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ABSTRACT

Given a sequence of functions f1, ..., f,, with f; : D — R, finite-sum minimiza-
tion seeks a point * € D minimizing 2?21 fj(x)/n. In this work, we propose a
key twist into the finite-sum minimization, dubbed as continual finite-sum minimiza-
tion, that asks for a sequence of points 7, . ..,z € D such that each x} € D min-
imizes the prefix-sum 2221 fj(x)/i. Assuming that each prefix-sum is strongly
convex, we develop a first-order continual stochastic variance reduction gradient
method (CSVRG) producing an e-optimal sequence with O(n/e'/3 + 1//€) over-
all first-order oracles (FO). An FO corresponds to the computation of a single
gradient V f;(x) at a given « € D for some j € [n]. Our approach significantly
improves upon the O(n/e) FOs that StochasticGradientDescent requires and
the O(n?log(1/¢)) FOs that state-of-the-art variance reduction methods such as
Katyusha require. We also prove that there is no natural first-order method with
O (n/e) gradient complexity for o < 1/4, establishing that the first-order com-
plexity of our method is nearly tight.

1 INTRODUCTION

Given n data points describing a desired input and output relationship of a model, a cornerstone task
in supervised machine learning (ML) is selecting the model’s parameters enforcing data fidelity. In
optimization terms, this task corresponds to minimizing an objective with the finite-sum structure.

Finite-sum minimization: Given a sequence of functions f1,..., f, with f; : D — R, let z* €
argmin, g(z) := Y., fi(z)/n. Given an accuracy target € > 0, finite-sum minimization seeks an
approximate solution Z, such that:

g9(#) —g(a™) < e ey

we call such an & an e-accurate solution. If & is random then (1) takes the form E [¢(Z)] — g(z*) < e.

In contemporary machine learning applications, n can be in the order of billions, which makes it clear
that methods tackling finite-sum minimization must efficiently scale with n and the accuracy € > 0.

First-order methods have been the standard choice for tackling (I)) due to their efficiency and practical
behavior. The complexity of a first-order method is captured through the notion of overall first-order
oracles (FOs) where a first-order oracle corresponds to the computation of a single gradient V f; ()
for some ¢ € [n] and a point « € D. In case each function f; is strongly convex, Stochastic Gradient
Descent requires O(1/¢) FOs [Robbins and Monrol (1951); Kiefer and Wolfowitz (1952)) so as to
solve (). Over the last years, the so-called variance reduction methods are able to solve strongly
convex finite-sum problems with O(nlog(1/¢)) FOs [Nguyen et al. (2017b); Johnson and Zhang
(2013)); Xiao and Zhang| (2014); Defazio et al.|(2014)); Roux et al.[(2012b)); /Allen-Zhu| (2017)).

Continual Finite-Sum Minimization: In many modern applications new data constantly arrives over
time. Hence it is important that a model is constantly updated so as to perform equally well both on
the past and the new data |Castro et al.|(2018); Rosenfeld and Tsotsos|(2018)); Hersche et al.|(2022)).
Unfortunately updating the model only with respect to the new data can lead to a vast deterioration
of its performance over the past data. The latter phenomenon is known in the context of continual
learning as catastrophic forgetting |Castro et al.| (2018); |Goodfellow et al.| (2014); [Kirkpatrick et al.
(2017); McCloskey and Cohen|(1989). At the same time, retraining the model from scratch using
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both past and new data comes with a huge computational burden. Motivated by the above, we study a
twist of @, called continual finite-sum minimization.

Continual Finite-Sum Minimization: Given a sequence of functions f1,..., f, with f; : D — R,
let 7 € argmingep gi(z) = 23:1 fj(z)/i for all i € [n]. Given an accuracy target € > 0,
continual finite-sum minimization seeks a sequence of approximate solutions &1, ..., %, € D, such
that:

9i(#;) < gi(x}) + € foreachi € [n] )
We call such a sequence an e-optimal sequence. If 27 is random then (2)) takes the form E[g;(Z;)] —
gi(z}) <€
Remark 1. Throughout the paper we assume that each function f;(-) is strongly convex, smooth and
that D is convex and bounded. See Section2]for the exact definitions.

Notice that f;(-) can capture a new data point meaning that (2)) guarantees that, the model (parameter-
ized by ;) is well-fitted in all of the data seen so far for each stage i € [n]. As already discussed,
since n can be in the order of millions, it is important to design first-order methods for continual
finite-sum minimization that efficiently scale with n and € > 0 with respect to overall FOs.

A first attempt for tackling (2)) is via existing first-order methods for finite-sum minimization. As
discussed above StochasticGradientDescent can guarantee accuracy ¢ > 0 for (1)) using O(1/e).
As a result, at each stage i € [n] one could perform O(1/¢) stochastic gradient decent steps to
guarantee accuracy € > 0. However the latter approach would require overall O(n/e) FOs. On
the other hand one could use a VR methods to select Z; € D at each stage ¢ € [n]. As already
mentioned such methods require O(ilog(1/¢)) FOs to guarantee accuracy ¢ > 0 at stage ¢ € [n].
Thus the naive use of a VR method such as SVRG Johnson and Zhang| (2013)); Xiao and Zhang
(2014), SAGA |Defazio et al.| (2014), SARAH Nguyen et al. (2017b) and Katyusha |Allen-Zhu
(2017) would require overall O(n” log(1/¢)) FOs.

We remark that for large values of n and even mediocre accuracy € > 0 both O(n/¢) and especially
O(n?log(1/¢)) are prohibitely large. As a result, the following question arises:

Question 1. Are there first-order methods for continual finite-sum minimization whose required
number of FOs scales more efficiently with respect ton and € > 07

Our Contribution The main contribution of this work is the design of a first-order method for Con-
tinual finite-sum minimization, called CSVRG, with overall O (n /e*/3 +logn/ \/E) FO complexity.
The latter significantly improves upon the O(n/¢) FO complexity of SGD and the O(n? log(1/¢))
complexity of variance reduction methods. As a naive baseline, we also present a sparse version
of SGD tailored (2) with O(logn/€e?) FO complexity. The latter improves on the n dependence of
SGD with the cost of a worse dependence on 1/e.

Since variance-reduction methods such as Katyusha are able to achieve O(n? log(1/¢)) FO com-
plexity. A natural question is whether there exists a first-order method maintaining the log(1/€)
dependence with a subquadratic dependence on n, O (n*~*log(1/€)). We prove that the latter
goal cannot be achieved for a wide class of first-order methods that we call natural first-order
methods. More precisely, we establish that there is no natural first-order method for (2) requiring
O(n?~“log(1/¢)) FOs for any a > 0. We also establish that there is no natural first-order method

for (2) requiring O (n/e®) FOs for any o < 1/4. The latter lower bound implies that the O (n/ '/ %)
FO complexity of CSVRG is close to being tight. Table [I|summarizes our results.

Comparing the methods for © (1/n) accuracy According to the level of accuracy e > 0 that
requires, different methods might be more efficient than others. We remark that for the accuracy
regime of € = O(1/n) all previous first-order methods require O(n?) FOs while CSVRG requires

only O(n*/3) FOs!

We remark that the accuracy regime € = O(1/n) for (2) is of particular interest and has been the
initial motivation of this work. The reason for the latter lies on the generalization bounds in the
strongly convex case. More precisely, the statistical error of empirical risk minimization in the
strongly convex case is ©(1/n) [Shalev-Shwartz et al.[{(2010). Thus the accuracy of the respective
finite-sum problem should be selected as e = O(1/n) so as to match the unavoidable statistical error
(see Bottou and Bousquet| (2007) for the respective discussion). For accuracy € = ©(1/n), a very
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e-accuracy at each stage i € [n]
Method Number of FOs
StochasticGradientDescent O( % n/e)
SVRG/SAGA/SARAH O (n2 log(1/¢) + £ - nlog(1 /e))
Katyusha O (n2 log(1/€) + \/% -n3/? log(l/e))
SGD-sparse (naive baseline) @ (% 1/ e2>
CSVRG (this work) O (@ - (nlogn)/et/3 + 552/65 -log n/\/E)
Lower Bound (this work) Q (n?log(1/e))
Lower Bound (this work) Q (n/e/)

Table 1: Number of FOs for the strongly convex case for an e-accurate solution for each stage i € [n].

interesting open question is bridging the gap between the O(n*/3) FO complexity of CSVRG and
the Q(n®/*) FO complexity that our lower bound suggests (setting ¢ = 1/n and o = 1/4).

Our Techniques As already discussed the naive use of a VR method at each stage ¢ € [n] results
in overall O(n?log(1/¢)) FOs. A first approach in order to alleviate the latter phenomenon is to
sparsely use such a method across the n stages and in most intermediate stages compute &; € D
via O(1) FOs using a stochastic gradient estimator. However both the sparsity level for using a
VR method as well as the stochastic gradient estimator are crucial design choices for establishing
accuracy € > 0 at each stage i € [n].

Our first-order method (CSVRG) adopts a variance-reduction pipeline along the above lines. CSVRG
(Algorithm maintains a direction V; that at stage i € [n] tries to approximate » ., _, V fi(&—1)/i.
Since computing the latter direction at each stage i € [n] would lead to Q(n?) FOs, CSVRG

* Sets V; « 22:1 V fr(&;)/i only in a very sparse sub-sequence of stages (i FOs)
e Sets V; « (1- %)@l + %Vfi(:i’prev) in most stages (1 FO)

In order to output an e-accurate point &; € D at stage i € [n], we initialize an internal subroutine
(Algorithm [2)) to the previous output ;1 € D and perform 7; stochastic gradient descent steps using
the following novel gradient estimator

Ve (12 1) (Vo) = V) + ima) + 39 (a1)

where index u; is selected uniformly at random in [¢ — 1] and prev is the latest stage ¢ < ¢ — 1 at
which V, = Ell;:l V f(&¢) /L. Notice that the estimator V! requires only 3 FOs. Combining all
the latter, we establish that by an appropriate parametrization on the sparsity of the sub-sequence at
which V, = Zizl V fx(Z¢)/¢ and an appropriate selection of iteration T;, our first-order method
CSVRG requires overall O(nlogn/e'/?) FOs.

