = M+ [Rl+e - M oD
so —1<r*—1<0.
If
A-_ L g (92)
T 24 |[Raf[ €7
then
| Rzl 1
Al = < ,
1Al 2+ ||Ri||+e = 2+ ||Ry|| +e
in [|R1 — diag(R R diag(R 1+||R
W = Bmin || R1 — diag(R)]| < | Ri| + [|diag(Ra)|| < L ([ R4]l ’ ©93)
M +||Ry| +¢ M +||Ry|| + ¢ 2+ || Ry +e
which implies | A|| + [|[W|| < 1. We set € > 0 large enough to satisfy the condition
1 > *
(1= Waun) =D Wiy ~ T+ Wo, V. (94)
n=0
On the other hand, for any ¢ we have
a1y wiada(t)  wigds(t) - wiadam(t)
ward (t) Q22 wazds(t) -+ wandam(t)
Wau = A+ WDq) = w31dy(t)  waada(t) ass o wandum(t) | (95)
wyr1di(t)  wareda(t) warads(t) - apM M
Hence
M M
Zmtr = (1 + amm) R + Zwmj dj(tik)hj = (1 + amm) Ry — Z |wmj| d](f{)h] (96)
Jj=1 j=1
j#m j#Em
Since for every t]
M M
> lwmsl di(E)h; <D wm| By, 7
=1 =1
j#m j#m
)
M
Zmr 2 (L4 Gmm) hin — Z | Wi | b Vmel. (98)
j=1

Jj#Fm
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Moreover ags € (r* — 1,0), for every s € S, and thus

M M
(M — 1) 5 > j=10mazPmaz > j—1lws;| R
- UmazPmazx J#s J#s
ass +1 > = > . 99)
* ﬁmln ﬂmzn hs

Therefore, due to (98) and , zs4x > 0 for every t] and s € S. This means that all true
and virtual fixed points only exist within a relatively small number of sub-regions, denoted as
K = 2M—card(S) « 9M Given our specific initalization of 8, in both cases (I) and (IT) there is a set
of K different sub-regions, each associated with a unique Dgq ;) matrix. We refer to the entire set of
these matrices as

Dx = {Dy, ..., Dg}. (100)

SCYF], by its definition, only moves within the sub-regions that have virtual and true fixed points,
continuing until it discovers a true fixed point (or gets stuck in a virtual cycle). Thus, it can iterate
between J < K sub-regions

Dy ={Dy,...,D;} C Dg, (101)
or within the set of virtual fixed points
Zr,=A{z1,...,zL}. (102)

In case (I), there is only one true fixed point. Since all virtual fixed points are located within the same
single sub-region, SCYFI’s initialization will naturally position it within the correct linear region,
requiring no more than 1 iteration. Hence, it needs at most 2 iterations to find the true fixed point.
Consequently, SCYFI’s scaling is constant.

For case (II), if we suppose that SCYFI follows the virtual/true fixed point structure of the underlying
system in these K sub-regions, the necessity for the probability of discovering the fixed point to be
close to 1, specifically 1 — ¢, is to have

In(e)

In(1 — m)

In(e)
In(1- %)
iterations. Since 1 < card(S) < M —1,s0 K > 2 and In(1 — %) ~ ’71 For €* > ¢, let
N = In(e*) .| > [1 In(e) ],then

N>T

1=1 1, (103)

ln(l—%) n(l—%)
In(e* In(e* 1
N =] n(e )1 1< n(e )1 ~In(—)K = cK, (104)
In(1 - %) In(1 - %) €*
which implies the number of iterations is bounded from above. If, for every M, we choose K small
enough, then the upper bound will stay within a linear growth. O

A.2.6 Proof of theorem[d

In GTF [24]], during training RNN latent states are replaced by a weighted sum of forward propagated
states z; = Fg(z;—1) and data-inferred states z; = G;l (z+) (obtained by inversion of the decoder
model G):

2t = (1 — Oé)Zt + O[Zt, (105)

where 0 < o < 1 is the GTF parameter (usually adaptively regulated in training, see [24]). This leads
to the following factorization of Jacobians in PLRNN (2) training:

