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Abstract

In the stochastic contextual bandit setting, regret-minimizing algorithms have
been extensively researched, but their instance-minimizing best-arm identification
counterparts remain seldom studied. In this work, we focus on the stochastic bandit
problem in the (e, §)-PAC setting: given a policy class II the goal of the learner
is to return a policy m € II whose expected reward is within € of the optimal
policy with probability greater than 1 — §. We characterize the first instance-
dependent PAC sample complexity of contextual bandits through a quantity pry,
and provide matching upper and lower bounds in terms of py for the agnostic and
linear contextual best-arm identification settings. We show that no algorithm can be
simultaneously minimax-optimal for regret minimization and instance-dependent
PAC for best-arm identification. Our main result is a new instance-optimal and
computationally efficient algorithm that relies on a polynomial number of calls to
an argmax oracle.

1 Introduction

We consider the stochastic contextual bandit problem in the PAC setting. Fix a distribution v over a
potentially countabl set of contexts C. The action space is .A, and for computational tractability,
we assume |A| is finite. We have a set of policies II of interest where each policy = € II is a map
from contexts to an action space 7 : C — A. The reward functionis r : C x A — R. At each
time t = 1,2,... a context ¢; ~ v arrives, the learner chooses an action a; € A, and receives
reward 1 := r¢(ct,ar) € R with E[r¢|ct, at] = r(et,ar) € R. The value of a policy V() is the
expected reward from playing action 7(c) in context c: V(1) = E.,[r(c, w(c))]. Given a collection
of policies TI, the objective is to identify the optimal policy 7, := arg max,cr V (7), with high
probability. Formally, for any e > 0 and 6 € (0, 1), we seek to characterize the sample complexity of

! Assuming the set of contexts is countable versus uncountable is for presentation purposes only, since it
allow us the notational convenience of letting v. denote the probability of context c arriving.
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identifying a policy 7 € II such that V(7) > V() — €, with probability at least 1 — §. That is, we
wish to minimize the total amount of interactions with the environment to learn an e-optimal policy.

We study both the agnostic setting, where 11 is an arbitrary set of policies with no assumed relationship
with the reward function r(c, a); and the realizable setting, where the policy class and the reward
function follow a linear structure, known as the linear contextual bandit problem. In both cases,
we are interested in instance-dependent sample complexity bounds. That is, the upper and lower
bounds we seek do not simply depend on coarse quantities like |II|, |.4|, and 1/¢2, but more fine-
grained relationships between the context distribution v, geometry of policies II, and the reward
function r : C x A — R. Our motivation is that instance-dependent bounds describe the difficulty
of a particular problem instance, allowing optimal algorithms to adapt to the true difficulty of the
problem, whether easy or hard. We seek algorithms that take advantage of “easy” instances instead of
optimizing for the worst-case [23].

1.1 Related work

Minimax regret bounds for general policy classes The vast majority of research in contextual
bandits focuses on regret minimization. That is, for a time horizon 7', the goal of the player is

to minimize E [ZtT:l (e, me(er)) — (e, at)} . The landmark algorithm EXP4 for non-stochastic

multi-armed bandits [3] achieves a regret bound of \/|.A|T log(|II|). Unfortunately, the running time
of EXP4 is linear in |II| which is prohibitive for many problems of interest. The algorithms proposed
in [3,[11]] achieve the same regret bound with a computational complexity that is only polynomial
in T and log(|II|). Both approaches can be used to obtain an e-optimal policy with probability at

least 1 — § using a sample complexity no more than Wmi%' None of these works made any
assumption on the connection between the reward function r and the policy class II (i.e. the agnostic
setting).

Instance-dependent regret bounds for general policy classes The epoch-greedy algorithm
of [26] achieved the first instance-dependent bounds on regret with a coarse guarantee depend-
ing only on the minimum policy gap Apo := V(7)) — max -, V(7). In the pursuit of more
fine-grained regret bounds achievable by computationally efficient algorithms, many authors resort
to the realizability assumption [14H16| [34]]. The learner knows a hypothesis class H where each
fe€Hisamap f: C x A — R, and there exists an f* € H such that 7(c,a) = f*(c, a) for all
(¢,a) € Cx A. Under this assumption, [16] proves lower and upper bounds on the instance-dependent
regret. Their bounds are in term of the uniform gap A niform := Min.ec minge 4 r(c, . (c)) —r(c, a).
In general, for any policy class, they establish matching minimax lower and upper regret bounds of
the form min{\/|A|T log(|H|), %(ﬁ?jl}, where €2 is the policy disagreement coefficient, a
parameter depending on the geometry of H and the context distribution v. That is, these bounds hold

with respect to a worst-case family of instances parameterized by A piform and QI;’{O ! Using the stan-
dard online-to-batch conversion, this translates to a sample complexity (i.e. the time required to find

an e-good policy with constant probability) of roughly %@% | We show in Corollary
that this sample complexity is at least as large as our bounds. Further, unlike our bounds below, this
sample complexity is unbounded as € goes to 0. Recent work refines these kinds of regret bounds

further, and provides minimax regret bounds in terms of the decision-estimation coefficient [17].

Regret bounds for linear contextual bandits A special case of the realizable case assumes a
linear structure for 7. Assume there exists a known feature map ¢ : C x A — R? and an unknown
6. € R? such that the true reward function is given as r(c,a) = (#(c,a),f,). For this setting,
popular optimism-based algorithms like LinUCB [27] and Thompson sampling [31} 33]] achieve a

regret bound of rnin{d\/f7 = {;m } [1]l. Appealing to the online-to-batch conversion, this translates
d2

to a PAC guarantee of _ A, - More precise instance-dependent upper bounds on regret match
instance-dependent lower bounds asymptotically as 7" — oo [19,[36]. These works are most similar
to our setting and have qualitatively similar style algorithms. However, both approaches rely on
asymptotics with large problem-dependent terms that may dominate the bounds in finite time. Our
work is focused on upper bounds that nearly match lower bounds for all finite times.

Recently, instance-dependent sample complexity results for reinforcement learning in the tabular and
linear function approximation settings have appeared [4} 39, /40]. As contextual bandits is a special
case of finite-horizon reinforcement learning with a horizon length of 1, their results immediately can



be applied here. However, the cost of this generality is that these algorithms have very large lower
order terms (i.e., problem-dependent factors that multiply a 1/ term) making them far from optimal
in our setting. Moreover, the leading order term of [39] cannot be related to our lower bounds.

PAC sample complexity for contextual bandits As we will describe, all contextual bandits with
an arbitrary policy class can be reduced to PAC learning for linear bandits. Once we made this reduc-
tion, our sample complexity analysis draws inspiration from the nearly instance-optimal algorithm
for linear best-arm identification [13]]. The work in [10] provides a simple regret bound assuming a
kernel structure on the reward function, while their bound is minimax and they assume a lower bound
on eigenvalues of the covariance matrix of the context distribution. PAC sample complexity of linear
contextual bandits was also studied in [41], who shows a minimax guarantee sample complexity that

scales with ‘Z—j log(1/4). Similar to our work, [3] define their action sampling distribution as a convex
combination over policies. Our sampling distribution, as well as the optimal sampling distribution,
cannot be represented this way and is actually derived from the dual of the optimal experimental
design objective.

Contributions. In this work, our contributions include:

1. In the agnostic setting, we introduce a quantity pr that characterizes the instance-dependent
sample complexity of PAC learning for contextual bandits (see Equation|[I)). We show that pry appears
in information theoretic lower bound on the sample complexity of any PAC algorithm as ¢ — 0
in Theorem To ground this, we describe it carefully in the setting of the trivial policy class
(Section 2.2)) and linear policy classes (Section[2.3).

2. We construct an instance on which any regret minimax-optimal algorithm necessarily has a sample
complexity that scales quadratically with the optimal sample complexity (Theorem [2.6). This shows
that no algorithm can be both regret minimax-optimal and instance-optimal PAC.

3. Finally, we propose Algorithm [3]whose sample complexity nearly matches the lower bound based
on pr;. By appealing to an argmax oracle, this algorithm has a runtime polynomial in pry, 1/e,
log(1/6), |A|, and log(|IT|), assuming a unit cost of invoking the oracle.

2 Problem statement and main results

More formally, define 7; = o(c1,a1,71,- .., ¢, at, r¢) as the natural o-algebra filtration capturing
all observed random variables up to time ¢. For simplicity, we assume Gaussian noise in some of
our analysis. At each time ¢ an algorithm defines a sampling rule F; — A which defines a;1, an
{Ft}t>1-adapted stopping time 7 € N, and a selection rule F; — II that is only called once at the
stopping time ¢t = 7.

Definition 2.1. Fix ¢ > 0 and 6 € (0,1). We say an algorithm is (¢, §)-PAC for contextual bandits
with policy class II, if for every instance, at the stopping time 7 € N with 7 < oo almost surely, the
algorithm outputs 7 € II satisfying P(V (7)) > max e V(7)) —€) > 1 — 4.

The sample complexity of an (e, 0)-PAC algorithm for contextual bandits is the time at which the
algorithm stops and outputs 7. As we will discuss, the following quantity governs the sample
complexity :

e Kpmlr<a> + Pc,wl*m) Hm(e) # W(C)}}

pecimveee netivm,  (Bown| 7(c, 12 () — 1(c, 7(c)) ] V €)2

Prie = ey
Here, for any countable set X we have that Ay = {p € RIXI Yowex Pz = 1,p, > 0Ve € X}
so that p. for every ¢ € C defines a probability distribution over actions .A. In addition we use the
notation a V b := max{a, b}. We begin with a necessary condition on the sample complexity for the
particular case of exact policy identification (¢ = 0).

Theorem 2.2 (Lower bound). Fix e = 0and ¢ € (0,1). Moreover, fix a contextual bandit instance
w = (v,r) and a collection of policies 1. Then any (0,0)-PAC algorithm for contextual bandits
satisfies B, [T] > prr,o log(1/2.40).

The proof of the lower bound follows from standard information theoretic arguments [24]. The
lower bound implicitly applies to learners that know the distribution v precisely. In practice, such
knowledge would never be available however the learner may have a large dataset of offline data.



Assumption 1. Prior to starting the game, the learning algorithm is given a large dataset of
contexts D = {c;}._,, where each ¢; is drawn IID from v for all t € [T], and T =

O(poly(1/e, |Al,log(1/0),log([T1}))).

The above only assumes access to samples from the context distribution, not rewards or the value
function. Importantly, since C could be uncountable, we do not assume D covers the support of v.
Assumption|[T]is satisfied, for example, in an e-commerce setting where the context is the demographic
information about visitors to the site for which massive troves of historical data may be available.
Other works in PAC learning have made similar assumptions [20]. We would like our algorithm to be
computationally efficient in the sense that it makes a polynomial number of calls to what we refer to
as argmax oracle. Such an assumption is common in the contextual bandits literature [3} |11, [25].

Definition 2.3 (Argmax oracle (AMO)). The oracle AMO(II, {(ct, s¢)}7-;) is an algorithm that
given contexts and cost vectors (c1,51), -+ , (cn, n) € C x R, returns arg max S| s (7 (cr)).
mell

The constrained argmax oracle C-AMO, given an upper bound ! on the loss, returns

argmax ., ; ¢ (m (c;)) subject to Y 1" | sy (m (c)) < L.
mell

In general we can implement AMO by calling to cost-sensitive classification [6}[11] and C-AMO
through a Lagrangian relaxation and a cost-sensitive classification oracle [2,[8]. Our algorithm uses
an argmax oracle as a subroutine at most polynomially in e~*, log(1/4), |.A| and log(|II|). In this
sense, it is computationally efficient. The following sufficiency result holds for general € > 0.

Theorem 2.4 (Upper bound). Fix ¢ > 0 and 6 € (0,1). Under Assumption |I| there ex-
ists a computationally efficient (e, 8)-PAC algorithm for contextual bandits that satisfies T <
pire log(|IT]logy(1/€)/0) log(1/A¢), where Ae = max{e, minem x, V(7.) — V(n)}. Further-
| Al (log(|TT])+log(1/6)) log(1/€)

€

more, this sample complexity never exceeds

The second part of the theorem follows from the first, since prr . < 2|.A|/€? by taking p.., = 1/|A]
forall (c,a) € C x A.

2.1 Inefficiency of low-regret algorithms

Computationally efficient algorithms are known to exist, such as ILOVETOCONBANDITS [3]],
which achieve a minimax-optimal cumulative regret of \/7T'|.A|log(|II|/d). Inspecting the proof
in [3]], one can extract a sample complexity of € ~2|.A| log(|II|/§) from such results (which is also
minimax optimal for PAC). The previous section showed that the sample complexity of our algorithm,
Theorem [2.4] nearly matches the instance-dependent lower bound of Theorem [2.2] In other words,
our algorithm achieves a nearly optimal instance-dependent PAC sample complexity. However, it is
natural to wonder if perhaps with a tighter analysis, the minimax regret optimal algorithm in [3] also
obtains the instance-optimal PAC sample complexity. In this section, we show that this is not the case.
Indeed, we show that any algorithm that is minimax regret optimal must have a sample complexity
that is at least quadratic in the optimal PAC sample complexity of some instance.

Definition 2.5 (Hard instance) Fix m € N, A € (0,1] and let C = [m] with uniform distribution,
A ={0,1}. Fori =1,...,m, let m(j) = 1{i = j} and define r(i, j) = A1{j = m(i)}. Then
V(m)=Aand V(m;) = (1 —2/m) foralli € C\ {1}.

Note that for the hard instance, m = |TI|. If observations are corrupted by N (0, 1) additive noise,
then a straightforward calculation shows that pr7g = (21/% = mA~2 for the hard instance.
Theorem 2.6. Fixd € (0,1) and A € (0,1]. We say an algorithm is an c-minimax regret algorithm
if for some o > 0 and all T € N :

T

sy [ 32 (ra(en ma(e0)~rafecsa0)] = max S B Lo (D]l e (0) (e, ) < V/aTATT
t=1 c,a
where the maximum is taken over all contextual bandit instances p' = (V',r") and T, o(T) =

ZZ;I 1{c; = ¢,ay = a}. For any a-minimax regret algorithm, it is (0,6)-PAC if at a stopping
time T it outputs the optimal policy 7, w. p. at least 1 — 0. Any a-minimax regret algorithm that is
(0,8)-PAC satisfies E,,[1] > m?>A~2log?(1/2.45) /4a for the instance ju = (v,r) defined in



We point out that the minimax regret optimal rate takes « = log(m) = log(|II|). Thus, taking A =1
and § = 0.1, the minimax regret optimal algorithm has a PAC sample complexity of m?/log(m);
whereas the PAC sample complexity of our algorithm, Theorem is just mlog(m). That is,
algorithms with optimal minimax regret have a sample complexity that is at least nearly the optimal
PAC sample complexity squared. This demonstrates that no algorithm can simultaneously be minimax
regret optimal and obtain the optimal PAC sample complexity.

2.2 Trivial policy class

As a warm-up to discussing linear policy classes, let us consider the simplest policy class.

Definition 2.7 (Trivial policy class). Assume |[C| < oo and let IT = {n(c) = a: (¢,a) € C x A} so
that |TI| = |.A|I°!.

The trivial policy class has the flexibility to predict any action a € A individually for each ¢ € C.
This allows us to show that pr7 o < max, Vl Do A;i, (see Appendix . An immediate corollary
of Theorem [2.4]is obtained by simply noting that |TT| = |.A|I€!.

Corollary 2.8 (Trivial class, upper). Fixe > 0and d € (0,1). Let I1 be the trivial policy class applied
to some fixed C, A spaces. Then under Assumptionthere exists a computationally efficient (¢, )-PAC
algorithm for contextual bandits that satisfies T < min{Ae %, max, - >, Ac_z,}ﬂC\ log(].A]) +
log(1/8))log(1/Ac), where A. = max{e, min e, V(7.) — V(7)}. Furthermore, this sample

complexity never exceeds 21! log(lé‘)ﬂog(l/é)) log(1/e).

Ignoring log factors, the minimax sample complexity of the trivial class is just e ~2|.A|(|C| +1log(1/d)).
This is actually a somewhat surprising result, because it says limgs_,q % — € 2|A| which

is independent of |C|. To see why this result is somewhat remarkable, if we played a best-arm
identification algorithm for each of the |C| contexts, then this would lead to a sample complexity of
€ 2|C| - | Allog(1/6). It is somewhat of a surprise that such a natural strategy is not optimal. For
intuition for why we can avoid the multiplicative |C|, note that to identify an e-good policy among
just two policies (7, 7, ) using uniform exploration requires just ¢ ~2|.4|log(1/d) samples. When we
have more than two policies, a union bound achieves the claimed result.

The minimax sample complexity of Corollary [2.8](i.e., the second statement) is nearly tight:

Theorem 2.9 (Trivial class, lower). Fix € > 0 and 6 € (0,1/6). Let II be the trivial policy
class applied to some fixed C, A spaces. Moreover, fix a contextual bandit instance p = (v,r)

and a collection of policies 11. Then any (0,6)-PAC algorithm for contextual bandits satisfies
E,[7] > max, y% > o Az 2log(1/2.48). Furthermore, sup,, E,,[1] > €| A|(|C| 4 log(1/6)).

2.3 Linear policy class

A particularly compelling model-class of policies is the set of linear policies.

Definition 2.10 (Linear policy class). Fix a feature map ¢ : C x A — R? and assume it is known to
the learner. Let IT = {7(c) = argmax,ec 4{é(c,a), 0), V0 € R4},

We can consider two settings: the agnostic setting and the realizable setting. In the agnostic setting,
there is no assumed relationship between the true reward function r(c,a) and ¢ : C x A — R%. In
this case, Theorem [2.4] applies directly by taking a cover of II.

