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Supplementary material

A Additional Motivating Examples

The bilevel optimization problem in (1)) provides a versatile framework that covers a broad class of
optimization problems. In addition to the motivating examples provided in the main body of the
paper, here we also provide a generic example of stochastic convex constrained optimization that can
be formulated as (I)). We further present a more general form of the examples covered in the main
body.

Generic Example: Stochastic convex optimization with many conic constraints. Consider the follow-
ing convex optimization problem

,{2%}1 E[f(x,0)] st h(x,§) € =K, V¢ € Q,
where K C R? is a closed convex cone. This problem can be formulated as a special case of
by letting §(x,£) = 2d% (h(x,&)) where d_ic(-) £ || - —P_x(-)|| denotes the distance function
and P_j(-) denotes the projection map. Our proposed framework provides an efficient method for
solving this class of problems when the projections onto X can be computed efficiently, while the
projection onto the preimage h~*(—K, £) is not practical, e.g., when K is the positive semidefinite
cone, computing a projection onto the preimage set requires solving a nonlinear SDP.

A.1 Lexicographic optimization

Example 1 (over-parameterized regression) can be generalized as a broader class of problem, which
is known as lexicographic optimization [13]] and uses the secondary loss to improve generalization.
The problem can be formulated as the following stochastic simple bilevel optimization problem,
min £(3) st B € argmint,(0) = Ep, [¢(y, Go(x))] 17
BER? 0eZ
In general, the lower-level problem could have multiple optimal solutions and be very sensitive to
small perturbations. To tackle the issue, we use a secondary criterion £() to select some of the
optimal solutions with our desired properties. For instance, we can find the optimal solutions with
minimal /5-norm by letting £(3) = ||3]|?, which is also known as Lexicographic {5 Regularization.

A.2 Lifelong learning

Example 2 (dictionary learning) is an instance of a popular framework known as lifelong learning,
which can be formulated as follows,

’
n

1 / / -
mﬁin;Zﬂ((xi,ﬁ%yi) s.t. Z £((xi,8), i) < Z 0((x:,897), ;) (18)
i=1 (x4,yi)EM (x4,y:)EM

In this problem, the objective is the training loss on the current tasks Dy = {(x},y})};_,. While the
constraint enforces that the model parameterized by 3 performs no worse than the previous one on
the episodic memory M (i.e., data samples from all the past tasks).

In the paper, we discuss a variant of the problem above, where we slightly change the constraint and
ensure that the current model also minimizes the error on the past tasks. It can be formulated as the
following finite-sum/stochastic simple bilevel optimization problem [12]],

1
r%nﬁgé((x;,ﬂ),yg) s.t. B € argmin Z L({xi,2),y;) - (19)

B (xi,y:)EM

B Supporting lemmas

B.1 Proof of Lemma[4.1]

Before we proceed to the proof for Lemmafd.1] we present the following technical lemma, which
gives us an upper bound for a complex term appearing in the following analysis.
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Lemma B.1. Define p, = 1/(t + 1) where w € (0,1] and t > 1. Forallt > 2, let {s;} be a
sequence of real numbers given by

St = Xt:(m ﬁ(l = Pk))2~

T=2 k=1
Then it holds that

s¢ < G +11)w. (20)
Proof. We prove the result by induction. For ¢ = 2, we can verify that
1 o3@—1\>_ 1 _1
5:<3w' 3 ) S3m S
Now we suppose that the inequality in holds when ¢t = T for some T" > 2, i.e.,
T T 2 1
o = g(kaHTu - m) <
First note that the sequence {s;} satisfies the following recurrence relation:
T+1 T+1 2 T+1 T 2
s =3 (o [T =) == pre? 3 (o T[0-0)
=2 k=t =2 k=T
T T 2
=1 =pr1)* | (pT [Ta- Pk)) + p2T+1‘|
=2 k=T
= (1= pr+1)*(s7 + P7pa)-
Moreover, since a € (0, 1], we have (T'+ 2)* — 1 < (¢t 4+ 1)“. Therefore, we obtain
(T +2)© ? 1
STHS( (T +2)~ ) <t+1 (T+2)2w)
< (T+2)¥ -1+ 1)~ ( 1 . 1 )
- (T+2) w t+1)w  (TH1)
C(T+2)*-1(T+1)*+1
(T+2)2 (TH+1)»
L (T+22t+ 1) +(T+2)% —1—(t+ 1)
- (T 4 2)2(t + 1)
(T+2)“(t+1) 1
T(T+2)2(t+ 1)  (T+2)
By induction, the inequality in holds for all t > 2. O

