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A Preliminaries

We impose the following standard assumptions in RL. In our notation, P denotes a probability
distribution.

ASSUMPTION 1 (Markov Property). The decision process satisfies the Markov property: the next
state and reward depend only on the current state and action. Formally, for all t,

P(Sey1, Be | Aty Sty Re—1, Ap—1,8¢—1,--.,5) = P(Sey1, Re | St, Ar).
ASSUMPTION 2 (Time-homogeneity). The distribution of the transition and reward remains sta-
tionary over time. Specifically, for all t, the joint distribution of the next state and reward given the
current state and action satisfies

P(St+17 Rt | St7 At) = P(St7 Rtfl | Stfla Atfl)'
ASSUMPTION 3 (Stationary Policy). The policy is stationary and Markovian: the action at each
time step depends only on the current state and not on the full history. Formally, for all t,

me(A¢ | St Re—1, Ae—1,S¢—1,...,S0) = m(As | St).

Before proceeding with theoretical analysis, we introduce the distributional Bellman operator and
several related results. We use 1™ (s) to denote the distribution of the return starting from the initial
state s following policy 7, that is,

" (s) :=P(G| Sy =5) :=P"(>_+'Re| S0 =s).
t=0
We define the distributional Bellman operator 7" as the following transformation:
(T™0™)(s) = PT(R +~G"(5) | s)
where the transition (s, R, S’) is generated by sampling an action from 7, observing the reward R,
and transitioning to the next state S’, and G™(S’) ~ n™(S").

Under the time-homogeneity assumption, ™ satisfies the fixed-point condition:
n"(s) = (T™n")(s), Vs€S.

A key property of the distributional Bellman operator 7™ is that it is a ~y-contraction w.r.t. the
Wasserstein distance, stated in Proposition 3. The p-Wasserstein distance between two measures u
and v on the real space R is defined as

. 1/p
w, = inf —ylPr(dx, d
= nt ([ yats.y)

where I'(u, v) is the set of all couplings with marginals p and v. We begin by presenting some
fundamental results on the Wasserstein distance.
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PROPOSITION 1 (Duality Formula for 1-Wasserstein Distance [10]). For any measures 11 and v,

Wi(p,v) = w:nihﬂgl {/¢dl~b /de}

where “ < 1” means that v is a 1-Lipschitz function.

PROPOSITION 2. Suppose || f||ip < 1 and by is an operator on measure such that by(p)(A) =

w(f~1(A)) for any measure p and Borel set A. Then by is a contraction under 1-Wasserstein dis-
tance, i.e., Wi (bs(p),by(v)) < Wi(p, v) for all measures p, v.

Proof. For any 1-Lipschitz function ), the composition i o f is also 1-Lipschitz, since the compo-
sition of 1-Lipschitz functions preserves the Lipschitz constant. By Proposition 1, we have, for any
measures 4 and v,

W (by (1), by (v) = wmpq{ [vosan-[ wode}

< sup { b dp — z/?du}
VPl st / /
= Wl(/ffvy)7

where the first equation follows from the change-of-variables formula for measures. O

Applying Proposition 2, for any real random variables X and Y with laws Px and Py, since f(z) =
|z — a| for any a € R is 1-Lipschitz continuous, we have W1 (P|x _q|, Pjy —a|) < W1(Px, Py).

We now state the contraction property of the distributional Bellman operator 77". Let &2 be the set
of all probability distributions over R. Please note that the conditional return distribution given a
state (s € S) is a distribution that is indexed by the state s. That is, ™ (-) € £°, and £° contains
all possible conditional return distributions. We define the Wasserstein distance of two conditional
distributions y1(-), () € 25 as Wy(u(-), v()) = sup,cs Wy p(s), v(s)).

PROPOSITION 3. [[]], Proposition 4.15] The distributional Bellman operator is a y-contraction on
@S w.r.t. the supreme p-Wasserstein metric for p € [1,00). That is, for any n,n’ € PS | we have

Wy (T™n, T™n") < AWyp(n,n').

We denote the learned DRL model in the proposed prediction procedure by 7™ (s). It is clear that
given Sy, the one-step pseudo-return CNJ(I)(St) = R + 'yéﬂ(StH) with é”(StH) ~ 0™ (St41),
follows the distribution (7777 )(S:). The following proposition shows that a similar conclusion
also holds when the step width is k. That is, the k-step pseudo-return starting from .S; follows
(T 7™)(Se).

PROPOSITION 4 ([1], Lemma 4.33). Letn € PS5, and let G be an instantiation of n. Fors € S,
if (St,As, Ri)i>0 is a random trajectory with initial state Sy = s and generated by following T,

independent of G, then Zf:_ol YRy + v G(Sy) is an instantiation of ((T™)*n)(s).

