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Abstract

In this document, we first introduce the notations, preliminaries, and models1

in Section 1. Next, we provide the proofs of the exact recoverability theories2

for Tensor Robust Principal Component Analysis (TRPCA) (i.e., Theorem 2) and3

Tensor Completion (TC) (i.e., Theorem 3) in Sections 2 and 3, respectively. Section4

4 presents detailed information about Algorithm 1 and Algorithm 2 mentioned in5

the manuscript. Finally, in Section 5, we provide additional experimental evidence6

to further validate the effectiveness of our proposed models.7
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1 Notations and Preliminaries35

1.1 Notations36

Before completing the proofs, it is necessary to introduce some symbols that will be used throughout37

the document. In this paper, we denote tensors by boldface Euler script letters, e.g., A. Matrices38

are denoted by boldface capital letters, e.g., A; vectors are denoted by boldface lowercase letters,39

e.g., a, and scalars are denoted by lowercase letters, e.g., a. We denote In as the n × n identity40

matrix. For a 3-order tensorA ∈ Rn1×n2×n3 , we denote its (i, j, k)-th entry asAijk or aijk and use41

A(i, :, :),A(:, i, :) andA(:, :, i) to denote respectively the i-th horizontal, lateral and frontal slice42

(see definition in [1]). More often, the frontal sliceA(:, :, i) is denoted compactly as A(i). The tube43

is denoted asA(i, j, :). The mode-n unfolding matrix ofA is denoted as A(n) = unfoldn(A), and44

foldn(A(n)) = A, where foldn is the inverse of unfolding operator. The mode-n product of a tensor45

X ∈ RI1×I2×I3 and a matrix A ∈ RJn×In is denoted as Y := X ×n A (see definition in [2]). The46

inner product of between A and B is denoted as 〈A,B〉 = Tr(ATB). The inner product betweenA47

and B is denoted as 〈A,B〉 =
∑n3

i=1

〈
A(i),B(i)

〉
.48

Some norms of vector, matrix and tensor are used. We denote the ‖A‖1 =
∑
ijk |aijk|, the infinity49

norm as ‖A‖∞ = maxijk |aijk| and the Frobenius norm as ‖A‖F =
√∑

ijk |aijk|2, respectively.50

The spectral norm of a matrix A is denoted as ‖A‖ = maxi σi(A), where σi(A) is the i-th largest51

singular values of A. The matrix nuclear norm is ‖A‖∗ =
∑
i σi(A).52

For a given scalar x, we denote by sgn(x) the sign of x, which we take to be zero if x = 0.53

By extension, sgn(E) is the matrix whose entries are the signs of those of E . We recall that any54

subgradient of the `1 norm at E supported on Ω, is of the form55

sgn(E0) +F , (1)
where F vanishes on Ω, i.e. PΩF = 0, and obeys ‖F‖∞ ≤ 1.56

Let A = USVT be the skinny SVD of A. It is known that any subgradient of the nuclear norm at A57

is of the form UVT + W, where UTW = 0,WV = 0 and ‖W‖ ≤ 1 [3].58

Similarly, for A ∈ Rn1×n2×n3 with tubal rank R, we also have the skinny t-SVD, i.e., A =59

U ∗LS ∗LVT , where U ∈ Rn1×R×r3 ,S ∈ RR×R×r3 and V ∈ Rn2×R×r3 , in which UT ∗LU = I60

and VT ∗L V = I , where L ∈ Rn3×r3 . The skinny t-SVD will be used throughout this paper. With61

skinny t-SVD, we introduce the subgradient of the tensor nuclear norm, which plays an important62

role in the proofs.63

1.2 Subgradient of Tensor Nuclear Norm64

Theorem 1 (Subgradient of tensor nuclear norm) LetA ∈ Rn1×n2×n3 with rankt(A) = R and65

its skinny t-SVD beA = U ∗L S ∗L VT under the COM L ∈ Rn3×r3 . The subdifferential (the set of66
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subgradients) of ‖A‖∗ is:67

∂‖A‖∗ = {U ∗L VT +W |UT ∗LW = 0,W ∗L V = 0, ‖W‖ ≤ 1}. (2)

Proof The proof is by construction. According to t-product definition in the manuscript, we have68

A = U ∗L S ∗L VT ⇐⇒ A = U S V
T
, (3)

where U = bdiag(U), V
T

= bdiag(VT ) and S = bdiag(S). According to Eq. (11) in the69

manuscript, i.e., the following equation:70

‖A‖∗ = ‖S‖1 = ‖S‖∗ = ‖A‖∗ = ‖A‖∗, (4)

we have ∂‖A‖∗ = ∂‖A‖∗. Since ‖A‖∗ is diagonal block matrix, we have ‖A‖∗ =
∑r3
i=1 ‖A

(i)‖∗.71

Performing matrix singular vector decomposition (SVD) operation on each frontal slice A
(i)

, we72

have A
(i)

= U(i)S(i)V
T
(i), where U(i),V

T
(i) are orthogonal matrix and S(i) is a diagonal matrix.73

Merge the SVD of each frontal slice together, we can set74

U =

U(i)

. . .
U(r3)

 ,S =

S(1)

. . .
S(r3)

 ,V =

V(i)

. . .
V(r3)

 , (5)

this gives the proof of the Theorem 1 in the manuscript.75

Next, we prove the form of subgradient of ∂‖A‖∗.76

For each frontal slice ‖A(i)‖∗, its subgradient is: ∂‖A(i)‖∗ = U(i)V
T
(i) + W(i), where W(i)77

satisfies UT
(i)W(i) = 0,W(i)V(i) = 0 and ‖W(i)‖ ≤ 1. Defining78

W =

W(i)

. . .
W(r3)

 , (6)

we can easily obtain that W satisfies U
T

W = 0,W V = 0 and ‖W‖ ≤ 1. Then, we have79

∂‖A‖∗ = ∂‖A‖∗ =

r3∑
i=1

{U(i)V
T
(i) + W(i)} = U V

T
+W = U ∗L VT +W , (7)

withUT ∗LW = 0,W ∗LV = 0, ‖W‖ ≤ 1, whereU = bfold(U) ∈ Rn1×R×n3 ,V = bfold(V) ∈80

Rn2×R×n3 andW = bfold(W) ∈ Rn1×n2×n3 .81

This completes the proof. �82

Furthermore, we define the `∞,2-norm of the tensorA as83

‖A‖∞,2 = max{max
i
‖A(i, :, :)‖F ,max

j
‖A(:, j, :)‖F }. (8)

Define the projection PΩ(Z) =
∑
i,j,k δijkzijkeijk, where δijk = 1(i,j,k)∈Ω, where 1(.) is the84

indicator function. Also Ωc denotes the complement of Ω and PΩ⊥ is the projection onto Ωc.85

Denote T by the set86

T = {U ∗L YT +W ∗L VT ,Y ,W ∈ Rn×r×n3}, (9)

and by T⊥ its orthogonal complement. Then the projections onto T and T⊥ are respectively87

PT (Z) = U ∗L UT ∗L Z +Z ∗L U ∗L UT − U ∗L UT ∗L Z ∗L U ∗L UT ,
PT⊥(Z) = Z − PT(Z) = (In1

− U ∗L UT ) ∗L Z ∗L (In2
− V ∗L VT ).

(10)

We denote e̊i as the tensor column basis, which is a tensor of size n1 × 1× n3 with its (i, 1, 1)-th88

entry equaling 1 and the rest equaling 0 [1, 4]. We also define the tensor tube basis ėj , which is a89

tensor of size 1× 1× n3 with its (1, 1, k)-th entry equaling 1 and the rest equaling 0.90
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For i = 1, · · · , n1, j = 1, · · · , n2 and k = 1, · · · , n3, we define the random variable δijk =91

1(i,j,k)∈Ω. Then the projectionRΩ is given by92

RΩ :=
1

p
PΩ(Z) =

∑
i,j,k

1

p
δijkzijkeijk, (11)

where eijk = e̊iėj̊ek is an n × n × n3 sized tensor with (i, j, k)-th entry equaling 1 and the rest93

equaling 0, . Also Ωc denotes the complement of Ω and PΩ⊥ is the projection onto Ωc. Then we94

can get95

‖PT(eijk)‖2F ≤
µR(n1 + n2)

n1n2
=

2µR

n
, if n1 = n2 = n, (12)

by using the Definition 1, i.e., the following tensor incoherence condition (13).96

Definition 1 (Tensor Incoherence Conditions) For X 0 ∈ Rn1×n2×n3 with t-SVD rank R, it has97

the skinny t-SVDX 0 = U ∗L S ∗L VT . ThenX 0 is said to satisfy the tensor incoherence conditions98

with parameter µ if99

max
i∈[1,n1]

‖UT ∗L e̊i‖F ≤
√
µR

n1
, max
j∈[1,n2]

‖VT ∗L e̊j‖F ≤
√
µR

n2
, ‖U ∗L VT ‖F ≤

√
µR

n1n2
. (13)

1.3 Models100

Two types of models are given in this paper, i.e.,101

(TRPCA) : max
X ,E

‖X ×3 LT ‖∗ + λ‖E‖1, s.t. Y = X + E,

(TC) : max
X
‖X ×3 LT ‖∗, s.t. PΩ(Y) = PΩ(X ),

(14)

102

(TRPCA) : max
M,S,L

‖M‖∗ + λ‖E‖1, s.t. Y =M×3 L + E,LTL = I,

(TC) : max
M,L

‖M‖∗, s.t. PΩ(Y) = PΩ(M×3 L),LTL = I.
(15)

The former model (i.e., model (14)) represents the case where the COM L is known, while the latter103

model (i.e., model (15)) represents the case where the COM L is unknown. For model (15), we assume104

that the optimal solution of the TRPCA model and the TC model are given by (X ∗ =M∗×3 L∗,E∗)105

and X ∗ =M∗ ×3 L∗, respectively. The following theorem demonstrates that the representation of106

the ground-truth tensor X 0 under the learned COM L∗ preserves information.107

Theorem 2 Suppose X 0 ∈ Rn1×n2×n3 is the ground-truth tensor, it can be decomposed as X 0 =108

M0 ×3 L0, where L0 ∈ Rn3×r3(r3 ≤ n3) is the column-orthogonal matrix. Then, for any column-109

orthogonal matrix L of the same size as L0, X 0 can be represented exactly.110

Proof Since both L0 ∈ Rn3×r3 and L ∈ Rn3×r3(r3 ≤ n3) are column-orthogonal matrices, there111

exists an orthogonal matrix Q ∈ Rr3×r3 that satisfies L0 = LQ. Then we have112

X 0 =M0 ×3 L0 =M0 ×3 (LQ) =M0 ×3 Q︸ ︷︷ ︸
M

×3L. (16)