Corollary 2.11 (Agnostic, upper bound). Fix € > 0 and 6 € (0,1). Let II be the linear pol-
icy class in RY. Under Assumption 1| there exists a computationally efficient (e, §)-PAC algo-
rithm for contextual bandits that satisfies 7 < pr. - (dlog(1/€) + log(1/d))log(1/A.) where
A. = max{e,mingcm\,, V(m) — V(m)}. Furthermore, this sample complexity never exceeds
IA\(dlog‘(l/Ee?)Hog(l/(S)) log(1/e).

Comparing to the lower bound of Theorem [2.2] the instance dependent upper bound of Corollary
matches up to a factor of the dimension and negligible log factors. In contrast to the “model-free” feel
of the agnostic case, we can also consider a “model-based” type setting, i.e. the realizable setting.



Definition 2.12 (Realizable). We say the linear policy class is realizable if there exists a f, € R?
such that (¢, a) = (¢(c,a),0,) forall ¢ € C and a € A. Thus, for any 7 € II we have V(1) =

Ecu[r(e,m(c))] = Ecur[{P(e,7(c)), 0:)] = (&, 0x) With ¢y := Eony[@p(c, w(c))]. Finally, at the
start of the game the learner knows this model.

The setting in Definition 2.12] is commonly referred to as the linear contextual bandit problem
[1]. Clearly, we have that 7.(c) = argmax,c4{¢(c,a),0,). We begin by defining a quantity
fundamental to our sample complexity results:

2
Plin,e © min  max [éx = I . 155 s perattcrsesny T
li = ]
in,e PeE€EA A, VcEC well\ T, <¢ﬂ,* — ¢7‘r7 9*>2 Vi €2

Theorem 2.13 (Realizable, lower bound). Fix e = 0 and 6 € (0, 1). Let I1 be the linear policy class
ﬁ)

in R and assume it is realizable (see Definitions and . Any (0, 0)-PAC algorithm in this
setting satisfies B[T] > pin o - log(1/2.46).

We now state our nearly matching upper bound. However, in this case we note that the algorithm is
not computationally efficient.

Theorem 2.14 (Realizable, upper bound). Fix e > 0 and § € (0, 1). Let I be the linear policy class
in RY and assume it is realizable (see Definitions and . Under Assumption|l|there exists an
(e,0)-PAC algorithm (see Algorithm for this setting satisfying

7 < piin,c - (min{dlog(1/e), log([IT]) } + log(1/4)) log(1/A.)

h Ae: ) i Tw 71'70* = ) i 5 T - ) 70* .
where A, = max{e, min (6r.~G70.)} =max{e, min (d(cm(€)=6(a),6.)}

(dlog(l/e)«klo%(l/é)) log(1/¢€) )

€

Furthermore, this sample complexity never exceeds d

We remark that the algorithm that achieves this upper bound is very different than popular optimism-
based algorithms for linear contextual bandits e.g., UCB or Thompson sampling [1]. Indeed, our
algorithm computes an experimental design and is related to instance-dependent linear bandit al-
gorithms developed for best-arm identification [9 12, |13} [35] and regret minimization [[19}36]. To
our knowledge, Theorem [2.14] provides the first instance-dependent sample complexity for the PAC
setting of linear contextual bandits. The most relevant work to Theorem[QlZ] is the work of [41]]
which demonstrated a minimax sample complexity of d? /€2 log(1/6). Also, we remark that the lower
and upper bounds in this section require an additive Gaussian noise.

Remark 2.15 (Agnostic vs. Realizable). Contrasting the above results, we note that the sample
complexity of the agnostic case is always bounded by |.A|d/e2. whereas it never exceeds d?/e? for
the realizable case. This matches the intuition that when the number of actions is much larger than
the dimension, assuming realizability can significantly reduce the sample complexity.

2.4 Comparison to the Disagreement Coefficient

The work of [[16] provides regret bounds in terms of instance-dependent quantities inspired by the
disagreement coefficient, a notion of complexity common in the active learning literature [[18]. The
following corollary relates our sample complexity to these notions of disagreement coefficients.

Define the policy disagreement coefficient as

€%°|(eo) . Ee[1{37 € I : w(c) # mi(c)}]

€>e€g €

where II, := {7 € I : P, (w(c) # 7m.(c)) < €} and the cost-sensitive disagreement coefficient as

€5 (cg) = sup Eevy[1{3m €Il : w(c) # W*(C),EZNV[T(C, me(e) = e, m(e)] < e}

The AdaCB algorithm of [I6] achieves a regret of roughly Ry =
spol

O (ming {6 Aumiorm T, HEEDELOL) or Ry = O (ming (0T, || log(|TT)E5(2)}). ~ Ob-

serve that at time 7', given the outputs 71, 72, - - - , 7 from AdaCB algorithm, one could return a

(randomized) policy 7 which on observing a context, samples from the empirical distribution over



the outputs. By Markov’s inequality we have 7, V(m.) — V(&) < O(e) with constant probability

for e = %. Therefore, an upper bound on the regret translates to a PAC sample complexity of

| Al log(|IT]) Q:lp‘[OI(e/Auniform) or | Al 105(\1'1\) @ﬁsc(e)

€Ayniform

Finally, Corollary shows that this sample complexity bound is at least as large as our upper
bound, see Appendix [A.5]for the proof.

Corollary 2.16. Recall that A piform := Hliél mi}‘} r(e,me(c)) — r(c, a). For any €y > 0 we have that
ceC ac

1. PI,eo < &Q%OI(EO/Auniform);

€0 Auniform
2| Al gesc
2. pre, < =5 € (eo).

Moreover, for all g > 0 we have that pri ¢, < 00 whenever Ayo =V (m,) — maxyz,, V(m) > 0.

3 Optimal Algorithms for Contextual Bandits

3.1 Reduction to linear realizability and a simple elimination scheme

The astute reader may have noticed that if we ignore computation, Theorem is actually an
immediate corollary of Theorem by taking ¢(c,a) = vec(e.e]) € RICIAl where e; is a
one-hot encoded vector so that (¢, a) = (¢(c, a), 8,) with 8, € RICI'Al This observation is key
to our sample complexity results. Recalling ¢, := E..,[#(c, 7(c))] ( from Definition [2.12), we
have that V(7) = E.,[r(c, 7(c))] = Eeuu[(d(c, m(c)), 0)] = (Pr,0+). We stress that C can be

uncountable, and thus we would never actually instantiate any of the vectors ¢(c, a).
For notational convenience, define the feasible set of (context, action) probability distributions as
Q= {w € ACxA Ve =D uen wa’c}. Note that for each context, p. := {We,o/Vec}aca € Au

defines a probability distribution over actions. Also define A(w) := ", wea¢(c,a)d(c,a)’ for
any w € 2. Under this notation, recalling the right hand side from Theorems[2.13]and [2.14] we have

”d)w - d)w* ||?4(w)71 ||¢Tr - ¢7r*

2
min max =  min max Ecnw[Cqea Pead(c,a)d(c,a)T] 1
we ﬂ'GH\TF* <¢)71-,K - ¢71'7 9*>2 \Y 62 PcEA 4, VceC ‘ITGH\TV* <¢7'r* - ¢71', 0*>2 V 62

To show that the sample complexity of Theorem [2.4]is a corollary of Theorem [2.14] it suffices to
show that equation (T]) and the above display are equal. To see this, observe

[fr = br. ()1 = [Bemn[vec(ece ) — vec(ece, (o)l w1
=2 ca wyz (1{m(c) = a} + L{m.(c) = a} — 21{7(c) = 7'(c)})
~E,., [( L, 1 ) 1{m.(c) # w(c)}} .

pc,w(c) Pe,mx(c)

Due to this equivalence, the lower bound of Theorem [2.2is also a corollary of Theorem [2.13] The
lower bound of Theorem follows almost immediately from the lower bound argument in [[13]].

The conclusion of this section is that from a sample complexity analysis alone, all that is left is to
prove Theorem[2.14] In the next section we propose an algorithm that achieves this sample complexity
but assumes precise knowledge of the context distribution v (this is relaxed in following sections).
While the algorithm is highly impractical for a number of reasons, its analysis provides a great deal
of intuition and motivation for our final algorithm.

3.2 A simple, impractical, elimination-style algorithm

Algorithm [T] provides an initial elimination based method for the PAC-contextual bandit problem.

The algorithm runs in stages. Before the start of each stage ¢ € N, the algorithm defines a distribution

p&‘” € Ay for each ¢ € C. At each successive time ¢ € [ng], it plays random action a; ~ pg)

in response to context ¢; ~ v, and receives random reward r; with E[r¢|cs, at] = (p(ce, ar), 0.).
Observe that

E [¢(ct, ar)re] = E [¢(cr, ar)dler, a) T0.] = D ccaca wad(e,a)p(c,a) T, = A(w®)0,



using the identity w% = chg%. Thus, if we set Oy = A(w®)~1¢(cs, ar)rs then E[O;] = 6,. A
straightforward calculation also shows that Cov(O;) = A(w®))~1 if 7, is perturbed with additive
unit variance noise. Thus, an unbiased estimator of Agﬂ', 7x) = V(my) = V(1) = (br, — &, 0s)
is simply (¢r, — ér, n% > O¢) which has variance - ¢~ — ¢,,||124(w(£)),1. Intuitively, (¢, —
Ors n% >, 0t) = (pr. — Pry0s) £ \/R%quﬂ - <b,r||124(w(£))_l so we can safely conclude that a
policy  is sub-optimal (i.e., 7 # m,.) if there exists any policy 7’ such that (¢ — ¢, n% > 0 >
\/ ni[ | — <j),r||?4 (w(®)-1° This is the intuition behind Contextual RAGE (Algorithm , which

inherits its name from the best-arm identification algorithm of [[13] that inspired its strategy.

However, while (¢, — ¢r, n% >+ O¢) is unbiased and has controlled variance, it is potentially

heavy-tailed because w% can be arbitrarily small. Instead of trying to control w% and appealing to

Bernstein’s inequality, in line 7 we use the robust mean estimator of Catoni [28]]. We can then show:
Lemma 3.1. 7, € II; and max e, (¢r, — ¢x, 0%) < deg forall ¢ > 1 w.p. at least 1 — 6.

The lemma states that if II, is the active set of policies still under consideration, the optimal policy 7
is never discarded from II,, and moreover, the quality of all policies remaining in II, is getting better
and better. We are now ready to state the main sample complexity result, with proof in Appendix [B}

Theorem 3.2. Fix any policy class Il = {m : C — A}, distribution over contexts v, § € (0, 1),
€ > 0, and feature map ¢ : C x A — R? such that r(c,a) = (¢(c,a),0.) (w.lo.g. one can
always take ¢(c,a) = vec(e.e])). With probability at least 1 — 6, if ¢ = E.o,[b(c,7(c))] and
T = arg maxXy (pr, 0«) then Contextual-RAGE returns a policy @ € Il such that V(7) > V (m,) —€
after taking at most

cmin max ||¢7r = om. i(w)ﬂ
we well (<¢.ﬂ-* — (ﬁﬂr, 9*) \Y 6)

samples, where c is an absolute constant and A = min e\, V(7«) — V(7).

5 log(log((A v €)™)|I]/8) log((A V ) ™)

3.3 Towards a more efficient algorithm

One major issue with Algorithm |1|is that it explicitly maintains a set of policies 1I; from round
to round. Since II could be exponential in |.A4|, this is a non-starter for any implementation. As a
motivation for our approach, we consider a non-elimination algorithm, Algorithm[2] as an intermediate
step. It does not maintain II, and instead just solves the optimization problem (@) over II. The
design computed in @) is chosen to ensure that for all 7 € I, |Ay_y(m, Ty—1) — A, 7)) <
2¢p-1 + %A(w, m,) with high probability (Lemma . Equivalently, we estimate gaps up to a
constant factor for policies with A(m, 7,) > €;, while our gap estimates are bounded by ¢, for those
policies satisfying A (7, m.) < €,. This ensures that our choice of 7, is good enough, i.e. satisfies
V() — V(7) < €, with high probability. The full proof is in Appendix [C]

Unfortunately, Algorithm 2] introduces additional problems. It is not clear whether solving (@) is

computationally efficient. Also, we need to find an estimator ﬁl that is computationally efficient even
if the policy space II is infinite. In addition, it requires precise knowledge of v to even define the
domain of distributions ) optimized over, and store the solution w € C x A explicitly. But in general,
such precise knowledge will not be available and is only estimable using past data (Assumption [T)).

3.4 An instance-optimal and computationally efficient algorithm.

In this section we provide Algorithm [3] which witnesses the guarantees of Theorem [2.14] for the
general agnostic contextual bandit problem. We now address the caveats of the previous approaches.

Access to Offline Data. By Assumption[I] we have access to a large amount of sampled offline
contexts D, where each ¢; € D is drawn IID from v. Having access to D allows us to approximate
Ec~.[] with expectations over the empirical distribution E.~.,., [], where vp is the uniform distribu-
tion over historical data D. The number of offline contexts we need only scales logarithmically over
the size of the policy set I1, more specifically, poly(|.A|, ¢!, log(|I1]),log(1/6)). We quantify the
precise number of samples needed in Appendix [D.2]



Algorithm 1 Elimination Contextual RAGE Algorithm 2 Non-elimination Contextual RAGE

Input: 11, $:Cx A— R% 5 € (0,1) Input: I, $:C x A —R% 5 € (0,1)
1: Initialize IT; = II 1: Initialize: 7y € II arbitrarily
2: for¢=1,2,--- [logy(1/€)] do 2: for¢ =1,2,--- ,[log,(1/€)] do
3: e =270, :=6/(202|11)) 3: e :=27% 6 :=6/(20%|10))
4: Let ny be the minimum value s.t.: 4: Let ny be the minimum value s.t.:
[ 2 N o~
min max =~ ¢W/H‘A(w)ﬂ log(1/0:) < Ef wmelg glgﬁ(_%Alfl(ﬂ’%lil)
we 7,/ €Iy Ny
2l ér—bz,_, I, —1 log(1/s
with solution w®. Jr\/ | = ‘27) Lo Se. ()
5:  Foreacht € [ng], getc: ~ v, pull az ~ pg?, 4
observe reward r; with solution w*)
6:  Compute Oy = A(w(z))flqb(ct, a)ry. 5:  Foreacht € [ng], get c; ~ v, pull az ~ pif),
7:  Form,nm’ €1l observe reward 7;

R 6: Compute O; = A(w“))_l(p(ct, a)ri.
Ag(m, ') = Cat({{pr — drr, O }14) 7:  Foreachw € II, let

8:  Update ~ N N
. A(m,Fe1) = Cat({(dr — b7, 1, 0)}14y).
Mg = llg\{ﬂ'/ eIl | max : A;}(T{',W/) > €}

melly

8:  Set7y := arg mingen ﬁg(m Te—1) 3)
9: end for 9: end for
Output: II,4 Output: 7;

Computing the design efficiently. As described, the context space C may be infinite so maintaining
a distribution w € 2 C A¢x 4 is not possible. To overcome this issue, we consider the dual problem
of equation (). We can remove the square root by noticing that 2,/zy = min,~ovyz + %, and
introducing an additional minimization over the variable ., 7w € II. Then, the dual problem becomes

. . ~ —~ 2
maxyea; Miyeo ming, >0 3y Ar (—AH(W, 1-1) + Yr |07 — D7 gy T k’fﬁ%ﬁ?) :

“4)
Exchanging the order of the minimums on w and 7, somewhat surprisingly we have the close-form
expression (Lemma [E.6)

2
Wineo X pen Ana9r — 074 B )1 = Bens KZ“E““ Voo @_1)) ] 7

where for 7' € TI, £ (') € {0, 1} with [tV ()] = 1{n(c) = a,7'(c) # a} + 1{n(c) #
a, 7' (¢) = a} and [A ® v]r := Arvx. Interestingly, this value is achieved at a sampling distribution
w, which is a non-linear function of X rather than a convex combination over policies (as in [3]).
Because we have an expectation over contexts, this expectation can be replaced by an empirical
estimate using historical data, thus avoiding any issues with an infinite context space. The final
algorithm utilizing these observations found is in Algorithm 3]

The main challenge is finding a solution to the design (3)). First, we can reduce it to a saddle point
problem over (\,7) by considering only a dyadic sequence of n € {2* : k € N}. We use an
alternating ascent/descent method, with the caveat that \ lives in a simplex, and ~y in a box. Both
spaces are defined over a potentially infinite set of policies II (in the worst case exponential in |C]).

To handle this, we use the Frank-Wolfe (FW) method on A. Referring to the iterates of FW as A, FW
guarantees that the size of the support of A! in each iterate grows by at most 1. Thus, if initialized as a
1-sparse vector, we only need to maintain a sparse A’ in each iteration. Each iterate of FW computes

arg ITIrleaﬁ([V)\hZ(/\a ¥, 1)

To do so, we show that we can appeal to a constrained argmax oracle (AMO) to run the Frank-Wolfe
algorithm, a similar approach to [3]. To optimize over v we use a gradient descent procedure. We
show that in each iterate, the support of ~y is contained in that of A, and we can quantify the number of
steps of gradient descent needed to find an e-good solution. Though h; (A, v, n) might not be convex
in 7y, we nevertheless are able to argue that it has a unique minima and that gradient descent converges
to this minima. We introduce our subroutine and further discuss the above claims in Appendix



Regularized Estimator. While Algorithms|[I]and[2]use a robust mean estimator as in equation (3)),
this estimator is impractical with a very large number of policies II. Instead, we use a regularized IPS
estimator that can be computed using historical data and an argmax oracle.