Proposition 4 allows us to investigate the k-step pseudo-return. As discussed in the main paper, we
measure the coverage gap using the distributional distance between the estimated return distribution
and the true return distribution. Unlike traditional approaches that rely on total variation distance,
we adopt the Wasserstein distance, motivated by the insights in [11]. A key intermediary that links
the coverage error and the Wasserstein distance is the Kolmogorov distance, which is defined as
follows.

DEFINITION 1 (Kolmogorov Distance). F), and F,, are the CDFs of probability measures (. and v
on R, respectively. Kolmogorov distance between p and v is given by

K(p,v) = igﬁl&(%) — Fy(z)].

LEMMA 1 ([7]). If a probability measure p in space R has Lebesgue density bounded by L, then for
any probability measure v, K (u,v) < \/2LW1(u, v).



B Proof of Theorem 1

We now present the proof of the main theorem for the proposed PIs in the on-policy evaluation
setting.

Proof of Theorem 1. Since C’?vl (Stest) combines B intervals following [12, 9], it suffices to prove
the validity of each single CP interval. With some abuse of notation, we denote the single CP interval

at target coverage level 1 — « as C]‘{{O((Stest).

We first consider the case where data splitting is performed in a trajectory-wise manner, and let
n denote the number of trajectories in the calibration set D.,. We index the trajectories in the
calibration dataset D) as {1,2,...,n}. Please note that, with a slight abuse of notation, n here
denotes the number of trajectories, which differs from its definition in the main paper. In the main
paper, n refers to the cardinality of the calibration set D.,;, where data are stored as tuples rather
than trajectories.

Note that the step-width in constructing the pseudo-return is k. For a state variable .S;; in the data,
the corresponding pseudo-return is constructed as

G(k) Z 7 it+h T G (Si,tJrk)v éﬂ(si,tJrk) ~ ﬁﬂ-(SLH»k).

Hereafter, for notational simplicity, we denote égf )= GW) (S;t). By Proposition 4,
~(k ~
Gt~ (T (Sie).
Given all the data D, the calibration set Dea1, using experience replay and weighted subsampling, is

a set of samples drawn from the distribution:

T—k
n zt)

DI

t=0 i=1 t 0 Z] 1@011(Sjt

{8 < 5,GY < g}.

Main idea. The proof proceeds by successively isolating the effects of the two estimation errors:
the approximation of 7™ (s) and the estimation of the weighting function. For notational simplicity,
we abbreviate the return G7 (Siest) On the test data as Giest.

‘We begin by noting that the true test point is drawn from

(StestyGtest) ~ PSO X ((Tw)knﬂ)(SOL

where Sy is the random initial state with marginal distribution Ps,. To quantify the error induced
by approximating 7™ (s), we introduce an intermediate test point

(Stcstaétcst) ~ PSO X ((Tﬂ—)kﬁﬂ)(so)’

which shares the same state distribution as the true test point but replaces n™ with its estimator 7)™
(see (2) of this proof for details).

Next, to analyze the additional error due to weight estimation, we define another artificial test point

(§test7 étest) ~ ﬁn(sa g)v

which differs from (Stest, (N?test) only in the state distribution (see (3) of this proof for details).

Finally, conditional on D, (§test, étest) is exchangeable with ﬁ;a]. Hence, the standard conformal
prediction argument applies, establishing the conditional coverage property in Eq. (S.1).



Given these new test points, we can bound the coverage probability of Giest := G™ (Stest) as

Pr (Gtest € 6'%r:a(5test)> > Pr (étest € az(irr:a(gtest))

— | Pr (Gtcst € aﬁfrfa(gmst)) Pr (Gtcst € CN o (Stest) ‘

— | Pr (étest € ajc{rlfa(stest)) Pr (Gteqt S CN a Steqt |

= M1 — M2 — M3.
We now analyze M;, Ms and M3 individually.

(1) Given D, (§test, C:'test) is exchangeable with 5(:(1[- Then, existing conclusions about coverage
rate in SCP [4] gives

Pr (Guest € C8a(Sie) | D) 2 1= 0 (S.1)

Taking expectation for the above inequality gives
M;>1-—a. (S.2)

(2) Recall that ajc{,fa(Stest) = 0" (Stest) = ¢1—q- By Propositions 2-4 and Lemma 1,

’PI‘ (étcst S aN,a(Stcst) | Dtr; 50&1, Stcst) —Pr (Gtcst S aN,a(Stcst) | Dtr; ﬁcala Stcst)

= ’ﬂétest_gw(stesm(al—a) - F\Gtesrﬁ”(scest)\(é\l—a)

< K(P‘étm_aﬂ(smwP‘Gm,msm)‘) by Definition 1,

< \/QLW1 (P\émwm(sma P|Gear - msmm) by Lemma 1,
< \/ 2LW, (Pétest’PGtcst) by Proposition 2,

< \/2LW1 ((T™)kqn™, (T™)*kn™) by Proposition 4,

< \/2Ly*Wy (77, n™) by Proposition 3.

