A Mori-Zwanzig Formalism
In this section, we provide a detailed derivation of the Mori-Zwanzig formalism.

The evolution of system observations. We provide two complementary views of a dynamical
system: the microscopic Cauchy problem and the macroscopic MZ formalism.
Let & € R™ be the full phase-state of the system, evolving under the autonomous ODE

d®(t

% =S(®(t)). ®(0) = =, 3)
where S : M — R is C! (hence locally Lipschitz). By the Picard-Lindelf [9] theorem, for each
initial condition 2y € M there is a unique solution ®() on the interval ' C R. This defines the flow

QM M, Dy(x0) = D(¢).
Define the measure space (M., F, p1) with the phase-state manifold M, a o-algebra F (typically the
Borel o-algebra B(M)), and a finite, flow-invariant probability measure .. The Hilbert space of

observable functions (i.e. observables) is defined as % = L?(M, F, u) consisting of real-valued,
square-integrable functions ¢ : M — R, with inner product

(g} = /M 9(@)h(z)dp(z).

Note that since M C R™ is a separable metric space with finite measure, then 7 is a separable
Hilbert space. In addition, these scalar-valued observables may be arbitrary non-linear functions of
the phase-space variable ®.

Each observable g € H evolves under the Koopman semigroup {U?};>q via Utg(z) = g(®:(z))
and the Liouville operator £ : H{ — H is the infinitesimal generator, defined by

9(2i(x)) —g(z) _ d
t

(£Lg)(x) = lim Fr SO

so that formally U? = et£,

The decomposition into resolved and unresolved observables. Central to the MZ formalism is
the orthogonal decomposition of H:
H=V®V' =ran(P)@ran(I — P)

where P projects onto the resolved subspace (i.e., the observables we retain) and I — P onto the
unresolved subspace. The choice of P is the sole degree of freedom in the Mori-Zwanzig formalism,
determining which components of the full dynamics are treated as resolved.

Mori and Zwanzig offer differing canonical projections: Mori’s projection selects ) as the finite-
dimensional span of observables {g; }, projecting via inner products [55]; Zwanzig’s projection takes
V to be the (typically infinite-dimensional) subspace of functions measureable with respect to a
o-algebra G, projecting via the conditional expectation Pg = E [¢|G] [87].

The derivation of the GLE. The instantaneous evolution of g is given by
d
eE9(0) = Le'“g(0).
which can be decomposed into its two projected dynamics yeilding two coupled equations

d
i FeC(0) = PLPe'g(0) + PLQe"9(0),

%Qemg(()) — QLQe L g(0) + QLPeEg(0).

We rewrite the second equation for v(t) = Qe*“g(0) where A(t) = Qet£g(0) and F(t) =
QLPe'g(0),

%z:(t) = A(t)v(t) + F(t).
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The solution is given by Dyson’s identity
t
v(t) = et (0) +/ AR (s)ds.
0
Notice that v(0) = Qg(0). Substituting for v, A, F', we have

t t
Qetfg(0) = e'9£Qg(0) +/ e(t_s)QLPesﬁg(O)ds = e!Qg(0) + / e(t_s)QCPg(s)ds.
0 0
The GLE results from substituting the prior result into the dynamics for %Pg(z‘,)

t
% Pg(t) = PL Pg(t) + / PLeU9R QL Py(s)ds + PLe' P Qg(0).
. 0

The connection to Koopman operator theory. The Koopman operator K : H — H is a bounded
linear operator that evolves any observable g € # along the flow 7" C R on the phase manifold

K'g(wo) = g(T(wo,1)).
Because # is infinite dimensional, in practice one often restricts attention to a finite resolved subspace
V = Span{g™", ..., g} C H with orthogonal complement VT .

The evolution of § € V in this reduced subspace, with restricted evolution operator K, accumulates
an error term

GoT=K'g + r,
rev’.

where g € V. The residual r is the closure problem, which is addressed via the Mori-Zwanzig
formalism by projecting onto ) while accounting for the influence of V7.

B Theoretical Details
In this section, we provide proofs of the corresponding propositions from Section 3.

B.1 Assumptions

For completeness, we restate our assumptions below. In addition, we will provide some more context
to the significance of these assumptions.