Now we proceed to prove Lemma 4.1}

Proof of LemmaW.1| We show the proof of part (i) here. The proof of part (ii) is very similar to

part (i). The first step is to reformulate e; = Vg, — Vg(x;) as the sum of a martingale difference
sequence. For ¢t > 1, by unrolling the reucurrence we have

e = (1—=p)es1+ Be(Vi(xe, &) — Vg(xt))
+(1— Bt)<v§<xta§t) = Vi(xi-1,&) — (Vg(xt) — Vg(xi-1))

- H 1 _ﬁk el +Z H 1 _ﬁk vg XT»&T) vé(x‘rflag’r) - (Vg(XT) - Vg(xT*l))
T=2 k=1
i

+Zﬁr H 1_ﬂk)(v§(x‘rv§'r) _vg(XT))'
T=2 k=1+1
(21)

14



488 Thus, we can write e; as the sum e; = 23:1 ¢,, where we define (; = HZZQ(l — Br)e; and

t

G= ][]0 = Be)(Vixr, &) = Vi(xr-1,&) — (Vg(x-) = Vg(x7-1)) (22)
k=T
+6 J] = 8)(Vilxr,&) = Va(xy)) (23)
k=1+1

sg9  for 7 > 1. Recall that ey = V§(x¢, (1) — Vg(x1). We observe that E[(|F,_1] = 0 where F,_1
a90 is the o-field generated by {x1,&1,...,%X,_1,& —1}. Therefore, {¢, }£_; is a martingale difference
491 sequence.

a2 Next, we derive upper bounds of ||, ||. To begin with, we observe that for any 7 = 1,2,. .., t,
t t t
1 (k+ 1) o~
1— = 1—-— ) = < 24
10w o) -1 < Mt - gige @

a3 where we used the fact that (k 4+ 1) — 1 < k¥ in the last inequality. By using the above inequality,
494 we can bound ||(1 || as follows:

t

Il = TT=8x)lledll <

k=2

2% [|[Vg(x1,&1) — Vg(xi1)||
(t+1)w o1 '

2%
(t+1)« Vg(x1,£1)—Vg(x1)| =

= (7“2:_7?% then by Assumption ii) we have E[exp (||¢1]|2/¢?)] < exp (1). Moreover,

ag6 for 7 > 1, by triangle inequality, ||, || can be bounded by

495 Define ¢;

11 < TTC = BR)IVF(xrs &) = Vixe—1, &) + (Vg (x7) = Va(x- 1))
k=T
+ /87' H (1 - ﬁk)va(XTagT) - VQ(XT)H
k=1+1

t
< 2Lgll%r =%l [T (1= Bi) + IV3(xr, &) = VoGen)[18, T] (1 51)

k=1 k=71+1
t t
=20, D [[ (1= Bk) + IVi(x-, &) = Vo) 18- [ (1= 5) (25)
k=1 k=1+1
t w t
<2L,DB; [T(1=5) + §(xr, &) — V()18 [T (1= Br)
k=T k=1
w t
= (21,04 5 IVatxrs6e) = Vot ) - TT - 0
k=1

(2L Dy 3700 IV3(xr,&r) = Vg(xf)ll) H“‘Bk)

3@ —1 o4 Pl

a7 Define ¢, = (2LyD + g’w”gl)ﬁT [T (1 — Bi). Note that if we have E[exp(X?/c?)] < 1 and
a98 Elexp(X2/c3)] < 1, then we have E[exp((X; + X2)?/(c1 + C2)2)E 1 [39]. Thus, we have

a9 Elexp (||¢-||2/c2)] < exp (1) forall 1 < 7 < t. Hence by proposition [E.2| with probability 1 — &'

lled| < c- (26)
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where c is an absolute constant, d is the number of dimension, and ZT 1 €2 can be bounded by
Lemmal|B.1 as follows,
4 t 2w0.2 qw T T
2 _ 2 2 2 2
c;=c1+ ) ;= ﬁ +(2LyD + o — o o4) Z(ﬂf (1—5%))
T=1 T=2 T=2 k=T

- 22072 N (2LyD + 52—0y)?
—(T+ 1)2w (t+ 1)w @7
L (V3°0,)? | (@LyD + 5850,)?
- @+ (t+ 1)«
_ 202L,D + 5¥50,)’
B (t+ 1)~

where the last inequality follows from the fact that (v/2)* < 3%/(3* — 1) for any w € (0, 1].
Combining and (27), we have with probability at least 1 — &,

w

_ 3 .y e
IVg(xe) = Vaull < eV22LyD + g 0g)(t+ 1)/ [log(2d/6) £ Kie (28

Similarly with probability at least 1 — 5,
. 3“ _ def
lg(x¢) — §¢| < eV2(2LD + ﬁol)(t +1)7%/2/log(2d/8") = Ko (29)
and with probability at least 1 — 5,

IV f(x) = Vo] < evV2(2LD + o)t + 1)/ [log(2d/6") € Ky, (30)