Since f(x) = \/z is a concave function, taking expectations on both sides of the inequality and
applying Jensen’s inequality yields:

Ms = ‘]E {Pr (éml € Cn.a(Siest)

Dy, ﬁcala Stest) —Pr (Gtesl S é’\N,a<stest)

Dlra ,ZAjcala Stest) —Pr <Glest S aN,oz(Stesi)

Dtn ﬁcah Stesl)} ‘

S E ‘PI‘ (étest € 6N,oc(Stf:sl) Dtra caly Slest)

<E [\/2L7’“ Wi (7, 777“)} < \/2117"C E [Wi (77,n™)] by Jensen’s inequality. (S.3)

(3) Let Py(s, g) denote the distribution of (.S, é§’“)) conditioned on Dy,. While the marginal dis-
tribution of S; may vary across time steps, the conditional distribution of ng) | S; remains time-
homogeneous. Now we analyze Ms and first define My (D, D..)) as follows.

Pr (étest S a?vrja(gtest) | Dvﬁcm) —Pr (étest S a]cilrja(stest) ‘ Daﬁcal>‘

T—k n

- TS e {6 - (s < i)

t=0 i=1 24t=0 Z —1 Won (Sj¢)
7Pf <|étcst - ’U (Stcst)l S Z]\1704 | Daﬁcal) ‘ S M21 + M22;

MQ(D75Ca1) =

4



where

My := sup
z€ER

T—k n

W, n 4 ~ D

Z o t) I{|G£f) _W(Szt)‘ < m} - B(Z‘ ‘ Dypcal) )
gt i D7 Zy 1 Won (i)

B(@i-a | D, Deat) = Pr (|Grest = 7 (Stcst)] < Gi-a | D, Dear) |, where

Moy =

B(x | D,ﬁcal) = T%k—i—l 2_: /z’ﬂon(s)fﬂg —07(s)| < z}dPi(s,9).
t=0

(3.1) To analyze M, we first define the normalization constant for weights as
1 T—k n
WTL 7 AN /\01'1 S’L .
WT— ) 2 & o5
Thus the first term in M5, becomes
T—k n

W T k+1 Zzwon it) { (k)_aW(s“Ngx} = Winchp(x\D,ﬁcal),

where Bemp(z | D, Dcal) is an empirical version of B(z | D, 5ca1). By a simple algebraic calcula-
tion, we have

1 ~ ~
M21 S sup Bemp(aj | D,Dcal) - B($ | D7DC3.1)
Wn rz€R

1 _
— —1|sup|B D, Dea1)| -
(1) ploe 2.2

Since T%,H_l Zz:ok E[@Won(St) | Dir] = 1, by law of large numbers,

T—k
1 P
nh~>n;oW m ;0 E[won(St) | Dtr] =1. (S4)
Hence, for sufficiently large n, W,, > 1/2 and
~ ~ 1 ~
M1 < 28up |Bemp (2 | D, Deat) — B(x | D, Dear) | + ’ —1|sup |B(z | D, Dea1)| -
z€R Wn z€R
E F

for 0 <t < T — k, the function class {@Won (s)I{|g —
x} :x € R} is {Pi(s,g9) : 0 < ¢t < T — k}-Glivenko-Cantelli. Therefore, for all

(3.1.1) For FE, since E[won( Sit) | D] < oo fo
)|

v (s)] <
0<t<T—k,

I o ~(k)  ~miq . ~r _
Jim sup |~ Zwon(szt)l{|Git — 0" (Si)| < x} - /won(S)I{lg —07(s)| <z} d7’t(57g)‘ =0.

Averaging over t gives

lim sup |Bemp(x | D Dcal) B(z | D, 5cal)

n—0o0 zeR

(3.1.2) For F, we have lim,,_, (l/W — 1) =0by Eq.(S.4) and

=0. (S.5)

T—k
~ 1 1
ilelg B(z | D, Deal)| < m Z /won )dPi(s,g) = m Z E [Won(St) | Dy] = 1,

by Eq.(S.4). Then combining (S.5), we conclude that

n—roo

(3.2) Bound on M>5. Recall that

M22 = B(a\lfa | Dvﬁcal) —Pr (‘étest - i)\ﬂ(stest” S 21\1704 | Dvﬁcal) B where

B(x | D, Ben) = Thﬂz/%]mg 57(3)] < 2} dPy(s,0),

t=0



where P; (s, g) denotes the conditional distribution of (St, G )) given the training data Dy,.

Define a new probability measure

1 T—k
m Z @on(s) d’Pt(s, g)a
t=0

and let (§ , é) be drawn from this measure. Then My can be equivalently written as

M22 =|Pr (|é - W(§)| S Z‘l\lfa ‘ Daﬁcal) —Pr (|étest - 6W(Stest)| S Z‘l\lfa ‘ D; 5Cal) .

Since the conditional distributions G | S and étcst | Stest are identical, by Eq. (A.9) in [5], we have
Mo < dTV (P§7 PStest )’
where drv denotes the total variation distance.