Algorithm 3 Contextual Oracle-efficient Dualized Algorithm (CODA)

Input: policies IT = {r : C — A}, feature map ¢ : C x A — R%, § € (0, 1), historical data D = {v;}
1: initiate Ty € II arbitrarily, Ao = ez,, Ao(7), Y0, Ymin, Ymax appropriately

2: forl=1,2,--- do

3: € = 27l, 0 = 5/([2‘H|2)

4: Define

RN 7,n) = o Ar (-ﬁ?jl(wﬁl,l) + b*‘ﬁ%) +Eenup [(ZaeA \/()\ QV)TtSf‘)(%Lﬂ))Q]'

5:  Let A, 4!, n; = FW-GD(IL |A|,7;_1, &). These are the solutions to

ne := min{n € N: ma min hi(A,v,n) < e 5
’ { A€Rn Y€ [Vmin »Ymax] T A mm) < e} ®

6:  Fori € [ng] getc; ~ v, pull a; ~ pﬂf) where p{”,. o \/()\z o} 'yz)Tté?)(?z_ﬂ, observe rewards 75
7: For each 7 € II, define the IPS estimator

ny

Al (m i)=Y —p———
’ 4
s=1 pgs)ﬂs + [fyl}ﬂ'

Ts

(H{Ti-1(es) = as} = Hm(cs) = as})

8:  set

i = argimingen A7 (. F1) + Beew | (5 + B ) 1Ri(0) £ w0} + 422 0
9: end for
Output: 7

Algorithm [3| puts all the pieces together and Theorem [3.3] shows our main result. Note that for
exposition purposes, we have omitted some additional regularization terms in the optimization prob-
lems that have no effect on the sample complexity, but ensure finite-time convergence. Appendix[E]
shows the full algorithm and the proof. In what follows, poly (|.A],¢1,1og(1/d)) - log(|I1]) and
polya(|A|,e71,log(1/5),log(|I1|)) are polynomials in their arguments.

Theorem 3.3. Fix set of policies 11, context distribution v and reward function r(c,a) € [0,1]. With
probability at least 1 —8, provided a history D whose size exceeds poly; (| A|,e~1,1og(1/4))-log(|I1]),
Algorithm%]returns a policy 7 satisfying V (m.) — V(T) < € in a number of samples not exceeding
O(ps,e log(|IT]logy(1/A¢)/0) loge(1/A.) where A, := max{e, min en V(7)) — V(m)}.

In  addition, Algorithm [3| is computationally efficient and requires at most
polya(|A|,e71,log(1/6),log(|I1|)) calls to a constrained argmax oracle.

Conclusion. This work provides the first instance-dependent lower bounds for the (¢, §)-PAC
contextual bandit problem. One limitation of this work is that our analysis of Algorithm |3|does not
immediately extend to the realizable linear setting. That is, a computationally efficient algorithm
that achieves the same bound is not known to exist. In the general agnostic settings discussed in
this work, we proposed a computationally efficient algorithm. A second limitation is the assumption
that we have access to a large pool of offline data. Because it seems necessary to plan with some
information about the context distribution, it is not clear how one would completely remove such
an assumption and achieve the same sample complexity bounds. As with any recommender system,
there is the potential for unintended consequences from optimizing just a single metric. Moreover,
other potential pitfalls can arise, such as negative feedback loops, if our assumptions fail to hold in
real-world environments. Such consequences can be mitigated by tracking a diverse set of metrics.

Acknowledgement and Disclosure of Funding This work was supported, in part, by NSF award
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Appendix

In the appendix we present algorithms and proofs not included in the main text. Broadly speaking,

* Section A presents proofs for lower bounds;

* Section B-C presents proofs for the proposed computationally inefficient algorithms [T|and [2}
* Section D presents results to justify the computational efficiency of Algorithm 3}

* Section E presents arguments for Algorithm [3]hitting the sample complexity lower bound;
* Section F-H provides technical proofs to argue about convergence of our subroutines.

The table below summarises the notations we used in the proof.

t (@) [ {L{r(0) = a.7(c) # a} + Ln(c) # a.7(c) = a}}rem € BT
Sy {’/T ell: <¢7T* ¢7Ta > = ( ) V(ﬂ—) ( )A(Waﬂ—*) < El}
_ . V(A0 T (" 1)
w(>‘17) [w()‘7’7)]ayc = Ve Pc,a Ve Ea/eA \/(AQ"/)T(t(;})‘HZ)

Ry (m, ) | S0y (1) = as} — 1n(es) = a,})

Cs 0—<+ T
~ =1 =N o
1) | Seen - (A1 (7o) + 824

Y

e Een [(zmw@v )T + n)ﬂ

Pl(w,’}’) maXxelr ( Al ; (7'(' T— 1 +7 H(bﬂ' (Zsm 1 HA (w)—1 + log’y(rlll/é))
Table 1: Glossary

A Lower Bound Results

A.1 Proof of Theorem2.2]

We quickly point out that the proof of Theorem [2.2]is identical to the proof of the linear policy class
case proof of Theorem Please see that argument below.

A.2 Proof of Theorem [2.6|

Proof of Theorem2.6]. To relate the random stopping time to the regret bound, note that
S B[ Tea (M) 7 () = r(c,0) < By, [ValAT7] < (Jal AR, [7]

where the last inequality follows by Jensen’s inequality. Since 7; := m, for our particular instance, if
Cc = arg mince[m] ]EH [Tc,ﬂ'c(c) (7‘)] then

Y Bu[Tea(M)](r(e, m1(e) = (e, a) ZE NA1{a £ m(c)}

> ZmaX]E (1)]A1l{a # m1(c)}
> mmcmmng“[ T..o(7)]AL{a # mi(c)}
= mE;L [Té,ﬂ'g(é) (T)]A

Combining the two equations above, and rearranging, we observe that

1
EulTeme@)(T)] < A al A[E,[7].
Define an instance ' = (v, 7’) such that r "(¢,a) = r(c,a) forall (c,a) € [m] x {0,1}\ (¢,1), and
set7/(¢,1) = r'(¢,mz(¢)) = 2A under p/ (1nstead of r(¢, mz(¢)) = 0 under u). Note that under 1/,
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we now have that 7 is the unique optimal policy. If the algorithm is (0, 0)-PAC then by [24} Lemma
1] we have that

log(1/2.46) < 3" KL(N (r(c,a), 1)IN (' (¢,a), 1)) - Ey[Tea(7)]

c,a

= KL(N(O> 1)|N(2A7 1) - EM[TE,WE(E) (7')] =247 'Eu[Ta,wé(é) (T)}
<aa?. %\/amm#m - ,/%.

The result follows by rearranging. O

A.3 Trivial Class: Proof of Theorem [2.9]

Firstly note that

Ec | (525 + 5g) Hm=(0) £ 7(9)]
pro(I,v) = min max Perle)  Perelo)
e Pe€A 4, VeeC mell\m, (Ecr[r(c,me(c)) — (e, m(c))])?
o Seen (it g ) U O £ 7(0)
PeEA 4, VeEC well\ T, (ZCEC I/CACJ(C)].{W* (C) # W(C)})z
Y eave (52 + 5o ) U (o) # a)

pCGAH,lqunvcec ae{O,lr]I»l‘g‘)i‘A‘\O: (Zc,a ac,aVcAc,rr(c)l{Tr* (C) 7é 77(0)})2
Ea ac,ae{o,l}

1 1
Ve
. ¢ (pc,a + pcm*(c))
= min

max
PecEA A, VeEC caimy (c)#a (I/CAQG)Q

2
< max — A2,
Sy

c U,

a’

where the last equality follows from repeated application of the inequality i &fb‘f)z < B3 VB
1 2

Proof of Theorem[2.9] The proof of the instance-dependent lower bound for e = 0 follows directly
from Theorem@ The second minimax statement is, to our best knowledge, novel.

First, note that sup,, E,[7] > 2| .A|log(1/4) by a reduction to multi-armed bandits by just setting
vy = land v, = 0 for all ¢ # 1 [24,29]. If U denotes the set of instances that achieves this
supremum, and V' is another set of instances, we note that sup, E,[7] = supp E,pE,[r] >
3 sup,cpy Bulr] + 3 sup ey E,[7] for some other set of instances V. Thus, it remains to show that
sup, E,[7] > e 2|Al-|C|.

Consider the following construction of |TT| = |.A|/¢l instances. For each context ¢ € C let v = 1/|C|,
and for each 7 € Il let 7 (¢, a) = ael{m(c) = a} for some o > 0 to be determined later. Clearly,
policy 7 is the unique optimal policy under the reward function 7, (s, a). Assume that observations
are perturbed by Gaussian A/(0, 1) noise.
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Fix p € (1/2,1) to be determined later. Let S := {c € C : P, (7(c) = 7(c)) > p} and suppose
|S] < |C|/8. Then

Py, (V(m) = V(7)) <€ ‘C| ; ael{m(c) # m(c)} <€)
= PHW(CEZC U7 (c) # m(c)} <[Cl/a)
= PM(Z; H7(c) = 7(c)} 2 [C|(1 - 1/a))
< ]PM(CEZ: 1{7(c) =7(c)} > |C|(1 —1/a—1/8))
e

with p = 5/8 and « = 8. This implies that for 6 € (0,1/8), any (e, §)-PAC algorithm must satisfy
min, [{c € C: P, (7(c) =7(c)) > p} >|C|/8.

Assume the algorithm is permutation invariant (note that any reasonable algorithm satisfies this,

including UCB, Thompson Sampling, elimination, etc.). Let MSJ = (v,7r9) where rgr)(c i) =

¥ (¢, m(¢)) = ae, and rgf)(c,j) =0forj & {i,m(c)}. Note that P, (7(c) =7(c)) > p=>5/6and
also by the symmetric algorithm assumption that P (‘)( (¢c) = m(c)) < 1/2 because there are two
identical best-arms. Note that 3, 4 E,, [T. ,J]KL(uﬂ( ), up(;)) =E,. [T.;]a?€?/2 fori # (c).

Putting these two pieces together and applying Lemma 1 of [[24], we have:
By [Te,ilex 2 /2 = Z By [Te 5] K L(pr (4), /1’7(:)(.]))
jeA

2 d(Py, (w(c) = 7(c), P, (m(c) = 7(c)))
>d(5/6,1/2) = %10g(55/36) > 1/10.

Thus, By, [30; 2. (¢) Te.i] = sa7%€ (| A — 1) and this must occur on at least |C|/8 contexts. Pick
one context c of these arbitrarily. Then

T

1 5
S0P (A =) SB[ 0 Tl =By [y e = of] = By, [rlve = By, [7)/C].
i£m(c) t=1
Consequently, E[t] > fa~2e72(|A| — 1)|C].
O
A.4 Proofs of Linear Policy Class
Recall a quantity fundamental to our sample complexity results:
||¢7T ¢7T [Z T 1
. *HEenw ac A Pe, ad(c,a)d(c,a) 7]~
ine ‘*— ' 7
Piin, pcein_Al,nVCGC wg%la\};* (Pr, — br,0:)2 V €2 @

Proof of Corollary Consider an e-cover of IT and denote it as TI’. Since we are only interested
in finding an e-good policy, it is sufficient to find an e-good policy of II’. Therefore, we can replace
IT with II” in the statement of Theorem 2.4. By inspecting the difference between the statement
of the corollary and Theorem it is left to show that we can replace log(|I'|) with dlog(1/¢).
In what follows, we will construct an e-cover of II. Let © C R? denote the space of 6. Since the
reward function r(c,a) € [0,1] is bounded for any ¢ € C and a € A, without loss of generality,
we assume |0, < 1so © C B? where B? is the unit ball of dimension d. Let ©' be an e-net of
©. For any 6/ € ©’, define the policy 7y such that mg: := arg max,c 4{¢(c, a),6’). Then, define
II' = {my : 8’ € O'}. First, II is an e-cover of II since ©' is an e-cover of ©. Also, |II'| = |0/
by construction. By classical argument on covering numbers [38], we have that |©'| < (3/¢)?
log(|©']) < dlog(3/€) = O(dlog(1/e)).
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We quickly point out that the proof of Theorem [2.2]is identical to the proof of the linear policy class
case proof of Theorem 2.13]

Proof of Theorem2.13] For any 6 € R? let Py(-) and Eg[-] denote the probability and expec-
tation laws under 6 and v such that ¢; ~ v and playing action a; € A results in reward
e ~ N ((p(ct, ar),0),1). If an algorithm is (0, §)-PAC then supycra Po(V (7(c)) < V(7. (c))) < 0.
Now, of course, under 8 we have that

V(@(c)) <V(mc)) <= Ecwl(0, ¢(c,7(c)) — d(c, m(c)))] <0
<~ <97¢7r - ¢7r*> < 0
< dc: v (0, 9(c,7(c)) — d(c, m(c))) <O0.

Fix 6, € R? and recall that under 6 we have that 7, (c) = arg max,e 4(¢(c, a),6). Fix any § € R?
and max,. o vc(0, #(c,a) — ¢(¢, m«(c))) > 0. Then by [24, Lemma 1] we have that

d(Py. (7 = 7.,), Pg(% =)
< 3" Eo. [Tow (MK LN (0, 6(c, @), DIN ({8, 6(¢', ), 1)

cal

= Z EO T a’ Ho 0“3)(0’,(1’)43(6’,0/)1—/2

Eo, [Ter,a (7))
=Bl 2 T, 10~ Ol oty 2

o a
< et Bo. (7] vepea 0 = 03w w2
c,a
= _ 2
— pcerAn,i)écec Eo, [T} ”9* GH]ECN,, . pc=a¢(c}a)¢(c’a)T]/2

where the last inequality follows from Wald’s identity:

T

Z 1{c; =}

t=1

= Eg* [T]I/C/.

D Eo [Toa()= > By | Ha=d ¢ = c'}] = E,
a’€A a’€A t=1

Noting that d(Py, (T = ), Pe(T = 7)) > log(1/2.45) and we can minimize over 6, given the
conditions, we have that

log(1/2.46) < i E . — 0 2
og(1/248) < max e BT = O s e searitea)/
. 2
:EQ*[ ] max min <¢(Cv W*(C)) (Z)(Ca a)7 0*>
PEA A, VeeC cﬂaz:‘cCX.A 2H(j)(c a) (25(0, T (C)) ||Ec~u[za Pe.ad(c,a)p(c,a)T]—1

After rearranging we conclude that

2”(]5(0, a) - ¢(Ca 77*(0))||1E [ pe.ad(c,a)d(c,a)T]—1
Eo.lr] exvldn PeadlCOPCR) T2 001 /9 4),
0. [T] Pceglj,r\vaEC c (fr(elc);_A <¢(C7 T (C)) _ ¢(C7 CL), 9*>2 Og( / )

To see that equation (7) is a lower bound, follow the exact same sequence of steps but taking any
0 € R? and max,eq Eov, [(0, ¢(c, (c)) — ¢(c, mi(c)))] > 0. O
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Proof of Theorem [2.14] To see the second part of the theorem statement, observe that

2
2% |0x = Or s[5, 4 peaslearpen T

— 2
- IEIll_Ia\X “ECNV[¢(C7 7T(C)) - ¢(Cﬂ T (C))]H]ECN,,[ZaeApc1a¢(c,a)d)(c,a)T]*1

IN

2
max Eee [[9(c,7(0) = 00, () E, i,y pascarstea -1

2
max 4 Bev [I6(e ()12, 52, peistcaroten -]

IN

= max 4FE..,
PISYANY

> aallole, m(0)E, zmpc,m(c,aw(c,am—l]
mell

=max4Tr | E.uy
ISYAN

c~V

> ardle,m(c))(e, (e

mell

-1
S peadlc, a)elc, a)T]

acA

<4d

where the last line takes p. o = D oy 1{n(c) = a}qx, which is at least as good as the minimizing
choice in the theorem.