Assumption 3.1. (Differentiability of P,,,) Suppose the measure curve t — p is a C* curve in
total-variation norm and write p; = (‘f‘ﬁ € LY (), with py its time derivative in L (y.). Then the
map

05 P = £ Bu1161] € BU2Gi). 1)
is Fréchet-differentiable, and its derivative at time t is the bounded operator Pm-

This assumption is critical to ensuring that the GLE is well-posed. In practice it forces us to choose a
feature-map basis whose dependence on ¢ makes P, a smooth function of time—only then can the
model reliably learn the evolving dynamics.

Assumption 3.2. (Support Coverage Assumption) Let [i = Z?:l e We require p,. < i or
equivalently supp (i) C UtT:1 supp(p)-

This condition ensures that the projected dynamics P, can act on the entire latent state: there are no
hidden modes in /s, that fall completely outside the supports of the training measures. Equivalently,
it removes any degrees of freedom from the latent state, so that our GLE truly governs all of the

relevant latent dynamics.



B.2 Proofs

Proposition 3.1. (Generalzied GLE on a Measure Bundle) Let g(t) evolve under the Liouville
operator L on a fixed Hilbert space 1 = L*(M, F, ). Let P, : H — V C H be an orthogonal
projection onto V = L*(M, G, u.) with G C F. For a family of C* measures {i}eejo,n) let
Py, 1V =V be the corresponding family of projections defining a Hilbert bundle {V;}yc(0.4) With
V, = L*(M, G, i;). The evolution of the resolved variable P, g(t) satisfies the following GLE

d - t s
%ng(t) = Py, P Qu9(t) + Py, LP, g(t) + /0 PurL"'(t )Q’”‘LPMQ(S)CL‘"' Pm"'tQ‘”LQ(O)~
Proof. By Assumption 3.1 P,, is differentiable, so that the GLE is given by chain rule as
d . d .
E(ng(t)) =Dug(t)+ Dy, Eg(t) = Du,g(t) + Py, Ly(t).

Let H and V be decomposed as H = VoV = ran(P,, Jbran(Q,,, ), and V = ran(P,,)®ran(Q,, )
for all ¢. First, using the decomposition of V, we rewrite

ng(t) = Pmpmg(t> + PM:QM:Q“) = PMQutg(t) = Putpthu:g(t)
using the identities in Section 2.
Inserting the fixed-time decomposition for Lg(t), we see

P Lg(t) = Pu L(Pu, + Qu.)9(t)
hence 4
&(Pmy(t)) = Pm!/(t) + Py LB, g(t) + Py, LQ,. 9(1)

Finally, using Dyson’s identity to solve for v(t) = Q,,, g(t) as in the standard MZ formalism, we find

d . ‘ s
et g(t) = Py, Pu,Qug(t) + Py, LP, g(t) + /0 P, Lem9QuLP, g(s)ds+ P,,e' L g(0).

O
Proposition 3.2. (Optimal Task Projector) Let Assumption 3.2 hold for i = % Z?: 1 pit and define
y() ~ Gle(®))]l3

Prain = argmin  Ej|
GG —measureable

where y(t) is the target at time t. Then Py = Py, .
Proof. The space of all G-measurable functions is a closed subspace of L2(M, ji). By the uniqueness
of the projection operator, then the unique minimizer of

argmin B y(t) — Gg()];

G €G—measureable

is G*(g9) = Ez [y | G). Equivalently Py, = Pj is the unique orthogonal projector in L?(M, fi)
onto the G-measurable subspace.

By Assumption 3.2, then the conditional expectation operators f and p, coincide almost everywhere.
Concretely,
Eily|G)(x) =E,. [y|G(x)  fori-ae. .

i

Proposition 3.3. (Vanishing Drift Under an Invariant Trivialization) Suppose the Radon-Nikodym
densities satisfy

d,
o) = it = ),

i.e., each pu differs from o only by a scalar factor o« > 0 independent of x, then Pm =0.
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Proof. Forany g € L*(M, 1), D, is defined by the requirement