0z Oz 0Z4_ OF, (2 — ) 0Zi_ ~
IGTF t t t—1 o\~t—1 t—1

= = = = 1—()4 J = 1—(¥ [’[SZ . 1()()
¢ 3zt,1 82,5,1 8zt,1 aitfl azt,l ( ) K ( ) ® ( )

Proof. (i) Since ||A| + ||[W] < 1, we have
vt [[Woa || = [|[A+ W Daw|| < Al + W] || Dag|| < A+ W] < 1, (107)
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and so
vt p(Wa)) < [[Wow || <1, (108)

where p denotes the spectral radius of a matrix. In this case, for any n € N, we also have

P(H Wao,
i=1

Now, for any 0 < o < 1, the product of Jacobians under GTF is

< (Jan+w))" <1 09)

n

[[75"" = U (1—a) HWQ(t (110)

i=1 i=1

and
(HJGTF) = (a1 —a)"ﬁWn(m) = (1 —a)np(ﬁWQ“i))
i=1 =1
<(l-a)" < 1. (111)

Hence p(]_[l 1 JGTF) < 1 which implies for any n € Nand 0 < « < 1, the product [T, JE*F
has no eigenvalue equal to 1 and so no DTB can occur (see definition of DTB in sect. [3).

(79) Let ||A|| + ||W|| = r > 1, then for any n € N we have

p(ﬁfti) < (112)
=1

and thus

p(ﬁJSTF) (1—a)" (ng(t)) [(1—a)r]™ (113)
i=1

Since 0 < 1 — ,l < 1, inserting 1 — } < a = a* < 1into the r.h.s. of lj again gives
(Hl L JGTF) < 1 for any n € N, implying that no DTB can occur. O
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A.3 Additional results
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Figure S6: A) Analytically calculated stability regions for a 2-cycle S~ (red), and a fixed point S
(green) for the 1d skew tent map, as defined in the figure, in the parameter plane given by (a,., a;). B)
Bifurcation diagram along the cross section indicated by the gray line in A, showing a BCB and DFB

occurring simultaneously at a, = —1 and a DTB occurring at a,, = 1.
1.0/ %
E .’c. F 5.0
*u
..,
0.5 'n.:.a...’. 2.5 \
< 0.0 — treeea
e N 0.0 jpetssss=2s2 2222 SR 2S
i -
- ’..." )
*u
-0.5 :..'. -25 |
.
-1.0 * 59

-0.4 -02 00 02 0.4 -04 -02 00 02 0.4
aiy ail

Figure S7: Results from SCYFI (blue) versus analytical results (orange) for the 2-cycle in Fig.
(a11 + w11 = —2). Eigenvalues (left) and location in state space (right) for one of the cyclic points.
This confirms that fixed point locations and eigenvalues computed in closed-form and via SCYFI
exactly agree, as they should.

A.3.1 Scaling analysis

Although the results presented in Fig. [2| suggest that SCYFI’s scaling behavior is much better than
theoretically expected, the fact that it is hard to obtain ground truth comparisons for high-dimensional
systems (because of the combinatorial explosion) generally makes an extensive empirical analysis
difficult. For Fig. 2] we therefore focused on scenarios for which we can also provide analytical
curves for an exhaustive search strategy (eq. (3))) and where we then either examined scaling with
cycle-order k for rather low-dimensional systems, or where we explicitly embedded fixed points to
search for which allowed us to move to very high dimensionality M. In general we observed that
the scaling behavior also depended on the PLRNN’s matrix norms and the eigenspectrum of the
embedded fixed points, so we constructed different scenarios where we varied these factors as well.