A.5 Proof for Corollary 2.16]

Proof. Observe that

B [(52= + 52— ) 1m(e) £ 7(0)}]

Pl = ) e Aveee re\m.  (Eeop[r(e, me(c)) —r(c, 71'(0))] V€p)?
| Eeww (5 + o) 1w (0) # 7(0)}]
= min  max max 5
PecE€EA A, VeEC e2€p eI\, : A(m)<e €
B | (525 + 7 ) M (0) # 7(0). Alr) < ¢}
min max max or(e) < “m 3
PcEA A, Ve€C e>ep mell\ T : A(m)<e €
1
. B [(pw) - w)) 1{3r e 0 m.(c) £ m(c), Ar) < e}}
< min max max 5
PcE€EA A, VeEC e2€p mell\ T, :A(m)<e €
(7) <
D nax  max Ecvw [(JA] + [A]) 1{37 € H2 mi(c) # (), A(m) < €e}]
e>eg mell\m:A(m)<e €
_ 2| AEcn, 1{3m € It mi(c) # m(c), A(m) < €}] 2|A\ esc
- 12’;60 62 C ( )

where (7) follows from taking p. € /A 4 to be the uniform distribution over all actions for each ¢ € C.
To relate this to the policy disagreement coefficient, note that

A(m) = Eenylr(e, m(c)) = (e, m(0))] 2 Eenw [1{m(c) # me(c) } (minminr(c, m(c)) — (e, a))]

= P,,(TF(C) 7é T (C))Auniform-

Therefore,
LT , <
o 2AEeny (LG € T e m(e) # 7(e), Alr) < o)
€€ c
2N AEoms [137 € IL: 7.(0) 2 1), Pu(r(0) £ 7.(0) < 5}

< max 2

€>€o c

2lAl gpo

= mcﬁ I(EO/Auniform).
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B Contextual Rage Proofs Section 3.2]

Proof of Lemma([3.1] ForanyV C Il and 7 € V), define the Catoni estimator as 0, ~ ¢()) and define
the event

Ext(V) = {[on, 7 t(V) = (br, — Pn, 04)] < €0}

where it is implicit that O, » ¢ := Or, r¢(V) is the resulting estimate after round ¢ if IT, had been
equal to V. Define wy(V) such that [w;(V)]c.q = chg,)l and 74(V) to be the number of samples
in /th round analogously. By the properties of the Catoni estimator, we have for any V C II with

probability at least 1 — %%m' that

2log(2€2|11|/4)
(V) — log(262[11] /)

‘677*,7772(])) - <¢ﬂ'* - ¢m0*>| < ”‘Zsm - ¢W|A(wz(v))1\/

¢7r* *Qbrr 2 w -1
J ” L Ny T Ty

2¢; 2p(we(V), V) log (26211 /6)

Consequently,

P <U U {Sﬁ,g(ﬂfz)}> < Z]P’< U {5§,E(HZ)}>

(=1 r€ll, =1 €l
=y P(U{EﬁAV)},Hz—V)
=1 VCII TEV
-S> S (U {g;,e(w}) P(Il = V)
(=1 VCII TeY
<33 P -v) <5
(=1 VCII

Thus, assume (),2; (,.cr, {Ex,¢(Ie) } holds. For any 7 € II, we have

€ll,

677,7r*,€ = /0\71',71'*,[ - <¢7r - ¢‘ﬂ'*79*> + ¢7r*70*>
S €€+<¢7r _¢7r*70*> S €¢

which implies that 7, would survive to round £+ 1. And for any n’ € II, such that (¢, — ¢/, 0%) >
2¢, we have

max Oz o’ ¢ > On, ' £

mell,
= <¢ﬂ" - ¢Tr* ) 0*> - 671”-,‘”*1 + <¢ﬂ'* - ¢ﬂ"a 0*>
> —€p+ 2€p =€

which implies this 7" would be kicked out. Note that this implies that maxrerr,,, (¢r, — ¢r,0") <
26[ = 46@4_1. L]

Proof of Theorem[3.2] Define Sy = {7 € I : (¢, — ¢=,0*) < 4¢,}. The above lemma implies that
with probability at least 1 — § we have (), ,{IL; C S;}. Observe that if for any V C II we define

p(w, V) := minyeq maxy rey || ¢r — G Hi(w),l then

¢ . .
p(w, 1) = min max | én = b llhu- < min max |lér = dwlli -2 = p(5%).
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For ¢ > f10g2(4A_1)] we have that Sy = {r,}, thus the sample complexity to identify 7, is
Moga (4A71)] [og, (4A1)]
= > [4e % p(w, I0,) log(202[T1] /5)]

=1 =1

[log2(4A71)"\

< Y 4e%p(Se) log(202/11] /) + 1
=1
[og, (4A™1)]

< clog(log(A™HT|/5) > € %p(S)

=1
for some absolute constant ¢ > 0. We now note that
min ma 6= — ér. i(w)_l mi ma ma 9= = - i(w)_l
mn X = 1n X X
weQ nell ({Pr, — dr,0%))2  weQe<flog,(4a-1)7€S; ((Pr, — Pr, 0%))?
[logy (4A™ )] | r — ¢7T* 2wy

> ; min Z max
" [logy(4A~1) [ wea = xeSe ((pr, — Or, 0%))?

=
[log, (4A71)]

1 2 )
> B
= 16[logy(4A-1)] ; €¢” min max || ¢r — ér. |4 w)

1 Mogy (4A™1)]
> e ~2 , 2 _
= 64[log, (4A71)] ; ¢ min max {9 = éwllaw)

[log, (4A71 )

1 _
= Gifog a2 o P

=1
where we have used the fact that maxr res, [|or — @ [|% ()1 < dmaxres, [0 — dr. %)
by the triangle inequality.

C Proof for sample complexity of Algorithm 2]
In this section we provide a proof for the sample complexity of Algorithm 2]
Theorem C.1. Under &, for all { € N, the following holds:

1. mpeSp:={rell:V(n,) —V(r) < e}

b =B 112 () —1 lom(1/61)
. B (w)
2. ng < mingecq Max e FTA)?

Without loss of generality, we assume that V¢, the reward r; € [0, 1]. Note that by the result about
Catoni estimator in [28]], we have for all / € N and 7, 7’ € II, that

2log(202|11| /6
Ct({ (6 = s O} i) = (r = 60211 < s = 6L g \/ LT

Therefore, in the £th round, we have for any 7, 7’ € II,

Ai(m,7') = Alm, )| = [Cat({{bn — bar, O)}ELy) — (6 — s, 00)]
3 fwﬂ D12 o)1 108 (26|11] /)

®)

Ny

Then, let §; = Ql%\m we define the event

\/2”% = b2 00y Log(L/81)

& = ﬂ ’Al(ﬂaﬁl> —A(m,7')| < Ny

7w, €Il
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and & = (2, &. First, by equation 8] we have that £ happens with probability at least 1 — 4.
In order to show the sample complexity lower bound, we use proof by induction. Note that in a

2
. ||<Z5?rl,1—¢7r||A(w),1 log(1/6:)
step of Lemma |C.4] we can show that n; < ming,ecq max e TEA()? , SO We
l

~

induct on this result. Assume inround ! — 1, 1,1 € S;—1 = {w € II : A(m,7,) < ¢_1} and

2 2 2
bz, _y—r _y log((I=1)*|11|*/8) . .
ni—1 < ming e maXen Ui ‘lfz(“”+1A(7r)2 . Then, the following lemma gives us
-1
an upper bound on the UCB.

Lemma C.2. We have for any w € 11,

bz, — bl (w(0)-1108(1/61)
< —
o 53 (461+Al 1(m, ™ 1))

Proof. By definition of n; and w®) and 7(¥) being the saddle point, we have

14 2| pr0r — b7, 1|2 w( _log(1/8;)
—4Az—1(77(£)77?l_1)+28\/ 1 A@®)

7

= max ,,Al 1
mell

€].

g

12 ( ~ + \/1568”¢7T - ¢ﬁ171||124(w(z))_1 10g(1/5l)
™, T —1

Solving for n; gives us

2
1568 [|dr = 07,y || 4(uter) -1 log(1/61)
n; > max — — .
well (dep + Ayy(m,m-1))?

We have for any 7 € 11,

9n; > 3136 max [97:o. — ¢’ﬂ|i<w“>>* lo(1/4)
mell (dep + Ay (m,m-1))?
|67, — ¢Tr’|124(w(z))71 log(1/61)
(de; + A1 (7, 71-1))?
b7, — b=, ||124(w(e))71 log(1/d1)
(de; + A1 (71, T1-1))?
0 s 950 = Enlliuioy 1+ 16511 = 65 [aguco) 2 ) 08(1/8)
- max{(de; + A1 (Fr, 71-1))2, (des + Ay (m, 71-1))2}
|67, — ¢7r||A(w<2>)—1 log(1/61)
max{(de; + Ay_y (Fy, 71-1))2, (deg + Ay (1, 71-1))2}

> 1568

+ 1568

(@)
> 1568

where (i) holds by lower bounding the ratio with a larger denominator, and (i¢) holds by trian-
gular inequality. Therefore, using the fact that A(w,m,l) > 0 for any 7 € II since m;_1 =

arg maX,er 171_1(77), we have \/max{(4el + ﬁl_l(%l,%l_l))Q, (4e; + 31_1(77,7?1_1))2} =
max{4e; + A1 (Fy, F-1), des + Ay (7, 71-1)}, 50 we have

Pz, — ¢7rH w(®)—1 log( 1/51) 1 ~ - ~ PN
1 A(nl % (451 + max{Al_l(ﬂ',m_l),Al_l(ﬂ'l,ﬂ'l_l)}> .

O

With the above results, the following lemma controls the difference between the empirical gap and
the true gap.
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Lemma C.3. With inductive hypotheses, we have for any m € 11,

_ - 1
|A—1 (m,m—1) — A(m,m) | < 261 + ZA(WMT*).

Proof. We prove this by induction. First, in round [ = 0, this holds by choosing a sufficiently large
ng. Then, inround [ — 1,

Ay (m,71m1) — A (w7 |
= Ay (1, 7)) — A (T, Rl1) — A (T, ) |

2 H(bﬂ— - (b%l*l H124(w(£—1))71 log(]‘/&lfl)

ni—1

+ €1-1

DO
m\§

) N R -
< (461—1 + max{A;_o(m, T—2), Aj—2(T—1, Wz—z)}) +e-1

u)
\QQ <4€l 1+ 262+ A(7T Ti—2) + 262 + A(Wz 1, - 2)) +e1

2 5 5 .
< % (4611 +4eo + ZA(W,W*) + 4A(7Tl177f*)) +e1

<

)
| po

5 )
(461-1 +de o + ZA<7T’ o) + 4€z_1) +e-1
1
< 261—1 + ZA(T‘-JT*)a
where (i) follows from the preceding lemma and (i¢) follows from the inductive hypothesis that

_ ~ 1
|A o (7, T—2) — A(m, m)| < 2619 + ZA(’]T,’/T*).

‘We make use of these two lemmas to state a lower bound on n;.

Lemma C.4. Under &, the choice for n; in the algorithm satisfies

< H¢m - ¢77r||,24(w)—1 log(1/d1)
n; S min max 5 5
weQ well € + A(m)

Proof. By inductive hypothesis on n;_; and under &, we have for any 7 € II,

A(m, i) = A(m, T-1) + AT -1, 7s)

2
(i) ~ 2||¢m_y — Drl| gguie—1yy 1 log((1 = 1)2([TT[2/5)
< Aj_q(m, o) + - Al enll)l +e-1

~ V2 X -
< Apa(m,mea) + 8 (461—1 + AZ—Q(W,WI—Q)) +e—1
2
\2/5; (4el 1+ A(w ) + 26— 2) + €1

<A (m T + ZA(WJT*) + 2¢11.
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where (4) follows from &;_; and (i%) follows from Lemma Therefore,

2

1~ 2{|px — D71_1 || 41 log(1/01)
mmmax—fAl 1(m, 1) + 28 H : HA( )
we well ng

2
1 2||r — 07 w)—1 log(l/él)
< mlnmax—iA(ﬂ- ) + =€ + 28 H 1 1||A( )

weQ rell 16 2 TL[

2| hm. — brllAs 1 log(1/6
Smmmax(_i&mm# [9x. — Gxligu) 1 log(1/6)

we well ny

2 H(bﬂ'* - (b%l*l ||124(w)*1 IOg(l/(Sl)) 1

2 _
+ 28 - + 261
2| . — drllZ o1 log(1/8
< min max —EA(’]T,’IT*)-F28 | ”A(w) 1 log(1/0)
we) well 16 ng
2|6, — D[4 )1 Log(1/0 1
o ¢ L By T/ 1
eSS ng 2

which is less than ¢; whenever

b, — Dl a1 log(1/01)

n; 2 min max

we well e + A(m, my)?

O

Then we finish our first goal. The next goal is to show that 71; € S;.

Lemma C.5. Under &}, we have A(T, 7.) < €.

Proof. On &;, we have

AT, 1)

2
,\ 2|97, — D711 || 4oy -1 L08(1/01)
< AT, mi—) + H l : IHA( )~ (by event &)

n

2 Hﬁbﬂ — Oy Hi(w(ﬂ))—l lOg(l/él)

n

IN

Ay(ma, Tir) +

(by minimality of 7;)

_ -

2 2
< A(m, 7o) + 2|é7-s — In. [aueery 1 10g(1/31) + 2|67 — P71 4 ucory 1 108(1/31)
ng ny
(by event &)
- V2 ~ - X A
< Ay, T—1) + % (461 + A1 (e, T—1) + deg + Al_l(m,m_1)) (by Lemmal|C.2)
- 2 5 - 5
< AT, m-1) + % <4fl +2a-1 + J AT, Tim) + 46+ 26 + 4A(m,m_1)>
(by Lemmal[C.3)
- 3
< A(ﬂ-*aﬂ—l—l) % 86l 1+ A(ﬂ-lvﬂ-*)> .
Therefore, 224A(7Tl, ) < gel and A(7y, i) < €, 50T € 5. O
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D The FW-GD subroutine

We now introduce the FW-GD subroutine that solves the optimization problem of equation ().
Note that its objective has three variables. We first reduce it to a max-min problem over (\, ) by
considering n in a dyadic sequence. This is good enough as we only need to find the optimal n up to
a constant factor. Then, we combine the Frank-Wolfe algorithm [21]] for minimizing over A with the
gradient descent algorithm [[7] which minimizes over -y. Algorithm []shows the full subroutine. In
line 10, we use the standard gradient descent subroutine combining with a clipping on A, with details
in Algorithm

Algorithm 4 FW-GD

Input: I policy sets, number of actions |.A

,mi—1 €I, m > 0, K € N, threshold €;, Ymin, Ymax

1: Initializen; =1, L = |A|2((1+?/)2V$)5/2

2: forr=1,2,--- do

3:  Initialize \° = eg € R", 4% = 1y - % € R // Never explicitly materialized
4: fort=0,1,2,--- ,K do

5.

Compute .,
T = arg glealg[( [VAhZ(A Y VRT)L )
6: Set the FW-gap
g0 = (Vahi (X', 7' ne)sen, = AT) = [ValiM 9 smn)] = D0 [Vah(W 7 ne)]
mesupp(At)
7: Set ¢y = min { —&—— 1
g =
8: Set Rt = W
9: Set X' = (1 — B)A" + Bren, // Only 1-sparse updates recorded
10: Set 'ytH = GD()\t,nr,m) // Only differences from 7y recorded
11:  end for
12:  if y(AET 45T ) < ¢ then
13: break
14:  else
15: Nr4+1 = 2. s
16:  endif
17: end for

Output: M\ ¢ Ay, A5 ¢ R‘f‘,nr

In this section, we will mainly focus on showing that the algorithm is computationally efficient
with access to an argmax oracle (Definition[2.3)), i.e. the second part of Theorem [3.3] Specifically,
Section[D.T|quantifies the number of oracle calls, and Section[D.2]quantifies the number of offline
data needed in order to approximate the expectation over the context distribution. We leave the
convergence analysis of the algorithm in Section[G] The main result for this section is stated below.

Theorem D.1. Let T} be the number of iterations for FW-GD in the lth round. Then, Algorithm[3|is

computationally efficient and requires at most O(Z}igf(l/ 2 T2|D|) calls to a constrained argmax

oracle, with the size of the history D exceeding poly (e, 10og |TI|, Ymax, Yimis 1~ A, log(1/5))
with probability at least 1 — 0, where poly denotes some polynomial.

The size of the history follows directly from Lemma[D.6|and[D.7] We will see that 7, Yyyax, Ymin
all scale at most polynomially on |.A| and €1, and thus we get the statement in Theorem The
bound on the number of oracle calls follows directly from Lemma|[D.2]and the fact that 7;_; < T;.
We will see in Theorem that T, = poly(]Al, e;l), which shows that the total number of oracle
calls is at most poly(|.A|, e~ 1, log(1/6), log(|I1])).

D.1 Proof of computational efficiency

In this section, we address the technical issues on computational efficiency of our algorithm. Fix an
iteration ¢ and let 7; be the number of iterations for FW-GD in the Ith round.
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Lemma D.2. Equation ) can be computed with (t + T;_1)|D| call to a cost-sensitive classification
oracle.

