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Fairness and Privacy Guarantees in Federated Contextual
Bandits

1. Proofs

Lemma 1 (Lemma 5 in main paper) For the Fed-FairX-LinUCB, with high probability,
the instantaneous regret for any agent i is bounded by,
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Proof provided in Appendix.
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This completes the proof of Lemma 3.

Theorem 2 (Theorem 6 in main text) With high probability, Fed-FairX-LinUCB achieves
a fairness regret of
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when || xit(a) ||2≤ 1 ∀a, t, i.

Proof
Consider a hypothetical agent denoted by index 0 who plays in the following mT rounds
- (1, 1), (1, 2), . . . (1,m), . . . , (T,m) sequentially. Let the gram matrix for agent 0 till round
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Substituting U1 = mI and L = 1 in Lemma 3, main text, we get,
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Let the communication in the original algorithm occur at rounds T1, T2, . . . , Tp−1. Let Ψk =
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T be the synchronised gram matrix after communication

round k. Then detΨ0 = (m)d and detΨp ≤
(
tr(Ψp)

d

)d
≤ (m + mT/d)d. Thus, for any

ν > 1, logν

(
det(Ψp)
det(Ψ0)

)
≤ d logν(1 + T

d ). Let event E represent the set of rounds when

1 ≤ det(Ψk)
det(Ψk−1)

≤ ν is true. Then, in all but ⌈d logν(1 + T
d )⌉ rounds E is true.

For any Tk−1 ≤ t ≤ Tk, when E is true,

frit ≤
4L

√
βt

γ
Ea∼πi

t

∥∥xit(a)∥∥(V i
t )

−1

≤ 4L
√
βt

γ
Ea∼πi

t

∥∥xit(a)∥∥(V 0
(t,i)

)−1

√
detV 0

(t,i)

detV i
t

≤ 4L
√
βt

γ
Ea∼πi

t

∥∥xit(a)∥∥(V 0
(t,i)

)−1

√
detΨk

detΨk−1

≤ 4νL
√
βt

γ
Ea∼πi

t

∥∥xit(a)∥∥(V 0
(t,i)

)−1



Here, second last equation follows because V i
t ⪰ Ψk−1 and Ψk ⪰ V 0

(t,i). Now, using Lemma
4, main text,
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Now, let us consider any period t ∈ [Tk−1, Tk], where E does not hold and tk = Tk − Tk−1

represent the length of the interval. Fairness regret during this period is given by,
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We know that ∀ agents, tk ≤ T
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+1 (otherwise there be a communication round),
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Using the fact that E does not hold true in at most in ⌈d logν(1 + T
d )⌉ rounds, we get
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