1.1 RELATED WORK

Apart from the close relation of our work with the long line of research on variance reduction methods
(see also Appendix [A]for a detailed discussion), the motivation of our work also relates with the line
of research in incremental learning, the goal of which is adapting a model to new information, data
or tasks without forgetting the ones that it was trained on earlier. The phenomenon of losing sight
of old information is called catastrophic forgetting |Castro et al.| (2018)); |Goodfellow et al.| (2014);
Kirkpatrick et al.| (2017); McCloskey and Cohen! (1989); Mermillod et al.|(2013) and it is one of the
main challenges of incremental learning. There have been three main empirical approaches to tackle
catastrophic forgetting, regularization based |[Nguyen et al.|(2017a), memory based [Tulving| (1985)),
architecture based Yoon et al.|(2017), as well as combination of the above |Sodhani et al. (2020).
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2 PRELIMINARIES

In this section we introduce some basic definitions and notation. We denote with Unif(1,...,n) the
uniform distribution over {1,...,n} and [n] := {1,...,n}.

Definition 1 (Strong Convexity). A differentiable function f : D — R is pu-strongly convex in D if
and only if for all x,y € D

@)= F) + VI @ —y) + 5 e =yl 3

In Problem we make the assumption that D is convex and compact. We denote with |D| the
diameter of D, |D| = max, yep ||z — y||,. The compactness of D also provides us with the property
that each f; : D — R is also G-Lipschitz and L-smooth. More precisely,

o |f(z) = f(y)| < G-|lz—y| (G-Lipschtiz)
* IVf(@) = VWl <L-|lz—y| (L-smooth)

where G = maxgep ||V ()|, and L = maxgep }|V2f(x)||2. To simplify notation we denote as
gi(x) the prefix-function of stage i € [n],

gi(x) = f(@)/i )
Jj=1
We denote with 27 € D the minimizer of the function g;(x), 7 := argmin,p g;(z). We denote
the projection of z € R? to the set D as Ilp (z) := argmin,p ||z — z||,. Foraset S C R%, we
denote IIp(S) := {IIp(z) : forall z € S}. Throughout the paper we assume that each function
fi(+) in continual finite-sum minimization (2) is u-strongly convex, L-smooth and G-Lipschitz.

3 OUR RESULTS

We first state our main result establishing the existence of a first-order method for continual finite-sum
minimization (2) with O (n/e*/? + log n/\/€) FO complexity.
Theorem 1. There exists a first-order method, CSVRG (Algorithm[I), for continual finite-sum

L . . 2/32/3 2 .
minimization ([2|) with O (L MG . "elf/g?," + isg . 1(1%") FO complexity.

As already mentioned, our method admits O (n/€'/3 + 1/,/€) first-order complexity, significantly

improving upon the O(n/€) of SGD and the O (n?log(1/e)) of VR methods. The description of our
method (Algorithm|[T)) as well as the main steps for establishing Theorem [I]are presented in Section 4]

In Theorem 2] we present the formal guarantees of the naive baseline result that is a sparse variant of
SGD for continual finite-sum minimization (2)) with O(1/¢?) FO complexity.

Theorem 2. There exists a first-order method, SGD-sparse (Algorithm{)), for continual finite-sum
3
minimization (2)) with O (%) FO complexity.

Algorithm[4]as well as the proof of Theorem 2] are presented in Appendix [I}

Lower Bounds for Natural First-Order Methods In view of the above, the question that nat-
urally arises is whether there exists a method for continual finite-sum minimization (2) with
O(n?=“log(1/¢)) FO complexity. Unfortunately the latter goal cannot be met for a wide class
of first-order methods, that we call natural. The formal definition of natural first-order method is
presented in Section[3.1] To this end, we remark that methods such that GD, SGD, SVRG, SAGA,
SARAH, Katyusha and CSVRG (Algorithm I)) lie in the above class.

Theorem 3. For any o > 0, there is no natural first-order method for Problem (2) with
O (n2_"‘ log(l/e)) FO complexity. Moreover for any « < 1/4, there is no natural first-order
method for continual finite-sum minimization (2)) with O (n/e*) FO complexity.

Due to space limitations the proof of Theorem[3]is presented in Appendix [H|
Remark 2. The O(n/e'/® +1/./€) FO complexity of CSVRG is close to the Q(n/'/*) lower bound.
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3.1 NATURAL FIRST-ORDER METHODS

In this section we provide the formal definition of natural first-order method for which our lower
bound stated in Theorem [3]applies. Before doing so we present the some definitions characterizing
general first-order methods.

At an intuitive level a first-order method for continual finite-sum minimization (2)) determines z; € D
by only requiring first-order access to the functions f1, ..., f;. Specifically at each stage i € [n],
a first-order method makes queries of the form {V f;(x) for j < i} and uses this information to
determine &; € D. The latter intuitive description is formalized in Definition 2]

Definition 2. Let A be a first-order method for continual finite-sum minimization (). At each stage
i€ n),
* Io € D denotes the initial point of A and Z; € D denotes the output of A at stage i € [n)].

* x} € D denotes the intermediate point of A at round t > 1 of stage i € [n] and T; € N the
number of iterations during stage i € [n].

e At each round t € [T;] of stage i € [n], A performs a set of first-order oracles denotes Q.
— Each first-order oracle q € Q} admits the form ¢ = (qyalue, Gindex) Where ¢yalne € D
denotes the queried point and Gindex < © denotes the index of the queried function.

- A computes the gradients {V fy.....(qvalue) for all ¢ € Q%} and uses this information
to determine zf'“ eD.

The FO complexity of A s thus 3, S Q1

Example 1. Gradient Descent at stage i € [n), sets x0 < &;_1 and for each round t € [T;] peforms

xt + Ip [mf_l — ijb f; (azﬁ_l)/z] Finally it sets &; < :cln Thus in terms of Definition 2| the

first-order oracles of GD at round t € T; are Q% = {(xffl, 1) e, (xt-fl, 2) 1.

K2

In Definition 3| we formally define the notion of a natural first-order method. In simple terms a
first-order method is called natural if during each stage i € [n] it only computes FOs of the form
V fj(x) where z € D is previously generated point and j < i.

Definition 3. A first-order method A is called natural iff at each step t € [T;] of stage i € [n),

* For any query q € Qﬁ, Gindex < @ and Qualwe € PPE_1 where PPf_1 =
(Um<i—1 Ur<t, h,) U (Ur<i—12]) U & (PPf*1 stands for previous points)

ozt € Ip(S) where S is the linear span of (qungfq;ndcx (qvalue)) UPPIL

» ; € IIp(S) where S is the linear span OfPP;TF'i.

Remark 3. Definition[5|also captures randomized first-order methods such as SGD by considering
Q! being a random set.

Natural first-order methods is the straightforward extension of linear-span methods Bubeck! (2015));
Nesterov| (2014) in the context of continual finite-sum minimization @ Linear-span methods require
that for any first-order oracle V f(x) computed at iteration ¢, « € {xg,z1,...,2t—1 }. Moreover x;
is required to lie in the linear span of the previous points and the computed gradients. Linear-span
methods capture all natural first-order optimization methods and have been used to establish the

well-known (1/+/€) and (\ /L/ulog(1l/ e)) respectively for the convex and strongly convex case
(see Section 3.5 in|Bubeck| (2015)).

4 CSVRG AND CONVERGENCE RESULTS

In this section we present our first-order method CSVRG that is able to achieve the guarantees
established in Theorem[I] CSVRG is formally described in Algorithm
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Algorithm 1 CSVRG
1: &g € D, prev < 0, update < ~false
2: 1 < GradientDescent(Zy), V1 + V f1(#1)

3. for each stage? = 2,...,n do

4 if © — prev > « - i then

5 ﬁi—l — z—% Z;;ll VfJ(i‘l_l) > Compute Vg;_1 (&;—1) withi — 1 FOs
6: prev < i —1

7 update < true

8 end if

9 T+ O (MSL/;G\E n in:az i % ) > Number of iterations of Algorithmat stage i € [n]
10: & < FUM(prev, V;_1,T}) > Selection of &; € D by Algorithm [2]
11: if update then
12: Vi % 22:1 V£i(&;) > Compute Vg;(Z;) with i FOs
13: prev < i

14: update < false
15: else ~ ~
16: Vi (1= 1) Vii1 + 2V fi(Eprev) > Update V; with 1 FO
17: end if
18: end for

Algorithm 2 Frequent Update Method (FUM)
LB 28z DI (7 4 1)(8 - 1)

2: ,T? — Ti_q > Initialization at £,_; € D
3: foreachround ¢ :=1,...,7T; do

4: Select u; ~ Unif(1,...,7i—1)

5 Ve (1= 1) (Vfu (@) = V(o) + Vicr) + 1V fi(ad) >3 FOs
6: Y 4/ (u(t + B)) > Step-size selection
7. 2l Tp (2t — Vi) > Update ! € D
8: end for

9: Output: &; + % EZL:_Ul(S + B8 — 1)zttt > Final output

We first remark that the computation of the output Z; € D for each stage ¢ € [n], is performed
at Step 10 of Algorithm by calling Algorithm [2| Then Algorithm initializes 20 := ;1 and
performs T stochastic gradient steps using the estimator

Ve (12 1) (VAo = V) + ima) + 1)

To this end we remark that in order to compute V' Algorithmrequires just 3 FOs. Before explaining
the specific selection of the above estimator we start by explaining the role of vi.

The role of V;: In order to keep the variance of the estimator V! low, we would ideally want
Vio1 = Vg1 (Z;—1). The problem is that computing Vg;(&;) requires ¢ FOs meaning that
performing such a computation at each stage i € [n], would directly result in (n?) FOs. In order
to overcome the latter challenge, a full gradient Vg;(x) is computed very sparsely by Algorithm
across the n stages. Specifically,

« Incasei — prev > a - i then V; := 22:1 Vii(&:)/i (¢ FOs)
e Incasei—prev < a-ithen V; := (1 — 1) Vo1 + 1V fi(Zprev) (1 FO)
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Thus the parameter «« > 0 controls the number of times Algorithm|[I|reaches Steps 5 and 12 that at
stage i € [n] require ¢ FOs. The latter is formally stated and established in Lemma

Lemma 1. Over a sequence of n stages, Algorithm reaches Step 5 and 12, [logn/a/] times.