Proof. We consider the tth iteration of the /th round for some n,.. In this iteration, we compute

[VAl(A o )] = Z m (Hn(c) = ai} — 1{F—1(ci) = a;}) + 10&%{21)

(©)
Ecnvs (Z\/NGV t(°)+m)> > Oty + )

ey de @) T + )

log(1/4:)
[AlZgn,.

most ¢ coordinates of « will change, and these coordinates will be in supp(A!). Also, for any

j & supp(A1), ; ! — 4. Therefore, let . )( - 7-1) € R in round I,

Define vy := Initially, each coordinate of ¥* is 9. In round ¢ of the algorithm, at

argmax [(Vah (X9 nn)] L
mEIT\ (supp(A*)Usupp(A'~1))
1 i 1Og(1/6l)
= argmax Z & UHrla) =a} + ———

m€IT\ (supp(At)Usupp(Al—1)) 57 pg)a + 70 ToTr

() ,
Ecnvp (Z\/)‘tQV (@ 1)+m)> > volte (M-1) + )=

acA a’eA \/(/\t © )T (e Fi-1) +m)

n

= argmax Z %HW(Q‘) = ai}
m €I\ (supp(A*)Usupp(A'=1)) ;7 Pessa; T 70

+ECNVD Z ZaeA \/(/\t @7) ( (e )(m 1) +7n)

€A \/(/\t ® vt)T(tELc/) (Ti—1) +m)
TLL-‘,-ID‘

= argmax Z Li(m(cs))

w €I\ (supp(At)Usupp(Al—1)) i—1

Y0t (Fi—1)

which is a cost-sensitive classification problem with cost vector

—ri 1{a=a; fori=1,---,

Li(a) = P a; 70 la=aj} o "
B e sty twimmst o
T —1.€i )¢

S
a,c;

MOy T (0 (R . .
where s, . = \/( ) (ta (Ri_1)tm) . Note that s, . is computable since A" has at most ¢

Surea VO T (D Fimr)+m)
non-zero elements in step ¢. Then, let 7% := supp(A\?) U supp(\'~!), we have

t t
a‘rggleaﬁ( [V)\hl()\ Y 7n7')]7-r

= arg max { argmax [VAhZ(At,fyt,nr)]ﬂ , argmax [V,\hl()\t,wt, nr)]rr )
el mE\II#

The first piece could be found directly since supp(\) Usupp(A\ 1) <t + T;_;. The second piece
could be computed with (¢ +T;_1)|D| calls to a constrained cost-sensitive classification oracle, stated
in Lemma[D3]below. O

Lemma D.3. For any set B, C II, we can compute argmax [V hi (X', 7', n,.)] using |B;| - |D|

mell\ By
calls to a constrained cost-sensitive classification oracle defined in Definition 2.3}
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Proof. Algorithm[5|below shows that we could compute this argmax via the C-AMO oracle. First,
by construction of the algorithm, we have that 7, & By, so 7. € II\ B;. It remains to show that Te
achieves the maximum. We prove this via contradiction Assume that there is some other 7’ # 7,
that satisfies 7" ¢ B; and Va[hi(A, 7, )] > V[hi(X, 7, n)]x, . By construction of our algorithm,
we know that V [l (X, 7y, n)]r, is non-increasing in k. We find the largest 0 < j <4 — 1 such that

ValliA v )]0 < V(A v, )] < Valhi(As v, n)] -

First, since j is the largest, we have Vx[hi(A, 7, 1)]x, ., < Va[hi(X,7,n)]+, i.e. the first inequality
is strict. By assumption that 7’ & B; and 7’ # ., we have 7’ # 7, V0 < k < 7. So 3¢y € D such
that 7'(co) # 7;(co). Then we get a contradiction since in iteration j, at line 6 we should return 77,
instead of 7;41. Therefore, there does not exist such 7' and 7, achieves the maximum. O

Algorithm 5 Constrained cost-sensitive classification

Input: policy set I1, set of policies to avoid By, objective function h;, context history D, tolerance e
1: o = argmax [Vahi(A v, n)]ri=0

2: while 7TL 6 Bt do
3: forceDdo

4: compute 71, = argmax [Vahi(A, v, n)]x s.t. [Vahi(A, 7, 1)]x < [Vahi(A, v, )]z,
well
(S Emi(c)

5 end for
6:  mip1 = argmax [Vahi(A,y,n)]x

ceD i
7 1=1+1
8: end while
9 e =T;

Qutput: 7,

Lemma D.4. We can compute equation (6) with T;|D| calls to a constrained argmax oracle.

Proof. We follow the proof technique in Lemma and break the argmin into two pieces with
7 € supp(\!) and m € 1T \ supp(\). We only show how to compute the second piece as the first

ﬁ(l{%l—l(ci) =

a;} — 1{m(c;) = a;}). Then, similar to proof of Lemma[D.2} let 7, = 7o for all € II \ supp(\}),
we have

piece could be compute directly. We know that ﬁ?l (m, 1) = >ty

['Vl]ﬂ

Sa’,c

log(1/01)
[’Yl}ﬂnl

~_ 1 ! s
argmin = A} (7, 7-1) + Ecwp [7(2) +
m€I\supp(A!) Pe,a

) T (c) # 7T(C)}] +

ST () = a) - (o) = a))

= argmin —N
me€\supp(A!) ;¢ pg)al + [V«

l l
+EWW[CU”+Wk>1ﬁlmﬁ¢ﬂ@ﬂ

)
c,a c,a’

ny

= argmin Z (@Ll{ﬂ'(ci) =a;}
mell\supp(A\) 527 Pejta; + 70

’

+Emw[<;g+}£)1mzmd¢w@ﬂ

c,a c,a
ny

. T
= argmin Z mil{w(ci) =a;}

m€M\supp(N') ;7 Pegra; + 70

—Eerp [(;}2)+ 70 )1{7Tz 1( #W(C)}]

c,a c, a’
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which is a cost-sensitive classification problem with cost vector

G p—— l+%1{a:ai} fori=1,---,my
("L ag

—<1)@+(,@)’Y0> 1{@75/71\'171(01')} fori:nl+1,--~,nl+|D\.

ci®p—1(eq)

Li(a) =

D.2 Quantify the offline data

We first prove a general result for an empirical process bound of the difference of the expectation and
the truth in Lemmal[D.3l

Lemma D.5. Let m = |D| and define some set IKC C ymax 1. Consider some functionu : C X K —
R with ¢, k +— u(c, k) and define F = {c > u(c,k) : k € K}. If

1. w satisfies that for any ¢ € C and k € K, u(c, k) € [0, b] where b < oo is a uniform upper
bound;

2. there exists L < oo such that ||u(-, k1) — u(-, k2)|| z < L||k1 — K2;-
Then, with probability at least 1 — 6,

2 16
up B [t(c, £)] = By [u(c, K)]| < 1 ——10g [ 2 ) + —= Lyunax /2K 1 1[/k).
S [Eomp )] = B (o] < 5108 (3 ) 1L /2 OB BT

Proof. By the bounded condition on u we have {E..,, [u(c, k)] : k € K} satisfies the bounded
difference property with parameter b. Then we use McDiarmid’s inequality to get with probability at
least 1 — 6,

sup |Ecwwp, [u(c, k)] — Eenw [u(c, £)]|
KEK

<\ 108 () + & [sup s )]~ Bens e ).

Also, note that by definition of F and classical results on entropy integral [37],

8 oo
E [21612 [Ecnrp [ule, k)] — Eeoy [u(e, m)]|] < 7 sgp/o Vg N(F, Ly(Q), €)de,

where N (F, L2(Q), ) is the covering number. By condition 2 and property of covering numbers,

SgpN(.F,LQ(Q),E) < N(F, H~||]_-,€) < N(K, ”Hl ,€/L).

Denote BY as the [; ball with dimension k. We know that for e < 1, N(BF, |||, ,€) < (%)k Since

K C ’ymaXAgg ) C ’ymaxBf, and there are (E) ways to choose such a support ymaxBf, by union

bound over k-dimensional subspaces we have
il k
N Ml e/L) < | )N (maxB1 [l €/L)
< ()N B/ L)
elTT|
k

k k
< < ) <3L7max> < <3L’7max€|H| )
- - ek
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Therefore,

sup [ Vg NFLa(@Q)de < [ \flog NG, 1, e/L)de
Q Jo 0
LYmax I
S/ \/k’log (31/7“13"6'>d6
0 ek

o IT
= L’ymax/ klog (36||> de
0 €k
! 3e|IT|
SLVmax klog —— | de
0 Ek

< L'Ymax V 2k lOg(3€‘H|/k)

Combining all results yields

1 o
E | sup |Ecuwp [u(e, 8)] — Eeny [ule, 8)]|| < 16 sup/ \/log N(F, L2(Q), €)de
real® vm g Jo

16 ST e e
S ﬁlf)/max 2k log(ge‘r”/k)

Therefore, our result follows. O

Then, we take two special kind of u(c, k), and get the bounds for our estimate of the expectation over
v with the offline history D.

Lemma D.6. Let m = |D|. Then, with probability at least 1 — 0, we have

2 2
sup |Eemn, [(Z Voo @ +m)> — B (Z Voo +m)> ]
) Evmax A acA a€A
|“4|4’712nax(1 + 771)2 2 16 2 2k(1 + 77l)’Ymax 36‘H|
< —1 s - — max 1 .
- 2m 8\5 + \/ﬁ‘fu 7 i Ymin o8 k

Proof. Define x € K such that kr = Arvr. Then, K C ymaxAm since )y kix = D AeYr <

2

mell
Ymax- Then, let u(c, k) = <Za€A /fT(t,(f) + m)) . We aim to use the result of Lemmato

get our bound. First, since for any x € K and any ¢ € D, u(c, &) € [|A*Ymin A% (1 + 17)Ymax)
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so condition 1 is satisfied. Also, note that u(c, ) is Lipschitz in «, i.e.

u(-, k1) = u(-, k)|l 2
= sup|u(c Iﬂ) U(Q H2)|

ceC
2 2

—on| (S VW) - (5 Ve >)

c€C | \aeA acA
< sup Z\/Hl ") +\/f<o2 £ 4+ m) H ) - \/ligT(t((f)—i—??z)

cec acA aE

(c)
/431 — KQ)Tt

sup(Z\/H;r (C)er +\//€2 t()+77 )

°€¢ \aca acA fﬁ (t +m) + \/ 4

c K1 — K

SSUD(Z\/Kq ) —i—\//@2 4 > 1 = Fall,

c€C \acA acA I<L1 ) + ) + \/n;(t,(f) +m)

1+ x
LW
71 Ymin

IN

K1 — 1%2”1 .

Therefore, condition 2 is satisfied with L = |.A|? % Plugging in the result in Lemma

we get

sup |Ecowp [u(c, £)] — Eenw [ulc, k)]
renlp)

|A[472, (1 + )2 2 16 2k(1 4+ m)Ymax 3el|II|
< x log [ = — i 1 )
- \/ 2m 8 1) + \/m|A‘ Tma T Ymin °8 k

Lemma D.7. For any 7 € 11, with probability at least 1 — 6,

Za’GA \/()\ © V)T(tfzc’) + 771) (c)
sup Ecnvp (Y [te” =)
(A7) €Ymax D acA \/()\ ® ,Y)T(t((f) )

Yarea \/(MM TS +m)
i JoonTE £

4 1 max 2 2 max
< Yo (Wlwnw o (2) + Sl ot /@) |

—Ecen (Y [tfzc)]ﬂ)

277’Yminm \/ﬁ(nl'}/min>3/2

Proof. First, note that

Twea VO ©N (L +m) (alt]) < A A YO +m)

1),
VOoNTE + ) VOonTE + )
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£
Then, we define u(c, k) = Y ,c4 Zoeayrly +m)[ (C)]

First, note that for any ¢ € C and

\/NT(t(C)+n )
k€K, ule,k) € [O, |A|27%Iﬁm‘] , so condition 1 in Lemmais satisfied. Also,
lu(e, k1) — ule, k2|l 7 = sup [u(e, k1) — u(c, ko) (10)
ec
+©) e
a ! +771 a ’ +’r}l
—up |y BV U )y g Dwea Vo (o H)
c€C laca ,‘{1r (t( ) + 77[) acA ( (e) + )
. S wea VAT @ +mn /s 6 +m) — 6T € +m)yJo] (10 +m) o
e ¢ [+ md (6 + )
Swea VAT 08+ my W67 4m) = /o 02+ )y W6 4m)
< sup
°€C sea \/ (()+771)\/H (t) +m)

(1)
Note that by triangular inequality

VAT 4 /6T (19 +m) = JsT 08 + /5T (19 +m)
< ‘\/@W&c) ) — AT () + m)‘ VRl () +m)
+—V%Ia$>+nn\v%ruﬁ>+n SR ).

‘Zwen([ﬁl]ﬂ - [K2]ﬂ)(t510) + 77l)7r
VT +m) + /)] (8 +m)

Also note that

’\/@T(tz(f) +m) — \/Hf(tgc) +m)| =

1
< 57— k2 = all;.
2\/ N Ymin
Therefore, is bounded by [A|*—— 7 m — £K1]|;, so condition 2 is satisfied with
= W Then, by Lemma with probability at least 1 — 9,
(c)
Swea (VAN £ m)
sup Ecvp & - V= [t((zc)]W)
(A7) EYmaxAnt o \/()\ o fy)T(tEf) + )
(c)
Darea \/O‘QV)T(%/ )
. (1 [t$])

= 0enTw +m)

AL+ 1) Ymax (2) 8142 Yimax
S Ymax —————log | = | + ————575 vV 2klog(3e|ll|/k) | .
) ( 21 Ymin™m &\ (i )32 g(3elL|/k)

E Proof of Theorem

We first write down Algorithm [3]in full detail in Algorithm[6] We aim to show that Algorithm [6]
achieves the sample complexity lower bound. The two big goals here is to show that 77; € S; for all [,
which shows that we get the optimal policy, and n; achieves the sample complexity lower bound.
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Algorithm 6 Full CODA Algorithm

Input: policies IT = {7 : C — A}, feature map ¢ : C x A — R%,§ € (0, 1), historical data D = {vs}s
1: initiate T € IT arbitrarily, Ao = ez, Ao(7), o appropriately
2: forl = 1,2,~~ do
3 g =2""m=Cie AT, & = §/(1%|1)?), Ty appropriately

4 (1) = {1{n(c) = a, 7 () # a} + 1{r(c) # a,7'(c) = a}}ren € R"
5: Define Ymin ‘= %\/ ml%(l/él)’ Ymax = I‘Oi?;,{]?;)
6:  Define
e log(1/d)
= Ar | —AT . —t
m=3 ( 2 ) + B
well
2
CNV'D <Z \/)\@’Y 71'[ 1)+7]l)> :| . (12)
acA
7: Let X', 4', ny = FW-GD(IL, | A|, ®1—1, M1, T}, €1, Ymin, Ymax )- These are the solutions to
= N : i hi(A < 13
ng := min{n € Jmax «/ehmf:l,lwrrlnax L uAsn) < e 13)
8:  Receive contexts c1,c2, -+ ,Cn; ~ V.

9:  Foreachc,, s = 1,2 --- ,ny, pull arms a;s ~ p” where p{”,. o \/ ALo~ah)T (t( >(7rl 1) +m),

and observe rewards r, where t.*) (7,_,) € RI"
10:  For each 7 € II, define the IPS estimator

ny

A (m,7i1) = > AR (e) = ar) - Hr(e) = a.))

i1 Pesias + [V n
11: set

, log(1/41)

e 1Y

~ N AP = . 0=
™ = arggrnellr_[lA;y (7777Tl—1) +ECNVD |:( pgg()l + p([) l{ﬂ-l 1(0) 7é ﬂ'( )}

12: end for
Output: 7;

Theorem E.1. With probability at least 1 — 8, Algorithm|[6| returns a policy 7 satisfying V () —
V(7e) < € in a number of samples not exceeding O(p. ¢ log(|II]| log,(1/Ac)/6) logy(1/A¢) where
A, := max{e, mingen V(m,) — V(m)}.

Proof. We first define our key events. Recall

A (m,711) Z O (1{F_1(cs) = a5} — 1{n(c,) = a,})
s=1 Pcs,as + ’Y ™
and A(m,7') = V(') — V(7). Define w(),v) € RMAXIC! with
JOon (0G0 +m)

Diarca \/(/\ ON T @i-1) + 771).

[w()‘7’7)]a,c ‘= V¢ Peya = Ve

Then define the events

& = n {'371(7r,7r/) - A(m, ') <2

,m' €Il

2log(1/6;
V) llém — (z)’T/HZ(w()\l,'yl))*l + (/)} ;

['Mwnl

and the good event £ = ﬂ;ﬁl &l Lemma shows that £ happens with probability at least 1 — 9,
and Lemmal[E.7] shows that under this event

2
- |fr. = Prllg )1 10 (1/1)
n; S min max 5 5
we well € + A(m, )
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Therefore, the total number of samples is no more than

1%%&) o N = Gnlli - log(PIN/0)
X
£~ weq el e + A(m, m,)?

S SR O ST
T & weQnel\m € + A(m, )2

e Bon | (= & =5 ) 1ma(0) £ m(e)}| log(211 /5)
(2) Z ‘0 max Pry(c) Pr(ec)
- P e 4,VeeC mell\ T, A(?T, TF*)Q + 6l2

=1
< Pre(ILv) log(logy (1/A)[IT]/6) logy (1/Ac).

where (i) follows from the fact that .. gives zero for the RHS, and (i) follows from Lemma[H.1] [

In what follows, we will fill in the road map to the proof of Lemma[E3]and [E7] First, Lemmal[E-2]
controls the estimation error of the gap and shows that P(;) > 1 — d,, which leads to the high-
probability of the good event £ (Lemmal|E.3). Lemma|E.4]applies the duality machinery in Section[G|
and controls the variance term. Lemma [E.5] applies the result of Lemma [E.4] and shows an upper
bound for the difference between estimate gap and the true gap, which is a very similar result of
Lemma|C.3] Lemma [E.6]is an important lemma showing the analytical solution of w given some A
and . With all of these results above, we get Lemma [E.7] which gives the upper bound on the sample
complexity.

Lemma E.2. Foranyl > 0, 7,7 € 11, with probability at least 1 — §;,

2log(1/d1)

~ 1
A? (77777/) - A(?T,Tf'/) < 2[’}/[]71' ||¢7r - ¢7r’”,24(w()\1,71))*1 + [’Yl] n

Proof. Define

ng

‘Aﬁyl (m) = Z %1{7(%) = as},

s=1 Peas + [V x
so that

l A~ 1

~_ 1 ~
A} (m, 7"y =V («') =V (7).

First, note that below.

V() = Eeny [r(c, m(c))]

_E [1 3 (Z; 1{m(cs) = as}

s=1 Pcs,as
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Therefore,

B[ @ -7 @) - V) - Vi)
nilz ( (0) . (gl) ) (H{m(cs) = as} — 1{71'/(05) = as})‘| '

Degay + ['Yl]w Pesas

IN

E

_['71]7r

4 14
> (0 + b

1
ny

) (H{m(cs) = as} — 1{77/(05) = as})

1 & ({7’ (cs) = as, m(cs ast + {7 (cs as,m(cs) = ag
;Z {7’ (cs) m(cs) # ast + Hn'(c,) # (cs) 1

4 4
P, (P00, + 1)

1
%) (pcg + [vl]w) v?