This completes the proof. �113

Once we get the optimal COM L∗, the model (15) becomes model (14), so next, we prove the exact114

recoverability theory of model (15).115

2 The Proof of Exact Recovery Theorem about TRPCA Model116

In this section, we first introduce conditions for (X 0,E0) to be the unique solution to TRPCA model117

(14). Then we construct a dual certificate in subsection 2.2 which satisfies the conditions in subsection118

2.1, and thus our main results in Theorem 2 in our paper are proved.119
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2.1 Dual Certificates120

Lemma 1 Assume that ‖PΩPT ‖ ≤ 1
2 and λ < 1√

n3
. Then (L0,S0) is the unique solution to the121

TRPCA problem if there is a pair (W ,F) obeying122

U ∗L VT +W = λ(sgn(S0) +F +PΩD), (17)

with PTW = 0, ‖W‖ ≤ 1
2 , PΩF = 0 and ‖F‖∞ ≤ 1

2 and ‖PΩD‖F ≤ 1
4 .123

Proof For anyH 6= 0, (X 0 +H,E0 −H) is also a feasible solution. We show that its objective124

is larger than that at (X 0,E0), hence proving that (X 0,E0) is the unique solution. To do this, let125

U ∗L VT +W0 be an arbitrary subgradient of the tensor nuclear norm at X 0 under the COM L,126

and sgn(E0) +F0 be an arbitrary subgradient of the `1-norm at E0. Then we have127

‖X 0 +H‖∗+λ‖E0−H‖1 ≥ ‖X 0‖∗+λ‖E0‖1 +
〈
U ∗L VT +W0,H

〉
−λ 〈sgn(E0) +F0,H〉

Now pickW0 such that 〈W0,H〉 = ‖PT⊥H‖∗ and 〈F0,H〉 = ‖PΩ⊥H‖. We have128

‖X 0 +H‖∗ + λ‖E0 −H‖1 ≥ ‖X 0‖∗ + λ‖E0‖1 + ‖PT⊥H‖∗ + λ‖PΩ⊥H‖1

+
〈
U ∗L VT − sgn(E0),H

〉
.

By assumption, we have129 ∣∣∣〈U ∗L VT − sgn(E0),H
〉∣∣∣ ≤ |〈W ,H〉|+ λ |〈F ,H〉|+ λ |〈PΩD,H〉|

≤ β (‖PT⊥H‖∗ + λ‖PΩ⊥H‖1) +
λ

4
‖PΩH‖F ,

(18)

where β = max(‖W‖, ‖F‖∞) < 1
2 . Thus we have130

‖X 0 +H‖∗+λ‖E0−H‖1 ≥ ‖X 0‖∗+λ‖E0‖1 +
1

2
(‖PT⊥H‖∗ + λ‖PΩ⊥H‖1)− λ

4
‖PΩH‖F .

On the other hand,131

‖PΩH‖F ≤ ‖PΩPT H‖F + ‖PΩPT⊥H‖F ≤
1

2
‖H‖F + ‖PT⊥H‖F

≤ 1

2
‖PΩH‖F +

1

2
‖PΩ⊥H‖F + ‖PT⊥H‖F .

Thus we can obtain132

‖PΩH‖F ≤ ‖PΩ⊥H‖F + 2‖PT⊥H‖F ≤ ‖PΩ⊥H‖1 + 2
√
n3‖PT⊥H‖∗.

In conclusion,133

‖X 0 +H‖∗ + λ‖E0 −H‖1 ≥ ‖X 0‖∗ + λ‖E0‖1 +
1

2
(1− λ

√
n3)‖PT⊥H‖∗ +

λ

4
‖PΩH‖1,

and the last two terms are strictly positive when H 6= 0. Thus, the proof is completed. �134

Lemma 1 implies that it is suffices to produce a dual certificateW obeying135 
W ∈ T⊥,
‖W‖ ≤ 1

2 ,

‖PΩ(U ∗L VT +W − λsgn(S0)‖F ≤ λ
4 ,

‖PΩ⊥(U ∗L VT +W‖∞ ≤ λ
2 .

(19)

2.2 Dual Certification via The Golfing Scheme136

The remaining work is to construct the aforementioned dual certificates. Before introducing our137

construction, we first assume that Ω ∼ Ber (ρ), or equivalently that Ωc ∼ Ber (1− ρ). Now the138

distribution of Ωc is the same as that of Ωc = Ω1 ∪ Ω2 ∪ · · · ∪ Ωj0 , where each Ωj follows the139

Bernoulli model with parameter q, that is,140

P ((i, j, k) ∈ Ω) = P(Bin(j0, q) = 0) = (1− q)j0 ,

5



so that the two models are the same if ρ = (1− q)j0 . Note that because of overlaps between the Ωj’s,141

q ≥ (1− ρ) /j0. Now, we construct a dual certificate142

W =WL +WS ,

where each component is as follows:143

1) Construction ofWL via the Golfing scheme. Let j0 ≥ 1, and let Ωj , 1 ≤ j ≤ j0, be144

defined as aforementioned so that Ωc = ∪1≤j≤j0Ωj . Then define145

WL = PT⊥Yj0 , (20)
where146

Yj = Yj−1 + q−1PΩj
PT

(
U ∗L VT −Yj−1

)
,Y0 = 0. (21)

2) Construction of WS via the Method of Least Squares. Assume that ‖PΩPT ‖ ≤ 1
2 . Then,147

‖PΩPTPΩ‖ < 1
4 and thus, the operator PΩ − PΩPTPΩ mapping Ω onto itself is148

invertible, and its inverse is denoted by (PΩ −PΩPTPΩ)
−1. We then set149

WS = λPT⊥ (PΩ −PΩPTPΩ)
−1 sgn(E0). (22)

This is equivalent to150

WS = λPT⊥

∑
k≥0

(PΩPTPΩ)ksgn(E0). (23)

Since bothWL,WS ∈ T⊥ and PΩWS = λPΩ(I −PT ) (PΩ −PΩPT1PΩ)
−1 sgn(E0) =151

λsgn(E0), we shall establish thatWL +WS is a valid dual certificate if it obeys152 
‖WL +WS‖ < 1

2 ,∥∥∥PΩ

(
U ∗L VT +WL

)∥∥∥
F
≤ λ

4 ,∥∥∥PΩ⊥

(
U ∗L VT +WL +WS

)∥∥∥
∞
≤ λ

2 .

(24)

This can be done by using the following two lemmas.153

Lemma 2 Assume that Ω ∼ Ber(ρ) with ρ ≤ ρs for some ρs > 0. Set j0 = 2dlogne (use logn(1)154

for rectangular matrices ). Then, theWL in Eq. (20) obeys155

(a) ‖WL‖ < 1/4,156

(b)
∥∥∥PΩ

(
U ∗L VT +WL

)∥∥∥
F
≤ λ

4 ,157

(c)
∥∥∥PΩ⊥

(
U ∗L VT +WL

)∥∥∥
∞
≤ λ

4 .158

Lemma 3 Assume Ω ∼ Ber(ρs), and the sign of S0 are independent and identically distributed159

symmetric (and independent of Ω). Then, the tensorWS with Eq. (22) obeys160

(a) ‖WS‖ < 1/4,161

(b) ‖PΩ⊥WS‖∞ < λ/4.162

2.3 Proofs of Dual Certification163

Before proving Lemma 2 and 3, we shall list the following five useful lemmas. The proofs of these164

lemmas are presented in the next chapter.165

Lemma 4 For the Bernoulli sign variableM ∈ Rn×n×n3 defined as166

Wijk =


1, w.p. ρ/2,
0, w.p. 1− ρ,
−1, w.p. ρ/2,

(25)

where ρ > 0, there exists a function φ(ρ) satisfying limρ→0+ φ(ρ) = 0, such that the following167

statement holds with large probability168

‖M‖ ≤ φ(ρ)
√
nn3. (26)
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Lemma 5 Suppose Ω ∼ Ber(ρ). Then with high probability,169

‖PT − ρ−1PTPΩPT ‖ ≤ ε, (27)

provided that ρ ≥ C0ε
−2βµR log(n)/(n) for some numerical constantC0 > 0. For the tensor of rect-170

angular frontal slice, we need ρ ≥ C0ε
−2βµR log(n(1))/(n(2)), where n(1) = max{n1, n2}, n(2) =171

min{n1, n2}.172

Lemma 6 Assume that Ω ∼ Ber(ρ), then ‖PΩPT ‖2 ≤ ρ + ε, provided that 1 − ρ ≥173

Cε−2(µR log(n)/n), where C is as in Lemma 5. For the tensor with frontal slice, the modification is174

as in Lemma 5.175

Lemma 7 Suppose Z ∈ T is a fixed tensor, and Ω ∼ Ber(ρ0). Then with high probability,176

‖Z − ρ−1PTPΩZ‖∞ ≤ ε‖Z‖∞, (28)

provided that ρ ≥ C0ε
−2βµR log(n)/(n) for some numerical constant C0 > 0. For the tensor of177

rectangular frontal slice, we need ρ ≥ C0ε
−2βµR log(n(1))/(n(2)).178

Lemma 8 Suppose Z is fixed, and Ω ∼ Ber(ρ0). Then with high probability,179

‖
(
I − ρ−1PΩ

)
Z‖ ≤

√
C0n log(n)

ρ
‖Z‖∞, (29)

provided that ρ ≥ C0 log(n)/(n) for some small numerical constant C0 > 0. For the tensor of180

rectangular frontal slice, we need ρ ≥ C0 log(n(1))/(n(2)).181

2.3.1 Proof of Lemma 2182

Proof We first introduce some notations. Setting183

Zj = U ∗L VT −PTYj ,

thus Zj ∈ T for all j ≥ 0. From the definition of Yj (21), and Yj ∈ Ω⊥, we have184

Zj = (PT − q−1PTPΩjPT )Zj−1,

Yj = Yj−1 + q−1PΩjZj−1.

Therefore, when185

q ≥ C0ε
−2µR log(n(1))/(n(2)), (30)

we have186

‖Zj‖∞ ≤ ε‖Zj−1‖∞ ≤ εj‖U ∗L VT ‖∞ (31)
by Lemma 7. When q obeys Eq. (30), we have187

‖Zj‖F ≤ ε‖Zj−1‖F ≤ εj‖U ∗L VT ‖F ≤ εj
√
R (32)

by Lemma 5. We assume ε ≤ e−1.188

proof of (a). Since Yj0 =
∑
j q
−1PΩjZj−1, we have189

‖WL‖ = ‖PT⊥Yj0‖∞ ≤
∑
j

‖q−1PT⊥PΩj
Zj−1‖

≤
∑
j

‖PT⊥(q−1PΩjZj−1 −Zj−1)‖ ≤
∑
j

‖q−1PΩjZj−1 −Zj−1‖

≤ C1

√
n(1) log(n(1))

q

∑
j

‖Zj−1‖∞

≤ C1

√
n(1) log(n(1))

q

∑
j

εj‖U ∗L VT ‖∞

≤ C1

(1− ε)

√
n(1) log(n(1))

q
‖U ∗L VT ‖∞.