3
3w —1
where c is an absolute constant and d is the dimension of vectors. We can use union bound to obtain
that these three inequalities hold for at least probability 1 — 30 = 1 — §. For simplicity, we define
constant A and A§ such that,

AS(t ‘*’/2«/10g (6d/0) = K1, and AS(t+1)7“/2/log(6d/0) = Ko,  (31)
and similarly A§ (¢ —w/2, /log (6d/6) = Kay. O
B.2 Proof of Lemma[4.3

Proof. Whent = |t/q]q, we have %t = Vyg(x¢), since we take the full batch.
When t # |t/q]q, setto = |t/q]q, and

1

¢ii = g (Vs (x5) = Vgsi) (xj-1) = Valx)) + Vg(xj-1)) (32)
where i is the index with S(7) denoting the i-th random component function selected at iteration ¢.
Furthermore, from the update rule, we have ||x; — x;_1]| = 7;|s;—1 — x;j_1]| < D~. And we have,

< %(vai(xj) = Vgi(x;-)l + [Va(x;) = Vg(x;-1)I])

ll€5,i
(33)

<
- S
foralltg < j <tand1 < i < S. On the other hand, we have,

1V9, — Va(x)|| = I Vgs (xx) — Vs (xu-1) — Vg(xi) + Vgxi—1) + (Var—1 — Va(x_1))l|
T

=1 D (Vgs(x;) = Vgs(x;-1) = Vg(x;) + Vg(x;-1))

j=to+1
(Vgsl (Xto) - Vg(Xto))ll

Z Zewzetmn Z Zemu

j=to+1i=1 Jj=to+1 i=1

(34)
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Then by Proposition [E.T] we have

A2 A2

) <dexp(———57573)
48 (t — tg) LD 16L3 D22

P(|Vg, = Vg(xe)| > A) < dexp(~

(35)

where the last inequality follows from the fact S = /n and t — tg < q¢ = /n. By setting
A = (4L,Dvy+/1og(4/5)) for some & € (0, 1), we have with probability at least 1 — &,

IVg, = Vg(x)|| < 4Ly Dy /log(4/5") (36)
Similarly, with probability at least 1 — &,
1G: — g(x¢)|| < 4LiDyy/log(4/") (37)
and with probability 1 — §,
IV F, = VF(x)|| < 4Ly Dyy/log(4/5") (38)

Then by union bound and § = 34", we show these three equalities hold with probability 1 — §.

B.3 Proof of Lemma[4.2]

Proof. Let x be any pointin A, i.e., any optimal solution of the lower-level problem. By definition,
we have g (x}) = g*. Since g is convex and g* < g (xo), we have

g(x0) —g(x) > g  —g(x) =g (x}) —g(x¢) > (Vg (x¢), X} — x¢) (39)
Add and subtract terms in (47), we have,

(Vgpxt — %)+ g — 9(x0) < [(Vgy — Va(xi), x5 — x| + [0 — g(x4)] (40)

Considering the random hyperplane we used in (9), we want to prove the following inequality holds
with high probability,

(Vg xt —x4) + G — 9(x0) < K, (41)

Recall K; = Ko + DK, ;. And Ko and K ; were set as the high probability bounds of @t —
Vg(x)|| and |g: — g(x¢)| in Lemma [4.1] for Algorithm [l or Lemma [4.3] for Algorithm 2. Then

compare the two inequalities above and use Jensen’s inequality, [(Vg;, X} —x¢)| +]g: — g(x0)| < K;
holds with high probability 1 — ¢ for all ¢ > 0. Hence, Lemmal4.2|holds with probability 1 — § for
allt > 0. O

B.4 Improvement in one step

The following lemma characterizes the improvement of both the upper-level and lower-level objective
values after one step of the algorithms.

Lemma B.2. If Assumptions are satisfied,

(i) Forallt > 0, assume that X; C X;. Then we have

—y LfD2’Yt2+1
Y419 (xe) < f(x¢) = f(Xer1) + 71 DIV F(xe) = Vil + - (42)

As a corollary, if f is convex, we further have

= LfD27t2+1
fer1) = 1 < (M=) (f(xe) = 7)) + 71 DIV (xe) = Vil + - - @
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(ii) We have
9(xe1) — 9(%0) < (1 = ve41)(9(x0) — 9(%0)) + D1 (| V(xe) — Vg, |l + K1 1)
L9D27t2+1

S @

+ Y1 (l9(ze) = Gell + Kop) +
Proof. (i) Based on the L j-smoothness of the expected function f we show that f(x;41) is bounded
by
T B Ly 2
f(xeq1) < f(xe) + V(%) (Xe41 — %) + 5 [[xe+1 — x| (45)

T
Replace the terms X411 — X; by y+1(s¢ — x¢) and add and subtract the term v;11V f, (8¢ — x¢) to
the right hand side to obtain,

_ —~ L
f(xep1) < f(Xt)+7t+1(Vf(Xt)—Vft)T(St—Xt)+%+1vf:(st—xt)+7f||xt+1—Xt||2 (46)

By Lemma(4.2} X7 C X; with high probability 1 — ¢, forall ¢ = 1,...,T'. Note that if we define
s; = argmaxgey, { (Vf(x¢), X — s)}. Recall that FW gap is G(X) = max,ex: {(Vf(X),X —s)}.