1
Zyczpca 0) ( 0 [%—%']3,0

ceC acA De,aVi \ Pe,a + ['Yl]n>

2
< ['Yl]ﬂ' H¢7r - ¢7r'||A(w()\l,.Yl))f1

= [Vl]ﬂE [pr — qj)fr’]i,c

L

where the last inequality follows since vep's = [w(A!,4!)]q.c. Meanwhile, note that

L =as} — 1{n'(cs) = as !
m(l{ﬂ(cs)— s} — Y7 (cs) = as}) < e

and

2
E (M (H{m(cs) = as} — 1{71'/(83) = as})>
1

(P20, + (1))

1
e, + W1n)202

< ||¢7T - ¢7T/HA('LU()\1,,-YL))—1

<E

({7 (cs) = as} — 1{n (cs) = as}f]

=E

[¢7r - ¢W’]Z,c]

by a similar argument as before. Therefore, by Bernstein’s inequality, we have with probability at
least 1 — 9,

~ ~ b, ~ ~ 2log(1/0 log(1/6
7' ) -V @) — B[ 0 - T ()| < \/||¢W—¢ﬂ/||i<ww))_l e1/0) | Llogll/o),

n e

Combining this with the deviation on expectation gives us

&7 (. 7) = Am, )

21og(1/9) n 21log(1/0)
ny [y ]wmu

2 2
S [’Yl]ﬂ' ||¢7\' - ¢7\',HA(u1()\l,'yl))*1 + \/||¢7T - ¢7T/||A(w()\l,'yl))*1

41og(1/6)

2 l7r T — P’ 2 -
h’} [ ¢ ”A(w()\l,'yl)) 1t [’Yl]wnl

LemmaE.3. P(£) > 1 — 4.
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Proof. By Lemmal|E.2]and a union bound over all policies, we have

4]
I[D(gl |5l—17"' 781) Z 1-—- ﬁ
Since & =2, &

(56) =P((NZ2p&1)°) = P(UZo&r) =P (U (€1\ (Uj<i£5)))
<Y P(EN (U<ty)) Z]P’ & [ (Nj<i&y)) < Zl% <.

=0 1=0
Therefore, P(£) > 1 — 0. O

~

Lemma E4. Under &, we have for any m € 1],
log(1/0;) _ 1 Loy

2
[P)/l]ﬂ' ||¢rr - Qb%l,l |}A(w()\l7,\{l))—1 ['Yl]ﬂnl

Proof. We know that the choice of n; ensures
hl()\la ’yla nl) S €.
Also, by Theorem|[G.T| we have

1 1~ 1-1 . 8log(1/d:) [
3¢ > max (ng;’_l (m,m—1) + 8[7' ]~ quﬁﬁ Oz, 1HA(w(/\l Sipy-1 T NOET ho(N, v, ).
Combining the above two displays gives us
a > h(A\, )
1 ~1-1 N 810g(1/5l) 1
~
> 17?68412[( (SAl_l (ﬂ'vﬂ'l—l) + 8 7r ||¢m 1 ¢W||A(w(x\’ 1)1 + W - gel-
Therefore, for any 7 € 11,
1 2 log(1/4;) 1 1 ~ -1 =N
¥'x H¢7r — Oy HA(w()\l’,yl))—l W < 661 + aAELl (7, T—1).

Lemma E.5. Under &, for alll € N, the following holds:
LAY (m i) = A(mm) | < 201 + LA(m, ).
22meS ={rell: A(n,m.) < ¢}

Proof. We prove this by induction. First, in round [ = 0, this holds since our rewards are bounded by
1. Then, assume that in round [ — 1, we have 71;,_; € S;_1 and

- _ 1
A (m,T—e) — A(m, ) | < 2622 + ZA(T(, ).
Then, on round [,
~ -1 ~
|A7—1 (ﬂ-aﬂl—1> —-A (ﬂ-aﬂ—*) |
~ -1 ~ ~ ~
=|AL, (M @-1) = A(m To1) = A@—g, ) |
210g(1/5l_1)

['Yl -1 Jani—1
(from event £ and inductive hypothesis)

< 2[,)/[—1]7‘_ H(bﬂ' — Oy Hi(w()\l—l’vl—l))—l +e€—1

2
< 3¢ + 64AW7 (m,7—2) —|— AW o (-1, T—2) + €11 (from Lemmal|E.4)
5 5
< 561 14— i (26[2 + ZA(TF,T(‘*) 4 2€1_9 + 4A(%1177r*)) (from inductive hypothesis)
1
< gq,ﬁr o1 (261 2+ iA(W ) + 26, 2+i )

< 2€_1+ ZA(’IT, Tk ).
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Also,

Therefore,

Therefore, A(7, m.) < €, 80T € 5.

& ! 2 log(1/41)
<A @ m-1) + s ||om — d7, HA(w(Al’,YZ))—l e (from &)
) N I L 2 IOg(l/(sl)
< Al (’7'1'*; 7Tl71) + [’Y ]71',k ¢7r* d)mfl ||A(w(/\l,'yl))—1 [’Yl]-n—*’nl
(eqn (6), the minimum)
- 2log(1/4:)
< A, T-1) + 2[4 # x. — Oz 2 Lt from £
< A( 1-1) V. ||fr. — @ L—1||A(w()\l’,yl)) .m0 ( )
1 1 ~ -
<A (o) + 3¢ + ﬁAlﬁll (Tw, TT—1) (from Lemma[E-4)
1 1 5
< A (e, T-1) + 561 + 7 (26[1 + ZA (7r*77r*)) . (from the above)
A(%l,’fr*) = A(%l,;r\lfl) - A (ﬂ'*,%lfl)
< 1 + i?
> 35l 16 €l
<e
O

Lemma E.6. Forany \ € Ar, v € R, and 7’ € 11, we have

we

2
min )\T(’-YTF||¢7T - ¢7r’ ||?4(w)*1 = ECNV (Z \/ (A @ V)TtglC) (ﬂ-/)> N

mell

acA

where wg . = ucp,(f) andpgc) X /Y rent A ({7 (¢) = a,7(c) # a} + H{n'(c) # a,7(c) = a})

and © denotes element-wise multiplication.
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Proof. For any A € Ay,

. T
min »  Axyal|ér — Sl

mell
= glelg Z Z ﬂ’Yﬂ ) €q Ce ((15 (;Sﬂ. )
7w€ell a,c a,c
7r'77r
71'771'
— Z ;C pCHEHAnA Pea <7;_I /\Tr'yfr T ) €a, (16 (d) d)ﬂ. ))

c acA \| well

_ZVC (Z Z)\ﬂ’yﬂ Gr — D) T €ac€ (¢ - O ))

=> - e (Z > A2 (¢) = a,7(c) # a} + 1{w'(c) # a,7(c) = a}))

c a€A \| well

2
= Z Ve (Z Z AeYx (U7 (¢) = a,7(c) # a} + 1{n'(c) # a,7(c) = a}))

acA | well
2
Ecns [(Z (A@v)TtSﬂ(w')) ] :
a€eA

Note that the minimizer

\/Zﬂ-en >\7r’)/7r(¢7r - ¢ﬂ/) €a, ce ((b d)ﬂ' )
Za’ \/Zﬂ—er{ AW’YW((ZSTr - ¢ﬂ/) €a’ ce (d) — Qnr )

Z MY ({7 (¢) = a,7(c) # a} + 1{n'(c) # a,7(c) = a}).

mell

Pe,a =

Lemma E.7. Under &, the choice for n; in the algorithm satisfies

2
< 6. — Gell -1 ToB(1/5)
n; < min max 5 3
weQ TeIl e + A(m)
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Proof.

h(A' 7' )
2
~l=1, log(1/6 c

= ZW]W‘ (7A7_1 (m, /1) + %/nl)) +Eemvp (Z \/(,\z O T () +m)) ]

mell L a€A

2

< max min Ar fﬁ;’il(w,ﬁ_l) + log(1/0) +Ecuw Z \/()x O T + ) + l61

A€hn v well ik ac A 4

(by Theorem|[G.2] the saddle point argument)

2
~ -1 N log(1/6 c
' (_AL (m,Ti-1) + tog(l/ l)) +Een || DV ON)TH
T acA
(by Lemma[H3] controlling the bias)
1og<1/6z>) s
a2 ) 2
(by LemmalE-€] the definition of w)

log(1
05(1/a) 1.
yny 2

(by Lemmal[G:T7} the strong duality)

IN
=
]
<
=
=
>
3

+16
2l

~ 1=

1 2

_ . . R~ ~ o

= gga); wmelg ml‘r%” E A ( A (T, T—1) + Yr ||¢7"l—1 ¢”HA(w)—1 +
YERL " rem

. P 2
= mipmagrmin A (o) + 8y flon, =l 48

: . 3 2 log(1/61) 3
< min max min (—3—2A(7r,7r*) + 8y H(;S;Fl — ¢,rHA(w)71 + 8777” + 1 (by Lemmal[E3))
2
¢z, — Pr _, log(1/4)
< min max —EA(W,TF*) —|—16\/H ! HA(“’) ! + §€l
weQ well 32 ny 4

2
e — Prm w)— lO 1 6
< min max —3A(7r,7r*)-|-16\/”q5 Orllauy- los(1/3)

we well 32

ny

2
+16\/”% ~ S llay-1 10801/0) + 36
m 4

G — G|y —1 l0g(1/3
< min max —EA(T(,T&) + 16 | ()2 loa(1/%)
weR well 32 n

by — Gt |y gy -1 log(1/6
—|—16\/ max | ”A( )~ (/) +§€l-

reS;_q ny 4
which is less than ¢; whenever

> . H¢7\'* _d)””Z(w)—l log(l/él)
ny 2 min max 5 - ]
weN well € + A(ﬂ’)

15)

F Intuition for convergence of duality gap

It could seem mysterious that one could find a log(|II|)-sparse and e-good solution of the optimization
problem maxjea min’y crlTl hi(A,7). In this section, we aim to provide some intuition and a
+

constructive proof of an easier case.
The existence of such a solution critically relies on the fact that for any fixed 7 € [Ymin, Ymax] I

we can find a log(|II|)-sparse solution A such that maxyea,; g(A,7) — g(AL,7) < €. Also, if we
consider minv crlTl hi(A,~y) for a fixed A, the gradient descent algorithm allows us to find a good
+

solution of y in arbitrary precision. In what follows, we provide an argument for convergence analysis
of the unregularized objective h; assuming L-Lipschitz gradient and we can solve ~y exactly.
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Suppose the primal and dual problems are defined as follows:

log(1/4;) 9
Piw, ) =g | =) + 2 o = ol
log(1/8) o)
_ A ogll/o T4l0)
n) =Y A ( A(m) + o )+EW, (Z A7) ta)
well acA
then
log(1/6
Vahu3,m) = =8 + L g0 = el
Observe that

maﬁ( [V)\hl ()\, ’Y)Lr = Pl (U}(>\, A/)v v, ’ﬂ)

TE
Therefore, the Frank-Wolfe gap

gt = <v)\ht ()\tv’ytvn) y €my — )\t>
_ t ot _ t ot
_Igleaﬁ([v)\hl (Avr}/?n)}ﬂ- hl (Avr)/?n)
= ,Pl(w()‘taryt)afytan) - hl()‘tv’ytvn)‘
Note that if we assume 7' = arg min,, h; (X', v, n), we have

,Pl(w(Atvryt%ryt)n)

log(1/4;)
= max |:—A(7T) + Wﬂnl + ['Yt]ﬂ ||¢7T* - ¢7r||?4(w(>\t,'yt))1:|

well

> magenin |~ A) + EC 4o = 6 -

> min max min [—A(w) + k)g(ﬁﬁ + Y |, — ¢7T||124(w)—1:|

" B B 5 (200 25T el )
“py i Yo (8 ) e (oo Tt@)
= hi(A",77)

2 om0 (ate+ ) (5 o)

'Ye[')’mirn')’max] ’Yﬂ'n

= (X9 n).

Therefore, to show that h;(\*,v*,n) — hy(AY,+, n) is small, it is sufficient to show that
Pr(w(At,~Y),~t, n) — hy(A, 4%, n) is small, which corresponds to a small Frank-Wolfe gap. Then,
we can use similar arguments in Lemmas [G.4]and [G.5]to show that the Frank-Wolfe gap is small.

G Convergence analysis of FW-GD

G.1 Statement of the convergence results

In this section, we will characterize the performance of Algorithm[6] a.k.a. Algorithm[3] Our goal is
to show two results: the duality gap converges to zero, and our algorithm converges to the saddle
point. It is known that Frank-Wolfe algorithm directly deals with the duality gap [32]], so we will
define our primal and dual problem in what follows. Since we are computing n; via binning, in each
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inner loop n is fixed. Then, we define our dual objective the same as (T2) with the shorthand notation
hi(A, ) := hy(\, 7, n). We formulate our primal objective as

~ -1 N 2 log(l/él)
Pl(w(A77)>’7) = Elgﬁ( (_A7—1 (7T77Tl,1) + Ve H¢7r - ¢%l,1 HA(w()\,'y))*l + %7” ) (16)

where w()\,y) € RAIXICl such that

Voo @ +)
Sweay/ Ao T )

[w()‘fy)}a,c = Ve Peya = Ve - an

Then we will show those two results. First, Theorem [G.1|bounds the duality gap of the primal and
dual objective. Second, Theorem [G.2] shows that Algorithm [3]converges to a saddle point.

Theorem G.1. For any | € N, with the number of FW-GD iterations Ty = O(L?¢; ?) where

1 max)®/2
L= AP me) e pave
M’ Ymin

|Pl(w()\la7l)avl) - hl(Alvvl)’ S €].

Moreover, Ty depends at most polynomially on | A|, ¢; ", log(1/8).

Proof. First, Lemma[H.2|shows that for any A, v, and n, ly (X, v, 1) = (X, Vahy(X, v, n)). Therefore,
at some iteration ¢, the Frank-Wolfe gap

ge = (Vahi(X',7"), er, = A) = rfgﬁ([vxhl(ktﬁtﬂn — (X, 7).

LemmalG.6]shows that with a small choice of the regularization parameter the primal objective is close
to the maximum component of the gradient, i.e. |P;(w(A',~'), ') — maxen[Vahi(X, 7)]| < <.
Also, Lemma shows that if ¢ > L26f2 is large enough, the Frank-Wolfe gap is bounded by ¢;.
Combining these two lemmas, for ¢ > L26f2, we have

Pew(N 1), 1) = (A A1)
< |Pl(w()‘l7’7l)77l) - mé]ﬁ([vkhl()‘l7’>/l)]7f| + |hl(>‘l37l) - Ineal%([v)\hl()‘lafyl)}ﬂ‘

< |Pi(w(A,7),7) — {flgﬁ([vxhl()\ﬁ)]ﬂ + a1
cG L a
=g Ty

Finally, we conclude that 7; = poly(|A|, ¢, *,1log(1/8;)) since Ymax = O(|A\*1171_1/2), Vmin =
O(ﬁ/m), and 7, = O(|A|~*€?) all depends polynomially on |.A| and ¢; '. This shows Theorem
O

‘We now have the second main result of this section.

Theorem G.2. For any I, with T; = poly(|A|, ¢, *,1og(1/8;)) and the size of the history D >
poly(|A|, e, 1og(1/5),log(|I|)), Algorithm[3|converges to a saddle point, i.e.

max min hi(\, ) — (AL AN ] < .
AEAD ’YE[’Yminy"/max]n l( ’7) l( rY) =
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Proof. Note that

Pi(w(N, ),
-1 o log(l/él) 2
= ma |35 ) + S e om0l

e log(1/3) )
> I}rleagfniyln |:_All (7Ta7rl—1) + 7 + I H¢ﬁp1 - ¢7THA(,LU()J’,YL))—1

. . ~ -1 e log(l/al
> g |87 5+ T #1e s =l
~ log(1/d1) 2
= Ar - — TV ||Pm_ — Pn -
oy i, 520 (B ) + 20 e =0l

(by Lemma [G.17] strong duality)
log(1/4,
= max min Z Ar < (7?,7?1_1) + Og(/l)>

AE€EAN 'YE['Ym\n7'Ymax]H ’yﬂ'n

2
Ecuw (Z V(A 7)%9) (by LemmalE.6)

> e min 570 (<A7 () + )

AEAT YE[Ymin s Ymax] ! e YT

2
+ Eew <Z \/()\ ©) 7)T(t{(16) T 77l)> - %el (by Lemma [H.3))

L acA

> i SO, (B () + EU)

ye ['Ymirn 1'Ymax]n . YrT

2
+Ecnw (Z\/)\ZQ’Y +m)> —%ez

acA

. A A log(1/6;)
> min U (—A"’ T, m—1) + ———
we[wmin,wmaxlnz[ LT =1 ( =) )
3
(‘Nl/D (Z \/ /\l ® '}/ t(c + 7][)) - ZEI
aceA

(by Lemma|[D.6} controlling the history)
~ -1 A log(1/6
> § [/\lh. <—A7_1 (m, mMi—1) + 7g( / l)>

['Vl]wn

2
CNIJ'D (Z \/ )\l ®© ’Y t(c + Tll)) — €

acA

(by Lemmal[G.7} the GD convergence)
=\, — e
In other words,

Pr(w( A, AN, 4 > max min (X, 7)) > hi(\ Y — 6.
l( ( 7) ’Y)_)\EAH"/G["/xnixn'Yxnax]n l( = l( ) :

On the other hand, by Theorem|G.1} we have P; (w(\',7'),7%) < hy(\', ') + ;. Therefore, we have
in e[h)\l,l—,hAl,l+}
gm0 € [0 )=o)

and so we have our result. O
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G.2 Technical proofs
G.2.1 Guarantees on vy

We first provides some guarantees of v and the convergence of the GD subroutine.
Lemma G.3. Consider a fixed n. Let v* = arg min, hi(\,~,n). Then we have for all i,

Qe | Ly mosd/o) log(1/41) log(1/6)
e [3\/T N%Ec[l{w(@ # w*(c)}}’\/ [APmn H |

Proof.
[Vvhl(f\ﬁ)}ﬂ
(c)
=E. <Z Vo +m)) Ay 2ellladetm) ) A los(1/o)
& e /0Tl +m) 7

o | (S V) | -l
acA T

) B )\71' IOg(l/(sl)
Van

where the first to second line follows from Cauchy-Schwartz - (3, x4) Y, ( %Z) > (3, VYa)?