Denote the marginal distribution of P;(s, g) as P;(s) and define the calibration marginal Peni(s) =

T%k“ tT;()k P:(s). Then S ~ Won (8)Pear () and Stest ~ Won (8)Pear(s). It follows that

My < - /‘won won )|dp€a1(5)

1

TGy ; E[mon(st) — won (S1)| | Dn}, (S.7)

where the last equality follows directly from the definition of Py (s).
The desired result in Theorem 1 follows from (S.2) - (S.7).

Extension. We now extend the above arguments to the setting where data splitting is performed
at the tuple level—that is, on tuples of the form (S;;, Ast, Rit, - - ., Si4k), for 1 < i < N and
0 <t < T —k. Let n denote the number of tuples in D}, and let n; be the number of ¢-stage tuples

included. Then it holds that ZtT;()k ny = n. We index the data points of the ¢-th stage separately as

{1,2,...,n} for notational simplicity. Given all data D, 5cal is a set of sample drawn from
T—k n¢ & )
* on zt ~(k
Fi(s0)=33% Y I{Sy < 5,G¥ < g1.

t=0 i=1 t 0 Z_] 1 Won(Sjt

Similarly we consider three new points
(Siests Glst) ~ F1(5,9). (Stest: Guest) ~ Py x (T)*77)(S0),  (Stest, Grest) ~ Ps, x 0" (S0).
Then the coverage probability satisfies:
Pr (Guest € O (Sres)) = Pr (Gt € ORa (Sis))
~[Pr (G € O (Bi) = Pr (Gt € CRa(Sue))|

— ‘PI‘ <étest € ég{la(stest)> —Pr <Gtest € aj.ifr:a(stest))’
= M{ — M; — Ms.
The analysis of M; mirrors that of M, and the treatment of M3 remains unchanged from the

previous case. We now focus on the detailed analysis of M. Similarly we define M (D, ﬁcal) as
follows:

M3 (D, Dew) 1= [Pr (Giess € OR7a(Sies) | D. Do) = Pr (Gress € O (Shst) | D, D)

—k n¢
Z Poa(F) )I{@Ef) =" ()| < (il—a}

t=0 i=1 t 0 ZJ 1@on(5jt

—Pr (étest S CN@(Stest) | Dvﬁcal)‘ < M2*1 + Moo




where
T—

M3, = sup
z€R

Z Won (Sit) )I{léﬁf) — ™ (Si)| < aj} — B(z | D, Deal)| -

k
t=0 i=1 t 0 ZJ 1@on(5jt

Then, we introduce an intermediate value for each time point ¢:
Bemp(a | £, D, Dea) : Zwon I{IGY ~ 5 (Su)| < w
which is an empirical version of B(z | t, D, Dea1) defined similarly:
B(x | t,D,ﬁcal) = /@On(s)Iﬂg —07(s)| <z} dPi(s,g).

Let n; denote the number of tuples at time step ¢, for 0 < ¢ < T' — k. The vector (ng, n1,...,nr—k)
follows a multinomial distribution with total count n and uniform probabilities over the 7" — k + 1
time steps:

. . . 1 1
(no,n1,...,nr—x) ~ Multinomial (n, {T—k-‘rl ye o ToETT }) .

As n — oo, it follows that n; — oo for all ¢t. Applying the same argument as in Equation (S.5), we
obtain

1 ~ ~
nl;rr;o ilelg Toral {chp(x | t,D, Deal) — B(z | t,D7Dca1)}‘ =0. (S.8)

Define the new normalization constant for weights as

Tknt

§ § won 1t

t=0 i=1
Since lim,,_yoo 1y /n = 1/(T — k + 1), it follows from law of large numbers that
T—k n T—k

Ty 1 ~ 1 —~ .
nh~>noloW nh~>nolo Z —_— — 4 won(Sit) m ; E[won(St) | Dtr] =1. (59)

By simple algebra calculations and lim,,_, oo n¢/n = 1/(T — k + 1), we have

T—k

. . 1 T ~ ~
lim MZ < lim —— su —{Bem 2| t.D,Den) — Bz | t,D, Do }
Jim My < lim nmg ; - p(T ] 1) — Bz | 1) ‘
+ lim sup |7 Z (2| t,D,Deat) — B(x | D, Deat)| =0 by (S.8) and (S.9).
n—00 zcR n —0

The desired result in Theorem 1 follows immediately.

C Proof of Theorem 2

This section proves Theorem 2, which analyzes the coverage probability of the proposed PIs in
the context of off-policy evaluation. We focus on the case where data splitting is performed in a
trajectory-wise manner, and let n denote the number of trajectories in D, . Please note that, with a
slight abuse of notation, n here denotes the number of trajectories, which differs from its definition
in the main paper. In the main paper, n refers to the cardinality of the calibration set D.,;, where
data are stored as tuples rather than trajectories. The result can be readily extended to the tuple-data-
splitting setting, as discussed in the proof of Theorem 1.