Combining the latter with the fact that Algorithm requires 3T; FOs at each stage 7 € [n] and the
fact that Step 5 and 12 require at most n FOs, we get that

Corollary 1. Over a sequence of n stages, Algorithm requires 3% ., T; + 2n[logn/a] FOs.

Up next we present Theorem [4] establishing that for a specific selection of parameter v > 0,
Algorithm guarantees that each Z; € D is an e-optimal point for the function g;(z).
Theorem 4. Let a convex and compact set D and a sequence pi-strongly convex functions f1,. .., fn
with f; : D +— R. Then Algorithm |1} with T; = T20GL?/(u5/?i\/€) + OL¥/3G?/3 /('3 1) +
864L2/u? and oo = pe'/3 /(20G?/3 L?/3), guarantees

E[9:(2:)] — gi(x}) < € foreach stage i € [n]
where &; € D is the output of Algorithm[2]at Step 9 of Algorithm([l]

The proof of Theorem T]directly follows by Theorem @] and Corollary [I] For completeness the proof
Theorem|I]is presented in Appendix [G] In the rest of the section we present the key steps for proving
Theorem 4] (see Appendix [F.2)) for the full proof.

We first explain the role of the gradient estimator V! in Step 5 of Algorithm 2| This estimator V!
of Step 5 in Algorithm 2{may seem unintuitive at first sight since it subtracts the term V f,,, (Zprey ).
Interestingly enough the latter estimator-selection permits us to establish the following two key
properties for V.

Lemma 2 (Unbiased). Let V! the gradient estimator used in Step 5 of Algorithm IZI Then for all
t € [T;], E[Vi] = Vg,(}).

Lemma 3 (Bounded Variance). Let V! the gradient estimator used in Step 5 of Algorithm Then
forallt € [T}],

E[[[V: = Vgi(z);] < 8L2E [[|of - a|[3] + 6475 - 0% + 16L%E |5, — 3]

prev 2

L2G?
12
where o > 0 is the parameter used at Step 4 of Algorithm|I]

The proof of Lemma[2]and Lemma [3 are respectively presented in Appendix [C|and Appendix [D]and
consist one of the main technical contributions of this work. In Section [5| we explain why the specific
estimator-selection V! is crucial for establishing both Lemma and

In the rest of the section, we provide the main steps for establishing Theorem ] Let us first
inductively assume that E [g;(&;) — g;(2%)] < eforall j < i — 1. We use the latter to establish that

Egi(#:) — gi(z})] < e. !

Notice that Step 4 of Algorithm [I| guarantees that prev < ¢ — 1 at Step 10. Hence the in-
duction hypothesis ensures that E | gprey (Zprev) — gprev(xl‘;rev)] < ¢ and thus by strong convexity

E {Hg”cprev = They ‘ﬂ < 2¢/p. Thus the bound in the variance of Lemma

2 21 LPG? L?
E [HV‘; - Vgi(xt)HQ] <0 (LQ]E {fo —x; ||2} + 2 a4+ M6> 5)

Using the fact that E [V!] = Vg;(z!) and the bound in the variance E {HVf — Vgi(azt)Hg} of
Equation 3} in Lemma §] of Appendix [E]we establish that
L4 |2 — 7],  L?°G?a® | LZ%
EiAi—i*IZE[tTl}—t*<O*Z - = ~
[9i(2:)] — gi(x]) gi(z;")| — gi(x}) < P & T e
Notice that at Step 2 of Algorithm 2 := %;_; € D meaning that
R LY@y —at|2  L2G2a? L%
Elgi(#:)] — gi(x}) < O (Iug, Ti2 + 113 f 12T,
LAG? " L n L2G?a? n L2
phi - T ATy T 2T

2
2




Published as a conference paper at ICLR 2024

where the last inequality follows by ||&;—1 — x:||§ < 2 ||§ci_1 — x;ng + 2 sztl — :cz*| ;
||:c;‘ f:rlllu < O(G?/(ui)) and ||i”i_1 fx§71|| < ¢/pu. As a result, by taking T; =
L2

O (a8 + LG 1 L) we get that E [gi(2.)] — gi(w}) < e.

5 ANALYZING THE ESTIMATOR V!

In this section we provide the key steps for proving Lemma [2]and Lemma 3| respectively.

Unbias estimator: The basic step for showing that V! of Step 5 in Algorithm [2|is an unbiased
estimator, E [V!] = Vg;(z!), is establishing the following property for V;_; defined in Algorithm

Lemma 4. At Step 10 ofAlgorithm it holds that V;_, = fc_:ll V fie(Zprev) /(i — 1)

The proof of Lemma[d]is presented in Appendix [C]and admits an inductive proof on the steps of
Algorithm Once Lemma is established the fact that E [V}] = V f(z!) easily follows by the
selection of the estimator (see Step 5 of Algorithm [2). For the full proof of Lemma 2] we refer the
reader to Appendix [C|

Bounding the Variance of V’: The first step towards establishing Lemmais presented in Lemma

providing a first bound on the variance E [||Vf — Vygi(zt) H;} . The proof of Lemma [5| uses ideas
derived from the analysis of VR methods and is presented in Appendix

Lemma 5. For all rounds t € T; of stage i € [n),
E|[[V: - Vai(ah)l;] < SL2E [|lof — at|[;] +8L2E [la7 = s3] (©)
where prev is defined in Algorithm|[]

The next step for establishing Lemmais handling the term E {Hx;‘ — i‘prev”ﬂ of Equation@ In
t

order to do the latter in we exploit the strong convexity assumption so as to establish Lemma [6] the

proof of which lies in Appendix
Lemma 6. Let &; € D the output of Algorithm 0r stage j € [n). Thenforalli € {j+1,...,n},

. . 2
(R ) (G(“”) 2

112 i+ |jj—$;”§

Now by applying Lemmal|for j := prev we get that

e 8 G(i — prev) 2
i — Lpr < — ; 2
| Tp ev||2 - 2 (2prev+ (i — prev) *

8(Cf<iir)reV>>2+2

’jprev - JUgreVHQ

2
I

A *

T — X

— 2 prev prev
1% 2

Step 4 and 6 of Algorithm [T|ensure that at Step 10 of Algorithm [I] (when Algorithm [2]is called),
1 — prev < « - 4. Thus,

8 (Gi— ? 326>
7t — elly < — (W) +2 sl

A 2
Tprev — Tprey|| < 7& +2

I

A *
X -

2 prev prev
7]

. . 2 . . .
and thus E {Hx;‘ - xprevH§:| < 3352 a?+2F [prrev — || } . Combining the latter with Equat10n|§|
we overall get,

22
(19 - VaelE] < 0 (12 [Jot - o)) + S e 4 225
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breastcancer diabetes
cod-rna

Suboptimality-gap

100 200 300 400 500 200 400 600 800 1000 100 200 300 400 500 600 700
stage stage stage

1e6 diabetes

1e6 breastcancer 1e6 cod-ma

— CSVRG
— fatyusha
— seD

— svRG
—— SparsesGD

— csvRG 7{ — csvrG
— tatyusha — latyusha 4
— sGD 64 — SGD
— svRG — swe
.04 — sparsescp — SparsesGD

100 200 300 400 500 200 400 600 800 1000 00 200 300 400 50 600 700

Table 2: Optimality gap as the stages progress on a ridge regression problem (averaged over 10
independent runs). CSVRG performs the exact same number of FOs with SGD and slightly less than
SGD-sparse. Katyusha and SVRG perform the exact same number of FOs. CSVRG/SGD/SGD-
sparse perform roughly 4% of the FOs of Kat yusha/SVRG.

6 EXPERIMENTS

We experimentally evaluate the methods (SGD,SGD-sparse, Kat yusha, SVRG and CSVRG) on a
ridge regression task. Given some dataset (a;,b;)"_; € R% x R, at each stage i € [n] we consider

the the finite sum objective g;(z) := Z;Zl(a;m —b;)%/i+ A ||x||§ with A = 1073, We choose the
latter setting so as to be able to compute the exact optimal solution at each stage i € [n].

For our experiments we use the datasets found in the LIBSVM packageChang and Lin| (2011])) for
which we report our results. At each stage ¢ € [n], we reveal a new data point (a;, b;). In all of
our experiments we run CSVRG with a = 0.3 and T; = 100. The inner iterations of SGD and
SGD-sparse are appropriately selected so that their overall FO calls match the FO calls of CSVRG.
At each stage ¢ € [n] we run Katyusha |Allen-Zhu| (2017) and SVRG Johnson and Zhang| (2013) on
the prefix-sum function g;(x) with 10 outer iterations and 100 inner iterations.

In Table 2| we present the error achieved by each method at each stage ¢ € [n] and the overall number
of FOs until the respective stage. As our experimental evaluations reveal, CSVRG nicely interpolates
between SGD/SGD-sparse and Katyusha/SVRG. More precisely, CSVRG achieves a significantly
smaller suboptimality gap than SGD/SGD-sparse with the same number of FOs while it achieves a
comparable one with Kat yusha/SVRG with way fewer FOs. In Appendix we present further
experimental evaluations as well as the exact parameters used for each method.

7 CONCLUSIONS

In this work we introduce continual finite-sum optimization, a tweak of standard finite-sum minimiza-
tion, that given a sequence of functions asks for a sequence of e-accurate solutions for the respective
prefix-sum function. For the strongly convex case we propose a first-order method with @(n /et/3)
FO complexity. This significantly improves upon the O(n/¢) FOs that StochasticGradientDescent
requires and upon the O(n?log(1/¢)) FOs that VR methods require. We additionally prove that no
natural method can achieve O (n?~“log(1/¢)) FO complexity for any o > 0 and O (n/e*) FO
complexity for o < 1/4.
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A FURTHER RELATED WORK

In this section we present more extensively all work related to ours. This work lies in the intersection
of convex finite sum minimization and incremental learning.