> AP + 20 E[1{7(c) # 77 (c)}]

)

We first solve %&1/5’) < |APPmA, and get v, > llojgél?_ We also solve %(i/‘sl) <

™

20 E [1{r(c) # 7*(c)}] and get v, < \/2n]Ec[:i?i((lc§22r*(c)}]~ Therefore, the wth component of

the gradient is always positive whenever 7, > min {\/ 2nJEc[1l?i((1c§ ;Ll?)r*(c)}] ’ \/ 1\051?;7/7 ;STLL ) } Therefore,

the minimum ~ should have 7, < min {\/ 2n1Ec[1lc{)§r((1c§ izﬁ(c)}] ’ I‘Oj?; ézi]z ) } On the other hand, let

§ = arg min, 7y,. Then,

.
mys <A@ TED +m) = (MD () +m)) v < H/\ ® () +m)H1 Nl
Then

> \/(A@»Y)T(tgp SNEDY \/H)\@ (t “”)Hl loo-

acA acA

<Z \/H)\Q (tff) +771)H1>2 = <Z AT( Q +771)>
acA acA
< (z AT +m)> 4

a€A
< JA[(1 +m).

Note that
2

Since for any 7, Za,eA[tfﬁ)]ﬁ < 2,50

2+ m)Ax  Arlog(1/6)

Vo)l < (A +m) 1 -

VM Ys '77%”
Let m = s, then by the fact that ||| < Ti%r/;fra), we have
log(1/6)\"* (2+m)As  Aslog(1/6))
Vh)\ﬁ s<\/A1+77l< : - .
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1/4
We solve /| A|(1 + ;) (lri?;,éffl)) : (2\4;% As k;g(i/él) < 0. Then we get

mlog(1/3)

< (1w @ ) I

Since (14 m)~/3(2 +m)~%/3 > l whenever 7; < 1, the sth component of the gradient is negative
whenever v, < 14/1-282/0 log(1/31) Therefore, miny Yy > 3y LEst) logél/ &) O

G.2.2 Convergence of Frank-Wolfe gap

Lemma[G.4]and[G.3] shows that the Frank-Wolfe gap is small. The proof technique follows from the
general Frank-Wolfe analysis.

Lemma G.4. Forany £ € [0,1], any t, with L = |A\2M we have hy(A\tFL 411) >
Vihin
hi(A',7) + €g¢ — 5€2L — ke,

Proof. By L-Lipschitz gradient condition of —h, in A given in Lemma|G.12] we have

(9 < X7 (Taha (N7, X X 4 A X

Therefore,

B A 2 () (Tahi (X7 ), X ) = 2 X2

Plugging in A" = (1 — 3;)\! + Bie,, as in line 8 of Algorlthml we have
h((1 = BN + Brex,,v'*)
> b (A" A+ (VAW ), (1= )X + Brer, = A) — = H + BN — Brer, — /\tH?

= W)+ B (VoM A1), e, — A — % e, — A
L 2
= hl(AtarytJrl) + Btgt - % ||e7n - )\tHi .

Choose f; := arg maxec(o,1){£g¢ — SZTL llex, — /\tH?} Plugging in this expression gives us

LB} ERVIIE
5 llem =2

hl()‘t+11’yt+1) > hl()‘ta/yt+1) + ﬁt <V)\hl()‘t7’yt+1)7e7rt - >‘t> - ||1

= MW7)+ max (g — S lex, = 217}
’ 56[01] E g lIFm 1

2
L
s g

for any £ € [0, 1] since ||ex, — )\t||§ < 1. Also, by construction of v**! and Lemma we have

R (X, ") = min hy(A, ) > hi(A',7") — ke
Y

Therefore, our result follows. L]

2 Vi+l®

l min

5/
Lemma G.5. We have for any t, with L = \A|2((1+Zl/)2¢)2, minepq 4 gi < L
n

Proof. With Lemma[G.4] we have

1
hl(At+17’7t+17n’r‘) 2 hl()‘t7’yt7 nT‘) + é-gt - §€2L — K¢.
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Plugging in the choice £ = min{%,1}, we have h(A'™™' 4" n.) > W(A A n,) +
2 min{ 9,1} — k. Summing this up from O to ¢ gives us

t
t+1 t+1 9i . (Gi )
hl()‘ Y , 1 ) hl )\0,’)’0,’/% 2 go 5 mln{f7 1} - 51

t

> (t+1)g; min{gft,l}—z&.

i=0

where g = minj—g....  g;. Then, as long as >.'_,&; < ¢, by the fact that k(A1 41 —
hi(Ao,v0) < maxyea,, miny hy(A,v) — hi(Ao,70) < oo. Therefore, we have min;¢(; 4 g; < L

7
=

G.2.3 Connect the Frank-Wolfe gap to the duality gap

Lemma|[G.6|shows that the primal objective is approximately the maximum component of the gradient
of the dual objective, which simplifies our Frank-Wolfe gap expression.

Lemma G.6. Consider some A\ € Ay, v € le, and n € N. Formn < \.A|74612, we have
|Pi(w(A,4Y),7Y) — maxzen[Vahi (A, )] | < e

Proof. Observe that for any 7, 7’ € II and any ~,

2
Ve llfmr = b llaqur )
2

=Yy m ({7 (c) = a,m(c) # a} + L' (c) # a,7(c) = a})

= Zucz ([w(/\# (1{n"(c) = a,7(c) # a} + 1{n'(c) # a,7(c) = a}))

,’Y)]ll,c

(& a

Seay/ Q0T +m)
T T )

T (+(c)
e [Z Luea /000 tm) [tffm)] |
a \/(AGW)T(tEf) +m)

(1{r'(c) = a,(c) # a} + 1{x'(¢) # a, 7(c) = a})]

Therefore,
Puw(A, 4,
A ! 2 log(1/81)
= E[rleaﬁ( {—A71 (ﬂ') + [7 }71' ||¢7r - ¢%l_1 HA(w()\I’,yl))fl + W
i Swrea VN O TED +m) log(1/3
= max ¢ —AL, (1) +Eeny | 3= v (B[ | + fi(]/n)

T e T )

Lemma [D.7) guarantees that we could replace the expectation over context to history of contexts vp
without incurring much error. In particular, for a sufficiently large history D, it guarantees

([’Yl]W[tt(zc)]Tr)

Swea V@ TED +m)
g Beve | 2
- T e T )
5[5 Zves VOO TED +m)
a \/()\l ©)T( ((ZC) +m)

(['Yl]W[tt(zc)}Tr) <

a
5
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On the other hand,

max 87171 (r)+E Darea \/o‘l © ’VZ)T(t((IC') +m)
T2 c~Up
a \/()\ZG’VZ)T( 510)+nl)

mell -
Swea VN ONTED +m)
[’Y ]71'771

([’YZ]W[tSzC)]Tr)

= max ¢ [Vah(\, 7))l = Ecma, |3
= e Tl +m)

Note that when v € [Ymin, Ymax)»

]ECNV'D

(c)
Za’EA \/(A O] ’Y)T(ta’ + 771) | € [O |.A|2 ’Ymax(l + 771) ~ 771]

T s max .
= 0o @+ Tminh

Therefore, for n; < |A| %€,

Swea VN @NTED 4+ )

€]
Eervp | Y = e || < 5
<N TE 4
Therefore, we have our results. O]

G.3 Convergence of gradient descent

In this subsection we show convergence for gradient descent.

Algorithm 7 GD
Input: )\, n, x;
I: define /! = €}t=3|.A|~6
2: clip A and define A = clip(\, ¢y)

3: run gradient descent of on ~y for h;(\, v, n) over supp()) and output ~*
Output: ~*

We will first state the main result of this section.

/
Lemma G.7. With the number of iterations T’ = O(I:—: + ﬁ) with L, = |A\2M +

173/2 2
1 min
2log(1/6 .

%, we have hy(\,~v*,n) — min, by (X, v, n) < K.

Proof sketch. Lemmal|G.9]shows that this clipping does not affect the function value that much. Since
we do not assume our function to be convex for v, we will show that the stationary point is unique
and the gradient is strictly positive around the stationary point. Lemma [G.14] first shows that our
function is locally strongly convex around any stationary point. In particular, if we are at a point
where the Ly norm of the gradient is less than Apin, we are locally strongly convex. Lemma[G.13)|
shows our gradient is Lipschitz with respect to the L; norm. Then, Lemma|[G.§|then shows that the
gradient descent algorithm converges to a stationary point. It is the classical argument for gradient
descent algorithm on non-convex objectives [22].

Lemma G.8. For any K, with L, = | A ((Hzl/)z’ym'“)?’m + 2os(Q/d)
n

2 ny3 .
1" Ymin Trmin

hl ()\7 Y0, n) - min’y hl ()‘7 v, n)
K .

' 2
min IVy (A v, n) I} < 2L,

With this lemma, we have for a sufficiently large K, the minimum gradient can be made arbitrarily
small. In particular, for K > LAY)\_1 we have that the minimum gradient has L;-norm less than

min
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Amin, and thus we are in a neighborhood of our stationary point by Lemma [G.15] After that, it
takes O( ) steps to converge to a point whose value is at most x; away from the value of the
stationary pomt. The results in [30] coupled with Lemma [G.14] ensure that our stationary point
is unique. Intuitively, if we have two locally strongly convex stationary points, there must be
a “hill" between them, which also corresponds to a stationary point, but we have shown that all
stationary points must be “holes" due to local strong convexity, so the stationary point has to be
unique. Thanks to the chpping, we can lower bound A, by L‘SO the total number of steps is

L 1 . .
pwdie ey vl + P which matches the result in Lemma
O
Lemma G.9. For some iterate t, let 1, = e3t=3|A|~% and denote X := clip(\,1;) where

[clip(A, €)]x := Ax1{Ar > €}. Then, for any ~, we have
‘hz(j\y%n) — (A7, n)‘ < K.

Proof. For the first term in hy, in the case where A, > ¢, hy(A, v, n) = hl(S\7 v,n). When 0 < A, <
1¢. We see that

A 1 1 2t
Z Ax (—Mill(mﬁ_lwbi&%) < te <7 —+ — ) — L*

WGH,A,—.— <it FYIHIH lymln

Then we focus on the expectation part of h; (), v, n). Note that

\/()‘ © V)T(t((f) + 77l Z )\77’)/71' + 77l + Z )\ﬂ’)/ﬂ' ( ) + 77l]7r
T Ax >t T, e <tt
= (5‘ © ’7) ) + 771 Z )\7r'77r + 771]
T Ar <t
< \/ A ® 'Y + nl) + tlft'}/max

< \/ AOy)T + M) + Vit ymax-

Therefore,

2 2
<ZW®W +m>) -k (ZV(X@W@&C)MZ))

acA acA
(Z\/)\@’y (t5 +m) +\/ t(C)Jrn))
acA
(Z Voo™ +m) - o) T +m)>
acA
S |A‘\/’7max|~’4|\/tl/t'ymax
= |A‘27max\/ tLt.
Combining two displays above and plugging in ypi, and Ymax gives
~ 2t t
hym) = b ym)| < AL
2tLt|A|€ tLt
= o g
NGl m
Let RHS be #; and solve for ¢, we get ¢; < min{ \@IIX\E’ , 7kt }. Plugging in 7 = |A|~%€? gives
the result. O
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Lemma G.10. Suppose ' satisfies that hl(S\, 7*,n) — min, hl(;\, v,n) < Ky, then we also have
hi(A,~t, n) — miny hy(X, v, n) < Ky, i.e. v satisfies the desired property.

Proof. Let 7, = argmin, hl(S\,% ) and v, = argmin, hi(A,7,n). The result follows from
applying Lemmatw1ce on hy(X\,~*,n) and hy (X, 7., n). In particular,

hi(M At n) < hi(\ At n) + ke (LemmalG.9)
< hl(:\, Ay M) + 264 (convergence of GD)
< hi(A e, 1) + 2k (minimality of 7,)
< hi(As e, m) + 3Ky (Lemma|G.9)

G.4 Guarantees for strong concavity and local strong convexity
The following series of lemmas show that our optimization problem is strongly concave in A and local

strongly convex around the minimum =, as well as explicitly constructing the Lipschitz constants.
These serve as the conditions for convergence of the Frank-Wolfe and gradient descent algorithms.

Lemma G.11. h;(\, v, n) is a concave function of \.

Proof. Note that

(Z\/)\@W )+m)>

acA

E|S SV 0 entenT @ +m)

acAa’'€A

we know that A — (¢ ff,) 1) TA@v) and A — (A )T (¢ + n;) are concave, the square

root function is concave and non-decreasing, and sum of concave functions is concave. Therefore,
hi(A, 7y, n) is concave in A by property of concave functions. O

2 ((L4+7) Ymax)®/?
| Al el
l min

Lemma G.12. Consider some \, v and n. For any A1, Ao € Ap, with L =

FO2,7,n) < FA,7,n) + Vaf (A, 7,m) T (A2 = M) + LAz — Ml
where f(\,v,n) could be either hy(\,v,n) or —hi(A, 7y, n).
Proof. The proof for the negative case is exactly the same as the positive case, so we focus on

FOv,n) = hy(\, v,n). We take the gradient of h; with respect to A and get

~ -1 A log(1/6
Valu(h ], = ~B7 (r ) + 2EL

©
g ta/ + T
Eenvp (E \/A@’y () +7}z)> > i )
ey s +m)

By Lemma[H.2| for any A € A, we have (A, V hi (A, v, n)) = hi(A, 7y, n). If we use the shortcut
F) == hy(\, v, n), we have

FO2) = F(A1) = Vaf (M) T (A2 = A1) = f(A2) = Vaf (M) T A2 = (VF(X2) = VF(A)) T he.
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Note that
(Vaf(A2) = Vaf(A)) Ao

: o) 1)m
= Z[A2]7\'ECNVD [(Z \/()\2 ® V)T(tl(lc) + 771)> (Z Y- (g +m) )

aca sea /e 0N TED +m)

(c)
- (Z \/(/\1®W)T(t¢(f) +m)> (Z Yoo (67 4 M) )]
acA a'cA \/(/\1 ® ’V)T(tflc/) +m)

=Eenip {Z (h2 @) (¢ + m)
a’€A

5 VO oNTED 410/ 0 00T +m) — /02 0TS +m)y O 09T +m)

= Ve 0TS +m)y/ 0T +m)

< Eenvp { S (oot +m)
a’€A

> ’\/(’\1 O N + 1)y e )T () +m) - Ve o) + iy n @) +m)

] V02 0T +m0y/(n 09 TED +m)

<y twhep |5

aeA 71 Ymin e A

V02 0T +n)y/(n 0TS + )

o) T + )y 0 0N TED +m)

a

} (18)
Note that by triangular inequality

’\/(/\2 O TE + 0V a0 )T +m) — /a0 )T + )y e 0 ) TED + )

< ‘\/@2 O T +m) = e 0T 40| ©9) T + )

/o NTE + ) [V w o TE +m)— /0o 00 TS + )

Also note that

‘\/()‘2 © 'Y)T(tg:) + 77[) — \/()\1 ® ’Y)T(tt(f) + 771)
S en(a)s — )t + )«

\/(/\2 O] ’Y)T(tt(lc) +m) + \/(/\1 ® ’Y)T(tz(zc) +m)
< (1 + 77[)'7max
- 2m7min
so (T8) is bounded by

A2 = Adlly s

a’ €A acA QW’Ymin

_ |A|2 ((1 + nl)’ymax)5/2

3/2
m 712nin

1+771 Ymax 1 +77[ Ymax
) (m’y) ' (Z . L W) A2 = Aally V(1 + ) Ymax

A2 = Al -
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/2
Lemma G.13. Consider some )\ and n. For any 1,72 € A, with L., |A|2% +
210g(1/5z)

m min
’
nrymln

h(Av2,m) < (A v1,m) + Vahi(Ay1,n) T (2 — 71) + Ly |72 — m I3

Proof.

()
[Vyhi(A7)]x = Ee [(th t(c>+m)>.<2 Ar [ty le +m) )] Arlog(1/61)
acA aleA \/()\Q,Y)T(tl(f/> +m) VEn

Then we have similar to the proof of Lemma |G.12, for any + we have h;(A,v,n) —
Vol y,n) Ty =230, A=0 so

h(X 2, m) — hi(A, 71, n) — Vyhi(Ay1,m) T (2 — 71)
Arlog(1/6;) Arlog(1/6
= 22 g(1/0,) 22 # + (Vo (A v2,m) — Vahi (A 71,n)) T e.