Proof of Theorem 2. Since éyvffa(stest) combines B intervals following [12, 9], it suffices to prove
the validity of each CP interval. With some abuse of notation, we denote the single CP interval at

target coverage level 1 — « as 6})\,ﬂa(5’test).

First, we index the data points in the calibration dataset D, as {1,2,...,n}. Given D, YSC.M is a set
of samples drawn from the distribution
T—k n w )
ﬁ t:it+k ~(k
ZZ e — s I(SitSS,GEt)§9)7
t=0 i=1 24t=0 Z; 1 Wott (Hjt:t4k)
where H; ¢4k = (Sit, Ait, -+, Si,t+1) denotes the local trajectory segment following the behavior

policy. Following the main idea of the proof of Theorem 1, we consider two new test points:

(§test7 étest) ~ ﬁn(sa g)

and
(Stestaétest) ~ Pg, X ((Tﬂ)kﬁw) (50)

which are drawn independently. Then for Giest := G™ (Stest ), We have
Pr (Gtest € 6Jo\ffix (Stest)) > Pr (étest € éjovﬁa (§test)>
- ‘PY (étest € é\]o\lf,fa<§test)) —Pr (étest € 5%%(&%0)’
— [P (Grest € O3 (Stest) ) = Pr (Gt € Rl (i)
:= M, — My — Ms.

Note that the dataset D is sampled from the behavior policy 7, while (Stest, Gtest) is generated by
the target policy . We now analyze Ml, M2 and M3 separately.

(1) Given D, (Stcst, Gtcst) is exchangeable with Dcal. Existing result on coverage rate of SCP
interval [4] gives

M, =E [Pr (étest € O3 (Siest) | D)} >1—a. (S.10)
(2) Similar to the treatment of M3 in the proof of Theorem 1, we have

¥ < B |\ 2LWA (T8, (T4 | < \/2L0 I )L (s.11)

(3) Let Py(so,ao, ..., Sk, g) denote the joint probability distribution of (Hy.s4r, G\¥) given Dy,
with some abuse of notation. Note that here (Hq.¢1, Gﬁk)) is generated by 7, consistent with the

data. We further denote hg., := (so, ao, - . ., Sk) for notational simplicity. Then
MQ(Da ’[jcal) = ’P]." (étcst € a]O\}E,fo((gtcst ) Pr (étcst S éj(iﬁa(stcst) |D7 ’[jcal) ’
= [Pr (IGiese = 7 (Siest)| < @1 | D, Dea)
— Pr (létest - i)\ (gtest)| a\ —a | D,ﬁcal)‘ S M21 + M22;

where

T—-k n n ) N
M21 = sup off zt-t-‘rk {‘G(k) NJT(S’Lt)| < .Z‘} _ BOH(I‘ I DaDcal) ,

“€R | 420 i=1 t 0 Z] 1 Wott (M, :041)

Maz i= | B (@1 | D, Bear) = Pr (|Grest = 07 (Stest)| < @1 | D, Dea )|

1

B | D. Do) i= 7y O [ Bonlho) - {la = (s0)| < 7} aPulhoe.g).
t=0



(3.1) To analyze ]\721, we first define the normalization constant for weights as

T—k n
off _
Wn W Z Z woﬁ it t+k

t=0 i=1

Thus the first term in le becomes
1 T—k n
~(k) -~ L off S

W;{H (T k‘ + 1 ; ;woff ztt+k {‘Git —v (Szt)| < .’K} : WoffBemp(x | Dapcal);

where BT (z | D, Dea) is the empirical version of B°T(x | D, Dea). By a simple algebraic
calculation, we have

My <

emp

1 < W —— sup ‘BOH (2 | D, Deat) — BT (@ | D, Dear)

1 ~
+ —1|su 'B(’ffx D,Dear)l -
i

As T%k“ Zz:ok E[@ost (Ht-t+%) | Dix) = 1, by law of large numbers, lim,, o, W2 = 1. Hence,
for sufficiently large n, W2 > 1/2 and

—1|sup | B (2 | D, Dewl)| .

emp
z€R

M21 < 2sup ‘BOH x| D,’lscal) — BOH(x | D,’lscal) +

1
Wett

E F
(3.1.1) For E, since E|@Wost (Ht.t41)] < oo for0 < ¢ < T—Fk, the function class {@Wog (ho.x, 9)I{]|g—
" (s0)] < a}:x € R}Yis {Pr(hox,g) : 0 <t < T — k}-Glivenko-Cantelli. Applying the same
argument as in Equation (S.5), we obtain

lim sup | B (2 | D, Deat) — BH (2 | D, Deat)| = 0. (S.12)

n—oo z€ER

(3.1.2) For F, we have lim,, oo (1/W2T — 1) = 0, and

em(
p

T—k
sup B (2 | D, Dewt)| < T%k—kl ; /’l/ﬁoff(hozk)dpt(h():k+1’g)
1 T—k ~
T T _k+1 tz:; E [Wot(He:t44) | Dix] = 1
Combining these results with (S.12), we obtain
lim Ma; = 0. (S.13)

n—oo

(3.2) Bound on ]\722. Following the proof of Theorem 1, we define a new probability measure

T—k
1
ﬁ)oﬁ(hO:k’)d,Pt(hO:kyg)v
T—k+1 tho

and let (ﬁo;k, é) be drawn from this measure with Ho.x = (507 ﬁo, e ,gk). Then Mas can be
equivalently written as

MQQ =

Pr (|G = (S0)| < Gi-a

Daﬁcal) —Pr (|étest - W(Stest)‘ S a\l—a

D7 ﬁcal) ‘ .

