A Clarification of Notation

In this section, we provide a comprehensive clarification on the use of notation in this paper.

Throughout the paper, we use O(-) to hide problem-independent constants and use ()43 to denote
the truncation into the range [a, b]. Z and J denote the sets of all side-1 and side-2 agents respectively.

Further, we use I € 27 and J € 27 to denote any set of participating agents, which are the subsets of
7 and J.

For any given stage h € [H], we use s, and (Cy, I1,, Jy ) interchangeably when describing any state
sp € Swhere S =C x 2L x 27. Analogously, we also use ap, and (e, X, 7 ) interchangeably for
the action aj, € Awhere A=71T x X x T

We use m = {ﬂ'h}thl to denote a policy, where each 7, is defined to be a mapping from S to a
distribution A4 on A. Therefore, for any h € [H| and s, € S, m,(+|s),) denotes a probability
distribution on .4. Note that because A = T x X x T, the policy r is a joint policy. We may slightly
abuse the notation in the paper and refer to 7 as the policy restricted on Y only, whenever it is clear
from the context. In such case, we refer to 7 (|sy,) as a distribution on Y only.

We also present the following table of notations. The 7 in the superscript can be replaced by 7y, or
., where the former refers to the policy in episode k, and the latter refers to the optimal policy.

Table 1: Notation

Notation Meaning
C,Z,J set of contexts, side-1 agents, side-2 agents
set of planner’s actions, all matchings and transfers over all possible subsets of
TXT 2
xJ
ThyTh reward, pseudo-reward functions
VELQTLVy value, Q functions under 7, optimal value functions w.r.t. the transition

functions {P, }1_, and reward functions {rj, }}._,

v @ﬂ v pseudo-value, pseudo-Q functions under 7, optimal pseudo-value functions w.r.t.
ho*hs © h the transition functions {P, }L | and reward functions {7, }}_,

V:, @’; estimated value, Q functions for stage & in episode k in Algorithm (1
Tk the policy followed by Algorithm |1{in episode k, where 7, = {my 5},
Th.h the policy followed by Algorithm [1|at stage h in episode k

B Supplementary Information on Matching and Stability

In this section, we review some basics on the matching problem. We first introduce the classic
problem of (static) matching with transfers and the notion of stability. We then recap the primal-dual
formulation that provides an efficient way to solve a stable matching (Shapley and Shubik, [1971).
Finally, we give more details about Subset Instability and its properties.

B.1 Matching with Transferable Utilities

This section is a supplementary to Section [3.1]in the main text. We introduce the two-sided static
matching with transferable utilities.

Denote the sets of participating agents by I and J for two sides respectively. A matching X C I x J
is a set of pairs of agents, and (¢,j) € X means ¢ € I is matched to j € J. Each agent is matched at
most once. We denote by X (¢) = j and X (j) = ¢ for any matched pair (¢, j) € X, while for any
unmatched agent a € I U J, we write X (a) = a.

Matched agents receive utilities, denoted by v : I x J — R for agentsin [ and v : I x J — R for
agents in J. Specifically, if (¢, ) € X, then agent 7 receives an utility u(4, j) and agent j receives an
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utility v (4, 7). Remaining unmatched agents receive zero utility. With a slight abuse of notation, we
overwrite u(i,4) = 0 and v(j,j) = 0 forany i € I and j € J.

In addition, there are utility transfers between (and only between) agents. We denote the transfer
function by 7 : I x J — R such that for any agent a € I U J, 7(a) is the transfer received by agent
a. Since the transfers are within agents, we have

Z 7(a) = 0.

a€lUJ
We denote the market outcome by (X, 7), under which the net utility received by an agent ¢ € I is
u(i,j) + 7(4) if (4, 7) € X, and similarly for agents in .J.
The notion of stable matching is as follows.
Definition B.1 (Stable matching). A matching-transfer pair (X, 7) on I, J is stable if:

1. The net utility of of any agent is non-negative, i.e.
u(i, X (i) +7(i) = 0,
v(X(5),4) +7(5) =20,

foralli € Tand j € J.

2. There are no blocking pairs, i.e.
[u(i, X (0)) + 7(0)] + [0(X(4), 5) + 7()] = u(i, ) + v(i, j),
for all pairs (¢,7) € I x J.
Stable matching implies that no matched agents would rather be unmatched and no pair of agents
can find a transfer between themselves so that both would rather match with each other than follow

(X, 7). The following proposition provides a fundamental and important max-weight interpretation
for stable matchings.

Proposition B.2 (Shapley and Shubik|1971). For the matching with transfer problem, if (X, 7) is a
stable matching under Definition|B.1] then X must be the max-weight matching, i.e.,

—argmax 3 u(i, X'(0) + o(X(7), )
iel,jed

where the maximum is over all matchings on I x J.

Therefore, by Proposition to maximize the total social welfare (i.e. sum of utilities), it suffices to
find a stable matching. But how? This is answered in the next subsection.

B.2 The Linear Program and Dual Program

In this subsection, we explain how to find a stable matching (X, 7) given input I, J, u, v, which gives
rise to the algorithm OM (i.e. Algorithm[3) in the main text.

Shapley and Shubik|(1971) showed that, assuming the utility functions are known, the stable (X, 7)
can be found by solving the following linear program and its dual program (recapped from Section
in the main text):

LRI, Juv) s max > wiguli,g) + (i, )]
(i,))EIXJ
st Y wi; <1LViel,
j€In (14)
Zwi_j § 1,V] S J,
i€l

Wy, j > 07V(2,j) el xJ,
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and its dual program:

DP(I, J,u,v) : i 15
wo): | min, 2, wla) a3

st. p(i) +p(4) > uli,g) +v(,4), V(E,j) € I x J.

Denote the solution pair to the primal-dual problems by (w, p). |Shapley and Shubik (1971) proved
that (w, p) leads to a max-weight stable matching-transfer pair (X, 7). Specifically, it is proved that
the vector w must have integer entries, i.e., w; ; = 0 or 1, which naturally induces a matching X such
that (¢, j) € X if and only if w; ; = 1. Correspondingly, the transfers are 7(¢) = p(4) — u(¢, X (3))
for ¢ € I, and similarly for j € J.

The above procedure constitutes the subroutine oracle OM as displayed in Algorithm 3. It takes as
input the sets of participating agents and estimated utility functions, then outputs the stable matching
(X, 7) by solving the primal-dual linear program described above. Note that the matching is only
stable with respect to the estimated utility functions.

B.3 Details about Subset Instability

Next, we review the notion of Subset Instability and its properties. We refer the interested reader to
(Jagadeesan et al.,2021) for the full details.

Given a matching-pair (X, 7), define its utility difference as
. /- 1/ - . . . . .
g 3w X @)+ 0)] - | w6 x@) x| as
icl,jeJ icl,jeJ

Recall the definition of Subset Instability:

Definition |4.1] (Subset Instability, Jagadeesan et al.|[2021). Given any agent sets I, J and utility
Sunctions u, v : I x J — R, the Subset Instability SI( X, 7;I, J, u,v) of the matching and transfer
(X, 1) is defined as

s | (e S X'0) + 3 (X))

iel’ jeJ’
(S x4 10)) - (T 66+ 60 )|
el jeJ’
where X () and X'(-) denotes the matched agent in matching X and X' respectively.