We can replace the inner product (ﬂft, s¢) by its upper bound <6\ft, s;). Applying this substitution
leads to

S\ T S Ly 2
Fxerr) < fxe) +941(VF(xe) = VIfo) (86 = %) + 9001V e (8 = o) + < lIxes — x|
= Jx) + 21 (V) = VF) (s = x0) + 7041 (V= VI (x0) T (57 = x0)

L
= VI Ge) " (= 50) + S s — il

< (%) + Y1 (VF(xe) = V) T (50— 87) — 11G(xe) + %thﬂ —x?

= Lf’7t2+1D2
< f(xe) + 741DV F(xe) = Vil = 421G (xe) + —
(47)
Rearrange the terms for the inequality above, we can obtain,
- L 72 D2
Y16 (xe) < Jx0) = f(xe41) + 9 DIV () = Vf)l| + == (48)

2
As a simple corollary, since G(x;) > f(x;) — f* when f is convex, we have,

- LfD27f2+1
J&ig1) = 7 < (U= ver)(f(xe) = 7)) + 141 DIV f(x¢) = Vil + - (49)

(ii) Based on the L,-smoothness of the expected function g we show that g(x;+1) is bounded by
L
9(Xe1) < g(x¢) + Vg(xe) T (X1 —x4) + 79||Xt+1 —x? (50)

T
Replace the terms x;4+1 — X; by V+1(S: — x¢) and add and subtract the term ;11 Vg, (8¢ — X¢) to
the right-hand side to obtain,
— —~T L
9(xe41) < g(x¢) +7141(Vg(xe) = V) T (st —%¢) + 741 Vg, (st —x¢) + 75; [x¢1 — %] (51)

Now by definition of the set X}, using <@t, st —x¢) < g(x0) — gt + Ko+ + DK +. In addition,
we could use Cauchy—Schwarz inequality to upper bound the second term. Then add and subtract
Yt+19(X0) on the right hand side to obtain,

9(xe41) < g(xe) + 1(9(x0) — 9(x2)) + Y41 D[ Vg(xe) — Vg, |

. L
+Ye41(9(xt) — 9¢) + ver1 (Ko, + DKy,) + 79||Xt+1 —xq||?

(52)

Then subtract g(xg) on both sides,
9(X41) = 9(x0) < (1= 7e41)(9(xt) — g(%0))

- ) L
+741(D[[Vg(xt) — Vgl + [lg(x¢) — g¢ll + Kox + DKy t) + 7g||xt+1 - x?

(53)
and the claim in the lemma follows. O
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C Proof of Theorem for Algorithm

C.1 Proof of Theorem 4.4

Proof. For lower-level, by Lemma|B.2, we have

9(xe11) — 9(%0) < (1 = 7e11)(9(xt) — 9(%0)) + D41(|[Vg(x:) — Vg, || + K10)
L9D27t2+1
2

(54)
+ver1(lg(@e) — el + Ko) +

By LemmaE, we have | Vg(x:) — @f|| < K4 and ||g(z;) — || < Ko,; with probability 1 — & .
Plug them in the inequality above to obtain,

gxe1) — 90x0) < (1= 30s1)(90%) — 9(x0)) + 20 (DK + Ko )+ 222008
< (1= p)9lxi) = 9(x0) (55)
2(DA1\/log(6d/8") + Aj\/log(6/5")) N L,D?

(t+1)3/2 2(t +1)2

with probability 1 — ¢ for all ¢. Let C; = 4(DA} + A}) and § = t6'. Then we can sum all the
inequality up for all ¢ to obtain,

1 C1/2+/log (6d/d") L,D?
g(xt41) — g9(%0) < (1 — m)g(xt) —g(x0) + (t T 1)3/2 + 20t + 1)2
¢
1 C1/2+/1og (6d/")
= 1 — —
g< ) a(x0) g(xO>>+; VL H - )
¢ ¢
L,D? 1
- : IIa-—)
= 2(k+1)? el i+1
2 t
t+1 “VEk+1 t+1 k+1
1 2
< C1+/log (6d/8") N L,D (1+log )
Vi+1 2(t+ 1)
C1+/log (6td/5) N L,D%logt
- vi+1 t+1
(56)
with probability 1 — 4.
For upper-level, by Lemma|B.2, we have
* * 7 LyD*y7ia (57)
Fxern) = 7 < (U= ma)(F(xe) = £7) + Dyea(IVf (xe) = Vi) + ————