Denote the marginal distribution of Pt(ho k> 9) as Pi(ho. k) and define the calibration marginal dis-
tribution as Peal (ho:x) = 7— k+1 Zt o Pt(ho k). Then Howw ~ Woft (ho:k ) Peal (ho:x ), and the un-
observed 7'[test,O:k = (Stest,07 Atest,Oa o aStest,k) ~ woﬁ(hO:k)Pcal(hO:k)v where Stest,O = Stest-



—

Since the conditional distributions G | ﬁ();k and @test | Hiest,0:x are the identical, by Eq. (A.9) in
[5], we have

My < drv (7)7.70% ) PHtest,O:k)

k

1

< —————> E[d o) - _ Do
S o= k1) 2 [ Tor (M) = won(Hes [ Dud

The desired result follows by combining (S.10) - (S.14).

D Algorithm for Off-Policy Setting

Algorithm 1 presents the proposed algorithm for the off-policy setting, which closely parallels that
in the on-policy case.

Algorithm S.1: CP for Infinite Horizon Off-policy Evaluation

Data: D = {(Si, Ait, Rit; Siet1) 1 1 <i < N,1 <t <T},atestinitial state Sies and a
target policy .

Input: 1 — q, target coverage level; .4, an off-policy distributional RL algorithm; B, a
propensity score training algorithm; WV, a density ratio estimation algorithm; £, step
width; B, resampling number; [, subsample size; &, multiple subsampling parameter

Output: Prediction interval for G™ (Stest)

Spllt the data: D = Dtr U Dcal where Dtr = {(Sita Ait7 Rit, Si,t+1) : (Z, t) S Itr} and
Deal = {(Sits Aits Rity .., Sit4k) : (3,t) € Zear}. Here, Iy, and Zg,1 denote the indices of
transitions in the training and calibration datasets, respectively.

Train a conditional return model 7)™ (s) using .4 based on D,.

Obtain the value function estimator 9™ (), the expectation of 7™ (s).

Obtain wey, (s) as an estimator of the density ratio (2) in the main paper based on
{Si0 : (,0) € Ty, } and {S;; : (i,t) € Tt } using W.

Train 7°(a | s) based on {(S;, Ayt) : (i,t) € Ty} using B.

6 Obtain Wy (+) by plugging in Wy, and 7 in (3) of the main paper.

forb=1: Bdo
* Sample [ data tuples {(S;, Ait, Rity. .., Sietr) : (4,1) € IC(Z%} from D, accoring to
the importance weight Wog (Sit, Aits - - - Sit+k)-

* Calculate pseudo-return (1) in the main paper and obtain
Do} = {(Sin, G = (i21) € T},

cal "7
* Calculate the nonconformity scores: {Vj; := |éz(f) —0"(Si)| 1 (4,t) € I(EZ%}}

* Calculate (ﬁb)a&, the [1(1 — a&)]-th smallest value of {V;; : (i,t) € I(b)}.

— cal

« Obtain O ¢ (Stest) = 07 (Stest) £ G .

Result: A conformal predictive region for G™ (Siest) With a coverage rate of 1 — «v is

B

N 1 N

O (Siost) = {G = 1{G e CQ . (Swea)} 21~ g} L (S.14)
b=1

E Implementation Details and Additional Results

We provide additional implementation details for the numerical experiments. The code is available
at: https://github.com/yyzhangecnu/CPbeyonghorizon.
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Example 1. 'We adopt the QTD algorithm (Algorithm 1 in [8]) to estimate the quantiles of the re-
turn distribution. The learning rate p is set to 0.1, and the discount factor +y is 0.8. We use 20 quantile
levels in the estimation. The behavior policy is estimated based on the empirical frequency of (s, a)
pairs in the training set, and the importance weights are computed similarly using frequency-based
estimates. The hyperparameter &, which controls the aggregation of multiple prediction intervals,
is selected via grid-based cross-fitting since simulations allow us to generate trajectories with suffi-
ciently large T" to get accurate return. We set the number of aggregated intervals to B = 100, with
each interval constructed from a subsample of 400 tuples drawn from the calibration dataset. We
repeat the experiment over 100 simulation runs and report the boxplots of the empirical coverage
probabilities and the average lengths of PIs. The nominal coverage level is fixed at 90%.