Finite Sum Minimization: As already mentioned, our work is closely related with the long line of

research on variance reduction methods for strongly convex Nguyen et al.| (2017b); [Defazio et al.

(2014);|Allen-Zhul (2018b); [Allen-Zhu| (2017); Roux et al|(2012b); Xiao and Zhang|(2014); Mokhtari|
et al.| (2017); Johnson and Zhang| (2013); |Allen-Zhu! (2017); |Allen-Zhu| (2018b); [Zhang et al.| (2013);

Shalev-Shwartz and Zhang|(2013a)); Nguyen et al.|(2017b); Defazio et al. (201 T) Allen-Zhu| (2018b);

Allen-Zhu (2017); |Roux etal. |@ Xiao and Zhang (2014), convex [Lan et al.| (2019b); [Dubois

aine et al.| (2022)); ong et al|(2020a); [Lan et al.|(2019a); Song et al.| (2020b); Lin et al.|(201837?);
Delyon and Juditsky|(1993); Lin et al.| (2015); Shalev-Shwartz and Zhang| (2013b); Dubois-Taine et al.|

(2022) and non-convex |Allen-Zhu and Yuan|(2016); |Allen-Zhu| (2018al); [Wang et al.| (2019); Pham
et al.| (2020); [Li and Richtarik (2021); |Li et al.| (2021)); [Fang et al| (2018a)); Zhou et al.| (2018)); Reddi
et al.| (2016); |Li and Li| (2018)); [Kavis et al.| finite-sum minimization (see also Appendix [A|for
a more detailed discussion). As already mentioned the basic difference with our work comes from the
fact these work concern the standard finite-sum setting while ours concerns its continual counter-part.

Our work leverages two components of variance reduction techniques. Recent works in variance
reduction such as the SVRG algorithm Johnson and Zhang| (2013)) and the Katyusha algorithm Allen}
[Zhu| (2017); [Allen-Zhu| (2018b)) primarily leverage a full gradient computation, which is essentially
used as a substitute for the gradients that are not computed in this iteration, in order to reduce the
variance of their gradient estimator. Older methods, which seek to accelerate SGD, such as the RPDG
method [Lan and Zhou| (2018) and the SAG method [Roux et al] (2012a)), which is a randomized
variant of the IAG method Blatt et al.| (2007), use a stochastic average of the current gradient that it
sampled and substitutes the rest of the gradients with ones computed from previous iterations. Our
method seeks to utilize the first technique, but the complexity constraint does not allow for this tool.
We mitigate this problem using a technique similar to the incremental gradient methods. There are
also several other methods and techniques that relate to accelerated stochastic gradient methods,

both in the convex setting [Song et al.| (2020b)); [Allen-Zhu and Yuan| (2016)); [Lan et al.| (2019b));
et al.| (2018); [Kesten| (1958)); Delyon and Juditsky| (1993)); [Zhang et al.| (2013); [Lin et al.| (2015));

Shalev-Shwartz and Zhang| (2013bffa); [Dubois-Taine et al.| (2022) as well as in the non-convex setting
Zhang and Xiao| (2019); |[Fang et al.| (2018b). In the past there have also been several works that focus

on finite sum minimization in dynamic settings using SGD [Kowshik et al.| (2021b{d); Nagaraj et al.
(2020)

Incremental Learning: The other side of this work is incremental learning, the goal of which is
adapting a model to new information, data or tasks without forgetting the ones that it was trained on
earlier. The phenomenon of losing sight of old information is called catastrophic forgetting Castro
et al| (2018); [Goodfellow et al| (2014)); [Kirkpatrick et al.| (2017); McCloskey and Cohen| (1989) and it
is one of the main challenges of incremental learning. The area closest to our work from the field
of incremental learning is lifelong learning. In this area catastrophic forgetting is expressed in the
"stability-plasticity dilemma" [Mermillod et al.| (2013)). There have been three main approaches to
tackle this issue, regularization based approaches Nguyen et al.|(2017a), memory based approaches
and architecture based approaches |Yoon et al.|(2017); Lopez-Paz and Ranzato| (2017).
As shown in the current literature, combinations of these methods can be utilized in practice
(2020) as well. All of the previous directions are studied in depth in[Sodhani et al.| (2022) and
a brief overview of the techniques of the field is also presented in |Castro et al. (2018). The area of
lifelong learning also includes algorithms such as ELLA [Ruvolo and Eaton| (2013

B PROOF OF LEMMA [6]

In this section we provide the proof of Lemma 6]
Lemma 6. Let &; € D the output of Algorithm 0r stage j € [n]. Thenforalli € {j+1,...,n},

. . 2
gy -l < (G(“”)

2
12 it m;HQ
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The proof of Lemma 6] follows by the proof of Lemmal 7] that we state and prove up next. The proof
of Lemmal@lis deferred at the end of this section.

Lemma 7. Foralli € [n—1]and j € [n — 1],

x x 2jG

ke =il < i

where x} = argmin,¢p gi(z) and x7, ; = argmin,ep gi+;(2).
Proof of Lemma([7} By the optimality of 7, ; € D for the function g; 1 ; (=) we get that
(Vgirj(27y;), 27 —ay;) >0

The inequality is shown in (Boyd and Vandenberghe) 2004, equation 4.21).

From the strong convexity of g;;(z) we get that

:LL * 2 * * * *
Hl‘zﬂ wily < g (@) — gty y) — (Vgigs (7), 27 — 2745)
< Ging(27) — gins (2745)
i+j i+j
1 ) 1
= A - Z i)
k=1 =
i 1 i+j
== . . 7 :* 7 : + — :
7 ) —0at) + 75 3 (ded) = et
i 1% 2 X
< s (0 et = o = (Vo). i — )
1 i+j
IR ACH)
k=i+1
1 Iz 2 1
< —(-% )+ X Gty —at
< o (gl —aill) + 75 3 Gllety — il
< { ( MHx *HQ) jG||x;+j—fo2
= Z+] i+5 Y 2 Z+]
O
We conclude the section with the proof of Lemmal6]
Proof of Lemmal[B] By the inequality ||a + b||5 < 2||al|3 + 2 |b||> we get that
. * * 2 ; X112
a5 -1y < 2(|las - a5l + a5 - a31;)
8 ( Gi N\ . .2
/.112(224‘]) +|‘T]'71']‘H2
The second inequality comes from Lemma([7]and strong convexity. O

C PROOF OF LEMMA

In this section we provide the proof of Lemma 2}

Lemma 2 (Unbiased). Let V! the gradient estimator used in Step 5 of Algorithm EI Then for all
t € [T}, E[Vi] = Vgi(z)).
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The basic step in order to establish Lemma [2] is Lemma [4] that we present up next. The proof of
Lemmal[lis deferred at the end of the section.

Lemma 4. At Step 10 of Algorithmll} it holds that Vi1 = S5 V fi(&pre) /(i — 1)

Proof of Lemmad] We will inductively establish Lemma[d} Notice that after stage i = 1, Algorithm([T]
sets V1 = V f1(£1). Up next we show that in case the induction hypothesis holds for stage i — 1 then
it must essentially hold for stage 7. Up next we consider the following 3 mutually exclusive cases:

1. ¢ — prev > «i meaning that prev is updated in this stage.
2. (i—1) — prev > «a(i — 1) meaning that prev was update in the previous stage.
3. i—prev<aiand (i — 1) — prev < (i — 1).

For the first case Algorithmreaches Step 5 and thus V,_; = Z;;ll Vfi(&;-1)/i — 1. At the same

time prev is set to ¢ — 1 meaning that prev = i — 1 and V;_1 = 75 S0} V fio(@prey )
For the second case, Algorithm [I] had reached Step 12 at stage ¢ — 1 meaning that
Vi1 Z; 11ij (Tiz1)/i — 1 At the same time prev was set to ¢ — 1, meaning that

prev=4—1land V,_; = Z_% 1 ka(:z:prev).

For the third case, from the inductive hypothesis we have that:

i—2
- 1 .
vi72 = i_2 kz_l vfk(xprev)

Atstage? — 1, V,_1 was calculated according to Step 16 of Algorithm As aresult,

- 1
Vio1 = (1 T 1) Vi_o + sz 1(Zprev)

. i—2
17— 2
= i—1i_9 vak xprev) + 7sz l(xprev)

1« .
m Z vfk (xprev)
k=1

Proof of Lemma[2] Let F; denote the filtration until step ¢ € [T}] of stage i € [n].
By the definition of V! at Step 5 of Algorithm we know that

E[V!|F] = (1—1) (B [V Furat) = ¥ (o) | F] + 1) + 59 i)

= i . ( . Pr [ut = k} (ka(a?f) — ka(iiprev)) + @i—1> + %Vfl(:rf)

k=1

1—1
_ 7—1 ( 1 : Z ka ka(iprev)) + 61_1> + %Vfl(l’f)
k=1
1 1—1 i1
- ;vak( i _*vak xprev . vz 1+ sz( )
k=1
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LemmaE|ensures that @@i,l = 1. 22—11 V fi(Zprev) meaning that

E[V:|F] = Zka )+ sz( b = Vgi(ah).