(33)

7



The fourth step is according to Lemma 8 and the fifth step can be directly obtained from Eq. (31).190

Now by using Eq. (30) and tensor incoherence condition, we get191

‖WL‖ ≤ C2ε

for some numerical constant C2.192

proof of (b). Since PΩYj0 = 0,193

PΩ(U ∗L VT +WL) = PΩ(U ∗L VT +PT⊥Yj0)

= PΩ(U ∗L VT +PTYj0) = PΩ(Zj0).

By using Eqs. (30), we can get194

‖PΩ(Zj0)‖F ≤ ‖Zj0‖F ≤ εj0
√
R.

Since ε ≤ e−1, j0 ≥ 2 log(n(1)) and εj0 ≤ 1/(n(1))
2, and this proves the claim.195

proof of (c). We have U ∗L VT +WL = Zj0 + Yj0 and know that Yj0 is supported on Ωc.196

Therefore, since ‖Zj0‖∞ ≤ ‖Zj0‖F ≤ λ/8, it suffices to show that ‖Yj0‖∞ ≤ λ
8 . To this end, we197

deduce198

‖Yj0‖∞ ≤ q−1
∑
j

‖PΩjZj0‖∞ ≤ q−1
∑
j

‖Zj0‖∞ ≤ q−1
∑
j

εj‖U ∗L VT ‖∞.

Since ‖U ∗L VT ‖∞ ≤
√
µn−2r, this gives199

‖Yj0‖∞ ≤ C
′ ε2√

µr(log(n))2
(34)

for some numerical constantC
′

whenever q obeys Eq. (30). By setting λ = 1/
√
n(1), ‖Yj0‖∞ ≤ λ/8200

if201

ε ≤ C
(
µr(log(n(1)))

2

n(2)

) 1
4

.

We have seen that (a) and (b) are satisfied if ε is sufficiently small and j0 ≥ 2 log(n(1)). For (c),202

we can take ε on the order of
(
µr(log(n(1)))

2/(n(2))
) 1

4 , which could be sufficiently small as well203

provided that ρr in Eq. (30) in the manuscript is sufficiently small. Note that everything is consistent,204

since C0ε
−2µr log(n(1))/(n(2)) < 1. �205

2.3.2 Proof of Lemma 3206

Proof We denoteM = sgn(E0) distributed as207

Mijk =


1, w.p. ρ/2,
0, w.p. 1− ρ,
−1, w.p. ρ/2.

(35)

Note that for any σ > 0, {‖PΩPT ‖ ≤ σ} holds with high probability provided that ρ is sufficiently208

small, see Lemma 5.209

1. Proof of (a). By construction,210

WS = λPT⊥M+ λPT⊥

∑
k≥1

(PΩPTPΩ)kM := PT⊥WS
0 +PT⊥WS

1 . (36)

Note that ‖PT⊥WS
0 ‖ ≤ ‖W

S
0 ‖ = λ‖M‖ and ‖PT⊥WS

1 ‖ ≤ ‖W
S
1 ‖ = λ‖R(M)‖, where211

R =
∑
k≥1(PΩPTPΩ)k. Now, we will respectively show that λ‖M‖ and λ‖R(M)‖ are small212

enough when ρ is sufficiently small for λ = 1/
√
n. Therefore, ‖WS‖ ≤ 1/4.213

1) Bound λ‖M‖. By using Lemma 4 directly, we have that λ‖M‖ ≤ φ(ρ) is sufficiently small given214

λ = 1/sqrtn and ρ is sufficiently small.215
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2) Bound ‖R(M)‖. For simplicity, let Z =R(M), we have216

‖Z‖ = ‖Z‖ = sup
x∈Snr3−1

‖Zx‖2. (37)

The optimal x to Eq. (37) is an eigenvector of Z∗Z. Since Z is a block diagonal matrix, the optimal x217

has a block sparse structure, i.e., x ∈ B = {x ∈ Rnr3 |x = [xT1 , · · · ,xTi , · · · ,xTr3 ], with xi ∈ Rn,218

and there exist j such that xj 6= 0 and xi 6= 0, i 6= j}. Note that ‖x‖2 = ‖xj‖2 = 1. Let N be the219

1/2-net for Sn−1 of size at most 5n (see Lemma 5.2 in [5]). Then the 1/2-net, denote as N ′, for B220

has the size at most r3.5
n. We have221

‖R(M)‖ = ‖bdiag(R(M))‖ = sup
x,y∈B

〈
x, bdiag(R(M))y

〉
= sup

x,y∈B

〈
xy∗, bdiag(R(M))

〉
= sup

x,y∈B

〈
bdiag∗(xy∗),R(M)

〉
,

(38)

where bdiag∗, the joint operator of bdiag (see definition in the manuscript), maps the block diagonal222

matrix xy∗ to a tensor of size n× n× n3. Let Z
′

= bdiag∗(xy∗) and Z = Z
′
×3 L. We have223

‖R(M)‖ = sup
x,y∈B

〈
Z
′
,R(M)

〉
= sup

x,y∈B

〈
Z
′
,R(M)

〉
= sup

x,y∈B
〈R(Z),M〉 = sup

x,y∈N ′
4 〈R(Z),M〉 .

(39)

For a fixed pair (x,y) of unit-normed vectors, define the random variable224

X(x,y) = 4 〈R(Z),M〉 . (40)

Conditional on Ω = supp(M), the sign ofM are independent and identically distributed symmetric225

and Hoeffding’s inequality gives226

P(|X(x,y)| > t|Ω) ≤ 2 exp

(
−2t2

‖4R(Z)‖2F

)
. (41)

Note that ‖4R(Z)‖2F ≤ 4‖R‖‖Z‖F = 4‖R‖‖Z
′
‖F = 4‖R‖. Therefore, we have227

P

(
sup

x,y∈N ′
|X(x,y)| > t|Ω

)
≤ 2|N

′
|2 exp

(
−t2

8‖R‖2

)
. (42)

Hence,228

P (‖R(M)‖ > t|Ω) ≤ 2|N
′
|2 exp

(
−t2

8‖R‖2

)
. (43)

On the event {‖PΩPT ‖ ≤ σ}, ‖R‖ ≤
∑
k≥1 σ

2k = σ2

1−σ2 , therefore, unconditionally,229

P (‖R(M)‖ > t) ≤ 2|N
′
|2 exp

(
−γ2t2

8

)
+ P(‖PΩPT ‖ ≥ σ), γ =

1− σ2

σ2

= 2r2
3.5

2n exp

(
−γ2t2

8

)
+ P(‖PΩPT ‖ ≥ σ).

(44)

Let t = c
√
n, where c can be a small absolute constant. Then the above inequality implies that230

‖R(M)‖ ≤ t with high probability.231

2. Proof of (b). Observe that232

PΩ⊥WS = −λPΩ⊥PT (PΩ −PΩPTPΩ)−1M. (45)

Note for (i, j, k) ∈ Ωc,WS
ijk = 〈W , eijk〉, and we have WS

ijk = λ 〈Q(i, j, k),W〉, where233

Q(i, j, k) is the tensor −(PΩ − PΩPTPΩ)−1PΩPT (eijk). Conditional on Ω = supp(M),234

the signs ofM are independent and identically distributed symmetric, and the Hoeffding’s inequality235

gives236

P
(
‖WS

ijk‖ > tλ|Ω
)
≤ 2 exp

(
− 2t2

‖Q(i, j, k)‖2F

)
, (46)
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and237

P

(
sup
i,j,k
‖WS

ijk‖ > tλ/n3|Ω

)
≤ 2n2n3 exp

(
− 2t2

supi,j,k ‖Q(i, j, k)‖2F

)
, (47)

By using Eq. (12), we have238

‖PΩPT (eijk)‖F ≤ ‖PΩPT ‖‖PT (eijk)‖F ≤ σ
√

2µR

n
, (48)

on the event {‖PΩPT ‖ ≤ σ}. On the same event, we have ‖(PΩ −PΩPTPΩ)−1‖(1 − σ2)−1239

and thus ‖Q(i, j, k)‖2F ≤ 2σ2

(1−σ2)2
µR
n . Then, unconditionally,240

P

(
sup
i,j,k
|WS

ijk| > tλ

)
≤ 2n2n3 exp

(
−nγ

2t2

µR

)
+ P(‖PΩPT ‖ ≥ σ), (49)

where γ2 = (1−σ2)2

2σ2 . This proves the claim when µR ≤ ρ′rn log(n)−1 and ρ
′

r is sufficiently small.241

2.4 Proof of Some Lemmas242

Before the proof, we introduce a theorem.243

Theorem 3 (Noncommutative Bernstein Inequality) Let X1,X2, · · · ,XL be independent zero-244

mean random matrices of dimension d1 × d2. Suppose ‖Xk‖ ≤M and245

ρ2
k = max{‖E[XkXT

k ]‖, ‖E[XT
k Xk]‖} (50)

almost surely for all k. Then for any τ > 0,246

P

[
‖

L∑
k=1

Xk‖ > τ

]
≤ (d1 + d2)exp

(
−τ2/2∑L

k=1 ρ
2
k + Mτ/3

)
(51)

This theorem is a corollary of a Chernoff bound for finite dimension operators developed by [6]. An247

extension of this theorem [7] states that if248

max

{
‖

L∑
k=1

XkXT
k ‖, ‖

L∑
k=1

XT
k Xk‖

}
≤ σ2 (52)

and let249

τ =
√

4cσ2 log(d1 + d2) + cM log(d1 + d2) (53)
for any c > 0. Then Eq. (51) becomes250

P

[
‖

L∑
k=1

Xk‖ > τ

]
≤ (d1 + d2)−(c−1). (54)

2.4.1 Proof of Lemma 4251

Proof The proof has three steps.252

Step 1: Approximation. We first introduce some notations. Let f∗ be the i-th row of LT ∈ Rn3×r3 ,253

and MH = [MH
1 ; MH

2 ; · · · ; MH
n ] ∈ Rnr3×n be a matrix unfolded byM, where MH

i ∈ Rr3×n254

is the i-th horizontal slice ofM, i.e., [MH
i ]kj =Mijk. Consider thatM =M×3 LT , we have255