Influence of k. Based on Example 1, we further investigate the effect of using larger %k values,
specifically for & = 6,7,8. Each experiment is repeated 100 times, and we report the mean and
standard deviation of the empirical coverage probability (cov) and prediction interval length (len)
under the nominal 90% coverage level.

As shown in Table 1, increasing k consistently results in overcoverage and, consequently, wider
prediction intervals. This observation aligns with our theoretical results in Section 4 (Theorems 1
and 2), which reveal an inherent trade-off. A larger k reduces the approximation error in estimating
7™, but at the same time, it increases the difficulty of accurately estimating the off-policy weights
and maintaining the approximate independence of calibration samples particularly under substantial
distributional shifts. Empirically, we find that choosing k£ = 2 or 3 provides a good balance between
these competing factors.

Table 1: Coverage (cov) and average length (len) for different k£ under on-policy and off-policy
settings with ¢ = (0.8. Standard errors are shown in parentheses.

on k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=38

cov 0.87(0.01) 0.90(0.01) 0.91(0.01) 0.92(0.01) 0.92(0.01) 0.93(0.01) 0.94(0.01) 0.94(0.01)
len 7.78(0.10) 8.24(0.10) 8.56(0.13) 8.78(0.14) 9.00(0.15) 9.15(0.19) 9.31(0.23) 9.50(0.22)

off k=1 k=2 k=3 k=4 k=5 k=6 k=17 k=8

cov  0.87(0.01) 0.91(0.01) 0.92(0.01) 0.92(0.01) 0.93(0.01) 0.93(0.01) 0.93(0.01) 0.94(0.02)
len  7.57(0.10) 8.13(0.11) 8.47(0.14) 8.67(0.14) 8.90(0.17) 9.02(0.18) 9.20(0.18) 9.26(0.20)

Influence of £&. We conduct experiments for Example 1 with £ varying from 0.1 to 0.9 and &k =
2,3,4. Each setting is repeated 100 times, and we report the mean and standard deviation of the
coverage probability (cov) and interval length (len) at the nominal 90% coverage level, as shown in
Table 2. The results show that smaller £ and larger k tend to cause overcoverage, whereas settings
with &€ > 0.5 and k& = 2, 3 generally achieve satisfactory performance.

Comparison with [3]. We compare the performance of our method and that of [3] in the off-policy
setting for Example 1 with a fixed horizon of 20. For Foffanos method, we follow their gradient-
based approach to train the likelihood ratio model w(x, y) via linear regression and apply WCP to
construct prediction intervals. For our method, we replace the nonconformity score with the double-
quantile (DQ) score from [3], setting £ to 0.5 and 0.6, and k to 2 and 3. To better accommodate
the DQ score, we employ the interval aggregation technique proposed by [0]. Each experiment is
repeated 100 times, with the nominal coverage level fixed at 90%. The results, shown in Figure S.1,
indicate that our method achieves superior performance in terms of both coverage probability and
average interval length.

Example 2. The state space is continuous in this setting. To apply the QTD algorithm, we train a
quantile network with 20 quantile levels. The input to the network is the state, and the architecture
consists of three layers with 32 hidden neurons and 40 output units, each corresponding to a specific
quantile level for a given state-action pair. The behavior policy is estimated using a separate neural
network with architecture 2 — 32 — 32 — 2, where the outputs represent the action probabilities.
Following the QR-DQN algorithm in [2], we replace the quantile regression loss with the Huber
quantile loss to improve stability.

The importance weights are estimated using logistic regression. The hyperparameter &, which gov-
erns the aggregation of multiple Pls, is selected via grid-based cross-fitting since simulations allow

11



Table 2: Coverage probability (cov) and interval length (len) for different ¢ under on-policy and

off-policy settings. Standard errors are shown in parentheses.

on cov len

I3 k=2 k=3 k=4 k=2 k=3 k=14
0.1 0.9500.01) 0.96(0.01) 0.96(0.01) 10.21(0.20) 10.71(0.21) 11.04(0.26)
0.2 0.9500.01) 0.95(0.01) 0.95(0.01) 9.68(0.15) 10.10(0.16)  10.40(0.17)
0.3  0.94(0.01) 0.95(0.01) 0.95(0.01) 9.30(0.12) 9.67(0.14) 9.95(0.16)
0.4 0.92(0.01) 0.94(0.01) 0.95(0.01) 8.98(0.10) 9.34(0.13) 9.62(0.15)
0.5 0.92(0.01) 0.93(0.01) 0.94(0.01)  8.73(0.08) 9.07(0.13) 9.33(0.15)
0.6 0.91(0.01) 0.92(0.01) 0.93(0.01) 8.53(0.09) 8.87(0.13) 9.09(0.16)
0.7 091(0.01) 0.92(0.01) 0.92(0.01) 8.37(0.09) 8.69(0.12) 8.92(0.14)
0.8 0.9000.01) 0.91(0.01) 0.92(0.01) 8.24(0.10) 8.56(0.13) 8.78(0.14)
0.9 0.9000.01) 0091¢0.01) 0.92(0.01) 8.20(0.12) 8.51(0.14) 8.72(0.16)
off cov len