By definition, Subset Instability indicates whether there exists any subset I’ x J' of agents who can
achieve a higher total utility by taking some alternative matching X’ among themselves other than the
current matching-transfer pair (X, 7). Thus, Subset Instability is an upper bound of the total utility
difference, and quantifies the distance from a proposed matching to the optimal stable matching, as
summarized in the following proposition.

Proposition B.3 (Proposition 4.4 in|Jagadeesan et al.2021). The following holds for Subset Instability

1. Subset Instability is always nonnegative and is zero if and only if (X, T) is stable matching.

2. Subset Instability is Lipschitz continuous with respect to the £, norm of the utility functions.

[SU(X,7;I,J,u,v) — SUX,7;I,J,u,0)|

< 2(2 ) — i Yoo — 3 o) —5(-,j>||oc).

iel jeJ
3. Subset Instability is always at least the utility difference (16).

In our problem, this allows us to bound the total regret of the agents by the sum of Subset Instability
of matchings across all episodes, as reflected in Proposition
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C Proof Sketch

C.1 Optimistic Utility and Reward Estimates

The key step in our analysis is to show that the estimated pseudo-reward function 7} satisfies optimism,
ie., Fi > 75, and we need to ensure that Fﬁ is not too far away from 7. The lemma below justifies
the optimism of utility estimates.

Lemma C.1 (UCB for Utility Estimates; proof in [E.1). For any 0 < 6 < 1, set 3, as 8, =
V@2 log[2(1 + d2K maxy, min{[I1,[, [Jn]})/(A8)] + V/Ad. Then with probability at least 1 — 6, uf
and v¥ in Algoritthﬁsatisfy uk > uy, and vf > vp,. Furthermore, |uf (-) —up(+)| and |vF () —vn (-]
are bounded by 203, @(')H(Eﬁ)—l .

Next, we explain why the optimism of utility estimates implies that of reward estimates. By Lemma
we can write Uﬁ = up, + by, and ’u’,j = vy, + by, n, where b, j, and b, are bonus functions
satisfying

bu,h(cveviaj)v bv,l:,(c’7ea7:aj) S |:Oa Qﬂu ||(§(C76723])”(2£)—1:| .

Lemma C.2 (Planner’s Optimism; proof in[E.2). Under the event of Lemma|C.1] it holds that for
any (C,e) € C x T,

0 § FZ(C,G,I}L, Jh) - ?h(caeajha Jh) S Z( bu,h(caeaiaj) + bv,h(caeviaj))'

i,j)eX,’j(

In the sequel, we denote by 7 the policy whose market making part is greedy w.r.t. @Z and whose
matching part chooses the max-weight stable matching given u} and v.

C.2 Proof Sketch of Theorem

By definition (9), the agents’ regret can be interpreted as the expected sum of total SI across all time
steps, where the expectation is over the trajectory induced by 7y, for k € [K].

To bound the regret, we relate the expected SI in (9) with the realized SI via a martingale difference
sequence. Specifically, writing SI, = SI(sy, an, up, vp,) and SI;“L = SI(SZ, aﬁ, Up, vy, ), we define the

sum of differences as
K H H &
Zk:1 {Eﬂ'k [Zhl Slh} — Zh:l SIh}. (17)

We bound the difference and the sum of realized SI Zszl Zthl SIfL separately, where the
former is a sum of martingale difference sequences that concentrates and the latter can be bounded
using the following lemma.

Lemma C.3 (Lemma 5.4 in|Jagadeesan et al.[2021} proof in[E.3). Under the event of Lemmal|C.1|

we have
k k k . - k k . -
< E .
SI — (i,j)exﬁ(bu,h(ch7eh7lvj)+bv,h(chaehvz7j))

Remark C.4. Note that each implemented matching induces several utility observations at a time, so
bounding the bonus sum for utilities has a resemblance to lazy policy updates in the online learning
literature (Abbasi-Yadkori et al., 2011). It particularly is similar to techniques used in the low
switching cost problem in RL (Bai et al.,|2019; Wang et al.,2021; Gao et al.| |2021). This will be
clear in the proof of Theorem [5.4|in Appendix

C.3 Proof Sketch of Theorem
Define the following functions &) and terms ¢j. ;,, ¢7 ,:
OK(Coe D, J) = [Fn + BuViyy — Qul(Coe, 1),
G = (Vi = Vi) (Chs I ) = @1 = Qi) (Chs b T ) (1s)

—k =7 —k —T
Clz,h = IEDh(‘/h+1 - th—l)(cf1f7 efm Iha J}l) - (V}z+1 - V}Lil)(c}l§+17 Ih-‘rl? Jh+1)'
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To simplify the notation, in the following, we omit [, J;, from the arguments of the functions since
we are conditioning on {1y, J, }fL | being fixed.

Lemma C.5 (Regret Decomposition of Planner; proof in|[E.4). The planner’s regret defined by
satisfies

H

K H K
RP(E) =" (Gha+Gr)+D.D [Ex [05(Chren)ICE] = 65(Ch ef)]  (19)

k=1h=1 k=1 h=1

E, E;
K H
+ 303 B [@0(Chs ), mi(1CR) = menCICh)x[CE],
k=1

h=1

E3

where the expectation B [-|C¥] is with respect to the trajectory {Ch, en }tL | induced by the policy
7* conditioning on Cy = C¥ and (-, )y means sum over all e € Y.

In decomposition (19), term E; is controlled using a standard martingale concentration. Next,
to bound F,, we show that 52 < 0 with high probability, which implies that F; <

DOHED Dr |6F(CF,ef)|. Bounding each [6%(CF, ef)| by the corresponding optimistic bonus
I4(Cr el Ak+1)-1, we then apply Elliptical Potential lemma to get

By <28y Z,’; Z:; V2[[#(CF )| prn)r < 2V26y Hy/Kdlog (K +d)/d).

Finally, for F5, note that by Algorithm E, the market-making part of the policy 7, 3, is the greedy
policy with respect to @]Z Based on this observation, it follows that } __+. @ﬁ (Ch,e)(my(e|Ch) —

—k —k .
Ten(elCh)) = Deer @n(Ch, e)mr(e|Ch) — maxeer @, (Ch,e) < 0, so B3 < 0. Combining
yields the bound in Theorem[5.5] Full details are presented in Appendix [C.4] Note that our notion of
meta algorithm for Algorithm |Iis different from that of meta learning (Finn et al., 2017;Xu et al.}
2021).

C.4 Proof of Theorem

To prove Theorem[5.5] we need the following two lemmas which is helpful for bounding F and E.