D PROOF OF LEMMA[3]

In this section we provide the proof of Lemma 3]

Lemma 3 (Bounded Variance). Let V! the gradient estimator used in Step 5 of Algorithm Then
forallt € [T}],

E[[[V: - Vaiwn)|y] < 8L2E [|Jof — 2 H]+ © o 16I%E E {47 = 3]

2

where o > 0 is the parameter used at Step 4 ofAlgorzthmm

In order to prove Lemma 3] we first state and establish Lemma 3]
Lemma 5. For all rounds t € T; of stage i € [n),

E ([ Vi - Vgi(a)[3] < 8L2E [||at — a7 [3] +8L2E [lla] = 3] ©)
where prev is defined in Algorithm([I]

Proof of Lemma[3] By substituting the definition of V}:

E[va ng H (1 - 1) |:vaut z) vfut (xpreV) + vl 1= Vgi_l(ajg) z:|

1\? 2

2 (1 - Z) -E |:vaut (mf) - vfut(jprev)H;} + 1 - H vak
2

1\? ¢ . 2
=2(1-1) B[V - V]

1 2 1 i—1 2
) (1 - Z) A > (Vf(ah) = V fi(@prey))

= 2
2 2 i—1 2

<o(1-1) 2 Effat - a2 42 (1- 1) B | [ (V) — Vi)
= 5 i = Forevly i) =12 ||| el

1\ 2 2 1\? i—1 - 2
<2(1-1) 22 ot -l +2 (1-2) e [ 190D - PGl

k=1

:2(1—1>2-L2-]E[Hwt-—£m’|2} +2(1—1>2 ! i_lE{vak(xﬁ)_vfk(i rBV)HQ}

; i Terevlly i) (-1 & ' pevllz
o1 2_L2.]EM$¢_@ HQ}+2 -1 1 SEMVf(xt)—Vf@ )HQ}
= ; 4 prev || i (Z — 1) ] k\Lj k\Lprev)||o

1\ 2 . . 1\? 12 — t .
<2 (1 - Z) L2 |||z} — 3] +2 (1 - z) i—1) k:lE 2t = w5

1\° 9 PR 2
—4(1-3) 2B ot~ ]

1 A
<81 (1= 7) (Bllst = 21+ Bllat ~ )

18
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Proof of Lemma[3] Applying Lemmal6]for j := prev we get that,

) 8 /G(i— )
=itk < 2 (L) 28 el
8 (G(i — prev .
< 5 (U5 e o ]
8 [ Gia R 2
< 5 (%) +am o ]
8G?

= o 2 4 2 | [ #1e0 — 3]

The third inequality comes from the fact that  —prev < ai which is enforced by Step 4 of Algorithm(T}]

By Lemma [5| we get that
E[|V! - Vaah)|2] < SL’E[||a! — a7 ||2] + SL2E[|x} — Zprev ]
< SLPE[|e! - 22| + 64ijL 1627 [y — ]
which concludes the proof. [

E PROOF OF LEMMA [§

In this section we provide proof for Lemma [§]
Lemma 8 (Convergence Bound). If E[g;(%;)] — g;(z}) < € for all stages j € [i — 1] then

Elgi (1) — 0ia?)] < 3 (’;(6 ~ 1)(8 = 2E [|a? - a7]3] + w2627 + %QeTi) )

where Z = w +(T; +1)(B—1), k =6L/pand B = T2L?/ ju%.

Proof of Lemmal(8] In order to establish Lemma ] we use Lemma 9] which is similar to (Allen-Zhul,
2018b, Lemma 3.2). The proof of Lemma[J]is presented in Appendix [E-]

Lemma 9. In case E[V!] = Vg;(x!) then

N 9 1—pye o 2 1 2
E [gz( Hl) 9i(z; )] <E E% Hvt Vgi(x ||2 2 : ||xz - xf”g - T% ||xf - $§+1H2}
(3)

where it = Tp (2t — 14 VE), v = u(H—B) and 3 = T2L?* /2 (see Step 1 OfAlgorlthml)

Lemma 2 (Unbiased). Let V! the gradient estimator used in Step 5 of AlgorlthmIZl Then for all
t € [T} E[Vi] = Vgi(f).

Since Lemma [2| establishes that E[V!] = Vg;(2!) we can apply Lemma @ In order to bound
the variance E [||Vf - Vgl(mf)H;] appearing in the RHS of Equation we use Lemma 3| (see
Appendix [D|for its proof).

Lemma 3 (Bounded Variance). Let V! the gradient estimator used in Step 5 of Algorithm Then
forallt € [T3],

E ([ Vi = Vgi(a)] < 8L2E [||at - o] 02 + 16L%E | [ — 3]

where o« > 0 is the parameter used at Step 4 of Algorzthmm
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As discussed above by combining Lemma 9] with Lemma 3] we get the following:

* _1+9L2 B * ! *
Elgs(ait) - gi@))] < TR [fof - 3] - B[l - 2]

s )
3070t + 0L E [5nes = s3] ©)

By the strong-convexity of gprev(-) We get

e = s < = (G ) = s ()
and from our inductive hypothesis
E [gpreV(ipreV) - gpreV(x;rev)} <e
Notice that by the selection of v, = 4/(u(t + 8)) and 3 = 72L? /? of Algorithm 2] we get that

) 36L2  36L2 36L2 36L2
9Ly, = < < < o=
pt+p8) = pB T pr2L?/p? T T2L% /2

Using the previous inequalities in Equation O] we get that

Elg(ees) -] < P2 ot~ 2] - 2k [t - ]
180

+ 52G2a2% + (10)

Since k = 6L/ ps.

Multiplying both parts of Equation[L0|with (¢ + 3 — 1) and substituting ~; = 4/ (u(t + 3)) we get
that

(448D [i(at™) — i) < MEEZNCHI D e )

t+B—1)(t+ . N
p(t+ B S )( ﬂ)E[H%H*%Hﬂ

oo o 18L2 4
+ </<5Goz + . e>'M(t+B)~(t+5—1)

where 3 = 72L?/u?. By setting k = 6L /u we get that,

(48— DE[g () —gn)] < HEIZVCEI D e o]
u(t+ﬂ_1)(t+5)lﬁl[||xt»ﬂ—x*||2}

8
2
+ (KQGa2 + 2/12e>
I
By taking the summation over all iterations t = 0,...,T; — 1, we get
;-1 p -1 )
Y (t+B8-DE[gi(eft) —gia})] < % Z t+B8—1)(t+ 8- 2)E|[Jxf - 27|,
t=0 8 =

ool
[~
L

(t+8-1)(t+ B [[[21 - 73]

G2
(52 — o+ 2K2€>
I

~
o

+
o
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As aresult, we get that

T;—1

Y (t+8-DE[gi(ai™) —gila)] <

t=0

(8~ 1)(8 — 2 [[l29 - 27]3]

ol owolx

(T + 8~ 2)(Ti + B — VE llor, — 273]
2
+ T; (KZGO&2 + 2/12e>
I

Dividing by Z = 37 Mt + 8 — 1) = Ty(T; — 1)/2 + T;(8 — 1) and using the convexity of g; we
get that

E |g; lnijl(t+5_1)xt_+l —g@)| < lﬁ(ﬁ—l)(ﬁ—Q)E [Hx?—xf“z} —l—lizG—QaQTil
z 2 i Z8 ? iz Z
+ 2/{27;6

As a result,

Elos (0 - i(at)) < 5 (506 - 003 - DB [Jo? o1 ] + RG22 L7, + 2021

Z\8

O

E.1 PROOF OF LEMMA[9]

In this section we provide the proof for Lemma 9]

Lemma 9. In case E[V!] = Vg;(z!) then

9 2 1—puy 2 1 2
t+1 t ¢ ¢ t+1

E[gi(z;™") — gi(a7)] <E 67 Vi = Vai(a)|;, + 2, [aF — ||, - 2 [ Hz}

®)

where £t = Tp (x} — Vi), 3 = ﬁ and B = T2L?*/1i? (see Step 1 of Algorithm .

Proof of Lemma |2| We start with (Allen-Zhu, [2018b, Lemma 3.2), which we state below.

Lemma 10. Allen-Zhu| (2018b) If wy 1 = arg min, cga{o- |y — w5 + ¢(y) + (Ve, y)} for some
random vector V, € R4 satisfying E[@t] = Vf(wy), then for every u € R%, we have

E[F(wi1)—F(u)] <E

n - 2 (1= pupm) llu—welly — (1 + pyn) lu — weg |l
2(1 — L) Hvt Vf(wt)”ﬁ 2

where 1 is a proximal term, [1y, is its strong convexity and |1y is the strong convexity of the optimization
Sfunction f and n is the step of the algorithm and the function F is defined as:

Fx) = f(x) +¢(x)
For our setting the proximal term is:

N

This means that 1, = 0. The step 7 for our analysis is v, and f = g;.

By taking v = x} = argmin,p g;(«) and since due to projection on D

F(a™) = gi(@™) + v(ai™) = gi(aith)
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the inequality can be restated as:
1 N 12
+1
=5 et ==

Elgi (@) —g: @D S B |52 o7

Notice that by the selection of v, = 4/ (u(t + 3)) in Step 6 of Algorithm!we can do the following
simplification

1 1 1 1 1 18
= < — <

o) U gihy) U () (-4 1

which gives the theorem statement. The last part of the proof required, is to show that the following
two update rules are equivalent.

1*#7
Vi = Vi et -t

Do +

OO\@

1 2
t+1 _ : _ ot vi
S arygegldm{?}’t Hy leQ YW VL)
it =Tlp (2} — % V})

which is a well known fact in the literature and this concludes the proof. O

F OMITTED PROOFS OF SECTION [4]

F.1 PRrROOF OoF LEMMA[I]

In this section we prove LemmalT] for the sake of exposition we restate it up next.

Lemma 1. Over a sequence of n stages, Algorithm reaches Step 5 and 12, [logn/a/] times.
Proof of Lemmall] Step 5 and 12 are only executed when the following inequality is satisfied:
1
1—prev>a-i=1%9> —— - prev (11
11—«
Once Algorithm[T]reaches Step 5 and 12 it necessarily, reaches Step 13 where prev is updated to 1.

Letzyg=1,2,...,2,...the sequence of stages where z;, denotes the stage at which Algorithm|T]
reached Step 5 and 12 for the k-th time. By Equatlonwe getthat 21 > 7= - zx implying that

(Y
= 1—«

Since 2, < n we get that k < glz’g?' j- Notice that log (ﬁ) =—log(l-a)>1-(1—a)=«
o8\ 1—a

and thus k < 10%. O

Using Lemmal[T] we can now also show Corollary T}
Corollary 1. Over a sequence of n stages, Algorithm requires 3, T; + 2n[logn/a] FOs.