A3+/log(6d/5")

By LemmaH we have ||V f(x;) — ﬂt|| < with probability 1 — ¢ . Plug it in the

(t+1)1/2
inequality above to obtain,
1 DALY\ /log(6d/d") L,D?
- ff<-— —fF 58
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with probability 1 — ¢ " for all . Then we can sum all the inequality up for all ¢ to obtain,

1 o 7 2
Fxen) — < (L= —)((xe) — 1) + DAﬁW L

' /o t
:H(l_ 1 Y ( +ZDA\/1g6d/5 1;[ z+1

)3/2

T T
L,D? 1
1—
+Z2(k+1)2 H ( i—l—l)
=k+1 (59)
_ * 1
t+1 t+1 kl‘/k+ k+1
foxo) = f* | 2DAYIop(6d]T) | L,D?
= i+l Vit1 2t +1)
- f(xo) — f* N 2D A+/log(6td/6) N L,D?logt
- i+l Vi+1 (t+1)
with probability 1 — 6 = 1 —t§ . Let Cy = 2D AJ. The theorem is obtained.

(1+logt)

C.2 Proof of Theorem 4.5
Proof. For lower-level, by Lemma @, we have

9(x141) — 9(x0) < (1 = %41)(9(x¢) — g(%0)) + Dyesr(IVg(xs) — Vg, || + Ki1.e)
LgDz'YE-H
2

(60)
+yer1llg(@e) = gell + Ko) +

By LemmaE, we have | Vg(x¢) — %t|| < K14 and ||g(z;) — §:]| < Ko.¢ with probability 1 — § .
Plug them in the inequality above to obtain,

LgDQVtz—i-l
9(xe+1) = 9(%0) < (1 = 7e41)(9(xe) = 9(x0)) + 29741 (DK + Koy) + ——5——
1
<(@1- W)g(xt) — g(x0) (61)
D(A2/3 flog(6d/5") + AZ/®\/log(6d/5)) LyD?
(t+ D)Y3(T +1)2/3 2(T+ 1)4/3
with probability 1 — & for all ¢. Let C5 = 2(DA?/ Sy A(Q)/ 3).Then we can sum all the inequality up
for all ¢ to obtain,
1 Cs3+/log(6d/5") L,D?
_ <(l-— - _
g(xt+1) g(Xo) = ( (T+ 1)2/3)<g(xt) g(XO)) + (t+ 1)1/3(T+ 1)2/3 2(T+ 1)4/3
(- 1 Yg(xe) — gl ))+Cgs/log(6Td/§)+LgD2/2
- (T + 1)273 ) 900 (t+ 1)/3(T 4 1)2/3
(62)
By induction, we have for all ¢ > 1,
Cs+/log(6Td/5) + LyD?/2
9(xe41) — g(x0) < T+ 1173 (63)
with probability 1 — 8, where § = T .
For upper-level, by Lemma|B.2, we have
= Lf7152+1D2 4
V416 (%) < f(xe) = f(xe41) + 11 DIV (%) = Vil + —— (64)

2
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= AZ%\/1og(6d/6’
se2 By LemmaM we have ||V f(x:) — Vf,]| < qu(/"’/)

s83 Y341 = 1/(T + 1)?/3 in inequality above to obtain,
T—-1 T-1 p2 1

S ei1G(xe) < fxo) — Fxz) + D 3 stV F(x0) — V]| + = Z W

t=0 t=0

T-1 2/3 2T 1
<f( ) XT +DZ A \/log 6d/5 +LfD Z( 1 (65)

with probability 1 — § . Plug it and

DUAT+12R 2 2 T4 )i
2/3 .~ L;D? 1
< — Z
> f(XO) f(XT) + 2DA2 lOg(6d/(5 ) + 92 (T ¥ 1)1/3
se4 Lett™ = arg min1<t<TQ(xt) then
G(x¢) < ’Yt+1g Xt)
Zt —0 Vt+1 =0
1 3 42/8 LyD? 1 66
< - SDA3?\/log(6Td/s (66)
> (T+1)1/3(f(XO) f(XT)+2 2 Og(6 / )+ 9 (T+1)1/3)
1 3 42/3 L;D* 1
< — — —DA l Td/é
se5  with probability 1 — §, where § = Té . By letting Cy = %DAE/ %, the theorem is obtained. O

sss D Proof of Theorem for Algorithm

ss7 D.1 Proof of Theorem 4.6

sss  Proof. For lower-level By Lemma|B.2, we have

9(xe11) — 9(x0) < (1 = Y1) (9(x¢) — 9(x0)) + Dye41(|[Vg(xs) — Vo, || + K1.0)
LgD27t2+1
2

sss By Lemma we have |Vg(x;) — %t|| < 4LyDv+/log(12/4") and ||g(x¢) — §¢f] <
so0 4L;D7+/log(12/8") with probability 1 — &". Let C5 = 8D(DL, + L;) and § = T4 . Plug
se1 them in inequality above and let v; = v = log T'/T to obtain,