72 2 n . [’yl]wn
First, we can follow similar techniques in the proof of Lemma|[G.12]to bound the second part and get
(Vyhi (A, 72,m) = Vahu(A 1, m)) T

<Y (o) ¢t +m)
a’eA

1
'Ecwuv
{24 [W@wa;ﬁ) +m)y/ (A0 TS +m)

W 20w+ my (o) W +m) ~ T+ my o T + )| |
1 max
<Z (Gl o1t Ecnvp Z‘\/A@’m t()+m)\/(>\®71) (t'9 +m)
area Ymin acA

00 TE 40y (3 ©2) TS +m)

Also, note that

’\/)‘672 +Tll) \/()\@’Yl)T(tELC)—i—m)

[ ren On(brzle = 1) ()

Voo T@ +m)+ 0 om) (1 +m)

2
2 =y,

<L
zmrﬂnin

Therefore, similarly we can bound
Vom0 4w 68+ - Yoo Tw + w0 W 1w

(1 =+ 77l)7max 2
S 5=l —mli
N [ [Fi

For the second term,

22/\ = log(1/6;) QZ Arlog(1/6;)

[y2]2n —  [nlin

_ 210g(1/5z) T ]z — [el2

n — " )22
2log(1/5))
< =l —mli.
n’ymin
Therefore, we have the result stated above. O
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Lemma G.14. Consider some fixed \ € /\r; and n. Assume 7, is a stationary point of hi(\, vy, n),

w, there exists € > 0

max "

R

then hi(\,~y,n) is locally strongly convex at 7, i.e. for Lyess =
L 88
such that for all v € Be(7v«), hi(A, v, 1) > hy(X, 7, n) + ===

Proof. Since A and n are fixed, we use the shortcut g(y) := hi(\, v, n) in the proof. Denote the
Hessian of g as M. We aim to show that the Hessian M > Ly at .. First, since «, is a stationary
point, V., g(7«) = 0, and so for any i,

O o
S e, (Z \/()\QV)T(tf(f) +m)> sy Ai([te ] +m) _ Al g2(1/5l)_ (19)

ceD acA a’eA \/(A ©) v)T(tf{f) +m) nn

Also, we have for i # 7,

(C)
629(7)221/ Zl A [()Jrﬁl} . Aj [ +77l}
cp
MG T \E JoonT@ +m) i JoonTE 1)

)\)‘ m ‘(:/) my .
+<Z¢<A@7>T<t§>+nl>)- _% 1 *’L)
a’'€eA

acA (onTes + m))?’/2
And
9%g(y) _2Xilog(1/4)) 1 x 19 +m} 2
R TR VL L P Ve oI
(o) (gl
acA a’eA (()\@,},)T(tg)_,'_m))

Then, for any vector 1 € RI™I with ||u|| = 1, we have

p' Mp = ZZMN;MU = ZM Mii + ZW“J ij

i£j

%
)\[()_H?l] N[+ n}
+ZVCZZMMJ2 aEA\/ (c)+nl) . aeA\/()\Q’Y) (tl(l)-i—??l)

Y [a/ +m] [Eﬁ)ﬂn]_
J

ﬂhuj(Z\//\@fy ) + )). S

e P (Mo +m)”
(21)
In what follows, we will first show that
Z 2/\ log 1/51 ZVCZZMMJ (Z\/’\QV ta ‘|'771)>
acA
AN 89 4 tg) +7
[ ] [ 4]

e (heTa +m)"
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By equation[T9] the LHS of (1)) simplifies to

Z”Cz“z (Z\/MM ”+m)> Z z[g)”l}

acA a’€A A@W 4

_ZVcZZMzMJ<Z\/>\®7 o ) Y ()+an()+377J

i (ConTes +m)

Therefore, it is sufficient to show that

L1 Xi [tff) + m] _ 9+ m] [ 9 + m]j
M % © Z Z M ftg © 3/2 2 0.
i a’€A \/(A@fy)T(ta, +m) a’eA >\®7 Tty +771))

Consider some a’ € A. The LHS of the above simplifies to

(o)
Z# l [taf +771L B ZZM]

[ ¢ +m} [ 9 4 771}

oo @ em TT (e +m)”
= . b / 7 |1
(()\G’Y)T(tff)-i—??l))?’/z Z " [ cn], Zj:)\ ul +m]j

_ZZMZM])‘)‘ [ +77l} [ELC/)‘FTII}j

= - 3/2 ZZW ( [ )""771} Aji {tfch)"‘nl}j

(o +m)
—Hilti N A Vi [ te + m] [ te) + m]j)) -
Each summand is
7t <M?/\¢ [ 1) +m} Xjvj [ +m} — [t NN [tff/) +mL [tfﬁ) +m]j>
=7, i [ £ +m} [ £ +m} (avj — 3vi)
=1 A [tﬁu) + m} [ £ + m] (rarvy) (piryy — p5vi) -
Exchanging subscripts of ¢ and j, we have
v TN [tff) + m} [ ) 4 m} (pgvi) (hgvi = pays) -
The sum of these two terms is
Sl [ 1) +m} [ ¢ +m} (1iv; — mji)” = 0.
Therefore, we proved equation (22). We will show next that

2 Ailog(1/61)
S e nl zuczmz 3

aeA /AN O )T +m)

Ai [ ) er}

by [ ()+771}
> > 0. (23)

/o) TE + )
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By similar calculation, we can obtain that the above simplifies to

- Ai [tff,) +mL
zg:vczi:um >

el \/ (MOt +m)
2 )‘JVJ[ +77l] PPV [ +771]
+ 15V
ac€A \/O\@V)T(t,(z)-i-m) a€A \/O‘@'Y)T(t((z)-i-m)

We can show that the sum of the above is positive by similar techniques for showing (22). Plugging
equation 22 and [23]in equation [21] we have that

i

WM > Z 2 i log(l/él) > Amin 130g(1/51)
’7 n fymaxn

so the Hessian is positive-definite. O

Note that the minimum eigenvalue of the Hessian at the stationary point is %g(:/él) > (, we can

extend the result in Lemma to a-stationary points, where o < %g(}/m, and still maintain
local strong convexity.

max

Lemma G.15. Consider some fixed A\ € /Ay and n. Assume 7y, is an a-stationary point

of hi(\,7y,n), where ac = %i(xln/é’), then hi(\,v,n) is locally strongly convex at v,, i.e.

for Lyess = %&f/&)y there exists € > 0 such that for all v € Be(va), hi(A,v,n) >

Bu(h Yoy ) + Lages

v = all’.

Proof. The proof follows almost identically from that of Lemma|[G.14] Note that the -stationary
point ensures that ||V, h; (X, )], < a, so equatlonﬂls rewritten as

(11O 1
S ves (Z\//\Gv (°)+m)>~ > il )i +m) B /\11%(;/51) cu

ST +m)

i |ceD acA
(24
Therefore, for any ;1 we can still use the same trick and get
WMy s Z 2 i 10g(1/(5l) e Amin log(1/61)7
wn 2Yhax
so our result follows. O

G.5 Proof of strong duality

In this section, we would like to show that strong duality holds. We first show that the primal problem
is convex for w.

Lemma G.16. The primal problem (12)) is convex for w.

Proof. Note that the primal problem could be written as

weN -

. . ¢ —brmu %y
Therefore, we consider the function f(w) := —A(7) + 4/ %“’)1 for some 7 € II. Note
lom—ma 12 0y . L
that to show that f(w) = —A(nm) + |/ —————""— is convex for w, it is equivalent to show that
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g(w) i=\/1ox ~ 6.

g(w) =

2A( w)-1 is convex for w. Note that

Y viwae(U{m(c) = a,m.(c) # a} + 1{n(c) # a,mu(c) = a})

()1

a,c,t

So restricting to a, ¢ such that t( ) =

0 1
ag(w) = (—vwg ),
Wa,c 2\/Za,c,t((f)=1 I/?ﬂ);)i
and
g(w) 1 _ _ 1
owz. 575+ (“Vewae - —viwge)
@e 4 (Za,c,tSlC):l ngai) \/Za et@=1"
»g(w) 1

awﬂl,cl awamcz

3/2
2
4 (Za,gtff):l ViWq C)

Denote the Hessian as M. Then, for any vector y € RIIXICl with ||u]|, = 1, we have

—-3/2
TM . } 2, —1 2 2, —2
2 n= _4 Ha,cta,c’ Vcwa,c Ve c’w w
a,c,tf,,c):1 a’,c’,tiﬁ”:l a,c,t,(,,C)ZI
—1/2
2 2, .—3 2, —1
+ E :ua,cl/cwa c E : Vcwa,c
a,c,t(q*l a,c,téc)zl

To show that this is nonnegative, it is equivalent to show that

I IEDY

’
CL?CYtL(lC):l a’,c’,t((;} )=

2.2 -2 =2 2 2 -3 2
/’La,clu/a’,c'chc’wa,cwa/,c/ + E Ha,cVeWq, c Ve W,

1 act(c)*

>

,
a’,c/,t(; )1

which is equivalent to show that

>

a,c,t

Note that

_ -3,,—2 2
= Ha,cWq We o1V Ver (,Ua cWa!c" —

2.2, -2, -2 2 2, =32, —1
“Ha,cla’ ' VeV Wq, Wer o +:u‘a Ve W ch’wa ! > 0.

>

’
=1 a’,c’,t((;; =1

3 2,.—1

2,2 —2
— Ha,clba’ o’ Ve Ve W Wy (,, —l—uuc VerWer o

,ua/,c/wa,c)
-3

-3 2
Wy, cWqr VeV '(l‘a Wa? e ) (Ha,cWa’ ! — Ha? ' Wac)-

Then, exchanging the label of a and a’, we also get a term like

w /3/11}

2
acc

g(ua’,c’wa,c)(ua’,c’wa,c - Na,cwa’,c’)-

The sum of these two terms is

-3 -3
wa',c’wa,cy /

+ w;iw 3 ,V2V (,ua cWa! ¢! )(Ma,cwa’7c’

-3

:w//

-3

:w//

Vg (IU/a’ ¢/ Wq c)(,u/a’,c’wa,c - Ma,cwa’,c’)
- ua’7c’wa,c>
— Ma,cWa!,c’! ) (,ua',c’wa,c

2
- Ma,cwa’,c’) Z 0

-3 2
wac c C(Ma'70'wa70

-3
wcc

- /’La,cwa’,c’)

2
c (Ma’,c’wa,c
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2 -2 2 —2
- : (_Vclwal,cl : _chwaz,CQ)

a’,c’

2

-3

a,c

(25)



Therefore, equation [25]becomes

-3 —3.2 2
Z Z (wa/,c/wa,cyc/yc (:ua’,c/wa,c)(ﬂa’,c’wa,c - ,Ua,cwa',c/)
(C) ’ ’
a,cty =1 a/,c
tl5)=1
(a’,¢")>(a,c)

+ w;iw;ﬁl/ Vc2 Vg’ (Ha,cWar ) (Ha,cWar o — Ha’ ¢! Wa,c))

= Z Z w;?c/w;‘zvf,yf(ua/,dwam — uaycwa/,C/)Q > 0.
a,c,t((f)zl a’c
#< =1
(a’,c")>(a,c)

Since the above holds for any vector p, the Hessian is positive-semidefinite, and so the function g(w)
is convex for w. O

Lemma G.17. In the optimization problem[I2] the strong duality holds, i.e.

br = bl - s
min max (—A(ﬂ') + \/” lagu- = max min Ar | —A(7) + | Py .
we well n AEATT wWER e n

Proof. By Lemma[G.16] the primal problem is convex for w, so it is left to check the KKT conditions.
Note that the lagrangian is

||¢7r - ¢7r* Z(w)*l
E(w,)\,c):c—i—Z)\ﬂ- —A(rm) + - —c

mell

¢Tr_¢ﬂ'* 2 - . . .
Let hr(w) = —A(m) + 14/ % — c. At an optimal solution w* and \*, we would like to

show that

> Aihg(w*) =0.

mell

We prove this by contradiction. If there is some 7 such that A, > 0 and h,(w*) < 0. Then we could
find another A’ € Ay that places zero mass on this 7 and thus get a larger objective, so we get a
contradiction. The other conditions follow from the optimality of w* and \*. O

H Useful lemmas

In this section, we state several algebraic facts of our function, which serves as the key to derive
convergence as well as complexity.

Lemma H.1. Foranyl,

. ||¢%l,1 B ¢ﬂ||124(w)_1 . Ecny [(pc,;,ll_l(c) + pc’,l‘,(c)) Hm—1(c) # m(c)}
wen rert A(m)? n pneggcec A(m)? '
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Proof. Let wq,c = VcPe,q for some p. € A 4. Then, for any 7 € II,

% s, - mri .
223 ~(Uff-a(e) = a,7(0) # ) + 1{Fra(c) # 0,7(c) = a))

_ W Z I% (1{F1_1(c) = a,7(c) # a} + 1{T1_1(c) # a,7(c) = a})

1
pup +
Pe7i_1(c) Pe,n(e)

1 1 1 R
- WECNV |:(pcﬁzl(c) - pc,rr(c)) 1{71—[71(C> # 7T(c)}1| .

) 1EA(0) £ 7(0))

Therefore,
. H(%l—l B ¢w||i(w)_1 . Ecny |:(pc,;,11_1(c) + pc’,l‘,(c)) Hm—1(c) # m(c)}
wea mett A(m)? T pechanvcec A(m)? '

Lemma H.2. Foranyl, any A € A, v > 0, and any n, we have hy(\,v,n) = (A, Vahi(A, v, n)).

Proof. We first compute

~ -1 Y log(1/6
Vatu(h ], = ~B7 (r, ) + EL

Eenuo [(Z\/AQW <‘>+m>> (Z Y (1) + ) )]

a€A a’€A \/(A ©) W)T(t((lc,) +m)

Then, by the fact that

S ArEoonn {(Z\/)‘QV f”+m>( () ) )]

mell acA aeA\/)\@’y (Q—&—m)

(©
_§,, (Z\//\QW +771>(Z Aot +m))

acA aea\/(A@y)T(ED +m)

= Eenup (Z\/Am (ts) + )ﬂ,

L acA
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we have

(A, Vahi (A, v, n))
= Z A [Vahi (A v, n)]

well
~_ 11 1
- Z A, - (‘A7—1 (m,71) + 105(/50)
YT
well

£©)

+ Z ArEemrp (Z \/()\ ® ’Y)T(tgc) + m)) Z Yty +m)x

well acA a’'€A \/()\ O) "Y (t((l/) + T][)

= Z Ar (—37:1 (m, 1) + W) Ecvvp |:<Z \/ AoyTEY +T}l)> ]

mell a€A
= hl(>\a 7> n)
O
log(1/5 toa(1/o) \ 1"
Lemma H.3. For any A\ € A and v € [O,min{\/%”Ec[lff{gﬂ((c/);é)ﬂ*(c)}]’ |c:‘%|(2ﬁ/l7il)}:| , with

= |A|~%€2, we have

[(zwm Wﬂ {(g W)] o

acA

Proof. The first inequality is clear since 7; > 0 and A, v, > 0 for all 7 € II, so we focus on the
upper bound. Note that

Eenn (Z\/A@V +m)> _E. (Z\/W)

acA

—IEW[Z(Am) (t +m) + ZZ\/AM (&) +m)Es +m) T (o)

acA a1€AazeA

e+ Y » \/A@th(”)tQQ (Ao7)

Eew (26)
acA a1EAax€EA
Note that
Eewy [Z S VOONTED +m)E +m)T (o)
a1€EAas€EA
—Eew | 3 2 V0N TEDEDTA @) + mATvA @ )T (1 +t2§))+?7l2(/\T7)21
a1€AazeA
<Bemw | D D Voo T (o)
a1€EAazc A
+ 2| A|E, ., lz \/ MATYA O TH | + AP .
acA
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Then (26) is upper bounded by

Ecnw lz nl)\TW

acA

= [AmATy + APy + 2 ANV DA B e [ Y [ Aera )]
acA \| well
1 .
= AT+ JAPmAT + 214N By | 30 0 |37 At
acA mell

= |A|771)\T’)’ + "’4|277l)\-r7 + 2|"4|2 \% nl)\T’VEmu ]EaNp, | Z )\Tr'YTr [t((LC)]'n'
mell

1 o |
< ATy + JAPA Ty + 2l AP VAT, [ D Ann e lz [t5)
mell acA

> \/mATv(A )Tt

acA

+ 2|~A|E0~V + |-A|2771)\T'Y

1
= [AmATy + [APgATy + 2| AP /ATy memzﬂw[l{w(c)#w*(c)}}. 27

mell

. lo, [ * E.[1{m(c)#7*(c)}] lo [
Since Tr S \/inEc[l{g;(lc/);é)ﬂ*(c)}p ,Yﬂ'ECNV[]‘{ﬂ-(C) 7& u (C)}] S \/ L{r(c)# 2,,51)}] £(1/%) S
log(1/4:)

on; - We know from the lower bound argument that

2
n; > min max Ifx = ¢ Alw) 7!
b~ we) well A(7T>2 + €l2

$0 1/ W < V/&. Therefore, (27) is upper bounded by

log(1/81) > & *log(1/81),

(Al + [APYmAT + 2L AP emAT. (28)
Since ATy < MYmax = %&%51) < \/ﬁﬁ Plugging this as well as 7, < |A|~%€? in

equation 28] gives that the bias is upper bounded by ¢;.
O
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