Proof of Corollary[l} At each iteration of Algorithm [2]requires 3 FOs (Step 5) and thus Algorithm 2]
requires overall 37; FOs during stage i € [n]. At Step 5 and 12 Algorlthmlrequlres at most n FOs
and thus by Lemmal [1]it overall requires 2n[log n/«] FOs. O

F.2 PROOF OF THEOREM[4]

In this section we provide the proof for Theorem[4] for the sake of exposition we restate it up next.

Theorem 4. Let a convex and compact set D and a sequence u-strongly convex functions f1,. .., fn
with f; : D — R. Then Algorithm I} with T; = T20GL?/(1%/?i\/€) + 9L?/3G?/3 /('3 p) +
864L2 /1% and o = pe'/3 /(20G2/3 L?/3), guarantees

E [9:(2;)] — gi(x}) < € foreach stage i € [n]
where &; € D is the output of Algorithm2]at Step 9 of Algorithm([l]
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Proof of Theorem[] At stage i := 1, Algorithm [I] performs gradient descent using f; in order to
produce &1 € D. The latter requires O (L log(1/€)/u) FOs. Let us inductively assume that,

Elg;(£;)] — gj(x;) <e forall je[i—1].

Using the latter we will establish that E[g;(Z;)] — ¢gi(z}) < €. In order to do the latter we first use
Lemmal[8] The proof of which can be found in Appendix [E]and its proof is based on the fact that the
estimator V! is unbiased and admits bounded variance (see Lemma and .

Lemma 8 (Convergence Bound). If E[g;(%;)] — g;(z}) < € for all stages j € [i — 1] then

Elg; (&) — gi(z})] < % (’8‘(5 —1)(8-2)E [ng? - @Hj} n /<a2G2a2iTi + 2&@) %

where Z = B2 4 (T 4 1)(8 — 1), k = 6L/pand 8 = T2L% /.

Since the conditions of Lemma [§] are ensured by the induction hypothesis, we will appropriately
select T; such that the right-hand side of Equation[7]is upper bound by € > 0.

At first, we upper bound the term [E Hx? —x H;] appearing in the first term of the RHS of Equation
Recall that in Step 2 of Algorithm[2] we set ¥ + #; 1 € D. As aresult,
2 . 2
Jof = ¥ lly = 21 — 2715

In order to upper bound the term || ;1 — xf”i we use Lemma@ the proof of which can be found in
Appendix
Lemma 6. Let &; € D the output of Algorithm 0r stage j € [n]. Thenforalli € {j+1,...,n},

8 G— 2
ol < 5 (S 4

12 i+ ’@J_x;H;

Applying Lemmal6]for j := i — 1 we get that

B [Jo? - otlf] = [l -o11E] < & (525) + 2 [les—atall]
i illo i—1 1 2| = ,LLQ 2 —1 i—l i—1ll2
—1(24

By the inductive hypothesis we know that E [g; —1)] — gi—1(x}_;) < € and thus by the strong

convexity g;(), we get that

E |: i‘i—l — l’:_1||;i| § %6

which yields Equation [T3

.12 8 G \° 4
E[l«? 23] < p <2i_ 1) + e (13)

The value of Z can be lower bounded as follows:
Z=T(Ti - )2+ (Ti+ 1)(B-1) > T,(T;, - 1)/2 > T} /4

So by combining Equation 7] with the previous two inequalities we get:

- * 4 (p 8 G\ 4 22 21 2
Elg:(2:)] — gi(z}) < 7 g(ﬂ—l)(ﬂ—Q) G +;e +I€GO¢;T,'+2H €T
2

1
a—+8ﬁ2€f

4G? 2€ 9 0
= (‘qu 5+ )(6—1)(ﬁ—2)+4n6’ T T

(2012 " T2

Now the upper bound on E[g;(#;)] — ¢;(x}) admits four terms all of which depend on T;. Thus we
can select T; so that each of the terms is upper bounded by ¢/4. Namely,
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AL (B-1)(B-2) <¢/a

72(B—1)(8-2) <e/d

4,%26'2 az <e€/4
Tip

8k e% <e€/d

Since Kk = 6%, we get that we can set T; as follows,

L2 L2 L2 2.2 L2
T, = max{19257,,204—,576$,1152—}
12i\/e 12 u3%2T- 2
GL? L2G?a?
= max{192 N 576 BT 1152—}
GL? L2G?%a? L2
< 192 576 1152—
- Hs/zi\/g + ,uSiQTi + ﬂZ
The proof is completed by selecting ov = pe'/3 /(9G>/3L2/3). O

G PROOF OF THEOREM 1]

In this section we provide the proof for Theorem|T}

Theorem 1. There exists a first-order method, CSVRG (Algorithm[I), for continual finite-sum

2/3~2/3 1 2 1
(i SRR 4 55/G2 O\gfn) FO complexity.

minimization (2)) with O
Proof of Theorem(I] The proof of Theorem [I| follows by combining Theorem [ and Corollary [1]
Their proofs are respectively in Appendix [F.2]and [F1]

Theorem 4. Let a convex and compact set D and a sequence u-strongly convex functions f, ..., fy
with fi : D — R. Then Algorithm || with T; = 720G L?/(u®/%i\/€) + 9L*/3G?/3 /(e 13, )
864L2/u? and oo = pe'/? /(20G?/3 L?/3), guarantees

E[g:(%:)] — g:(z]) < € for each stage i € [n]
where &; € D is the output of Algorithm2]at Step 9 of Algorithm([]
Corollary 1. Over a sequence of n stages, Algorithm requires 3 ., T; 4+ 2n[logn/a] FOs.

Using the selection of 7T; provided in Theorem []to Corollary [T| we get that

2 T20GL2 & 912/3G2/3 L2
2T S e 2 Z ( T 864;3)
720G L2 912/3G2/3 L2

At the same time, using the selection of c provided in Theorem ] we get

L?/3G?/3 nlogn
[ e1/3

2nlogn/a =40

H PROOF OF THEOREM [3]

In this section we provide the proof of Theorem 3] We first present an intermediate theorem that is
the main technical contribution of the section.
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Theorem 5. Let a natural first-order method A (even randomized) that given a sequence of n strongly
convex functions fi, ..., fn outputs a sequence 31, ..., &, € D by performing overall o(n?) FOs.
Then there exists a sequence of strongly convex functions fi, ..., f, with f; : [-1,1]% — R and
u, G, L = O(1) such that

E[gi(2:)] — gi(z}) > Q(1/n")  for some stage i € [n]

The proof of Theorem ] lies in Section[H.I] To this end we use Theorem [3]to establish Theorem 3]

Theorem 3. For any o > 0, there is no natural first-order method for Problem (2) with
(9( 2-a log(l/e)) FO complexity. Moreover for any oo < 1/4, there is no natural first-order
method for continual finite-sum minimization (2) with O (n/e*) FO complexity.

Proof of Theorem[3] Let us assume that there exists a natural first order method A with overall
complexity O (n?~*log(1/e)) for some o > 0. By setting e = O(1/n"), we get that there exists a
natural first-order method that for sequence f1, ..., f,, guarantees

E [g:(2:)] — gi(x}) < O (1/n®)  for each stage i € [n]

with overall FO complexity O(n?~2 log n). However the latter contradicts with Theorem

Respectively let us assume that there exists a natural first order method A with overall complexity
O (n/e®) for some a < 1/4. By setting e = O(1/n?), we get that there exists a natural first-order
method that for sequence f1, ..., f, guarantees

E[g:(2:)] — gi(z}) < O (1/n*)  for each stage i € [n]

with overall FO complexity O(n'*®/4). However the latter contradicts with Theorem O

H.1 PROOF OF THEOREM[3]
Proof of Theorem [} To simplify notation, we denote with [z], the coordinate ¢ of vector z € R%. In
our lower bound construction we consider d := 2.

Since A performs o(n?) FOs then there exists a stage ¢ > 1 such that ), ... |Q}| < i/2 (otherwise
the overall number of FOs, 3=, Xoter, > n?/4). Using this specific index i € [n] we

construct the following (random) sequence of functions f1, ..., f, where each f; : [~1,1]? — R:
([#]1)? + ([2]2)* L#ik
felx) = ([m%l) + ([l ) + ([2]1 — al2)? L=k

]
+([z2)?  l=i
where k ~ Unif(1,...,i —1).

Before proceeding we remark that each function f, : [—1,1]? — R is G-Lipschitz, L-smooth and
p-strongly convex with G, L, u = O(1).

Corollary 2. Each f, : [~1,1]? = R is 2-strongly convex, 6-smooth and 6+/2-Lipschitz.

Let the initial point of A be &o = (0,0) € [—1,1]?.

Notice that V f¢(0,0) = (0, 0) for each ¢ # . Since A is a natural first-order method then Definition[3]
implies that A always remains that (0, 0) at all stages j < i — 1. The latter is formally stated and
established in Lemmal[TTl
Lemma 11. For any stage j € [i — 1],

* [Z5] =[2]2=0

o [25]1 = [2}]2 = 0 for all rounds t € [T}].
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The proof of Lemma [IT]lies in Section[H.2} Its proof is based on the simple observation that if A has
stayed at (0,0) at all stages £ < 7 — 2. Then at stage £ + 1 < i — 1, Item 1 of Definition [3|implies
that A always queries V f;(0, 0) for some j < ¢ — 1 meaning that V f;(0,0) = (0,0). Then Item 2
and 3 of Deﬁnitiondirectly imply that =}, = (0, 0) and Z, = (0,0)

Corollary 3. With probability greater than 1/2, the function fy, is never queried during state i. In
other words, qindex # k for all q € Uer, QL.

Proof. By the selection of stage i € [n], we know that 3~ ;. |Qf| < i/2. Since k was sampled
uniformly at random in {1,...,i — 1}, Pr [gingex # k for all ge User, Q] > 1/2. O

Notice that for all £ # 4, V fy(-,0) = (-,0). The main idea of the proof is that in case k is never
queried during stage 4, (gindex # k for all ¢ € User, QY) then all FOs during stage admit the form
V findex(@vatue) = V findex (-, 0) = (+,0). The latter implies that if gipgex 7# k& for all ¢ € Uzer, Q!
then [‘%1]2 =0.