Lemma C.6 (Proof in Section[E.5). Under the setting of Theorem[5.5, with probability at least 1 — 6,
forall (h,k) € [H] X [K]and (C,e) € C x Y, it holds that

—2Bv - [|9(C, e)”(A’}j/)_1 < 62(07 e) <0.

Lemma C.7 (Proof in Section[E.6). For any 6 > 0, with probability at least 1 — §, it holds that

Z:Zl Zthl (Con+Con) < 3( Z}il Wh) Klog2/6.

We are now ready to prove Theorem[5.3]

Proof of Theorem By Lemma|C.5, we bound the three terms separately.

Bound on F5. According to Algorithm the planner’s policy 7, j, is the greedy policy with respect
to @: It follows that

—k
(Qn(ChyIn, In), i (|1Chy Iy Jn) — T (-|Chiy Iny ) r
—k . —k

= <Qh(ch7Ih7 J}w ')77T}L('|Oh7]ha Jh)>T - r;lea%Qh(Ch7Ih7 Jh76) S 0.

Therefore, we have F3 < 0.
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Bound on E;. We apply Lemma|C.6. The £ term can be bounded as

K H K H
Ey < Z Z _6}6(05762) <2Bv- ZZ H"p(cﬁaelﬁ)H(Aﬁ)*l :
k=1h=1 k=1h=1
Note that AF = AT+ 31" 4b(Cl, el )b (Cl, ef)) T by definition, where [|3)]|s < 1 by Assumption
|ﬂ|and A = 1 by our choice. Thus we have AF ™ = Al +ap(Ct,el)p(Ch et )T < 2AF, or
equivalently, (A¥)~' < 2(AF™)~1 for all k. Applying this to the above inequality, we get the final
bound for Fj:

H K
K+d
kE _k
By < 2By - ;; V2|[p(Ch, ef)|| prr)-r < 2V20vH - \/Kd -log < y ) (20)
where the second step is by the Elliptical Potential Lemma (Lemma|G.2).

Bound on E>. By LemmalC.7, we have

A 2
Eggs(ZWh).,/K-logé. 1)

h=1

Combining Lemma|C.5, (20), and E5 < 0, we get that, with probability at least 1 — 34,

H
dK H min{|Z
RP(K) S677d5/2H<ZWh) ~\/?.1og( m”;{‘ |’|j|}),
h=1
where the 1 — 3§ probability is from the union bound on the events of Lemma|C.1, Lemma|C.6 and
Lemma|C.7} Since dK H min{|Z|, |7|}/é > 3, replacing § with §/3 and absorbing the constant into
the big-O notation, we finish the proof.

O

D Proof of the Main Theory

D.1 Proof of Proposition 4.2

Proof of Proposition By (), the total regret can be written as
K K K
R(K) = Vi () = V()] = 3 [ () = Vi ()| + 3 [V7 () = Vi (s)]
where V;rk is the pseudo-value function defined by corresponding to the pseudo-reward 7,
(defined by (6))) and induced by the policy 7. Note that here we only care about the T part of 7,
since matching-transfer has been maximized out by the definition of 7.

Now for any policy 7 € IT where m = {7, },c[n]. there exists a counterpart 7' = {7}, },c[#], such
that 7, (C|s) = m},(C|s) forall C' € T and s € S, whereas for the matching part 7’ always chooses
the stable matching w.r.t. the true and unknown utility functions up, (Ch, ep, -, -) and vy (Ch, ep, -, -).
Since 7’ can be viewed as a function of 7, we write 7’ = 7/(7). Since the matching does not affect
the context transition by assumption, and the stable matching maximizes total utility by Proposition
[B.2, we then have that

Vi = max V[

mell
H
max ﬂ{f;rh(%ah) s1=8; ap ~ Th(-[sn), Shy1 ~ Pr(:|sn,an), ¥ h € | ]}
H
= /(Hl)aXGHEﬂ/ [Zrh(sh,ah) s1=8; ap ~ 7 (-|sn), She1 ~ Pr(:|sn,an),V h € [H]}
()T he1
H
_ ’ —*
- /(m)aerE,r/ [Zrh(s’“eh) s1=8; e ~ T, (+[sn), Sht1 ~ Pu(-[sn,en),Vh € [H]} =V
()T h:l
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where the fourth step is by definition of 7,. It follows that

K K
R(K) =Y [Vi(s) = Vi*(s)] + Z[ — V7 (s)| = RP(E) + 3 (Vi (s) = Vi (s)
k=1 k=1
(22)
The second term in the R.H.S. can be written as

K
>V - v s)]

k=1

i
=Er, [Zrh(sm en) — h(sn, an)

h=1

Note that 71, (sp, en) — Th(sh, an) is exactly the utility difference defined by (16). Since Subset
Instability is at least the utility difference by Proposition[B.3, it follows that

> VT (s) = Vi (9)]
k=1
|:Z Sh,ah,Uh,Uh)

=1 h=1

S§1 =8, ap ~ Wk,h('|3h),5h+1 ~ Ph('|sh,ah),v h e [H] .

K

I A

81 = 8; ap ~ Wk,h('|5h)35h+1 ~ Ph('|8h,ah),Vh c [H}

where the last step is by the definition of R (K) in (9). Plugging into (22)), we get
R(K) < R"(K) + R™(K).
This completes the proof. O

D.2 Bounds for Regression Estimators

We first bound the norm of the regression estimators in the algorithm.
Lemma D.1. The regression estimators W;‘L' in Algorithmll]satisfy

H N N
dk &2k - min{|Z], |7} &k - min{[Z], |7}
il < (W) % o, < PRI gy, o R IT,
l=h

Proof of Lemma Consider w} for arbitrary h, k. For any vector v € R,

k—1
vTwE] = | (AF) TS 9(Ch b Vi1 (Chay)
t=1
k—1 1 H
<X AD (G| 2w
t=1 l=h
H k—1 k—1
< ZW) - [ZvT <Az)‘1v] - [chz,ezf (AE) " ()
l=h t=1 t=1

M:

(
<2

where the first inequality holds because of the truncation of @ﬁ and VZ(C, I,J) =

W) VAT V]l

b‘

maxe @Z(C, e, I, J), the second inequality is by the Cauchy-Schwarz inequality, and the last inequal-
ity is by Lemma|G.I} Since above holds for any v, we conclude that

|v wr| < (Z”’l) “\dk /.

il =, e
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For 6%, let v € R4*<. Then by the same analysis we have

|VT9,’§’ Ek _12 Z Om@ha%.])uh(l J)‘
t=1 (i,5)€X]
— T (k)L t ot o
SZ Z ‘V (Eh) (}(Chvehﬂzvj)"l
t=1 (i,j)e X},
<

S S e[S e ) e

t=1 (i,j)eX? t=1 (4,5)€X},

< [v[l2 - vk min{|Z], [T} - d?/ A,

which implies

d*k - minf[7}, |7}
||0h||2 = A :
The same holds for ~v}.