I3 k=2 k=3 k=4 k=2 k=3 k=4
0.1 0.96(0.01) 0.96(0.01) 0.97(0.01) 10.17(0.19) 10.68(0.22) 10.95(0.30)
0.2 0.9500.01) 0.95(0.01) 0.96(0.01) 9.62(0.15) 10.08(0.17)  10.33(0.20)
0.3  0.94(0.01) 0.95(0.01) 0.96(0.01) 9.24(0.12) 9.64(0.15) 9.90(0.17)
0.4 0.93(0.01) 0.94(0.01) 0.95(0.02) 8.93(0.10) 9.30(0.13) 9.57(0.15)
0.5 0.92(0.01) 0.93(0.01) 0.94(0.01) 8.68(0.11) 9.03(0.14) 9.28(0.15)
0.6 0.92(0.01) 0.93(0.01) 0.93(0.01) 8.43(0.11) 8.78(0.14) 8.99(0.14)
0.7 091(0.01) 0.92(0.01) 0.93(0.01) 8.26(0.11) 8.61(0.13) 8.82(0.14)
0.8 0.91(0.01) 0.92(0.01) 0.92(0.01)  8.13(0.11) 8.47(0.14) 8.67(0.14)
0.9 0.91(0.01) 0.92(0.01) 0.92(0.01) 8.07(0.13) 8.41(0.16) 8.61(0.15)
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Figure S.1: Coverage probability and average interval length at the 90% level for the proposed
method with £ = 0.5,0.6 and k = 2, 3 (from left to right) and Foffano’s method (rightmost).

us to generate trajectories with sufficiently large 7" to get accurate return. We set the number of ag-
gregated intervals to B = 50, with each interval constructed from a subsample of 200 tuples drawn
from the calibration dataset. We repeat the experiment over 100 simulation runs and report boxplots
of the empirical coverage probabilities and the average lengths of the resulting PIs. The nominal
coverage level is fixed at 90%.

Example 3. Mountain car is a classic RL control problem. We first use RBF-based feature engi-
neering to search for a suboptimal policy denoted by 7 via Q-learning. To better illustrate that
our proposal is a wrapper, we apply kernel density estimation to approximate the return distribution
from Monte Carlo rollouts. The discount factor v is set to 0.99. The remaining procedure of the ex-
periment is the same as Example 2. We set the number of aggregated intervals to B = 50, with each
interval constructed from a subsample of 200 tuples drawn from the calibration dataset. We repeat
the experiment over 50 simulation runs and report boxplots of the empirical coverage probabilities
and the average lengths of the resulting PIs. The nominal coverage level is fixed at 90%.

Figure S.2 presents the results for both on-policy and off-policy settings in Example 3. These ex-
periments demonstrate that our proposed method consistently outperforms the kernel-density-based
approach, even when the kernel density is estimated using Monte Carlo rollouts under the target
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policy. Notably, all intervals exhibit greater variance compared to those in Examples 1 and 2. This
increased variance arises from the challenging nature of the environment, where the agent receives
a constant reward of -1 until reaching the goal (the flag). As a result, the immediate reward provides
limited information, making learning and accurate value estimation more difficult.
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Figure S.2: Coverage probability and average interval length at the 90% level for the proposed
method with k-step pseudo-returns (k = 1,. .., 5, from left to right) and KD-QR (rightmost), under
on-policy (left) and off-policy (right) settings in Example 3.

Example 4. We extend Example 1 to a high-dimensional setting with 50 states, denoted by S; =
(Sit, Sat,- -+, Ss0¢) T, where each feature Sje for 1 < j < 50 is binary, taking values z; or x».
The action space is {0, 1} and only affects transitions of the first state S1;. The remaining states
independently take values x1 or xo with equal probability at each time step, thereby serving as
confounders. The agent, however, does not know which state is directly influenced by the action.
The reward follows the same distribution as in Example 1. The behavior policy specifies transition
probabilities of 0.4 for x; — x5 and 0.8 for xzo — x;, while the target policy remains the same as
in Example 1 for the off-policy setting.

We employ quantile temporal difference (QTD) learning with linear regression and a ridge penalty
to alleviate overfitting. The number of aggregated intervals is set to B = 50 and the hyperparameter
is fixed at £ = 0.8. Each interval is constructed from a subsample of 200 tuples drawn from 6000
calibration tuples. Experiments are conducted for £ = 1,...,5, each repeated 50 times. We report
boxplots of the empirical coverage probabilities and average interval lengths in Figure S.3, with
the nominal coverage level fixed at 90%. The results show that our proposed method consistently
outperforms the DRL-QR baseline in this high-dimensional setting.
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