Lemma 12. In case Gindex # k for all q € Urer, Q! then [;]2 = 0.

The proof of Lemma[I2]is based on the intuition that we presented above. Its proof is presented in
Appendix [H.2}
To this end we are ready to complete the proof of Theorem[5] Combining Lemma[T2] with Corollary [3]
we get that

Pr{[&i]s =0] > 1/2. (14)
Up next we lower bound the error g;(Z;) — g;(x7) in case [Z;]2 = 0.

By the definition of the sequence f1,..., fk,..., fi, we get that

Gi@) = (el + 3 (e~ 1+ 3 ([es — [o]a)* + (i)

In case [Z;]2 = 0 we get that

. 1 R 1.
w@) = (147) @+ 7 (- 17
. 1\ , 1 ) _ L1
>  min 1+ - ) w®+ =(w—1)*| notice that w* = ——
wel[—1,1] ) ) i+ 2
i+l +(z’+1)27 i+ 1
i(i+2)2 " i(i+2)? i(i+2)
At the same time, the minimum gl(mz*) equals,
* * 1 2 1 * * 2
gi(zy) = ([z7])* + 3 ([z7] = 1" + A ([z7]1 = [27]2)” + ([27]2)?
1 1 i+ 1 1
: 2 2 2 2 . * Lk
= Sw-1)7+ 3 (w— tice that =
w,zIél[m1,1]|:w +i(w ) Jri(w 2) Jrz] notice that (w*, z*) (i2+3i+1’i2+3i+1>

3 i+1 2+1 i+1 _12+1 i+1 1 2+ 1 2
o 24+3i+1 1 \i2+3i+1 1 \i2+3+1 2+3i+1 243041

By taking the difference g;(#;) — g;(x}) we get that
1

1 1 1
(AN o (* > . 2 + o 2 . - 2 - - 2 - - 2
9i(%:) = gilz7) = min [w +w-1) ] w,r€l-1,1]2 Kl z> w7 (w—1)+ 5 (w=2)

it i+1 \° 1/ i+1 AR YARES 1 2
T oii+2) \2+3i+1 i \i2+3i+1 i \2+3i+1 2+3i+1

1 2
a <i2+3i+1>
1
i* + 5i3 + Ti2 + 24
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We finally get that
Elgi(#:) — gi(2})] = Pr[i]z =0]-Elgi(2:) — gi(27) | [&i]2 = O]
+  Pr{[d:]2 # 0] - E[g:(73) — gi(27) | [2i]2 # O]
1 1
2 AP TRt 2
> Q(1/n%)

H.2 OMITTED PROOFS

Corollary 2. Each f; : [—1,1]? — R is 2-strongly convex, 6-smooth and 6+/2-Lipschitz.
Proof. Notice that Hessians

o V2fi(z) = <(2) g) for £ # i, k. Meaning that f, is 2-strongly convex and 2-smooth.

o V2fi(z) = (_42 42) for ¢ # i, k. Meaning that f; is 2-strongly convex and 6-smooth.

o V2fi(z) = (é (2)) for ¢ # i, k. Meaning that f, is 2-strongly convex and 4-smooth.

Respectively notice that the gradients

* Vfo(x) = 2([z]1, [x]2) and thus max(,), 21,e—1,1] |V fe()[]y < 2v/2. As aresult, f(z)
is 2¢/2-Lipschtiz in [-1, 1]2.

* Vii(x) = 2(2[z]y — [2]2,2[z]2 — [¢]1) and thus maxp), (-1, IV fr(@)], < 6v2.
As aresult, fy,(z) is 6v/2-Lipschtiz in [—1,1]2.

* Vfi(z) = 2(2[z]; — 1,2[x]2) and thus max(,), 2),e(-1,11 [V fi(2)|l, < 4. As a result,
fx(z) is 4-Lipschtiz in [—1, 1]2.

Lemma 11. For any stage j € [i — 1],
* [#h =12 =0
o [25]1 = [2t]2 = 0 for all rounds t € [T}].

Proof of Lemmal(Il] By the construction of the sequence f1, ..., f,, we get that forall £ < i — 1,

s

o Viu(z) =2([x]1, [x]2) for £ # k1
* V() =2(2[z]; — [z]2,2[x]2 — [2]1)

Thus in case = (0,0) then V f;(z) = V fi.(z) = (0,0).

Up next we inductively establish Lemma[IT} For the induction base we first establish that at stage
=1,

Corollary 4. For stage ¢ = 1,

ez} = (0,0) for all rounds t € [T}].
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* #1=1(0,0)

Proof. Atroundt := 1 of stage ¢ := 1, Item 1 of Deﬁnitionensures that for all FOs q € Q1
Qindex = 1 and Gvalue = (Oa 0)

Since V f1(x) = 2z, the latter implies that V f,, .. (qvalue) = (0,0) for all ¢ € Q1. Thus Item 2 of
Definition [3]ensures that z} = (0, 0).

We prove Corollary [ through induction.

* Induction Base: 1 = (0,0)

¢ Induction Hypothesis: 7 = (0,0) forall 7 € {1,...,t — 1}.

¢ Induction Step: = = (0,0)
Item 1 of Definition 3|ensures that for all ¢ € QY. gyaiue € (Ur<¢—127) U and thus by the inductive
hypothesis gyaiue = (0, 0). Thus

quindex (qvallle) = (Ov 0) for all q= (qindexa QValue) S UTStQI
Then Item 2 of Definition [3|implies that 2% = (0,0).

To this end we have established that x} = (0, 0) for all ¢ € [T}]. Then Item 3 of Definition [3 I implies
that 2, = (0,0). O

We complete the proof of Lemma [T with a similar induction.

* Induction Base: z{ = (0,0) forall ¢ € [T3] and &7 = (0,0).
* Induction Hypothesis: 2, = (0, 0) for all ¢ € [T}] and &, = (0, 0), for all stages ¢ < i — 2.

* Induction Step: zj_, , = (0,0) forall ¢ € [Ty41] and 11 = (0,0)

Let us start with round ¢ := 1 of stage £ + 1. Item 1 of Definition [3] together with the inductive
hypothesis ensure that for any FO ¢ € QZ+1’ Gvalue = (0,0). Since Gindgex < €+ 1 <1i— 1 we get
that

V fainaes (Qvalue) = (0,0) for all queries ¢ € Q%H.
The latter together with Item 2 of Definition [3]imply

$£+1 (0,0).
Let us inductively assume that z +1 = (0,0). Then we the exact same argument as before we get that

V faindex (@value) = (0,0) for all queries ¢ € QZi}
Then again Item 2 of Definition [3|implies that
7t = (0,0).

To this end we have established that 27, , = (0,0) for all t € [T;]. Thus Item 3 of Definition [3|
implies that &1 = (0, 0). The latter completes the induction step and the proof of Lemma ]

Lemma 12. In case Gindex # k for all q € Uier, Q! then [;]2 = 0.

Proof of LemmalI2] First notice that
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Thus for any z = ([z]1,0), Vfe(z) = 2([z]1,0) and V f;(z) = 2(2[z]; — 1,0). Using the latter
observation and the Lemmawe inductively establish that in case gingex 7 k for all ¢ € Uzer, Q!

then
rl = ([xﬁ]l,O) .

We start by establishing the latter for ¢ = 1.
Corollary 5. In case qingex # k for all ¢ € User, Q? then xt = ([xl]1,0).

Proof. Lemmal|IT]ensures that for all stages ¢ < i — 1
« 2, =(0,0) forall t € [T7].
° i‘g = (0,0)

The latter together with Item 1 of Definition [3|imply that gyaiwe = (0,0) for all ¢ € Q}. Since
Gindex # k for all ¢ € Q} we get that

V fainaex (@value) = (+,0) forall ¢ € Q;
Then Item 2 of Definition [3]implies that 2} = (-, 0). O

We complete the proof of Lemma|[I2]through an induction.

« Induction Base: x} = (-,0)

* Induction Hypothesis: 2] = (-,0) forall7 <¢—1

 Induction Step: ™" = (-, 0)

The induction hypothesis together with Lemma|[IT]and Item 1 of Definition [3|imply that for each FO
q € QL qyarue = (+,0). Since k # qyaiue for all ¢ € QF, we get that

V finaex (@vatue) = (+,0) for all ¢ € Q;
Then Item 2 of Deﬁnitionimplies that 2t = (-,0).

To this end our induction is completed and we have established that 2! = (-,0) for all ¢ € [T;]. Then
the fact that #; = (-, 0) is directly implied by Item 3 of Definition 3}

O
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I SPARSE STOCHASTIC GRADIENT DESCENT

In this section we present the sparse version Stochastic Gradient Descent, called SGD-Sparse
(Algorithm@) that is able to ensure accuracy € > 0 at each stage ¢ € [n] with O (%) FO
complexity.

In Algorithm 3 we first present SGD for specific stage i € [n].

Algorithm 3 StochasticGradientDescent (i, x, v, T;)
Izl <+ xz€D
2: foreachround ¢ :=1,...,7T; do
3 Sample j; ~ Unif({1,...,7i —1})
4 ab e p (a7 =V (@7)/1)
5
6

: end for
: return &; < S @l /T,

SGD-sparse is presented in Algorithm@ AlgorithmE]tracks a sparse sub-sequence of stages ¢ € [n]
(prev - (1 4+ «) < 1) at which the returned point Z; is produced by running SGD (Algorithm for T;
iterations. In the remaining epochs Algorithm []just returns the solution of the last stage at which
SGD was used (£ <= Zprey, Step 8 of Algorithm EI) Notice that the sparsity of the SGD-call (Step 4)
is controlled by the selection of the parameter av > 0. For example for o = 0, Step 4 is reached at
each stage i € [n] while for large values of o > 0, Step 4 might never be reached.

Algorithm 4 StochasticGradientDescent-sparse
1: o € D and prev < 0
2: for each stage¢:=1,...,ndo
3: if prev - (1 + o) < i then

4 Z; < StochasticGradientDescent (i, Z:;—1,v,T;) # output &; € D for stage i
5 iprev — j:1

6: prev < i

7: else

8 %3 < Zprev  # output &; € D for stage i

9

0

end if

10: end for

In the rest of the section we establish the formal guarantees of SGD that are formally stated in
Algorithm[d] We start by presented the well-known guarantees of SGD.