/ fdpy = / (P, f)dpe for all measurable G.
a G
Since ;= a(t) o

/G Fdue = alt) /G Fdpo, /G (P, f)dpis = a(t) /G (P f)dso
Therefore

/fd;zo :/(me)dug for all measurable G,
G G

which by the uniqueness of the conditional-expectation operator in L? characterizes P,,. We thus

Ho*
conclude that P,,, = P, for all , and as a result the time-derivative vanishes, i.e., P,, = 0. ]

Proposition 3.4. (Time-dependent Bundle Delay-Coordinate Closure) Let K (¢, s) be the memory
kernel on'V described in Section 3.2, fix a delay T > 0 and integer r > 1, and assume

t—rr
sup / K (L, 8)||opds < €.
te[0, 7] /0

Fork =1,...,r define
t—(k—1)7
My (t) = / K(t,s)ds.
Ji—kr
Then for any bounded latent trajectory h(s) one has

/t K(t.s)a(s)ds — XT: M, (t) h(t — kT)
0 k=1

<= swp ().
s€[0,T]

In other words, the full memory integral is approximated up to O(g) by an r-dimensional delay-
coordinate embedding.

Proof. The stated assumption
t—rr
sup / |K (2, 5)||opds < e.
te[0,T] Jo

is an assumption on the tail of the memory operator. Functionally, it acts as a bound on the far past.
In addition to the stated assumption, from Assumption 3.1 the resolved trajectory h(t) = P, g(t) is
Lipschitz in ¢. In particular, there exists L > 0 so that

|A(s) — h(t — k7)|| < L|s — (t — k7)| < L7, Vselt—krt—(k—1)r

Using this, we split the integral as
t t—rr T pt—(k—1)7
/ K(t, s)h(s)ds = / K(t,s)h(s)ds + / K(t, s)h(s)ds.
0 0 oy Stk

By the state assumption the first term is bounded by €sup (g 77 [|7(5)]|-

Now for each k&
t—(k=1)7 t—(k—1)7
/ K(t,s)h(s)ds = My (t)h(t — kT) +/ K(t,s)[h(s) — h(t — k7)]ds.
t—kT t—kr
Using the stated assumption

H /tt—u«-nr K(t,5)[h(s) — h(t — k7)]ds

—kT

< sup I7(s) = h(t = k7)| - ’
selt—kri—(k-1)r]

t—(k—1)7
/ K(t,s)ds

-kt

op

(—(k=1)7
<ir [ 1K () opds
t—kT
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Under the finite integrability assumption let f:fw [[EK(t,s)|lopds = M. Taking the sum over
k=1,...,rthen

T t
ZLT/ IE (L, ) lopds = LT/ IE (L) lopds = LM
k=1 t T

t—(k—1)7
—k t—r

Now by choosing 7 sufficiently small, i.e., by choosing the block size of the memory quadrature to
be sufficiently small so that LTM < e then the block error and the tail error each contribute at most
esup ||h]|, yielding

Corollary 3.1. (Toroidal Latent Manifold) Suppose we constrain each latent coorindate h;(t) to live
on a circle of period L; and we enforce that both the learned drift and memory-kernel parameters
depend on h only through these periodic coordinates. Then the entire latent trajectory h(t) evolves
on the m-dimensional torus T™. As a result, the network can only represent—and learn—functions
defined on this compact, boundary-free manifold.

r

/t K(t,s)a(s)ds — > My(t) h(t — k7)

o k=1

<2 sup |[[h(s)]|.
5€[0.7]

]

Proof. By the assumption of periodicity then each of the MZ terms descent to well-defined maps on
the quotient R™ /(L1 Z x ... x Ly,Z), and the initial condition /(0) € S, x ... x S} uniquely
determines a solution /(t) that never leaves the torus.

Therefore any decoder F' : R™ — Y must descent to a well-defined map ' : T — Y, i.e., those
maps that are periodic in each coordinate. O

C Methodological Details

C.1 Architectural Details

Neural Wave Field The Neural Wave Field maintaints two coupled latent state h; € R™ and
/1 € R™, which evolve under a Mori-Zwanzig inspired network and an accompanying measure-
update expert. At each time step ¢ the raw input z; is first embedded into the feature space as a
ghost boundary point. That is, it is available to be uptaken by the memory kernel provided the gating
mechanism allows it.