To construct a fairly well behaved case with low matrix norms, we randomly generated matrices
R with uniformly distributed entries in the interval [—1,1] and then normalized by its maximal
eigenvalue: We set PLRNN parameters A = ——diag(R) and W = (R — diag(R)), and

Amaz Amaz

chose h uniformly in the interval [—50, 50]. For each of 10 different such systems, we fixed the
number of outer loops and inner loops (Nyy¢, Niy, in Algorithm[I)) such that a fixed point would be
detected in at least 50/75 independent runs of the algorithm, and then determined the total number n
of linear regions (i.e., across all N, different initializations) the algorithm needed to cycle through
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to detect a stable fixed point. We also ensured that across all different runs this stable fixed point
would be the same, in accordance with our assumptions. The resulting scaling behavior was well
fitted by a doubly-logarithmic curve of the form ¢; In(In(M)) + c2 (R? ~ 0.913,p < 10~*). This
low-matrix norm scenario with a stable fixed point may be seen as a kind of lower bound on the
scaling.

To embed a specific fixed point z*, we again start with a matrix R as described above and take
A = diag(R) and W = (R — diag(R)). We then minimize

Juin | 27— ((A+ W Do) 27+ h) |, (114)

subject to A staying diagonal and W off-diagonal (we observed that adding a small Gaussian noise
term to the right appearance of z* in eq. which decayed proportionally to the learning rate
improved numerical stability in the optimization process). The such constructed PLRNNs generally
have several fixed points, but to compute n we only search for the inserted fixed point z* (making
eq. (3) directly applicable). This way we produced 5 — 10 systems, initializing R with values in
[—0.2,0.2] (orange curve in Fig.[2B) or [—1.0, 1.0] (blue curve in Fig.2B), thus effectively restricting
the eigenspectrum of the fixed point as well as the matrix norms of the PLRNN to a certain range.
However, since matrix norms may change during optimization, eq. (IT4), our procedure is not
strictly guaranteed to produce eigenspectra and matrix norms within a desired range, which is crucial
especially for the first scenario where we wanted to keep norms within a ‘typical range’ (see below).
So here, to ensure consistency among drawn systems and with our assumptions, the mean absolute
eigenvalue of the embedded fixed points was kept close to 0.31 & 0.05 and the mean maximum
absolute eigenvalue close to 1.25 + 0.13. For > 75% of the resulting systems spectral matrix norms
were within the range [1.0, 3.0]. While this produced matrix spectra typical for trained PLRNNs
(> 95% out of 361 PLRNNS trained on various benchmarks and data had spectral matrix norms
within [1.0, 3.0]), the second initialization range resulted in unnaturally large matrix norms and hence
may be seen as providing a kind of upper bound on SCYFI’s scaling behavior. Fig. [S&|shows the best
case (left; purple curve in Fig.[2B) and typical (right; orange curve in Fig.[2B) scaling scenarios on
linear scale to better expose the scaling behavior and function fits.
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Figure S8: Zoom-ins on linear axes of the scenarios with doubly-logarithmic (left; R? ~ 0.913,p <
10~*) and quadratic (right; R? ~ 0.925,p < 107°) scaling behaviors from Fig. 2B.
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Figure S9: A) Initializing SCYFI in a wide array of different subregions (different colors), it quickly
converges — within just a few iterations — to the same set of linear subregions which contain the
dynamical objects of interest (fixed points in this case). B) The number of different subregions
explored by SCYFI when started from different initializations shrinks exponentially fast with the
number of iterations. Shown are means (+ stdv) from 10 different systems with A/ = 10.

A.3.2 Loss jumps & bifurcations in PLRNN training on biophysical model simulations

Here we provide an additional illustration of how SCYFI can be used to dissect bifurcations in
model training. For this, we produced time series of membrane voltage and a gating variable from
a biophysical neuron model [17], on which we trained a dendPLRNN [[10] using BPTT [52] with
sparse teacher forcing (STF) [37]. The dendPLRNN used (M = 9 latent states, B = 2 bases) has 218
different linear subregions and |@| = 124 parameters. Fig. gives the MSE loss as a function of
training epoch (i.e., single SGD updates). The loss curve exhibits several steep jumps. Zooming into
these points and examining the transitions in parameter space using SCYFI, we find they are indeed
produced by bifurcations, with an example given in Fig.[STOB. As we had done for Fig.[din the main
text, since the state and parameter spaces are very high dimensional, for the bifurcation diagram in
Fig. all extracted k-cycles (k > 1), including fixed points, were projected onto a line given by
the PCA-derived maximum eigenvalue component, and plotted as a function of training epoch. For
the example in Fig.[STOB, we found that a BCB (Theorem 2) underlies the transition in the qualitative
dynamics of the PLRNN as training progresses. Fig.[STOC illustrates the dendPLRNN dynamics just
before (left) and right after (right) the bifurcation point highlighted in Fig.[STOB, together with time
series from the true system.