Theorem 6 (Hazan|(2023)). Let &; := StochasticGradientDescent(i, Z;_1, 7, T;) where v = 1/p,
T,=0 (f—:) and G = maxgep ||V f(z)|. Then, E [g:(%;) — g:(x})] < e

Theorem 7. Let a convex and compact set D and a sequence of pi-strongly convex functions f1, ..., fn
with f; : D — R. Then Algorithm with'T; = O <f—:>, o= ﬁ and v = 1/, guarantees

E [g:(2:) — gi(x])] < € for each stage i € [n]
The FO complexity ofAlgorithm is O (w).

=

30



Published as a conference paper at ICLR 2024

Proof. In case ¢ = prev then by selecting 7' = O (G—i) and vy =1 /p, Theorem@implies that
E [9:(2:)] — g:(xF) < €/2. Up next we establish the claim for prev < i < (1 + «) - prev.

E[gi(%:)] — gi(zy) = E [gi(ipreV)] —gi(x}) (2 = Zprev, Step 8 of AlgorithmEﬂ)

= K }.ij(i'prev) _lzfj(zz)
s =

i

prev . 1 R prev

= 72. -E [gprev ($prev)] + ; Z E [f] (-Tprev)] — T gprev Z f]
j=prev+1 =prev+1
J

prev . . 1 X

= - (E [gprev(xprev)] - gprev(xi» + 7 Z (E [fj (.%'pre\,)] —fj (7))
j=prev+1

prev N 1 — prev
< i (E gprev l'prev gprev(xi)) + — |D|G

prev * . 1 — prev
= 77; gprev $prev — Gprev (irprev) + gprev(:v;rev) — Yprev (LCZ) + |’D‘G . —

<0

P * 1 — prev
< (E gprev xprev gprev( prev)) + |D|G prev
< % + Dl Py

prev

< 4 |D|G(1 + «a)prev — prev

2 prev
= % +|D|Ga=c¢

To this end we have established that E [¢;(£;)] — ¢:(2}) < e for each stage i € [n]. We conclude the
proof by upper bounding the overall FO complexity of Algorithm 4]

An execution of Stochastic Gradient Decent at Step 4 of Algorithm that calculates an ¢/2 optimal

solution requires O (G2 /( pe)) FOs. Let us now upper bound the required executions of SGD. Let
k denotes number of times Algorithm []reached Step 4 over the course of n stages. Due Step 5 of
Algorithm

k
€ Inn Inn logn
+—=] <n=k< < < 4|D|G
( 2|D|G> In(1+ 555) ~ 1- 1+;5|G
Thus the overall FO complexity of Algorithmis @ (%) O
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J  EXPERIMENTAL DETAILS

In this section we present additional experimental evaluations in LIBSVM datasets.

400 600 800 1000 200 400
stage stage

Table 3: Optimality gap as the stages progress on a ridge regression problem (averaged over 10
independent runs). CSVRG performs the exact same number of FOs with SGD and slightly less than
SGD-sparse. Katyusha and SVRG perform the exact same number of FOs. CSVRG/SGD/SGD-
sparse perform roughly 4% of the FOs of Kat yusha/SVRG.

In Table 4 and 5 we present the parameters of the various method used in our experimental evaluations.
We remind that A = 1073,

Method

breast cancer

cod-rna

diabetes

SGD

step size: (tA)~!
T: 300

step size: (tA\) "
T: 300

step size: (tA\) 1
T: 300

SGD-sparse

step size: (tA) 7T
T: 414
o :0.002

step size: (tA\) 7!
T: 480
o :0.002

step size: (tA\)~!
T: 480
o :0.002

Katyusha step size: 1/(3L step size: 1/(3L step size: 1/(3L
Y Ou];t)er Iterat{(()ns:)lo Ou];t)er Iterat{(gns:)lo OuIt)er Iterat{(gns:)lo
Inner Iterations: 100 Inner Iterations: 100 Inner Iterations: 100
L : 0.0522 L: 0.015 L: 0.01262
SVRG step size: 1/(3L) step size: 1/(3L) step size: 1/(3L)
Outer Iterations: 10 Outer Iterations: 10 Outer Iterations: 10
Inner Iterations: 100 Inner Iterations: 100 Inner Iterations: 100
L : 0.0522 L: 0.015 L: 0.01262
CSVRG

step size at i: (itA) "
Step size at i (it))

a=0.3

step size at i: (itA) "
Step size at - (it))

a=0.3

step size at i: (itA) "
Sfep size at iz (ifd)

a=0.3

Table 4: Parameters used in our experiments
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Method german.numer skin-nonskin
SGD step size: (tA) 71 step size: (tA\)~!
T: 300 T: 300
SGD-sparse || step size: (tA)~! step size: (tA\)~!
T: 414 T: 480
a :0.002 a :0.002
Kat h ize: 1/(3L ize: 1/(3L
yusha sOtiIt)ei I{cerat{(()?ls:)lo séirt)ei Iteerat{(()?ls:)lo
Inner Iterations: 100 Inner Iterations: 100
L: 0.0317 L: 0.068
SVRG step size: 1/(3L) step size: 1/(3L)
Outer Iterations: 10 Outer Iterations: 10
Inner Iterations: 100 Inner Iterations: 100
L: 0.0317 L: 0.068
CSVRG step size at i: (itA) "1 step size at i (itA) "1
Zp: 100 (itd) 1p: 100 (itA)
a=0.3 a=0.3

Table 5: Parameters used in our experiments
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K EXPERIMENTAL EVALUATIONS WITH NEURAL NETWORKS

In this section we include additional experimental evaluations CSVRG,SGD and SVRG for the con-
tinual finite-sum setting in the context of 2-Layer Neural Networks and the MNIST dataset. More
precisely, we experiment with Neural Networks with an input layer of size 784 (corresponds to the
size of the inputs from the MNIST dataset), a hidden layer with 1000 nodes and an ReL.U activation
function and an output layer with 10 nodes corresponding to the 10 MNIST classes. As a training loss
we use the cross-entropy between the model’s output and the one-hot encoding of the classes. We
consider two different constructions of the data streams that are respectively presented in Section [K.T]
and Section For both settings the parameters used for the various methods are presented in
Table [K] We also remark that the parameters of CSVRG, SGD were appropriately selected so as to
perform roughly the same number of FOs.

Method || MNIST

SGD step size: 0.001
T: 1385
SVRG step size: 0.05
Outer Iterations: 7
Inner Iterations: 40
CSVRG || step sizoeoat 1: 0.001

i =

a=0.01

Table 6: Parameters used for training of the neural network.

K.1 DATA STREAMS PRODUCED WITH THE STATIONARY DISTRIBUTION

In this experiment we create a stream of 3000 data points where the data-point at iteration 7 were
sampled uniformly at random (without replacement) from the MNIST dataset. Table [/|illustrates
the training loss of each different method across the different stages. As Table[7|reveals that in the
early stages all methods achieve training loss close to 0 by overfitting the model while in the latter
stages CSVRG and SVRG are able to achieve much smaller loss in comparison to SGD. We remark
that CSVRG is able to meet the latter goal with way fewer FO calls than SVRG as demonstrated in
Table[7]

1e7 MNIST

— CSVR
0.0200 4 —— CSVRG ] SGD

MNIST

— sGb — SVRG
0.0175 4 — SVRG

0.0150 1
0.0125

0.0100 4 154

Accuracy

0.0075 4

0.0050 -

0.0025

0.0000 1 0.0

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
stage Stage

Table 7: Training loss as the stages progress on a neural network training for the MNIST dataset for
the setting of sampling without replacement.

K.2 DATA STREAMS WITH ASCENDING LABELS
Motivated by continual learning at which new tasks appear in a streaming fashion, we experiment
with a sequence of MNIST data points at which new digits gradually appear. More precisely, we

construct the stream of data points as follows:

1. For each of the classes i € {0, 9}, we randomly sample 300 data points.
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2. For the first 600 stages we randomly mix 0/1 data points.

3. The stages {601 + (i — 2) * 300,600 + (¢ — 1) * 300} for ¢ € {2,9} contain the data points
of category 7 (e.g. category 2 appears in stages {601, 900}).

Table [§]illustrates the training loss of CSVRG and SGD for the various stages of the above data-stream.
As Table [§] reveals, CSVRG is able to achieve significantly smaller loss than SGD with the same
number of FOs. We also remark that that the bumps appearing in bot curves corresponds to the stages
at which a new digit is introduced.

MNIST
0.0200

— CsVRG
00175  — SGP

0.0150 4
0.0125

0.0100

Accuracy

0.0075 4

0.0050

0.0025 4

0.0000 4

0 500 1000 1500 2000 2500 3000
stage

Table 8: The training loss of CSVRG and SGD for the various stages.

In Table 0] we present the classification accuracy of the models respectively produced by CSVRG and
SGD for the various stages. At each stage ¢ we present the accuracy of the produced model according
to the categories revealed so far. The sudden drops in the accuracy occur again at the stages where
new digits are introduced. For example in iteration 601, the accuracy drops from roughly 1 to roughly
0.667 due to the fact in stage 600 the accuracy is measured with respect to the 0/1 classification task
while in stage 601 the accuracy is measured with respect to the 0/1/2 classification task. At stage
601 both models misclassifies all the 2 examples and thus the accuracy drops to 2/3. In the left plot,
we plot the classification accuracy with respect to the data used in the training set while in the right
one we plot the classification accuracy on unseen test data. Both plots reveal that CSVRG admits a
noticable advantage of SGD.

MNIST MNIST

104 104 — CSVRG
— SGD

091 0.91

Accuracy

0.6 1 0.6 4

—— CSVRG

0.5 —— seb 0.5

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Stage Stage

Table 9: Classification accuracy. For the train set on the left and the test set on the right. As a
comparison between the two algorithms.
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