(67)
+yer1llg(@e) = gell + Kor) +

9(xr41) = g(x0) < (1 =7)(g(xr) = g(x0)) + (Cs4/log(12/") + Ly D?/2)? (68)

se2  with probability 1 — §/7". Sum up the inequalities for all 1 < ¢ < T to get,

T
g9(xr+1) = g9(x0) = (1 = )" (g(x0) = g(x0)) + (C5/log(12/6") + LyD*/2)7° Y (1 —

k=1
. (C5+/log(12T/8) + L,D?/2)logT
<0+ (Cs\[log(12/8) + L, D?/2)y < 2V S L
(69)
593 with probability 1 — §.
s94 For upper-level, by Lemma [B_.2, we have,
- L D2 2
fxr) = £ < A= y0)flxr—1) = £ + Dyrl|VfGeroa) = VE, |+ =2 T2 70

s5 Now we proceed by replacing the terms ||V f(x;) — ﬂt || by its upper bounds from Lemma @, ie.
so6 ||V f(xi) = V[ < 4LyDyy/log (12/9"),

fxo) = f* < (=) (f(xr-1) — f) + LyD?*y?(44/log (12/8') +1/2) (71)
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se7  with probability (1 — ¢'). And we can choose & = 3T'§ Then by telescope, with y = 1°§T,
598 obtain,

Foer) = £ < (1=9)"(f(x0) = f7) + (4y/log (12/8') +1/2) Ly D** Y (1 =)

=1

< (1 =" (f(x0) = [*) + (4y/log (12/8") + 1/2) Ly D*~ (72)
< exp (—T)(f(x0) — f*) + (4y/log (12/8") + 1/2) Ly D*~
< (f(x0) = f*)/T + (4y/log (12T/5) + 1/2) L; D* log T/T

se9  with probability 1 — §. Note that without loss of generality, we can assume f(xq) — f* > 0. If it is
600 less than 0, we can bound it by 0. By letting Cg = 5L s D?, the theorem is obtained.

601 O

602 D.2 Proof of Theorem[d.7

603 Proof. For lower-level, by Lemma|B.2, we have
9(xi11) = 9(x0) < (1 = ve41)(9(x¢) — 9(x0)) + D41 ([[Vg(xe) = Vgl + Kie)

LoD
2

e0s By Lemma 4.3| we have |Vg(x,) — Vg,| < 4L,Dv\/log(12/5) and |jg(z:) — &l <
605 4L;D7y+/log(12/5") with probability 1 — §". Let C; = 8D(DL, + L;) and § = T4 . Plug
606 them in inequality above and let v, = 1/ VT to obtain,

(73)
+ 41 (lg(ze) — Gel| + Koe) +

1 C7+/log(12/6')  L,D?
9xi1) — glx0) < (1=~ )(glow) — gloxa)) + CVABUZO) | L
T T 2T (74)
1 Cry/log(12/8") + LyD?/2
< (- g )gx) — glxo)) + CVBUO) * LD
607 with probability 1 — § /7. Sum up the inequalities for all ¢ > 1 to get,
1 (C7\/log(12/87) + LyD?/2) < 1
9(xe41) = 9(x0) = (1= =75) Elg(x0) — g(x0)] + Rl LoD 2= 77z
Cr+/10g(12T/8) + L,D?/2
T1/2
(75)
608 with probability 1 — §.
e0o  For upper-level, by Lemma|B.2, we have
S ¥ L7, D?
Y419 (xe) < f(x¢) = f(Xe1) 1 DIV (%) = Vil + —— (76)

2

610 By Lemmal.3| we have |V f(x;) — ﬂ‘tﬂ < 4L;Dv+/log(12/6") with probability 1 — 8. Plug it
s11 and .1 = 1/+/T in inequality above to obtain,

1 T-1 T-1 LfD
ﬁ;g(xt)gf(xo)—f(xT)+D;%+1HVf(xt) Vil + Z%&+1 -

< f(x0) = f(xr) + Ly D*(4/10g(128") + 1/2)
612 Divide both sides by VT, we can get, Let x, = argmin; ;< G(x¢), then

1 T_lg _ f(x0) = £ + L;D*(44/10g(12T/5) + 1/2)
T 2 (x¢) < T1/2

G(xo) < (78)
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with probability 1 — §. By letting Cs = 5L ¢ D?, the theorem is obtained. O

E Azuma-Hoeffding-type inequalities

In this section, we present two useful vector versions of Azuma-Hoeffding-type concentration
inequalities with uniform bound assumption or sub-gaussian assumption. They are crucial in our high
probability analysis.