M i = [f∗i MH
1 ;f∗i ∗MH

2 ; · · · ;f∗i MH
n ], where M i ∈ Rn×n is the i-th frontal slice ofM. Note256

that257

‖M‖ = ‖M‖ = max
i=1,··· ,r3

‖Mi‖. (55)

Let N be the 1/2-net for Sn−1 of size at most 5n (see Lemma 5.2 in [5]). Then Lemma 5.3 in [5]258

gives259

‖Mi‖ ≤ 2 max
x∈N
‖Mix‖2. (56)

So we consider to bound ‖Mix‖2.260
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Step 2: Concentration. We can express ‖Mix‖22 as a sum of independent random variables261

‖Mix‖22 =

n∑
j=1

(f∗i MH
j x)2 :=

n∑
j=1

z2
j , (57)

where zj =
〈
MH

j ,fix
∗〉 , j = 1, · · · , n are independent sub-gaussian random variables with262

E(z2
j ) = ρ‖fix∗‖2f = ρr3. Using Eq. (25), we have263

|[MH
j ]kl| =

{
1, w.p. ρ,
0, w.p. 1− ρ. (58)

Thus, the sub-gaussian norm of [MH
j ]kl, denoted as ‖ · ‖ψ2

, is264

‖[MH
j ]kl‖ψ2

= sup
p≥1

p−0.5(E[|[MH
j ]kl|p])1/p = sup

p≥1
p−0.5ρ1/p. (59)

Define the function φ(x) = x−1/2ρ1/x on [1,+∞). The only stationary point occurs at x∗ = log ρ−2.265

Thus,266

φ(x) ≤ max{φ(1), φ(x∗)} = max
(
ρ, (log ρ−2)−0.5ρ1/ log ρ−2

)
:= ψ(ρ). (60)

Therefore, ‖[MH
j ]kl‖ψ2

≤ ψ(ρ). Consider that zj is a sum of independent centered sub-gaussian267

random variables [MH
j ]kl’s, bu using Lemma 5.9 in [5], we have ‖zj‖2ψ2

≤ c1(ψ(ρ))2r3, where268

c1 is an absolute constant. Therefore, by Remark 5.18 and Lemma 5.14 in [5], z2
j − ρr3 are269

independent centered sub-exponential random variables with ‖z2
j −ρr3‖ψ1 ≤ 2‖zj‖2ψ1

≤ 4‖zj‖2ψ2
≤270

4c1(ψ(ρ))2r3.271

Now, we use an exponential deviation inequality, Corollary 5.17 in [5], to control the sum of Eq. (57).272

We have273

P(|‖Mix‖22 − ρnr3| ≥ tn) = P

∣∣∣∣∣∣
n∑
j=1

(z2
j − ρr3)

∣∣∣∣∣∣


≤ 2 exp

(
−c2nmin

((
t

4c1(ψ(ρ))2r3

)2

,
t

4c1(ψ(ρ))2r3

))
,

(61)

where c2 > 0. Let t = c3(ψ(ρ))2r3 for some absolute constant c3, we have274

P(|‖Mix‖22 − ρnr3| ≥ c3(ψ(ρ))2nr3) ≤ 2 exp

(
−c2nmin

((
c3
4c1

)2

,
c3
4c1

))
. (62)

Step 3: Union bound. Taking the union bound over all x in the Net N of cardinality |N | ≤ 5n, we275

obtain276

P
(∣∣∣∣max

x∈N
‖Mix‖22 − ρnr3

∣∣∣∣ ≥ c3(ψ(ρ))2nr3)

)
≤ 2 · 5n · exp

(
−c2nmin

((
c3
4c1

)2

,
c3
4c1

))
.

(63)
Furthermore, taking the union over all i = 1, · · · , r3, we have277

P
(

max
i

∣∣∣∣max
x∈N
‖Mix‖22 − ρnr3

∣∣∣∣ ≥ c3(ψ(ρ))2nr3)

)
≤ 2 · 5n · r3 · exp

(
−c2nmin

((
c3
4c1

)2

,
c3
4c1

))
.

(64)

This implies that, with high probability (when the constant c3 is large enough),278

max
i

max
x∈N
‖Mix‖22 ≤

(
ρ+ c3(ψ(ρ))2

)
nr3 (65)

Let φ(ρ) = 2
√
ρ+ c3(ψ(ρ))2 and it satisfies limρ→0+ φ(ρ) = 0 by using Eq. (60). The proof is279

completed by further combing Eq. (55), (56) and (65). �280
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2.4.2 Proof of Lemma 5281

Proof For any tensor Z , we can write282

(ρ−1PTPΩPT −PT )Z =
∑
ijk

(ρ−1δijk − 1) 〈eijk,PTZ〉PT (eijk) :=
∑
ijk

Hijk(Z) (66)

whereHijk : Rn×n×n3 → Rn×n×n3 is a self-adjoint random operator with E[Hijk] = 0. Define283

the matrix operator Hijk : B → B, where B = {B : B ∈ Rn×n×n3} denotes the set consists of284

block diagonal matrices with the blocks as the frontal slices of B, as285

Hijk(Z) = (ρ−1δijk − 1) 〈eijk,PT (Z)〉 bdiag(PT (eijk)). (67)

By the above definitions, we haveHijk = Hijk and ‖
∑
ijkHijk‖ = ‖

∑
ijk Hijk‖. Also, Hijk is286

self-adjoint and E[Hijk] = 0. To prove the result by the non-commutative Bernstein inequality, we287

need to bound ‖Hijk‖ and ‖
∑
ijk E[H

2

ijk]‖. First, we have288

‖Hijk‖ = sup
‖Z‖F =1

‖Hijk(Z)‖F ≤ sup
‖Z‖F =1

‖PT (eijk)‖F ‖bdiag(PT (eijk))‖F ‖Z‖F

= sup
‖Z‖F =1

‖PT (eijk)‖2F ‖Z‖F ≤
2µR

nρ
,

(68)

where the last inequality use Eq. (12). On the other hand, by direct computation, we have H2
ijk(Z) =289

(ρ−1δijk − 1)2 〈eijk,PT (Z)〉 〈eijk,PT (eijk)〉 bdiag(PT (eijk)). Note that E[(ρ−1δijk − 1)2] ≤290

ρ−1. We have291 ∥∥∥∥∥∥
∑
ijk

E[H
2

ijk(Z)]

∥∥∥∥∥∥
F

≤ ρ−1

∥∥∥∥∥∥
∑
ijk

〈eijk,PT (Z)〉 〈eijk,PT (eijk)〉 bdiag(PT (eijk))

∥∥∥∥∥∥
F

≤ ρ−1 ‖PT (eijk)‖2F

∥∥∥∥∥∥
∑
ijk

〈eijk,PT (Z)〉

∥∥∥∥∥∥
F

≤ ρ−1 ‖PT (eijk)‖2F ‖PT (Z)‖F ≤ ρ
−1 ‖PT (eijk)‖2F ‖Z‖F

≤ ρ−1 ‖PT (eijk)‖2F
∥∥Z∥∥

F
≤ 2µR

nρ

∥∥Z∥∥
F
.

(69)

By Theorem 3, we have292

P[‖ρ−1PTPΩPT −PT ‖ > ε] = P

∥∥∥∥∥∥
∑
ijk

Hijk

∥∥∥∥∥∥ > ε

 = P

∥∥∥∥∥∥
∑
ijk

Hijk

∥∥∥∥∥∥ > ε


≤ 2nr3 exp

(
−3

8
· ε2

2µR/(nρ)

)
≤ 2(n)1−3C0/16,

(70)

where the last inequality uses ρ ≥ C0ε
−2µR log(n)/(n). Thus, ‖ρ−1PTPΩPT −PT ‖ ≤ ε holds293

with high probability for smoe numerical constant C0.294

�295

2.4.3 Proof of Lemma 6296

Proof From the proof of Lemma 5 (i.e., the last subsection), we have297

‖PT − (1− ρ)−1PTPΩ⊥PT ‖ ≤ ε, (71)
provided that 1− ρ ≥ C0ε

−2(µR log(n)/n). Note that I = PΩ +PΩ⊥ , we have298

‖PT − (1− ρ)−1PTPΩ⊥PT ‖ = (1− ρ)−1(PTPΩPT − ρPT ). (72)
Then, by the triangular inequality299

‖PTPΩPT ‖ ≤ ε(1− ρ) + ρ‖PT ‖ = ρ+ ε(1− ρ). (73)
This proof is completed by using ‖PΩPT ‖2 = ‖PTPΩPT ‖. �300
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2.4.4 Proof of Lemma 7301

Proof For any tensor Z ∈ T , we write302

ρ−1PΩPT (Z) =
∑
ijk

ρ−1δijkzijkPT (eijk).

The (a, b, c)-th entry of ρ−1PΩPT (Z)−Z can be written as a sum of independent random variables,303

i.e.,304 〈
ρ−1PΩPT (Z)−Z, eabc

〉
=
∑
ijk

(ρ−1δijk − 1)zijk 〈PT (eijk), eabc〉 :=
∑
ijk

tijk, (74)

where tijk’s are independent and E(tijk) = 0. Now next bound |tijk| and |
∑
ijk E[t2ijk]|. First305

|tijk| ≤ ρ−1‖Z‖∞‖PT (eijk)‖F ‖PT (eabc)‖F ≤
2µR

nρ
‖Z‖∞. (75)

Second, we have306 ∣∣∣∣∣∣
∑
ijk

E[t2ijk]

∣∣∣∣∣∣ ≤ ρ−1‖Z‖2∞
∑
ijk

〈PT (eijk), eabc〉 = ρ−1‖Z‖2∞
∑
ijk

〈eijk,PT (eabc)〉

= ρ−1‖Z‖2∞‖PT (eabc)‖2F ≤
2µR

nρ
‖Z‖2∞.

