Appendix: Spherical Motion Dynamics
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A Intuitive Description on Spherical Motion Dynamics

In introduction of the main text, we only provide a brief statement on the concept of Spherical Motion
Dynamics (SMD) due to the limitation of the length. In this section we give a detailed description on
intuition of Spherical Motion Dynamics and its relevant concept, effective learning rate.

Effective learning rate Since Batch Normalization (Ioffe & Szegedy, 2015) becomes an indispens-
able module of popular network structures, the scale of the weight norm does not affect the output of
unit at all, Euclidean distance defined in weight space completely fails to measure the evolving of
DNN during learning process. As a result, learning rate 1 cannot properly measure update efficiency
of normalized DNN. To deal with such issue, van Laarhoven (2017); Hoffer et al. (2018); Zhang et al.
(2019b) propose “effective learning rate” as a substitute for learning rate to measure update efficiency
of normalized neural network using stochastic gradient descent (SGD), defined as
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Now we show why effective learning rate is defined like Eq.(1). A typical SGD update rule without
weight decay(WD) is
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if ||we||2 = ||wit1]|2, then dividing both side of Eq.(7) by ||w;||2, combining with the definition of
unit gradient, and let w; = w;/||w;||2, we have
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Eq.(3) shows effective learning rate can be viewed as learning rate of SGD defined on the intrinsic
domain SP~ 1.

Next we show the connection between effective learning rate and angular update. According to
the definition of angular update, 9L/Jw is perpendicular to weight w (see Figure 1 in main text),
combining with Eq.(3) and (1) we have
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If angular update A, is small enough, it can be approximated by first order Taylor series expansion of
tan(A;) = A, + O(A?), therefore we have
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It can be seen from Eq.(5) effective learning rate multiplying unit gradient norm equals angular update.
Comparing with original definition of learning rate 7, effective learning rate is not deterministic, its
value depends on the variation of weight norm. Even in equilibrium state of SMD where weight norm
has its own theoretical value that can be explicitly computed (theorem 1 in main text), the theoretical
value of effective learning rate still depends on unit gradient norm. On the hand, our results in main
text showing the theoretical value of angular update in equilibrium is only determined by predefined
hyper parameters (learning rate 77, WD factor \). Therefore, we suggest to directly study the behavior
of angular update instead of effective learning in SMD.

Necessity of Weight Decay Another deduction from Eq.(2) is that weight norm always increases
because
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Recall lemma 1 in main text implies gradient norm is inversely proportional to weight norm if unit
gradient is fixed, hence increasing weight norm can shrink gradient norm as well as effective learning
rate in Eq.(1). Zhang et al. (2019b) states the potential risk that GD/SGD without WD but BN
will converge to a stationary point (where gradient norm is very small) not by reducing loss but by
increasing norm of weight. Arora et al. (2019) proves that full gradient descent can avoid the risk of
vanishing effective learning rate, and converge to a stationary point defined on SP~1, but their results
still require sophisticated learning rate decay schedule in SGD case. Besides, practical implementation
suggests trained neural networks without WD often suffer from poor generalization (Zhang et al.,
2019b; Bengio & LeCun, 2007; Lewkowycz & Gur-Ari, 2020).

Tug-of-war in Spherical Motion Dynamics Now we intuitively derive the tug-of-war between the
centripetal effect from WD, and the centrifugal effect from the gradient perpendicular to weights.
Considering the update rule of SGD with WD:
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The squared norm of updated weight is
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Comparing with Eq.(6), Eq.(8) implies WD provides direction of updates tending to reduce weight
norm, hence Chiley et al. (2019); Zhang et al. (2019b) point out the possibility that weight norm can
be steady, but do not explain this clearly. Here we demonstrate the mechanism deeper: By Eq.(8), we
have
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Therefore, we have
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Eq.(12) implies if unit gradient norm (|| % _|]2) is steady, “centripetal force” (—An||w||2) is

2
proportional to ||w;||2, while “centrifugal force” (2||Z’7t|\3 H%’ ||3) is inversely proportional
2 W=,

to ||w;||3. As aresult, the dynamics of weight norm is like a spherical motion in physics: overly
large weight norm makes centripetal force larger than centrifugal force, leading to decreasing weight
norm; while too small weight norm makes centripetal force smaller than centrifugal force, resulting
in increasing weight norm. At last, equilibrium state will be reached if the number of iterations is
sufficiently large.

Let us see what will happen if equilibrium is reached in this tug-of-war. By Eq.(12), we have
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Rewrite Eq.(13), we have
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Recall W is effective learning rate 7.y y. Combining with (14) and (5), we have

Ap & 4/2An. (15)
v/2An is exactly the theoretical value of angular update A; in SGD case (Theorem 3 in main text).