Proposition E.1. (Pinelis and other 1994 [40], Theorem 3.5) Let (1,...,(; € R? be a vector-
valued martingale difference sequence w.r.t. a filtration {F;}, i.e. for each T € 1,...,t, we have
E[¢-|Fr—1] = 0. Suppose that ||(;|| < c¢. almost surely. Then Vit > 1,

i AQ
P )&l = A) < dexp(—
=1 423:1 C72'

Proposition E.2. (Jin et al. [41]], Corollary 7) Let (1, . ..,(; € R? be a vector-valued martingale
difference sequence w.r.t. a filtration {F;}, i.e. for each v € 1,...,t, we have E[(;|Fr_1] = 0.
Suppose that Elexp(||¢.]|?/c2)] < exp(1). Then there exists a absolute constant c such that, for any
0 > 0, with probability at least 1 — 6,

T
ISl <e
=1

This proposition was also used in previous literature including [42] and [33]]. It is common to use
such martingale inequality to obtain some high-probability results recently.

) (79)

2
> c2log Fd (80)

T=1

F Experiment details

In this section, we include more details about the numerical experiments in Section[5} For complete-
ness, we briefly introduce the update rules of aR-IP-SeG in [16] and DBGD in [13]]. In the following,
we use the notation I1z(+) to denote the Euclidean projection onto the set Z.

The aR-IP-SeG algorithm is given by,

Ver1 = Hz(x; — % (VF(xe,00)) + pe Vx4, &)
xir1 = Mz (x; — % (Vf(ye, 9;)) + Ptvé?(}’t,f;))

Lipr =T+ (vepe)” 81
_ Dyye A+ (epe) yenn
it = Tit1

where ; is the stepsize, p; is the regularization parameter, and y is the output of the algorithm. In
this experiment, we choose v, = o /(t 4+ 1)*/* and p; = po(t 4+ 1)/* for some constants o and py.
The DBGD-sto is a stochastic version of DBGD, which simply replaces the gradients in DBGD with
stochastic gradients. Although the stochastic version of DBGD does not have a theoretical guarantee,
it has been used to solve stochastic simple bilevel optimization problems in [13]], which worked pretty
well empirically. Hence, we use it as a baseline for solving stochastic simple bilevel problems and
compare it with our proposed algorithms. The DBGD algorithm is given by

X1 =Xk — Yk (Vf (xk) + A Vg (xk))
where 7y, is the stepsize and we set \j, as

Ak = max { ¢ (xk) = (Vf (%), Vg (X))

,0 nd x) = min {a(g(x) — §), Va(x)|2
Vg (xz)]? } and  ¢(x) {alg(x) = 9), BIVa=)[I°}

where o and 8 are hyperparameters and § is a lower bound of ¢*. In this experiment, we choose
G = 0. We also note that [13] only considered unconstrained simple bilevel optimization, i.e. Z = R%,
We further project x; onto Z for each iteration to ensure the constraints are satisfied.
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F.1 Over-parameterized regression

Dataset generation. The original Wikipedia Math Essential dataset [26] composes of a data matrix
of size 1068 x 731. We randomly select one of the columns as the outcome vector b € R19%® and
the rest to be a new matrix A € R1968x731 We gset constraint parameter A = 10 in this experiment.
Initialization. We run the algorithm, SPIDER-FW [36]], with stepsize chosen as 4, = 0.1/(¢ + 1) on
the lower-level problem in (1)). We terminate the process to get xg as the initial point for both SBCGI
and SBCGF after 105 stochastic oracle queries.

Implementation details. We query stochastic oracle 9 x 10° times with stepsize v; = 0.01/(¢ + 1)

and v = 10~° for SBCGIlland SBCGFlgwith K; = 107%//t + 1, respectively. In each iteration,
we need to solve the following subproblem induced by the methods,

min (Vf(Bx),s) st sl <A (Vg (Br),s —Br) <9 (Bo) —9(Br)- (82)
Introduce s*, s~ > 0 such that s = s™ — s™. Then we can reformulate the problem above as follows,
min (Vf(Br),s™ —s7)

st.sT,s™ >0,(sT, 1)+ (s7,1) <A (Vg (Br),sT —s = Br) <g(Bo) —g(Br),

(83)

where 1 € R4 is the all-one vector. ,
For aR-IP-SeG, we choose vy = 10~ 7 and po = 103. For DBGD, we set o = f=1andy = 1076,

F.2 Dictionary learning

Dataset generation. We generate 500 sparse coefficient vectors {xz}fiol and {x%}iiol with 5 random

nonzero entries, whose absolute values are drawn uniformly from [0.2, 1]. The entries of the random
noise vectors { nz}fi(i and { n;}iiol are drawn from i.i.d. Gaussian distribution with mean 0 and
standard deviation 0.01.