D.3 Proof of Theorem [5.4]

We present the complete proof of Theorem

Proof of Theorem Recall from Proposition [B.3|that Subset Instability is at least the utility differ-
ence. We thus have

H
> SI(sh, an, un, Uh)]

k=1 h=1
K H H K H
= E {Eﬁk{ E SI(sp, an, wn, vn) } E sh,ah,uh,vh }—1— E E SI( sh,ah,uh,vh).
k=1 h=1 h=1 k=1h=1
RM M

For each k € [K], let Fj_1 denote all the history until the beginning of Episode k. Then 7, ~ Fr_1
and RM ~ F,_;. Furthermore, we have RM = E[RM | F,_i], i.e., RM is the conditional

expectation of the realized quantity ]TB{C” We can view (17) as the sum of a martingale difference
sequence. From Definition 4.1} it holds almost surely that

‘Eﬂk [SI(sp, an, up, vg)] — SI(SZ,a,’i,uh,vhﬂ < Wy
By Lemma|G.3| we have that, for any 0 < § < 1, with probability at least 1 — 4,

i (RM ) (Z Wh) 2K log (?) 23)

=1

To bound the second term ZkK 1 ﬁk , note that by LemmaE and Lemma |CE, we have

ZR < ZZ Z 4Bu ||(I) Chvehﬂza] ||(Ek) 1

k=1h=1 (i, j)e Xk

H K
=483 (X X [®Chichi)l g ): 4

h=1""k=1(i,j)ex}
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Note that by definition, we have
2£+1 + Z Chvehvza]) (C§7e§ai7j)T

(.5)eX}

By picking A = 1 and the assumption that | ®|| < 1, we have
> B(Chef i, )R(CF ef i, §)T < min(|14], | Jn]) - Tge < min(|Ln], |J,]) - 3.
(i,))eXF

It follows that £¢ ™ < (1 + min(|I|, [Jn])) - =F, and thus (Z)~' < (1 + min(|T4], |Jn])) -
(EF+H) =1, Combining with (24), we get that

H

K
Z ]JCW <4 Z <\/1—|—m1n |Ih‘ ‘J}L Z Z Hq) C’h,eh,z,] H (Zht1)- 1)

k=1 h=1 k=1(i,j)exy

H K
<28, > V(LD - (Y Y 1R e i) gy ), @9
h=1

k=1 (i,5)ex}

where the second step is by min(|1,|, |.J,|) > 1. To bound the summation in the bracket, we seek
to use the elliptical potential lemma. However, note tat the telescoping sum involves several utility
observations (i.e. all (7,7) € X ,’f) at one time, instead of a single observation. To address this issue,

for any (k, h), let’s index all the pairs (i, ) € X} by anindex m = 1, ,|XF|. Here the order of
the indexing does not matter. With a slight abuse of notation, we denote ®% (m) = ®(CF, ek, i, j) if
(4, 7) has index m in our indexing. We also define, forn =1,--- ,|XF|,

Ek"rl _|_ Z @k )

By the above definition, we have Zfl(nl) < E’fb(ng) foralll < n; < ng < |X’,f|, and Zﬁﬂ =
EFFL(XF|). Tt follows that

Z Z ||q) Ch,eh,l,j ||(Ek+1 Z Z ||'~I’ Ch,eh,l,] ||(2k+1 \X"

=1(i,5)eX} k=1 (i,j)e X}

K |Xh

=22 @R e iy

k=1m=1
K |IXF]

< Z Z H‘i'lii(m)H(sz“(m))—l

k=1m=1

i 2
< \/K ~min(|Tx], [Jn]) - d* log <Km1n(|lh7 |Jnl) +d )’

d2

where the first inequality is by 2% (| XF|)~! < 3% (m)~!, and the second inequality is by Lemma
With A=1&cR” and |X¥| < min(|I;, J5|). Combining with (25), we get that

K _ H . :
ZRIICM < 4\@Bud(2min(1’h|, |Jh|)> . \/Klog <KInln(|IhC|l;Jh|) +d )
k=1 h=1

The final bound follows by plugging in the expression of /3, and using the fact that W, <
min{|I|,|J,|}. The 1 — 2§ probability comes from the union bound of the event of Lemma

[C.1 and the event of (23).

O
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E Proof of Lemmas

E.1 Proof of LemmalC.1

Proof of Lemma[C.I, Fix arbitrary h. Since by Assumption|5.2} the noises in the observed utilities
are independent and 1-sub-Gaussian, we can apply Theorem 2 in (Abbasi- Yadkori et al., 2011). We
then have that, with probability at least 1 — 6/2, for any k € [K],

H9§ —O;LHEﬁ < \/dQ ~log< m1n{|6;2| | Jn|} / ) Vi

We then have that for any C, e, 3, 7,

up(Cie,i, j) — un(C,e,i,j) = (B(C,e,i, §), 0 — On) + Bul|B(C, i, )| 5y
= () 12@(C,e.4,7), (Z5)"/2(65 — 00)) + Bull ®(C, e, )| ()
> BullD(C, e, ) sty — 1B(Csesis 1) s+ 105 — O
>0,

where the first inequality follows from the Cauchy-Schwarz inequality and the second in equality is
my the choice of 3,. Similarly, we have

u]f,,(C’, eaivj) - U},,(C,B, Za]) < BHH(I)(C7 eviaj)H(E’;)*l + ||(P(C7 €, Za])”(zi)—l ' Hgﬁ - ethﬁ
< 2Bu||¢)(07 €, Za.])”(Eﬁ)*l
The same argument holds for vﬁ — vy, with probability at least 1 — §/2.

Finally, we take a union bound and conclude that the event holds with probability at least 1 — 5. [J

E.2 Proof of Lemmal[C.2

Proof of Lemma[C.2. Note that 7j, is the maximum value of the linear program with
(In, Jn,up,vp), and F is the maximum value of with (I}, Jh,uﬁ,v,’f). Since u;, < uﬁ and
v < 112 by Lemma and the weights in @) are restricted to be, it immediately holds that
?h(c, e, Iy, Jh) < ?ﬁ(c, e, Ip, Jh).