(76)

Let ε ≤ 1. By Theorem 3, we have307

P
[
|[ρ−1PTPΩ(Z)−Z]abc| ≥ ε‖Z‖∞

]
= P

∣∣∣∣∣∣
∑
ijk

[tijk]

∣∣∣∣∣∣ ≥ ε‖Z‖∞


≤ 2 exp

(
−3

8
· ε2‖Z‖2∞

2µR‖Z‖2∞/(nρ)

)
≤ 2n−

3
16C0 ,

(77)

where the last inequality uses ρ ≥ C0ε
−2µR log(n)/n. Thus, ‖ρ−1PTPΩ(Z)−Z‖∞ ≤ ε‖Z‖∞308

holds with high probability for some numerical constant C0. �309

2.4.5 Proof of Lemma 8310

Proof Denote the tensorHijk = (1− ρ−1δijk)zijkeijk. Then we have311

(I − ρ−1PΩ)Z =
∑
ijk

Hijk. (78)

Note that δijk’s are independent random scalars. Thus,Hijk’s are independent random tensors and312

Hijk’s are independent random matrices. Observe that E[Hijk] = 0 and ‖Hijk‖ ≤ ρ−1‖Z‖∞, we313

have314 ∥∥∥∥∥∥
∑
ijk

E[H
∗
ijkHijk]

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ijk

E[H∗ijkHijk]

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ijk

E[(1− ρ−1δijk)2]z2
ijk(ėj ∗L ė∗j )

∥∥∥∥∥∥
=

∥∥∥∥∥∥1− ρ
ρ

∑
ijk

z2
ijk(ėj ∗L ė∗j )

∥∥∥∥∥∥ ≤ nn3

ρ
‖Z‖2∞.

(79)

A similar calculation yields
∥∥∥∑ijk E[H

∗
ijkHijk]

∥∥∥ ≤ ρ−1nn3‖Z‖2∞. Let t =315 √
C0nn3 log(nn3)/ρ‖Z‖∞. When ρ ≥ C0log(n)/n, we apply Theorem 3 and obtain316

P[‖(I − ρ−1PΩ)Z‖ > t] = P

∥∥∥∥∥∥
∑
ijk

Hijk

∥∥∥∥∥∥ > t

 = P

∥∥∥∥∥∥
∑
ijk

Hijk

∥∥∥∥∥∥ > t


≤ 2nr3 exp

(
−3

8
· C0nn3 log(nn3)‖Z‖2∞/ρ

nn3‖Z‖2∞/ρ

)
≤ 2(nr3)1−3C0/8.

(80)

Thus, ‖(I − ρ−1PΩ)Z‖ > t holds with high probability for some numerical constant C0. �317
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3 The Proof of Exact Recovery Theorem about TC Model318

The following fact is used frequently in this section.319

Lemma 9 Suppose Ω ∼ Ber(p). Then with high probability,320

‖PTRΩPT −PT ‖ ≤ ε, (81)

provided that p ≥ c0ε
−2(µR log(n))/(n) for some numerical constant c0 > 0. For the ten-321

sor of rectangular frontal slices, we need p ≥ c0ε
−2(µR log(n(1)))/(n(2)), where n(1) =322

max{n1, n2}, n(2) = min{n1, n2}.323

Proof By replacing ρ−1P withRΩ in Lemma 5, this Lemma holds. �324

Lemma 10 Suppose that Z is fixed, and Ω ∼ Ber(p). Then, with high probability,325

‖(RΩ −I)Z‖ ≤ c
(

log(n)

p
‖Z‖∞ +

log(n)

p
‖Z‖∞,2

)
, (82)

for some numerical constant c > 0.326

Lemma 11 Suppose that Z ∈ T is a fixed tensor and Ω ∼ Ber(p). Then, with high probability,327

‖PTRΩZ −Z‖∞,2 ≤
1

2

√
n

µR
‖Z‖∞ +

1

2
‖Z‖∞,2, (83)

provided that p ≥ c0µR log(n)/(n).328

Lemma 12 Suppose that Z ∈ T is a fixed tensor and Ω ∼ Ber(p). Then, with high probability,329

‖Z −PTRΩ(Z)‖∞ ≤ ε‖Z‖∞, (84)

provided that p ≥ c0ε
−2(µR log(n))/(n) (for the tensor of rectangular frontal slice, p ≥330

c0ε
−2(µR log(n(1)))/(n(2)) for some numerical constant c0 > 0.)331

Proof By replacing ρ−1P withRΩ in Lemma 7, this Lemma holds. �332

3.1 The Proof of Exact Recovery Theorem about TC Model333

Proposition 1 The tensor X 0 is the unique optimal solution of TC model (14) if the following334

conditions hold: 1. ‖PTRΩPT −PT ‖ ≤ 1
2 .335

2. There exists a dual certificateW ∈ Rn1×n2×n3 which satisfies PΩ(W) =W and336

(a) ‖PΩ⊥(W)‖ ≤ 1
2 .337

(b) ‖PΩ(W − U ∗L VT ‖ ≤ 1
4

√
p
r3

.338

Proof Consider any feasible solution X to TC model (14). Let G be an n× n× n3 tensor which339

satisfies ‖PΩ⊥G‖ = 1 and 〈PΩ⊥G,PΩ⊥(X −X 0)〉 = ‖PΩ⊥(X−X 0)‖∗. Such G always exists340

by duality between the tensor nuclear norm and tensor spectral norm. Note that U ∗L VT +PΩ⊥G341

is a subgradient of Z and Z = X 0, we have342

‖X‖∗ − ‖X 0‖∗ ≥
〈
U ∗L VT +PΩ⊥G,X −X 0

〉
. (85)

We also have 〈W ,X −X 0〉 = 〈PΩW ,PΩ(X −X 0)〉 = 0 since PΩ(W) =W . It follows that343

‖X‖∗ − ‖X 0‖∗ ≥
〈
U ∗L VT +PΩ⊥G −W ,X −X 0

〉
= ‖PΩ⊥(X −X 0)‖∗ +

〈
U ∗L VT −PTW ,X −X 0

〉
− 〈PT⊥W ,X −X 0〉

≥ ‖PΩ⊥(X −X 0)‖∗ + ‖U ∗L VT −PTW‖F ‖PT (X −X 0)‖F
− ‖PT⊥W‖‖PT⊥(X −X 0)‖∗

≥ 1

2
‖PΩ⊥(X −X 0)‖∗ −

1

4

√
p

r3
‖PT (X −X 0)‖F

(86)
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where the last inequality uses Conditions (1) and (2) in the proposition. Now, by using Lemma 13344

below, we have345

‖X‖∗ − ‖X 0‖∗ ≥
1

2
‖PΩ⊥(X −X 0)‖∗ −

1

4

√
p

r3

√
2r3

p
‖PT (X −X 0)‖∗

>
1

8
‖PΩ⊥(X −X 0)‖∗.

(87)

Note that the right hand side of the above inequality is strictly positive for allX withPΩ(X−X 0) =346

0 andX 6= X 0. Otherwise, we must havePT (X −X 0) = X −X 0 andPTRΩPT (X −M) = 0,347

contradicting the assumption ‖PTRΩPT −PT ‖ ≤ 1
2 . Therefore, X 0 is the unique optimum. �348

Lemma 13 If ‖PTRΩPT −PT ‖ ≤ 1
2 , then we have349

‖PTZ‖F ≤
√

2r3

p
‖PT⊥Z‖∗,∀Z ∈ {Z

′
: PΩ(Z

′
) = 0}. (88)

Proof We deduce350

‖√pRΩPTZ‖F =
√
〈(PTRΩPT −PT )Z,PTZ〉+ 〈PTZ,PTZ〉

=
√
‖PTZ‖2F − ‖PTRΩPT −PT ‖‖PTZ‖2F

≥ 1√
2
‖PTZ‖F

(89)

where the last inequality uses ‖PTRΩPT −PT ‖ ≤ 1
2 . On the other hand, PΩ(Z) = 0 implies351

thatRΩ(Z) = 0 and thus352

‖√pRΩPTZ‖F = ‖√pRΩPT⊥Z‖F ≤
1
√
p
‖PTZ‖F ≤

√
r3

p
‖PTZ‖∗, (90)

where the last inequality uses353

‖A‖F = ‖A‖F ≤ ‖A‖∗ ≤ ‖A‖∗. (91)

The proof is completed by combining Eq. (89) and (90). �354

New we give the completed proof of the Exact Recovery Theorem (i.e., Theorem 3 in the manuscript)355

about TC model.356

Proof First, as shown in Lemma 9, the Condition 1 of Proposition 1 holds with high probability.357

Now we construct a dual certificateW which satisfies Condition 2 in Proposition 1. We do this using358

the Golfing Scheme. For the choice of p in Theorem 3 in the manuscript, we have359

p ≥ c0µR(log(n))2

n
≥ 1

n
, (92)

for some sufficiently large c0 > 0. Set t0 := 20 log(n). Assume that the set Ω of observed entries360

is generated from Ω = ∪t0t=1Ωt, where each t and tensor index (i, j, k),P[(i, j, k) ∈ Ωt] = q :=361

1 − (1 − p)1/t0 and is independent of all others. Clearly this Ω has the same distribution as the362

original model. LetW0 := 0 and for t = 1, · · · , t0, define363

Wt =Wt−1 +RΩt
PT (U ∗L VT −PΩWt−1), (93)

where the operatorRΩt
is defined analogously toRΩ asRΩt

(Z) :=
∑
ijk q

−11(i,j,k)∈Ωt
zijkeijk.364

Then the dual certificate is given byW :=Wt0 . We have PΩ(W) =W by construction. To prove365

Theorem 2, we only need to show thatW satisfies Conditions 2 in Proposition 1 w.h.p.366

Validating Condition 2(b). DenoteDt := U ∗L VT −PTWk for t = 0, · · · , t0. By the definition367

ofWk, we haveD0 = U ∗L VT and368

Dt = (PT −PTRΩt
PT )Dt−1. (94)

Obviously Dt ∈ T for all t > 0. Note that Ωt is independent of Dt−1 and by the choice of p in369

Theorem 3 in the manuscript, we have370

q ≥ p

t0
≥ c0µR log(n)

n
. (95)
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Applying Lemma 9 with Ω replaced by Ωt, we obtain that w.h.p.371

‖Dt‖F ≤ ‖PT −PTRΩtPT ‖‖Dt−1‖F ≤
1

2
‖Dt−1‖F (96)

for each t. Applying the above inequality recursively with t = t0, t0 − 1, · · · , 1 gives372

‖PTY −U ∗L VT ‖F = ‖Dt0‖F ≤ (
1

2
)t0‖U ∗L VT ‖F ≤

1

4nn3

√
R ≤ 1

4
√
nn3

≤ 1

4

√
p

r3
, (97)

where the last inequality uses Eq. (92) and r3 ≤ n3.373

Validating Condition 2(a). Note thatW =
∑t0
t=1RΩtPTDt−1 by construction. We have374

‖PΩ⊥W‖F ≤
t0∑
t=1

‖PT⊥(RΩtPT −PT )Dt−1‖ ≤
t0∑
t=1

‖(RΩt − I)PTDt−1‖. (98)

Applying Lemma 10 with Ω replaced by Ωt to the above inequality, we get that w.h.p.375

‖PΩ⊥Y‖F ≤ c
t0∑
t=1

(
log(n)

q
‖Dt−1‖∞ +

√
log(n)

q
‖Dt−1‖∞,2

)

≤ c
√
c0

t0∑
t=1

(
n

µR
‖Dt−1‖∞ +

√
n

µR
‖Dt−1‖∞,2

) (99)

where the last inequality uses Eq. (95). Now we bound ‖Dt−1‖∞and ‖Dt−1‖∞,2. Using Eq. (94)376

and repeatedly applying Lemma 4 with Ω replaced as Ωt, we obtain that w.h.p.377

‖Dt−1‖∞ = ‖(PT −PTRΩt−1PT ) · · · (PT −PTRΩ1PT )D0‖∞ ≤ (
1

2
)t−1‖U ∗L VT ‖∞.