Initialization. We use a similar initialization procedure as [12]], which consists of two phases. In
the first phase, we run the standard Frank-Wolfe algorithm on both the variables D € R25%40 and
X € R40%x250 for 104 iterations with the stepsize 7 = 1/+/t + 1. Next, in the second phase, we
fix the variable X and only update D using the Frank-Wolfe algorithm with exact line search for
additional 10 iterations to obtain D and X as the initial point for the full bilevel problem.
Implementation Details. We choose § = 3 in both problems (5). To be fair, all four algorithms
start from the same initial point. We slightly modify the initial point by letting D € R25%50 e
the concatenation of D € R25%40 and 10 columns of all zeros vectors. Furthermore, we initialize
another variable X randomly by choosing its entries from a standard Gaussian distribution and then
normalizing each column to have a £;-norm of §. We choose the stepsize as v, = 0.1/(t + 1)%/% and
~ = 1073 for our SBCGIand SBCG with K; = 0.01/(t 4 1)'/3, respectively. Empirically, we
observe that taking one sample per iteration leads to a very unstable process in this problem. In this
case, we choose a mini-batch of size 8 for SBCGI, aR-IP-SeG, and the stochastic version of DBGD.
For each iteration, we will solve the following subproblem,

H}l%n <fo, (f)k,f(k) ,]3> s.t. ‘ d;

<1, <Vg (f)k) ,D - f)k> <g (]30) -9 (f)k)
2
(84)
The above problem can be reformulated by using the KKT condition, which is equivalent to get a
root of the following one-dimensional nonlinear equation involving A > 0 :

D =11z (Vf5 (Dr. X)) + A9 (Dr)), (Vg (Dy),D-Dy) =g (Do)—g (Ds) (85

where the projection onto Z = {f) € R25x40 . H&zH <l,i=1,... ,40} is equivalent to project
2

each column on the Euclidean ball. In practice, the reformulated problem can be solved efficiently by
MATLAB'’s root-finding solver.

For aR-IP-SeG, we choose vy = 10~% and po = 1. For the stochastic version of DBGD, we set
a=pB=100and v, =5 x 1073,
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Figure 3: Comparison of SBCGI, SBCGF, aR-IP-SeG, and DBGD-Sto for solving Problem with
10 different random seeds
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Figure 4: Comparison of SBCGI, SBCGF, aR-IP-SeG, and DBGD-Sto for solving Problem with
10 different random seeds
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Figure 5: Comparison of SBCGI, SBCGF, SBCGI-M, SBCGF-M, STORM-FW, and SPIDER-FW
for solving Problem (3).

F.3 Experiments with different random seeds

We further repeat the experiment 10 times with different random seeds to see more realizations of the
stochastic algorithms. The results are reported in Figure [3 and Figure[dl The solid lines denote the
average statistics over 10 trials of the algorithms. While the shaded regions surrounding each line
reflect the span of all the random instances involved. Figure [3|and Figure ] present similar results as
Figure[I]and Figure[2] which eliminates the possibility of choosing a particularly good instance.

F.4 TImportance of the right cutting plane

In this section, we numerically illustrate the importance of choosing the right cutting plane on
Example 2 (dictionary learning). Specifically, we compare our proposed methods with the ones
without a cutting plane and with an unregularized cutting plane (without additional term K).

If we replace the stochastic cutting plane (9) with the unregularized cutting plane (8) in SBCGI|[I]and
SBCGF[2] then the algorithm usually fail at some point in the process, depending on the datasets and
parameters chosen, based on our experimental observations. More specifically, algorithms’ failure
means that the subproblem of dictionary learning is infeasible. So we slightly modify it by
adding a checkpoint before solving the subproblem. If the subproblem is infeasible at the current
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iteration, then we choose the update direction s; = Vg,. This adjustment prevents unnecessary
interruptions during the process and enforce the algorithms to focus only on the lower-level problem
when the subproblem is infeasible. We denote the modified algorithms SBCGI-M and SBCGF-M.
Moreover, we also take SBCGI and SBCGF without cutting planes into consideration, denoted as
STORM-FW and SPIDER-FW. In fact, in this case, the bilevel algorithms degenerate to single-level
projection-free algorithms similar to algorithms in [33]] and [36].

Figure[5 (a) indicates that SBCGI-M and SBCGF-M focus more on the lower-level problem due
to the design of the algorithms and extremely unstable as we can see in Figure [5 (b)(c). While
STORM-FW and SPIDER-FW only focus on the upper-level problem, which leads to terrible results
on the lower-level gap and recovery rate.
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