On the other hand, denote by X} the matching corresponding to 7. It follows that
?h(caealhw]h) = Z (Uh(c,e,’l:,j)+’Uh(c,€77;,j))
(1,7)EXn
(L) EXY,
= > (Wh(Ciesing) + 0k (C esi )
(i.5)eXf;
— Y (bun(Crei5) + by n(Cre,i, ),
(i,5)€X
where the inequality is due to the sub-optimality of X ,’f under (up,, vp,). The result follows by using
T(Coe n Jn) = > (uf(C.ei,j) +vE(Che,i,j)),
(i,j)eXy

and rearranging the terms. This completes the proof. O

E.3 Proof of Lemmal[CJ3

Lemmais a restatement of Lemma 5.4 inJagadeesan et al.|(2021). For completeness, we present
the proof here. Specifically, we prove a general version of Lemma|C.3, which is Lemma[E.T|below.
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Lemma E.1. Let (u,v) and (4, v) be two pairs of utility functions on the agents set I, J, such that
each of u, v, U, ¥ maps from I x J to R. Let (X, T) be a stable matching on (I, J) w.r.t. the utility

functions (@,). Suppose u < G, v < 0. Then the Subset Instability of (X, 7) w.rt. the utility (u,v)
satisfies

S AN <Z\ ) = uli, X[+ 2[R (6).5) ~ v(X(0).5)]

Proof of Lemma Define the function

FU T X, 7i0,0) = max (Z Wi, X0 + 3 o)) )

icr jeJ’
=57 (i, X @) + (@) = S (X (), 4) + ().
iel’ JjeJ’

where I’ x J' C I x J. Then by Definition of Subset Instability, SU(X,7; I, J,u,v) =
maxy xycrixg f(I',J', X, 7;u,v), and thus

SI(X, 71, J,u,v) — SI(X,71,J,4,5) < max [f([’,J’,X’,?;u,v) — f(I, T, X, 74, ﬁ)} .
I'xJ'CIxJ

To bound f(I’,J’,)?,?;u,v) - f(I’,J’,)A(,?;ﬂ,’T)),wedecompose
f(I/,J/,)?,?;U,U) 7f(I/7JI7)?7?;a,6)

= (X ui X0+ X o)) - (660 + 3 506 )

iel’ jeJ’ iel’ jeJ!
+ 30 (a6 K@) +70)) + - (R, +76)) = 3 (i X(0) +76))
iel’ jeJ’ iel’
=3 (v(XG)L) +70))
jeJ’
=g (X0 + X (X)) ) (06X + Y 900G )
iel’ jeJ’ iel’ jeJ’

I

+ 3 (0, X @) = uli, X@) + Y (3 (),4) = (X (),)

iel’ jeJ’

I

Term I is nonpositive. To see this, note that by assumption v < u and v < ©. Thus the max-weight
matching on I’ x J’ w.r.t. the utility functions (u, v) cannot exceed the max-weight matching on
I' x J wrt. (@,?).

To bound term II, note that all the transfers 7(¢) and 7(35) in the expression cancel out, and it follows

that
<> (a0, X)) - uli, X( )+Z( j) = v(X().))

el

where the inequality follows from the assumption that w < @ and v <P and I’ x J' C I x J. This
finishes the proof. O

Proof of Lemma|C.3. For any fixed k € [K| and h € [H], replace I, J in Lemma [E.1|with I, J,
and replace u, v, 4, 0 in with u, (CF, ef, -, -), v (CF, ef, 5 ), up (Crefry ), v (C e, -, ). Since
XF is the stable matching w.r.t. uf (CK el . ), vF(CF, ek, - ), we can replace X with XF. 1t then
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follows from Lemma [E.I]that

SIE < > [uk(CE, ek, i, XE (i) — un(CE, ef, i, X£(i))]

i€l
+ 37 [oR(CE b XE(), ) — vn(CE b, XE (7). 5)]
JEJn
= Z |u§(clg,6£,i,j)—’LLh(C;lf,GZ,Z‘,j”+|’U£(C£,6£,i,j)—’l)h(cilz7€§,’i,j)‘
(i,))eXE
= S (bun(Clef i) + bun(Choekai ).
(,)eXF

where the second step holds because the true utility and the estimated utility are zero for unmatched
agents under X ,’j, and the last step is by the definition of the bonus function b,, , and b,, . O

E.4 Proof of Planner’s Regret Decomposition

We first restate the lemma in its complete form.
Lemma|[C.5| The planner’s regret defined by (8) can be decomposed as

K H

K H
RP(K) =" [Bns [0F(ChiIn, Jnsen) | Co = CF] = 6K (CH Tny Ty ef)] +> > (Ghn +Cin)
k=1h=1 k=1h=1

E; Es

K H
+) D Ere | { Qn(Cho Iy Jny ) C|Chu Ty i) = T C1Co, Iy J) ‘01 Cl}
k=1h=1

Es

where the expectation is over the trajectory {Ch, ep }hem) induced by executing the policy 7 (on
the choice of e € Y only), and conditioning on {In, Ju }ne|m) being fixed.

Proof of Lemma|C.5. Recall the definition of the planner’s regret from (8). We write

—x% —T —% —k —k Tk
Vi(sh) = Vi (sh) = Vi(sh) = Vi(sh) + Vi(st) = V1" (sh),
I 11

where sf = (C¥, I,, J;,) by our notation.

Term I. We define two operators J; and Jy 5, as
RQ(s) =(Q(s, ), ma(Cls)r,  JinQ(s) = (Q(s, ), T (-[8))r,

for all (k,h) € [H] x [K], s € C x 27 x 27, and function Q : C x Z x J x ¥ — R. Then by
definition, we have V: =J k,h@:,, and V), = J,*l@; It follows that

Vo= Vi = 505~ JenQn = (3105 — Q%) + (1:@h — 3enQs) = (3Q5 — T:Q0 ) + &k
(26)
where 52 = J;‘L@Z — Jk,h@:. Also, by the definition of 5’; in (18), we have
Q- Q]Z =T+ Pu Vi — (?h + thlfi-ﬁ—l) +05 =Py (V;+1 - V:H) + 0.
Combining with (26), we get

—x —k * —* —k * ok
Vi =V, =d5Ps (Vh+1 - Vh+1) + J565 + &5
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Applying the above equation recursively, we have that for any C1, I, J;,

—x fk
V1(013117J1)_ (017113']1)
H _

H v]]h]Ph V;IJrl VH+1) Cl,Ith +Z(HJ*P1)J*5h(ChIhJ1)
h=1

h=1 =1
H h—1
+3° ( 11 J?Pl>£;’i(01, I, Jy)

h=1 N i=1
H
— ]E‘n'* {Zéz(chalhﬂ]haeh) Cl7lla']1:|
h=1
H
+ Ens [Z(Qh(ch,fmjiu )y [7h = Tnl (| Chy Iny Jn))r C1,I1,J1], 27)
h=1

— —k . .
where the second step holds because V;I +1 = Vg1 = 0. By definition of the operators, it is clear
that here the expectation E« is over the trajectory {(Cp, en) }ne(zr) induced by the planner executing
the policy ¥ to choose actions in Y.