For this reason, the MZ-NET 0ynem and oorce are critical for determining the amount of long history
information to retain, and the amount of new information to incorporate into the memory state.
Whether the information is ultimately taken into the latent state is governed by ociosure. These signals
jointly determine a convolutional kernel C},, and padded hidden state h; for updating i1 = Ch, *hy.

A measure-dynamics expert network D,, determines the update for the measure between two time
periods. This module enforces that z; remains a valid probability density via softmax with a large
temperature of 100.

Given our assumptions on the conditional-expectation projections of F,,,, we train using the MSE
loss across all tasks.

WaveRNN The WaveRNN architecture is most similar to the Neural Wave Field in its construction
of a latent state. There are two particular differences in the approaches. First, the WaveRNN utilizes
periodic boundary conditions which are a limiting factor as described by Corollary 3.1. Moreover,
the architecture relies on a static decoder and encoder which forces the projection dynamics to be
invariant. As a result, the architecture will be unable to achieve a minimal latent state representation.
Furthermore, it will be prohibited from accurately learning the selective copy task.

Mamba The Mamba architecture is a state-of-the-art structured state-space model. It has achieved

particular success in modeling long-range tasks. It has done so by balancing long-range and short
range updates to the latent state.
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Transformers The positional encoding-based (or replacement) transformers aim to use various
methods to replace fixed positional encoding mechanisms with relative positional encoding mecha-
nisms. These have shown strong results in memory tasks such as the copy task.

C.2 Task Details

Lorenz Attractor We simulate the Lorenz system
=0y —x), y=z(p—2) -y, i=ay— Bz

with standard parameters (o, p, 3) = (10,28, 8/3) using a fourth-order Runge-Kutta integrator at
step size At = 0.01. At each time step only the z-coordinate is provided as input; the models must
reconstruct the full state (x;, y¢, 2¢).

For all experiments, we use a training batch size of 128 and test using a batch size of 32. All batches
are generated randomly to obtain the trajectory of 300 time-steps. The loss is only computed on the
last 280 time-steps. For all models we use the Adam optimizer with a learning rate of 0.001 for 1000
batches.

For our comparisons, we use the following configurations. For WaveRNN [35], we use one channel,
an identity activation, and a hidden dimension of 20 to have a more direct comparison to our model.
The loss is mean squared error (MSE).

Copy For all experiments, we use a training batch size of 128 and test using a batch size of 50.
All batches are generated randomly to obtain the sequence of 10 tokens to be memorized. We use
T = 20, so the total sequence length is 30. The loss is only computed on the last 10 tokens; the
intermediate outputs are not considered. That is, we only care about the model’s ability to reproduce
the sequence of 10 tokens at the final 10 timesteps. For all models we use the Adam optimizer with a
learning rate of 0.001 for 1000 batches.

For our comparisons, we use the following configurations. For WaveRNN [35], we use one channel
and an identity activation to have a more direct comparison to our model. The loss is mean squared
error (MSE). For Mamba and the transformer models, we use cross entropy loss, as they naturally
output logits over the vocabulary size. We found that these models needed at least 2 layers to perform
on the task, which we use in our experiments. For the transformers, we use a single attention head.

Selective Copy By randomizing token positions and focusing evaluation solely on the terminal
outputs, this task highlights each model’s ability to selectively attend to and retain the correct
information. Our architecture’s time-dependent projection and delay-coordinate closure enable it to
isolate the IV informative tokens with minimal overhead, even as memory capacity is constrained.

C.3 Assumptions Note

As a note on the practical implications of the assumptions made. When the size of the latent state is
larger than the minimal representation but not large enough to trivialize the dynamics of the measure,
then the additional degrees of freedom provide many non-unique and non-trivial solutions. In this
case, we experience large standard deviations in the training loss between runs with differing initial
conditions. In the case where memory is sufficiently large to trivialize the measure dynamics, the
learning became significantly more consistent.

In addition, the continuity assumptions on the measure make it impossible to use the current frame-
work to effectively learn a version of the copy task where the predicted output is required to be placed
in order. However, on this task, we observe that the Mamba and transformer architectures perform
exceptionally well.
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