(100)
By Lemma 11 with Ω replaced by Ωt, we obtain that w.h.p.378

‖Dt−1‖∞,2 = ‖(PT −PTRΩt−1PT )Dt−2‖∞,2 ≤
1

2

√
n

µR
‖Dt−2‖∞ +

1

2
‖Dt−2‖∞,2. (101)

Using Eq. (94) and combining the last two display equations gives w.h.p.379

‖Dt−1‖∞,2 ≤ t(
1

2
)t−1

√
nn3

µR
‖U ∗L VT ‖∞ + (

1

2
)t−1‖U ∗L VT ‖∞,2. (102)

Substituting back to Eq. (99), we get w.h.p.380

‖PΩ⊥Y‖F ≤
c
√
c0

n

µR
‖U ∗L VT ‖∞

t0∑
t=1

(t+ 1)(
1

2
)t+1 +

c
√
c0

√
n

µR
‖U ∗L VT ‖∞,2

t0∑
t=1

(
1

2
)t+1

≤ 6c
√
c0

n

µR
‖U ∗L VT ‖∞ +

2c
√
c0

√
n

µR
‖U ∗L VT ‖∞,2.

(103)

Now we proceed to bound ‖U ∗L VT ‖∞ and ‖U ∗L VT ‖∞,2. First, by the definition of t-product, we381

have382

‖U ∗L VT ‖∞ = max
i,j

∥∥∥∥∥
r∑
t=1

U(i, t, :) ∗L V(j, t, :)

∥∥∥∥∥
∞

≤ max
i,j

r∑
t=1

‖U(i, t, :)‖F ‖V(j, t, :)‖F

≤ max
i,j

r∑
t=1

1

2

(
‖U(i, t, :)‖2F + ‖V(j, t, :)‖2F

)
= max

i,j

1

2

(
‖UT ∗L e̊i‖2F + ‖VT ∗L e̊j‖2F

)
≤ µR

n
,

(104)

Also, we have383

‖U ∗L VT ‖∞,2 ≤ max
{

max
i
‖̊eTi ∗L U ∗L V‖F ,max

i
‖U ∗L V ∗L e̊j‖F

}
≤
√
µR

n
. (105)

It follows that w.h.p.384

‖PT⊥Y‖ ≤
6c
√
c0

+
2c
√
c0
≤ 1

2
, (106)

provided that c0 is sufficiently large. This completes the proof of Theorem 3 in the manuscript. �385

16



3.2 Proof of Some Lemmas386

3.2.1 Proof of Lemma 10387

Proof Denote the tensorHijk = (1− ρ−1δijk)zijkeijk. Then we have388

(I −RΩ)Z =
∑
ijk

Hijk. (107)

Note that δijk’s are independent random scalars. Thus,Hijk’s are independent random tensors and389

Hijk’s are independent random matrices. Observe that E[Hijk] = 0 and ‖Hijk‖ ≤ ρ−1‖Z‖∞, we390

have391 ∥∥∥∥∥∥
∑
ijk

E[H
∗
ijkHijk]

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ijk

E[H∗ijkHijk]

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ijk

E[(1− ρ−1δijk)2]z2
ijk (̊ej ∗L e̊∗j )

∥∥∥∥∥∥
=

∥∥∥∥∥∥1− ρ
ρ

∑
ijk

z2
ijk (̊ej ∗L e̊∗j )

∥∥∥∥∥∥ ≤ ρ−1 max
j

∣∣∣∣∣∣
∑
i,k

z2
ijk

∣∣∣∣∣∣ ≤ ρ−1‖Z‖2∞,2.

(108)

A similar calculation yields
∥∥∥∑ijk E[H

∗
ijkHijk]

∥∥∥ ≤ ρ−1‖Z‖2∞,2. Then the proof is completed by392

applying the matrix Bernstein inequality in Theorem 3. �393

3.2.2 Proof of Lemma 11394

Proof For fixed Z ∈ T and fixed b ∈ [n], the b-th column of the tensor PTRΩ(Z) −Z can be395

written as396

(PTRΩ(Z)−Z) ∗L e̊b =
∑
ijk

(ρ−1 − 1)δijkzijkPT (eijk) ∗L e̊b :=
∑
ijk

Hijk, (109)

whereHijk’s are independent column tensor in Rn×1×n3 and P[Hijk] = 0. Let hijk ∈ Rnn3 be397

the column vector obtained by vectorizingHijk. Then we have398

‖hijk‖ ≤ ρ−1|zijk|‖PT (eijk) ∗L e̊b‖F ≤ ρ−1‖Z‖∞

√
2µR

n
≤ 1

c0 log(n)

√
2n

µR
‖Z‖∞. (110)

We also have399 ∣∣∣∣∣∣
∑
ijk

E[h∗ijkhijk]

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
ijk

E[‖Hijk‖2F ]

∣∣∣∣∣∣ ≤ 1− ρ
ρ

∑
ijk

z2
ijk‖PT (eijk) ∗L e̊b‖2F . (111)

Note that400

‖PT (eijk) ∗L e̊b‖2F
=‖U ∗L UT ∗L e̊i ∗L ėk ∗L e̊∗j ∗L e̊b − (I − U ∗L UT ) ∗L e̊i ∗L ėk ∗L e̊∗j ∗L V ∗L V

T ∗L e̊b‖F
≤‖U ∗L UT ∗L e̊i ∗L ėk‖F ‖̊e∗j ∗L e̊b‖F

+ ‖(I − U ∗L UT ) ∗L e̊i ∗L ėk‖‖̊e∗j ∗L V ∗L V
T ∗L e̊b‖F

≤
√
µR

n
‖̊e∗j ∗L e̊b‖F + ‖̊e∗j ∗L V ∗L V

T ∗L e̊b‖F .
(112)
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It follows that401 ∣∣∣∣∣∣
∑
ijk

E[h∗ijkhijk]

∣∣∣∣∣∣ =
2

ρ

∑
ijk

z2
ijk

µR

n
‖̊e∗j ∗L e̊b‖2F +

2

ρ

∑
ijk

z2
ijk‖̊e∗j ∗L V ∗L V

T ∗L e̊b‖2F

=
2µR

ρn

∑
ijk

z2
ijk +

2

p

∑
j

‖̊e∗j ∗L V ∗L V
T ∗L e̊b‖2F

∑
ik

z2
ijk

≤ 2µR

ρn
‖Z‖2∞,2 +

2

ρ
‖V ∗L VT ∗L e̊b‖2F ‖Z‖2∞,2

≤ 4µR

ρn
‖Z‖2∞,2 ≤

4

c0 log (n)
‖Z‖2∞,2.

(113)

We can bound ‖
∑
ijk E[hijkh

∗
ijk]‖ by the same quantity in a similar manner. Treating hijk’s as402

nn3 × 1 matrices and applying the matrix Bernstein inequality in Theorem 3 gives that w.h.p.403

‖ (PTRΩ(Z)−Z) ∗L e̊b‖F =

∥∥∥∥∥∥
∑
ijk

Hijk

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ijk

hijk

∥∥∥∥∥∥
≤ C

c0

√
2n

µR
‖Z‖∞ + 4

√
C

c0
‖Z‖∞,2

≤ 1

2

√
2n

µR
‖Z‖∞ +

1

2
‖Z‖∞,2,

(114)

provided that c0 in the lemma statement is large enough. In a similar way, we prove that ‖̊e∗b ∗L404

(PTRΩ(Z)−Z) ‖F is bounded by the same quantity w.h.p. The lemma follows from a union bound405

over all (a, b) ∈ [n]× [n]. �406

4 Algorithm Details407

4.1 Details of Algorithm 1 about ATNN-TRPCA model408

We first write the augmented Lagrangian function of the ATNN-TRPCA model (15) as:409

min
M,E,Λ,LT L=I

‖M‖∗ + λ‖E‖1 +
µ

2
‖Y −M×3 L− E + Λ/µ‖2F , (115)

where µ is the penalty parameter and Λ is the lagrange multiplier.410

UpdateM. Fixing other variables exceptM in Eq. (115), we obtain the following sub-problem:411

arg min
M

‖M‖∗ +
µ

2
‖M− (Y − E + Λ/µ)×3 LT ‖2F . (116)

Using the following equation (i.e., Eq. (11) in the manuscript):412

‖A‖∗ = ‖S‖1 = ‖S‖∗ = ‖A‖∗ = ‖A‖∗ (117)

and the definition of bdiag (i.e., Eq. (6) in the manuscript):413

A = bdiag(A) =


A

(1)

A
(2)

. . .