Term IL.  First note that by (I8), the function ¥ : C x 27 x 27 x T — R can be written as
Ok =T+ PuVhyy — Qn =T +BaVysy — Q' + Qp' —Qp =Py (VIZH - V?) + (@Zk - @Z) ;
(28)
where the last step is by @Zk =7Tp +PrV," '¥1- Then for any h, we can write
Vi = Vi | (k1 )
= Vi = Vi + 3k = 3% (Ch )
= [V: —VZ"} (CH, In, Jn) + [@Zk - k} (CH, I, Jnsef)
+ Py [V:H *VZ]-CH} (CR+ Ins Insek) — 6, (CR In, Ins ef)
= [V: —V?} (CH, In, ) — [ k} (CH, I, ns )
+ P {V:+1 _VZL] (Chy In, Jn, ef) — [Vthl — Vi l(CF g Tt Tt
+ Vigr = Vi (Ch 1 D, Jen) = 5 (ORI, i ef)
= Vs = VRl CF o Ins Jnir) — 65(CEL I, T )
+ [PalVh = Vi NCK Iy Tns k) = Vs = Viial(Chis It )

Gon
—k —T —k —T
+ [Vh - th](c}lfvlha Jh) - [Qh - Qhk}(cilfvlhv ‘]hvelfcl,)a

1
Chon

where the second step is by (28). Applying the above equation recursively, we get

H H
—k
Vi =V NCH ) =D (Gl +Con) = D 0K (CF, In, Tnsef), (29)
h=1

h=1

—* —k .
where weuse Vi1 = Vg = 0 again.
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Combining and (29), we get
K

> Vit ) = Vet )

K H K H
=) B [65(Chy Iny Tnsen)|Coy Iy, i) = Y 0> 0K (CF, In, T €f)
k

k=1 h=1 =1h=1
K H
+ > (Ghn+Gin)
k=1h=1
H
—k *
+ Eﬂ'* Z<Qh(0h) Ih? Jh7 ')7 [ﬂ-h - Trk,h](' | Ch7 Iha Jh))T Cla Il) Jl] )
h=1

which finishes the proof.

E.5 Proof of LemmalC.6

Proof of Lemma|C.6. By the definition of Qi in Algorithm the function §¥ satisfies
5Z(Oa Ia Ja 6) = ?h(ca Ia Jv e) =+ th:—i-l(cv I, J, 6) - @Z(Oa [a J, 6)
=TF(C 1, J,e) + PV, (C 1, 0 e) = TE(C, 1, J,e) — By V)1 (CL 1, J ).

In the sequel, we will show that 7 and @hVZ 41 upper bound 7, and ]P’hV]:L 41 respectively.

We first consider the term 7, (C, e, Iy, Jp) — 77 (C, e, I1,, Jp,). It immediately follows from Lemma
[C.2 that, under the event of Lemma|C.1,

—4 Z ﬂu ||‘I)(C,€7Z,j)”(22)_1 S - Z (bu,h(caevi7j) +bv,h(c7€7iaj))
(i,5)€XF (4,5)eXf
S?h(cae7lh7‘]h) _?Z(Caealha‘]h) S 0. (30)

L~ =k . o S .
We now consider P, V', , ;. Since we are conditioning on {Ij,, Jj, } which is independent of anything
. . o —k .
else, we can essentially treat it as a deterministic sequence. By (10), for any V', ;, there exists
—k ..
Wi € R? such that for any C, e, P,V 1 (C, e, I, Jp) = 9(C, e) "Wr. This is because

P Vi1 (Cre, Dn, Jn) = / Vi1 (O Ingr, T )AP(CY|C, )
— [ Vha € s ) ((C ). dan ()

— ((Ce), / V(s It Jnet)dpn(C)).

Then we can write
—k ~ —k
thh+1(c7 €, Ih7 Jh) - thh+1(ca €, ]ha Jh)
k—1

. -1 —k
= ¢(Ca e)TWfL - ¢(Oa 6)T (Aﬁ) Zw(C;L:e;L)V}L-i-l(C}tI-&-Ia Ih+17 Jh+1) - BV : H’l7b(07 e)”(Aﬁ)*l
t=1
» k—1 .
=(C,e)" (AF) [ AGWE = (Chel) Vit (Chiys Tnsa,s Jhﬂ)] = Bv - 19(C, &)l ary
t=1

k—1
1 —k —k
=(C, e)T (Aﬁ) [Z '«,b(CfL, 62) (thh+1(oftn eZ,Im Jn) — Vh+1(CfL+1th+1a JhH))]

t=1

+AP(Cre) T (AR) T WE = By [(C)llax) 31
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where the first step uses the construction of wa in Algorithm [1|and the last step uses the construction
of A¥. For convenience, we write s, = (C!, Iy, Jy,) and (st,el) = (CL, et I, Jy). Tt follows
from the Cauchy-Schwarz inequality that the first part on the R.H.S. of satisfies

k—1
—1 —k —k -1__
B0 (AR) | L 0(Cheh) (BAVha(ohech) = Vi) | #2007 (a)
t=1
k—1 . .
< W (Ce)liar) o - || S0 w(Chieh) (PP (shoeh) = Vi (sh0) ) )

t=1 (Af)—1

+ A %l ary - [l aryr (32)

In the following, to bound (31)), we first bound the self-normalized stochastic process using tools

from self-normalized martingale. The issue is that, according to Algorithm |1, the function V: 11
depends on the first (k — 1) episodes and thus depends on the trajectory {(C}, €}, C} 1)} eer—1)-
We thus adopt a common approach to solve this issue by considering the function class containing

. . —k . L . .
each value function estimator V', , ;. The covering trick is a commonly used technique (Ling et al.,
2019), and we will discuss the detail of the construction of the function class and its covering in
Section [F} The covering trick allows us to get the following lemma.

Lemma E.2. Under the setting of Thearem with probability at least 1 — 6, for any (h, k) €
[H] < [K],

k—1
—k —k
Z Q/J(C;tm e;z) (thh+1(cltm el;w Ihv Jh) - Vh+1(c;57,+17 Ih+17 Jh+l)>

t=1 (Ag)_l
H
KHmin{|Z .
< 164> - <Z Wh> : \/10g (d min{|7|, |71} - (Bv +ﬂu))_
1
h=1
Proof of Lemmal|E2] See Appendix [E7]for the proof. 0

For the term HW’;;H(A,C),“ by Assumptionand V)| < Hmin{|Z|,|7|}, we have
h

<Vd- <i Wh> .
2 h=1

Combine the above inequality with Lemma[E.2]and (32)), and we get that

I, = H/v’;(c,.rh,Jh> dun(C)
C

k—1
‘zp(c, o) (Af)™ [Z W(Cheh) (PP (shoeh) = Vi (sh0))

t=1

FAP(Ce)T (A W

H
< 17d% - (Z Wh) VX9 )l agyr s

h=1

where

i g (AT G 4 )

It remains to show that there exists choice of Sy (or equivalently, the constant 7 in the description of
Theorem|[5.5) such that

H
17d° - (Z Wh,> VX < By
h=1
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Specifically, we show that we can pick some constant 1 and set

H .
mfwﬂzm)v@ﬂmm?mmy
h=1

Indeed, plug in the expression of 8y and (3, and we get

3 2 2 . .
\ < log (3d KH?min{|Z|,|7|} ngog(3dKHIn1n{|I,j|}/§)>
gm%CWMHm?ﬂkmw>

=3t + 3log(n) + 3log (1),
where ¢ = log(3dK H min{|Z|, |J|}/d). Since ¢ > log 3, it suffices to pick 1 such that

134/31log 3 + 3log(n) + 3log (log 3) < 7 - log 3,
which finishes the proof. O

E.6 Proof of LemmalC.7

Proof of Lemma|C.7. The lemma can be proven by standard martingale concentration, similar to the
analysis in (Cai et al.| 2020; |Yang et al.,[2020). Specifically, we define the o-fields as

Frho=0 <{(Cltaef)(l,t)G[kfl]X[H]} U {(Clk’ef)}ze[m) )

Frepi =0 ({(Clt»ef)(l,t)elk’—l]X[H]} U {(Clkveég)}le[H] U {Cil§+1}) .