More generally, whether a bifurcation associated with vanishing gradients produces a loss jump
depends on the system’s dynamics before and after the bifurcation point. In the case of BCBs, one
possible scenario involves a change in stability, as illustrated in Fig .[ST0O} During a BCB, a stable
fixed point (or cycle) can loose stability as it passes through the bifurcation point. The maximum
Lyapunov exponent of an unstable fixed point (or cycle) is positive, resulting in exploding gradients
right after the bifurcation point [37], and consequently to a very steep slope in the loss function near
the bifurcation point as in Fig .[ST0|
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Figure S10: A) Loss across training epochs for a dendPLRNN (M = 9 states, B = 2 bases) trained
on a biophysical neuron model in a limit cycle (spiking) regime. Red dots indicate training epochs
just before and after a loss jump for which time graphs are given in C and D. B) Bifurcation diagram
of the dendPLRNN as a function of training epoch, with all state space locations of stable (filled
circles) and unstable (open circles) objects projected onto the first principle component. The loss
jump in A is accompanied by a bifurcation from fixed point to cyclic behavior. C) Time series of the
voltage variable (z;) of the biophysical model (gray) and that predicted by the dendPLRNN (black)
before the bifurcation event indicated in B. D) Same directly after the bifurcation event.
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Figure S11: Loss jump induced by a degenerate flip bifurcation (DFB). A) Loss during a training
run of a PLRNN (M = 5) on a 2-cycle. The gray line indicates a loss jump corresponding to a DFB
and a simultaneously occurring border collision bifurcation (BCB). B) Bifurcation diagram of the
PLRNN, with the DFB and BCB leading to the destruction of the fixed point and the emergence of a
2-cycle as indicated by the gray line.

A.3.3 Dealing with bifurcations in RNN training

Here are some additional thoughts on how RNN training algorithms could possibly be modified to
deal with bifurcations. If the algorithm finds itself during training in a parameter regime which does
not exhibit the right topological structure, it does not make sense to further dwell within that regime,
or possibly anywhere within the vicinity of the current parameter estimate. Unlike standard SGD,
the algorithm should therefore perhaps take large leaps in parameter space as soon as it gets stuck
in a non-suitable dynamical regime. One possibility to implement this is through a ‘look-ahead’
mechanism that probes for topological properties of regions not visited so far. While fully fleshing
out this idea is beyond this paper, a proof of concept that this may speed up convergence is provided
in Fig. [ST2] Along similar lines, if we knew the model’s full bifurcation structure in parameter
space ahead of time, we could simply pick a parameter set which corresponds to the right dynamics
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describing patterns in the data best. While of course it will in general not be feasible to chart the whole
bifurcation structure before training (this is in a sense the whole point of a training algorithm), it may
be possible to design smart initialization procedures based on this insight, e.g. probing topological
regimes at randomly selected points in parameter space before starting training and initializing with
parameters that produce a desired type of dynamics (e.g., cyclic behavior) to begin with.
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Figure S12: A) Example loss curves for RNNs trained on electrophysiological recordings by BPTT
without (blue) vs. with (black) ’look-ahead’ (the look-ahead function checks whether there would
be a bifurcation away from a stable fixed point when taking 10X the current gradient step). Dashed
yellow line indicates the epoch at which the look-ahead step was executed. B) Average across 6 loss
curves of RNNs trained without (blue) vs. with (black) look-ahead. Error bands = SEM.
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