A
(R)

 ,A = bfold
(
A
)
, (118)

Eq. (116) can be rewritten as the following r3 equations:414

arg min
M

(i)

‖M(i)‖∗ +
µ

2
‖M(i) −Y

(i)‖2F , (119)
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for each i = 1, · · · , r3, where Y := bdiag
(
(Y − E + Λ/µ)×3 LT

)
.415

Then the each M
(i)
, i = 1, · · · , r3 can be updated by the soft-thresholding operator SVDτ(·) [8]:416

M
(i)

= BS1/µ(C)DT ,where M
(i) svd

= BCDT , (120)

where Sτ is the soft threshold operator S defined by [9].417

Update L. Fixing other variables except L in Eq. (115), we obtain the following sub-problem:418

arg min
LT L=I

‖M− (Y − E + Λ/µ)×3 LT ‖2F . (121)

The Eq. (121) can be rewritten as:419

arg max
LT L=I

〈
unfold3(Y − E + Λ/µ)T unfold3(bfold(M)),L

〉
. (122)

According to Theorem 1 in [10], we can get the solution of Eq. (122) as follows:420 {
[B,C,D] = svd(unfold3(Y − E + Λ/µ)T unfold3(bfold(M))),

L = BDT .
(123)

Update E. Extracting all items containing E in Eq. (115), we can get:421

arg min
E

λ‖E‖∗ +
µ

2
‖Y −M×3 L− E + Λ/µ‖2F . (124)

By using the soft-thresholding operator, the solution of Eq. (125) is:422

E = Sλ/µ(Y −M×3 L + Λ/µ) (125)

Update multiplier Λ. Based on the general ADMM principle, the multiplier is further updated by the423

following equations:424 {
Λ = Λ + µ(Y −M×3 L− E)

µ = µρ,
(126)

where ρ is a constant value greater than 1.425

4.2 Details of Algorithm 2 about ATNN-TC model426

Introducing the auxiliary variable E , the TC model can be written as follows:427

max
M,L

‖M‖∗, s.t. Y =M×3 L + E,PΩ(E) = 0,LTL = I. (127)

The augmented Lagrangian function of the ATNN-TC model (127) can be written as:428

min
M,E,Λ,LT L=I

‖M‖∗ +
µ

2
‖Y −M×3 L− E + Λ/µ‖2F , s.t.PΩ(E) = 0, (128)

where µ is the penalty parameter and Λ is the lagrange multiplier.429

The Eq. (128) can be divided into four sub-problems:430



M := min
M
‖M‖∗ +

µ

2
‖Y −M×3 L− E + Λ/µ‖2F

L := min
LT L=I

‖Y −M×3 L− E + Λ/µ‖2F

E := min
PΩ(E)=0

‖Y −M×3 L− E + Λ/µ‖2F

Λ :=Λ + µ(Y −M×3 L− E)

µ :=µρ,

(129)
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The update processes ofM,L,Λ of Eq. (129) are given in Eq. (119), Eq. (123) and Eq. (126),431

respectively.432

Regarding the update of E , a closed-form solution can be obtained using the following equation433

(130).434

E = PΩ(Y −M×3 L + Λ/µ). (130)

4.3 Convergence Analysis of the Algorithm 1 and Algorithm 2435

Since Algorithms 1 and 2 solve a non-convex model, we cannot directly apply the theory of con-436

vex optimization [11] to provide a proof of their global convergence. Here, we can establish the437

convergence of these two algorithms by relying on the following two lemmas.438

Lemma 14 The sequence of dual variable Λ in Algorithm 1 and 2 is bounded.439

Proof According to the optimality principle, we have440

0 ∈ ∂(‖Mk+1‖∗)−Λk ×3 Lk+1T − µk
(
Y −Mk+1 ×3 Lk+1 − Ek+1

)
×3 Lk+1T ,

0 ∈ ∂(λ‖Ek+1‖1)−Λk − µk
(
Y −Mk+1 ×3 Lk+1 − Ek+1

)
.

(131)

Combining this with the update criterion of the Λk in Algorithm 1 and 2, we have441

Λk+1 ×3 Lk+1T ∈ ∂(‖Mk+1‖∗),
Λk+1 ∈ ∂(‖Ek+1‖1).

(132)

Note the fact that the dual norm of ‖ · ‖∗ and ‖ · ‖1 are ‖ · ‖2 and ‖ · ‖∞, respectively, and442

‖ · ‖2 = λ−1‖ · ‖∞ by the definition in [8, 12]. Thus, using Theorem 4 in [12], we get that Λk+1 are443

bounded. �444

Lemma 15 The accumulation point (Mk
,Lk,Ek) generated by Algorithm 1 and 2 is a feasible445

solution of ATNN model (15).446

Proof Based on the general ADMM principle, we have447

‖Λk+1 −Λk‖F = µk‖Y −Mk+1 ×3 Lk+1 − Ek+1‖F (133)

Since {µk} is an increasing sequence and limk→+∞ µk = +∞, and according to Lemma 14, we448

have449

lim
k→+∞

‖Y −Mk+1 ×3 Lk+1 − Ek+1‖F = 0 (134)

This completes the proof. �450

Next, we give the following convergence theorem about Algorithm 1 and 2 in the manuscript.451

Theorem 4 The sequence (X k =Mk ×3 Lk,Ek) generated by Algorithm 1 and 2 converge to the452

optimal solution of model (15).453

Proof Suppose (X ∗,E∗) are the optimal solution of Algorithm 1 and 2. Since X ∗ has many454

equivalent decomposition forms according to Theorem 2, the decomposition formX ∗ =M∗
Lk ×3 Lk455

will not lose information of X ∗, where Lk is the solution of model (15) in the k-th iteration.456

Based on Eq. (132) and the definition of subgradient, we have457

‖Mk‖∗ + λ‖Ek‖1 ≤ ‖M
k

Lk‖∗ − 〈Λk ×3 Lk
T
,M∗

Lk −M
k
) + λ‖E∗‖1 − 〈Λk,E∗ − Ek〉

= ‖Mk

Lk‖∗ + λ‖E∗‖1 − 〈Λk,M∗
Lk ×3 Lk −Mk ×3 Lk)− 〈Λk,E∗ − Ek〉

= ‖Mk

Lk‖∗ + λ‖E∗‖1 − 〈Λk,Y −Mk ×3 Lk − Ek〉

= ‖Mk

Lk‖∗ + λ‖E∗‖1 + 〈Λk,Mk ×3 Lk + Ek −Y〉
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Combining the above equation with Lemma 15, we further have458

lim
k→+∞

‖Mk‖∗ + λ‖Ek‖1 = lim
k→+∞

‖M∗
Lk‖∗ + λ‖E∗‖1. (135)

According to the optimality criterion, we have459

‖M∗
Lk‖∗ + λ‖E∗‖1 ≤ ‖M

∗
Lk‖∗ + λ‖Ek‖1 ≤ ‖M

k‖∗ + λ‖Ek‖1. (136)

Taking the limit of k on both sides of Eq. (136), we can get460

lim
k→+∞

‖Mk‖∗ = lim
k→+∞

‖M∗
Lk‖∗,

lim
k→+∞

‖Ek‖1 = lim
k→+∞

‖E∗‖1.
(137)

Based on the above equation, we can deduce that limk→+∞ Ek = limk→+∞ E∗. Moreover, as per461

Lemma 15, we know thatMk
,Lk,Ek are all feasible solutions of the model (15). Consequently, we462

can derive that463

lim
k→+∞

Mk ×3 Lk = lim
k→+∞

Y − Ek = Y − lim
k→+∞

Ek = Y − E∗ = X ∗. (138)

This completes the proof. �464

5 More Experiments about ATNN-based Models465

In the manuscript, due to page limitations, we only include the recovery results for the TRPCA task466

with a sparse noise variance of 0.6 and the recovery results for the TC task with an observation467

rate of 0.05. Here, we present more experimental results. The experimental numerical results of all468

compared methods for the TRPCA task under various sparse noises are provided in Tables 1 and 2.469

The experimental numerical results of all compared methods for the TC task under various sparse470

noises are provided in Tables 3, 4, 5 and 6.471

From the results in Tables 1 and 2, it can be observed that despite our method only utilizing low-rank472

prior on spectral bands, it outperforms methods such as CTV and TCTV, which simultaneously473

incorporate spatial smoothness and spectral low-rankness priors. This demonstrates the effectiveness474

of the proposed ATNN norm. Additionally, our method exhibits significant advantages in terms of475

speed. In certain cases with sparse noise, the running time of our method is even lower than that of476

RPCA methods based on matrix nuclear norm. It should be noted that the running time of our method477

varies in different scenarios of sparse noise. This is because the chosen rank, i.e., r3, is different for478

different sparse noise scenarios. In more complex scenarios where the proportion of valid information479

in the data is lower and the proportion of erroneous information is higher, assigning a high value480

to r3 would not only fail to learn an effective COM but also increase the algorithm’s running time.481

Therefore, for sparse noise with large variance, a smaller rank, i.e., r3, should be chosen.482

Compared to the TRPCA task, the tensor completion (TC) task has received more extensive attention483

since it has the higher practical value. As a result, many strong comparative methods have emerged,484

such as S2NTNN based on nonlinear transformations using neural networks, KBR model based485

on Tucker and CP joint decomposition, and the recently proposed TCTV that integrates both low-486

rankness and local smoothness properties. Nevertheless, from Tables 3 to (6), we can observe that487

the performance of the proposed ATNN is comparable to these three state-of-the-art tensor methods.488

Considering the recoverability theory and running time of our proposed model, the ATNN model489

demonstrates strong competitiveness.490
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Table 2: Quantitative comparison of all RPCA-based competing methods on PaviaU dataset under
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italics and underline.
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Table 3: Quantitative comparison of all competing methods on Akiyo dataset under difference
sampling ratio (SR). The best and second results are highlighted in bold italics and underline,
respectively.

SR Metric LRMC HaLRTC KBR TNN CTNN FTNN OITNN TCTV S2NTNN Ours

0.05

MPSNR 10.80 17.66 29.77 31.95 28.64 22.74 32.69 33.42 33.16 33.73
MSSIM 0.2620 0.5300 0.9110 0.9340 0.8460 0.7090 0.9530 0.9530 0.9519 0.9566
MFSIM 0.6590 0.7480 0.9440 0.9620 0.9190 0.8440 0.9700 0.9690 0.9716 0.9778
ERGAS 706.08 322.44 79.83 63.42 91.09 190.88 58.52 53.17 55.06 52.01
MSAM 19.94 7.17 2.53 2.40 4.05 6.87 1.98 2.13 2.02 1.84
Times 8.06 61.04 696.93 217.47 188.90 1204.61 397.54 874.80 99.96 79.89

0.1

MPSNR 22.75 21.68 38.94 34.95 32.11 27.88 36.01 37.54 36.40 37.84
MSSIM 0.6760 0.6670 0.9870 0.9630 0.9200 0.8480 0.9760 0.9800 0.9757 0.9807
MFSIM 0.8520 0.8120 0.9910 0.9780 0.9550 0.9130 0.9840 0.9870 0.9848 0.9890
ERGAS 183.5 201.9 28.8 45.7 61.4 104.2 40.9 33.9 38.3 32.8
MSAM 5.35 5.22 0.95 1.76 2.85 4.18 1.42 1.32 1.45 1.13
Times 10.51 42.92 689.19 197.99 175.24 870.32 347.57 876.51 99.67 92.87

0.2

MPSNR 39.04 25.23 45.17 39.09 36.70 33.73 40.23 41.95 39.66 41.07
MSSIM 0.9860 0.7960 0.9960 0.9840 0.9690 0.9680 0.9890 0.9920 0.9877 0.9910
MFSIM 0.9920 0.8810 0.9970 0.9900 0.9820 0.9790 0.9930 0.9940 0.9919 0.9950
ERGAS 29.30 134.11 14.50 29.39 36.70 51.59 26.06 21.17 26.48 22.41
MSAM 1.00 3.94 0.52 1.16 1.71 1.46 0.94 0.82 1.03 0.78
Times 10.46 35.44 835.68 220.64 179.44 655.12 381.47 922.82 100.95 158.19

0.3

MPSNR 44.39 27.67 48.81 42.08 40.02 36.89 43.23 44.82 42.02 45.17
MSSIM 0.9950 0.8670 0.9980 0.9910 0.9850 0.9830 0.9940 0.9950 0.9924 0.9960
MFSIM 0.9970 0.9210 0.9990 0.9940 0.9910 0.9890 0.9960 0.9970 0.9949 0.9970
ERGAS 16.61 101.26 9.41 21.35 25.26 36.21 18.88 15.52 20.35 14.04
MSAM 0.58 3.21 0.37 0.86 1.17 0.98 0.70 0.61 0.79 0.55
Times 9.02 25.10 888.15 207.23 181.30 545.51 382.85 905.03 102.42 189.51

Table 4: Quantitative comparison of all competing methods on Carphone dataset under difference
sampling ratio (SR). The best and second results are highlighted in bold italics and underline,
respectively.