By definition, it is clear that these o-fields form a filtration under the dictionary order on the index
tuple (k, h, 0) where o € {0, 1}.

Note that for any (k, h) € [K] x [H], since V:, @: and the policy 7, are all functions of the first
(k — 1) episodes, they are all F}, ; ;-measurable. As a result, C,%’h is F},n,1-measurable and C%yh is
Fi,n,2-measurable, for all (k, h).

According to Algorithm the planner’s action e} ~ 71 (-|CF). This indicates that condition on C¥,
Vi (CF, I, Jn) — Qp" (CF, €k Iy, Ji,) = 0. Also, since eff «+ argmax, . @Z(sﬁ, e, I, Jn), and
Vi(C,1,J) = maxeer @y (Cye, I, .J) forall (C, I, J) by the algorithm, we have V' (C¥, I, J,) —
@Z(C’,’f, ey, In, Jn) = 0. Altogether we have ¢}, , = 0 for all (k, h) € [K] x [H].

For C;f, n» first note that there is no dependence issue between the value functions and the trajectory

.k _— . . . .
since V', ,; and V', are functions of the first (k — 1) episodes. Then since C¥, | ~ Py (-|CF, ek),
we have

E [ | Frpa] =0. 33)

Thus we conclude that {(Cé,hv C}%,h)}(k,h)e[ K]x[#] is a martingale difference sequence. Since Vﬁ,

@: Vzk , @Z" are all bounded by W}, for all h, k, we apply the Azuma-Hoeffding inequality (Lemma
-G.3 and get that,

—e2
P(|Ea| > €) < 2exp <H> :
8K 3 Wi

Equivalently, with probability at least 1 — §, we have

2 | & 2 &
|Bs| < /8K -log 5 - ZWﬁg,/SK-logE-(ZWh),
h=1 h=1

which finishes the proof. O
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E.7 Proof of Lemmal[E.2

Proof of Lemma By the analysis in Section there exists a function class V containing all Vﬁ,
and the e- covering number of V is given by Lemma[F.T] Also note that by the truncation, we have

1% h| < Z 1—p, Wi. Then we apply Lemma|G.5|with R = Z 1—p, Wi and combine with LemmalEL
and get that, fix any 0 < € < 1, with probability at least 1 — §/H, for all k € [K],

2

k—
—k —k
Z Chv eh (]P)hvh-i-l (C}tw ez’lhv Jh) - Vh+l(0}tl+17lh+1’ Jh-‘rl))
t=1 (An
E+ A 5 dkH min{|Z|,|T|} - Bv
<
4(2Wl) [ 1og< N >+6d1 (1+ SYERIEY
dmin{|Z],|T|} - Bu 1 8k2e?
4d*log ( 1 ’ log = :
+ad og< + min{\, 1} - € +Og6 + A

Let A = 1, pick € = d? (Zlfih I/Vl> /K and then take a union bound over h € [H|, we get

k—1
—k —k
Z‘/’(Cﬁv 62) <thh+1(citw eﬁu In, Jn) — Vh+1(cit1+17]h+1a Jh+1))

t=1

<10 (3) - o (LT G )

l=h

(Aan=t

F Covering Number of Function Classes

In this section, we will construct a function class V' that provably contains V’Z for all (k,h) €
[K] x [H]. And we will compute the covering number of V. The result is summarized by Lemma|F.1|
below.

Lemma F.1. Assume KH > 32. For any € < 1, the e-covering number of V is upper bounded by

log A < 6d?log (1 + AMIMILITI Pv) | ygepoq (14 D0l IZLITI - Bu)
min{\, 1} - € min{\,1} - €

. . . = —k
To prove Lemma we will first construct a function class G that contains all P,V , |, R that

contains all Fﬁ, and Q that contains all @h. The formal definition of these classes will be given in the
following.

We also introduce the following technical lemma.

Lemma F.2 (Covering Number of /5 Ball). For any € > 0, the e-covering number of the {5 ball in
R? with radius L is upper bound by (1 + 2L/¢)%.

The proof of this classical result can be found in, for example, Chapter 5 in (Vershynin,|2010). Now
we prove Lemma [FT.

F.1 Proof of Lemma[F.1

Covering of @hv’; 11 The next lemma is helpful to bound the covering number of the function

class containing the function I@hv: +1- The proof is the same as that of Lemma D.6. in (Jin et al.,
2020).

Lemma F.3. Let G = G(L, B) denote the function class with functions mapping from C x Y to R
and of the following parametric form

9 ) =) WA+ B[P0, )a-a
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where ||w|| < L, 8 € [0, B], and Amin(A) > XA > 0. Assume ||9(-,-)||2 < 1. Let N, denote the

e-covering number of G with respect to the {, distance. Then we have

log(N9) < dlog(1 +4L/e) + d? log [1 + 8d1/2B2/(>\62)] .

Suppose for now that there exists Ly, > 0 such that |[wF |2 < Ly, for all (k, h). The value of Ly,
will be determined later. By applying Lemma|F.3|with L = Ly, and B = Sy, we get the following

upper bound on the e-covering number of the function class G (I, 8y ) which contains all @hV: 11t

log(N9) < dlog(1 + 4Ly /€) + d*log [1 + 84232 J(A\e?)] . (34)

Covering of Fﬁ. We now define a function class ‘R which provably contains all the pseudo-reward
estimates Fﬁ. Formally speaking, by Algorithm [2| the functions in ‘R are parametrized by the utility
function estimates u% and v. Denote the functions class containing all these utility function estimates
by Y. Then according to Algorithm[4] any function u : C x T x Z x J — R in U can be written as

wC.eii) = ((B(C.c.1).0) + 5 [B(C.ei ) = B(Ceis)) L 39)

[_1-,1]

where & € R% satisfying @)1 < 1 by Assumption el < L, for some L, > 0 to be

determined, and ¥ € R? x R< such that Amin (2) > A. Since the truncation is a contraction mapping,
by Lemma[F3, the e-covering number of ¢ is upper bounded by

log (V) < d?log (1 + 4Ly /€) + d*log [1 + 8dB2/(Ae®)] . (36)

We now consider the function class R. We formally define R to be the function class such that any
function r € R can be represented by

T(C, €, Ia ‘]) = R‘E(U(Cv €, ')7,0(0) €5 ')a Ia J)

for some u, v € U. Let functions 71, ro € R be parametrized by u1, v and us, vo respectively, such
that

7”1(C,6,I, J) = RE(Ul(C,@, y '),’Ul(c7ea %y ')ala J)7
7‘2(0,6,], J) = RE(U/2<07€7 ) ')7”2((]’6’ " ')ala '])7

forall C € C,e € v,I C Zand J C J. According to the linear program4] there exist some weights
w1 = {w1,4,5}i,j)erxs and wo = {wa; j} (i, j)erx s» such that

7'1(0,6,[7 ']) = Z W1,4,5 [Ul(C,e,i,j)+U1(C,€,i,j)],

(i,4)€IxJ
7’2(0,67I7J): Z w245 [UQ(C,e,i,j)+U2(C,€7i,j)]~
(i,4)€IXJ
It follows that
(Tl —7‘2)(0,6,[, J) == Z W1,4,5 [u1(0a67i7.j) +’Ul(0765ia.j)]
(1,7)€IXJ
- Z w2 .5 [UQ(C,e,i,j) +U2(C,€,i,j)]
(i,4)€IXJ
< Z w2, 4,5 [U]_(C,e,i,j) +U1(C,€,i,j)]
(i,7)€IXJ
- Z w24, [UQ(C,e,i,j) +U2(C,€7i,j)]
(i,4)€IXJ
S Z w2,i,j [(ul(cue7i7j) —’LLQ(C,C,’L.“]'))"‘ (vl(C,e,Lj) —U2(076,i,j))]
(i,5)€IXJ

< min{[7], [J[} - ([lur = w2lloo + [[o1 = v2]lo0)
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where the second step holds because w; is the optimal weight given u; and v; and wo satisfies the
constraint of the linear program with u; and v;. The same upper bound holds for the difference
(ro — r1). Therefore, for any I, J, we have

||T1('7 1 J) - TQ('7 1 J)Hoo < min{|f|» |J|} : (”ul - U’QHOO + ||’U1 - U2||00) .

Since I C Zand J C J, in order for |71 — 73]|s0 < € to hold, it suffices to have |Ju; — uz /oo < €
and ||v; — va|leo < € where € = ¢/(2min{|Z|,|J|}). Therefore, by (36), the e-covering number of
R satisfies

log N7 < 2log N# < 2d%log (1+ 4L, /) + 2" log |1 + 8482/ (") |

. 2 . 2
< oo (1 SLe LTI | gy [y ST 0L 1))
€ €
(37

. . . = —k
In the above we have shown that the function class R contains all 7;; and G contains all P, V', , ;. We
now define the function class Q := R + G as

Q= {(T +9o.sr, wi

reR,gEg}.

Then it immediately follows from the algorithm that Q contains all @: functions. By and (37),
the e-covering number of the function class Q can be upper bounded by

log N2 < dlog(1 + 4Ly, /€) + d*log [1 + 844242 /(Aé)}
8L, min{|Z], |j|}>

€

+ 2d*log (1 +

32432 (min{|Z, IJI})Z] 7 (38)

2d* 1og |1
+ og [ + 2

Since by construction, Vﬁ(C’, I,J) = max, @Z(C, e, I, J) and taking the maximum is a contraction
mapping, the upper bound in also holds for log VY.

By Lemma|[D.T] we can pick
H
2K - min{|Z
Lw = (ZWh>~ dK/\  and Lu:\/ mlrj\{l L1}
h=1

From the above analysis, we can simplify the R.H.S. of and get the desired bound for the
covering number of V. This finishes the proof of Lemma[F1.

G Auxiliary Lemmas

Lemma G.1 (Lemma D.1 inJin et al.|2020). For arbitrary d, let A, = A\ + Zf:_ll

x; € RYand \ > 0. Then

x;x; where

k—1
thT (Ap) 'x; < d.
t=1

Proof of Lemma We can write

k—1 k—1 k—1
Zx: (Ap) 'x = Ztr (x;r (Ap)~" xt> = tr( (Ap)~" Xtht)
=1 =1 =1
Denote the eigenvalue of Y.F—!x/x;, as {A1,---,As}, and decompose > I x/x =
Udiag(\y,--- ,A\q)UT. Then we have A, = Udiag(\; + \,--- ,A\g + A\)UT. Tt follows that
1 ke d
tr((Ag) ™ s xS x) = X0 A/ ) <. O
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The next is the well-known Elliptical Potential Lemma (Cesa-Bianchi and Lugosi, 2006; |Abbasi-
Yadkori et al., 2011; Lattimore and Szepesvari, [2020).

Lemma G.2 (Elliptical Potential Lemma). For arbitrary d, let A, = N\ + Zf;ll xtx;r where

x; € R% and \ > 0. Then
k
k4 dX
> Il < ¢ watos ().

Lemma G.3 (Azuma-Hoeffding inequality (Azuma, [1967)). Ler { X;}:2, be a real-valued martin-
gale such that for every t > 1, it holds that | X; — X;_1| < By for some By > 0. Then

—e2
P X —Xp| >¢e) <2exp| ——— | .
(1Xi - Xol 2 0) < p<223_132>

G.1 Concentration Inequalities for Self-normalized Martingales

Theorem G.4 (Hoeffding inequality for Self-normalized martingales (Abbasi-Yadkori et al.;[2011)).
Let {n:}2, be a real-valued stochastic process. Let {F;}32, be a filtration, such that 1, is F-
measurable. Assume 1, | Fy_1 is zero-mean and R-subgaussian for some R > 0, i.e.,

VAER, E [emm]-‘t,l} < NE/2,

Let {x;}$2, be an R%-valued stochastic process where xt is Fy_1-measurable. Assume Ao isad x d

positive definite matrix, and let Ay = Ag + ZS 1 XsX, . Then, for any 0 > 0, with probability at
least 1 — 9, forall t > 0,

J

det(A,)Y/? det(AO)—1/2)

< 2R%log (

Lemma G.5 (Lemma D.4 inJin et al. 2020). Let V be a function class such that any V € V maps
fromS — Rand ||V||s < R. Let {F;}32, be a filtration. Let {s:}32, be a stochastic process in
the space S such that s, is Fi-measurable. Let {x}52, be an Rd valued stochastic process such

that x; is Fy_1-measurable and ||x||s < 1. Let A, = A1+ Zt L X¢x/ . Then for any § > 0, with
probability at least 1 — 6, for any k, and any V' € V, we have

2 Vv 2.2
< 4R? {Zlog(M)Jrl Ne ]+8k6,

B () [ Feall| . < |+

where /\feV is the e-covering number of V with respect to the {, distance.

Proof of Lemma For any V' € V, there exists V” in the e-covering such that
V=V'+Ay and [Ay|«x <e.

Then we have

2 2

th E[V(se) | Fe-1]] th E[V'(se) | Fe-1l]

(Ak)’1 (Ar)~t

[Av(st) —E[Av(st) | Fi-1]]

(Ap)~t

For the first term on the R.H.S., we apply Theorem|[G.4]and a union bound to the e-covering. The
second term can be bound by 8k%€2 /A by using ||x¢|[2 < 1, Amin(Az) > Xand [|[Av]|e <e. O
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