SR Metric LRMC HaLRTC KBR TNN CTNN FTNN OITNN TCTV S2NTNN Ours

0.05

MPSNR 11.58 14.20 26.49 26.27 25.06 25.43 27.14 29.10 27.33 27.44
MSSIM 0.2710 0.3440 0.8160 0.7650 0.7260 0.7770 0.8340 0.8740 0.8090 0.8095
MFSIM 0.6470 0.6410 0.8920 0.8820 0.8590 0.8810 0.9060 0.9240 0.9025 0.9056
ERGAS 676.72 499.98 122.16 127.62 144.13 139.69 115.92 91.71 112.74 110.17
MSAM 22.09 13.58 5.69 6.96 7.69 7.83 5.90 5.06 6.01 5.87
Times 6.92 21.12 798.21 493.22 195.56 1135.70 472.97 1103.24 100.76 80.11

0.1

MPSNR 21.88 19.79 32.00 28.23 27.84 28.16 29.31 31.29 30.31 30.38
MSSIM 0.6230 0.5890 0.9260 0.8240 0.8160 0.8560 0.8800 0.9110 0.8843 0.8870
MFSIM 0.8160 0.7800 0.9550 0.9110 0.9050 0.9210 0.9310 0.9470 0.9371 0.9380
ERGAS 210.44 262.79 65.14 102.32 104.97 102.30 90.66 71.57 80.76 80.88
MSAM 9.36 9.89 3.30 5.76 5.89 5.83 4.79 4.03 4.31 4.34
Times 7.91 42.07 606.52 158.53 136.74 722.46 275.82 759.54 98.32 88.81

0.2

MPSNR 30.97 19.73 36.63 30.94 31.27 31.04 32.04 33.59 33.34 33.71
MSSIM 0.9080 0.5540 0.9660 0.8880 0.8970 0.9130 0.9230 0.9413 0.9321 0.9310
MFSIM 0.9520 0.7610 0.9800 0.9420 0.9460 0.9510 0.9560 0.9640 0.9617 0.9650
ERGAS 76.79 264.66 38.82 75.34 71.01 73.78 66.53 54.29 56.86 53.33
MSAM 3.98 10.08 2.17 4.37 4.15 4.24 3.65 3.08 3.15 3.06
Times 9.27 21.94 849.07 416.23 166.91 608.54 337.33 884.53 100.88 151.87

0.3

MPSNR 34.84 23.64 39.58 33.01 33.80 33.21 34.11 35.83 35.38 36.40
MSSIM 0.9550 0.7280 0.9800 0.9230 0.9360 0.9420 0.9470 0.9610 0.9531 0.9580
MFSIM 0.9750 0.8510 0.9890 0.9600 0.9660 0.9670 0.9700 0.9770 0.9733 0.9780
ERGAS 50.08 168.64 27.80 59.55 53.23 57.66 52.57 42.77 45.02 40.18
MSAM 2.61 7.11 1.62 3.51 3.17 3.33 2.95 2.49 2.56 2.33
Times 12.92 29.82 881.66 409.21 170.54 462.46 342.69 870.83 93.99 196.46
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Table 5: Quantitative comparison of all competing methods on WDC dataset under difference
sampling ratio (SR). The best and second results are highlighted in bold italics and underline,
respectively.

SR Metric LRMC HaLRTC KBR TNN CTNN FTNN OITNN TCTV S2NTNN Ours

0.01

MPSNR 14.70 18.12 20.27 22.86 22.91 21.42 25.75 26.30 27.49 26.62
MSSIM 0.0480 0.2890 0.3590 0.5510 0.5130 0.5490 0.7350 0.7360 0.8165 0.7630
MFSIM 0.4840 0.5410 0.6100 0.7850 0.7550 0.7780 0.8590 0.8520 0.9031 0.8830
ERGAS 773.63 512.73 399.62 299.11 295.56 402.06 219.65 201.04 174.34 197.95
MSAM 21.45 17.85 16.99 16.71 14.53 21.45 13.06 12.23 10.73 12.15
Times 14.00 88.58 1349.8 470.75 472.85 2472.0 957.36 1720.7 162.30 113.20

0.05

MPSNR 18.54 22.01 31.42 30.06 33.36 34.70 32.29 33.33 37.30 38.06
MSSIM 0.4620 0.6670 0.9020 0.8800 0.9430 0.9530 0.9270 0.9390 0.9749 0.9790
MFSIM 0.7610 0.8350 0.9420 0.9350 0.9660 0.9710 0.9570 0.9640 0.9846 0.9870
ERGAS 521.83 374.09 117.56 132.83 90.49 83.78 106.21 91.52 56.89 52.93
MSAM 17.24 23.33 7.37 10.46 6.64 6.82 8.27 7.64 4.71 4.35
Times 24.38 54.38 1589.7 1019.6 378.99 4376.2 838.68 2116.5 168.75 149.70

0.1

MPSNR 27.62 29.55 44.11 33.58 39.48 39.75 36.40 37.68 40.57 43.47
MSSIM 0.8620 0.9110 0.9930 0.9400 0.9680 0.9810 0.9670 0.9740 0.9868 0.9920
MFSIM 0.9300 0.9460 0.9960 0.9660 0.9870 0.9880 0.9800 0.9840 0.9918 0.9962
ERGAS 215.13 176.03 28.86 90.43 43.49 51.46 68.77 57.41 40.11 29.80
MSAM 11.86 8.78 2.64 7.95 3.72 4.88 6.05 5.34 3.57 2.74
Times 20.87 54.75 1585.2 1000.7 358.34 3021.0 828.60 2088.7 203.58 245.32

0.2

MPSNR 46.38 25.21 50.52 38.23 47.35 45.45 41.29 42.58 43.73 48.91
MSSIM 0.9950 0.7040 0.9980 0.9750 0.9970 0.9930 0.9860 0.9890 0.9931 0.9974
MFSIM 0.9970 0.8330 0.9990 0.9850 0.9980 0.9950 0.9910 0.9930 0.9958 0.9984
ERGAS 24.94 224.65 14.87 55.10 19.77 31.12 41.80 35.07 28.33 17.32
MSAM 2.45 11.85 1.52 5.33 1.96 3.21 4.04 3.50 2.65 1.69
Times 36.58 53.34 1893.5 462.46 383.57 3128.3 881.75 2203.5 163.28 280.35

Table 6: Quantitative comparison of all competing methods on Cloth dataset under difference
sampling ratio (SR). The best and second results are highlighted in bold italics and underline,
respectively.

SR Metric LRMC HaLRTC KBR TNN CTNN FTNN OITNN TCTV S2NTNN Ours

0.01

MPSNR 11.82 16.46 17.47 18.03 18.16 16.16 19.27 22.68 20.43 18.71
MSSIM 0.0280 0.3050 0.2790 0.2270 0.2750 0.2430 0.3360 0.5850 0.3895 0.3425
MFSIM 0.4230 0.5090 0.5390 0.6320 0.6440 0.7010 0.6810 0.8340 0.8017 0.7046
ERGAS 904.39 539.99 487.47 458.03 453.74 549.95 394.66 264.38 344.39 420.81
MSAM 24.56 17.90 21.91 21.14 20.91 22.47 17.24 11.03 14.02 17.64
Times 10.54 110.61 1223.6 412.56 124.18 1930.5 517.37 1430.0 82.32 28.04

0.05

MPSNR 13.10 19.00 24.14 23.46 25.70 25.26 24.01 28.39 27.44 25.81
MSSIM 0.1900 0.3570 0.6420 0.6010 0.7360 0.7250 0.6510 0.8440 0.7589 0.7340
MFSIM 0.6250 0.6100 0.8800 0.8670 0.9170 0.9110 0.8790 0.9540 0.9491 0.9270
ERGAS 783.44 417.77 223.50 240.91 183.60 193.82 226.05 135.61 151.35 182.67
MSAM 22.17 15.20 9.51 12.01 8.92 8.82 10.94 6.50 7.21 8.65
Times 10.95 92.65 1292.4 441.03 136.16 2054.4 391.88 1488.6 86.35 121.61

0.1

MPSNR 15.96 20.62 31.87 26.71 29.23 29.49 27.45 31.78 32.21 29.65
MSSIM 0.3970 0.4540 0.9080 0.7640 0.8720 0.8680 0.8020 0.9140 0.9061 0.8510
MFSIM 0.7950 0.7080 0.9800 0.9340 0.9640 0.9600 0.9420 0.9780 0.9802 0.9660
ERGAS 574.58 346.60 90.79 164.37 119.83 118.33 150.88 92.23 89.16 116.70
MSAM 18.93 12.61 4.52 8.90 5.84 5.97 8.02 4.81 4.77 6.18
Times 10.61 73.22 1285.5 437.32 131.46 1553.0 397.20 1459.8 88.22 182.20

0.2

MPSNR 24.78 23.25 38.54 31.09 34.28 34.38 31.87 35.87 37.75 35.21
MSSIM 0.7310 0.6320 0.9730 0.8890 0.9420 0.9440 0.9070 0.9580 0.9672 0.9440
MFSIM 0.9460 0.8400 0.9950 0.9740 0.9810 0.9850 0.9780 0.9910 0.9938 0.9893
ERGAS 233.65 255.15 44.78 99.67 68.33 69.51 91.39 58.83 49.15 66.54
MSAM 9.24 9.55 2.66 5.89 3.83 3.90 5.35 3.39 2.90 3.80
Times 9.85 49.62 1221.9 356.16 117.28 1052.4 412.30 1402.2 88.44 226.42
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