Note the intuitive description on SMD is only suitable for SGD case. In momentum case, the tug-and-
tar between effect of weight decay and gradient of loss is not as clear as that in pure SGD case. But
our theorem 2/3 in main text shows SGDM can also obtain equilibrium, and the theoretical value of
angular update is influenced by momentum factor o besides learning rate 17 and weight decay factor

B Related Work

In this section, we additionally review literatures about normalization techniques and weight decay.

Normalization techniques Batch normalization (BN (Ioffe & Szegedy, 2015)) is proposed to
deal with gradient vanishing/explosion, and accelerate the training of DNN. Rapidly, BN has been
widely used in almost all kinds of deep learning tasks. Aside from BN, more types of normalization
techniques have been proposed to remedy the defects of BN (Ioffe, 2017; Wu & He, 2018; Chiley
et al., 2019; Yan et al., 2020) or to achieve better performance (Ba et al., 2016; Ulyanov et al., 2016;
Salimans & Kingma, 2016; Shao et al., 2019; Singh & Krishnan, 2020). Though extremely effective,
the mechanism of BN still remains as a mystery. Existing works attempt to analyze the function of
BN: Ioffe & Szegedy (2015) claims BN can reduce the Internal Covariance Shift (ICS) of DNN;
Santurkar et al. (2018) argue that the effectiveness of BN is not related to ICS, but the smoothness
of normalized network; Luo et al. (2019) shows BN can be viewed as an implicit regularization
technique; Cai et al. (2019) proves that with BN orthogonal least square problem can converge at
linear rate; Dukler et al. (2020) proves weight normalization can speed up training in a two-layer
ReLU network.

Weight decay Weight decay (WD) is well-known as [5 regularization, or ridge regression, in
statistics. WD is also found to be extreme effective when applied in deep learning tasks. Krizhevsky
& Geoffrey (2009) shows WD sometimes can even improve training accuracy not just generalization



performance; Zhang et al. (2019b) show WD can regularize the input-output Jacobian norm and
reduce the effective damping coefficient; Li et al. (2020a) discusses the disharmony between WD
and weight normalization. A more recent work Lewkowycz & Gur-Ari (2020) empirlcally finds the
number of SGD steps 7" until a model achieves maximum performance satisfies 7' < s, where A, n

are weight decay factor and learning rate respectively, they interpret this phenomenon under the view
of Neural Tangent Kernel (Jacot et al., 2018), showing that weight decay can accelerate the training
process. Notice their result has no connection with equilibrium condition discussed in this work. Our
results shows the cause of equilibrium condition can be reached long before neural network gets its
highest performance.

Equilibrium Since the scale invariant property caused by normalization makes euclidean metrics of
weight meaningless, researchers start to study the behavior of effective learning rate. van Laarhoven
(2017); Chiley et al. (2019) estimate the magnitude of effective learning rate under equilibrium
assumptions in SGD case; Hoffer et al. (2018) quantify effective learning rate without equilibrium
assumption; Arora et al. (2019) proves that without WD, normalized neural network still can converge
using fixed/decaying learning rate in Gradient Descent(GD)/SGD cases respectively; Zhang et al.
(2019b) shows WD can increase effective learning rate; Li & Arora (2020) proves standard multi-
stage learning rate schedule with BN and WD is equivalent to an exponential increasing learning rate
schedule without WD. As a proposition, Li & Arora (2020) quantifies the magnitude of effective
learning rate in SGDM case. But none of them have ever discussed why equilibrium condition can be
reached. A recent work Li et al. (2020b) studies the convergence of effective learning rate by SDE,
proving that the convergence time is of O(1/(An)), where A, n) are weight decay factor and learning
rate respectively. Kunin et al. (2021) also depicts the equilibrium state by gradient flow.

Adaptive learning rate method Equilibrium state of Sperical Motion Dynamics makes all the
relative update (||Aw;||2/||w;||2) of weights from different layers same and only determined by
predefined hyper-parameters. Though this interesting phenomenon has not been widely accepted by
optimization community (due to lack of justification on equilibrium), a bunch of large batch training
methods (You et al., 2017, 2019) have adopted this “fixed relative update” motivation to design
optimization algorithm for deep models. They do not connect the “fixed relative update” motivation
with equilibrium phenomenon at all, but it is still worth being mentioned.

C Proof of Theorems

Remark C.1. In the rest of context, we will use the following conclusions multiple times: V9, ¢ € R,
if|9] < 1, |e] < 1, then we have:

(1+6)? =1+ 26+ o(d), (16)
\/1+6:1+g+0(§), (17)

1
?—1—64—0(6) (18)
(14+0)(14+e)=14+0+c+o0(d+¢). (19)

C.1 Proof of Lemma 1

Lemma 1. If w is scale-invariant with respect to L(w) , then for all k > 0, we have:
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Proof. Given wy € RP\{0}, since Vk > 0, L(wg) = L(kwy), then we have
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C.2 Proof of Theorem 1

Lemma C.1. If the sequence {x,}{2, satisfies
L
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where x1 >0, L >0, a > 1/2

Then, we have
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Proof. If zy > / %, since 4/ % > \/g, and f(xz) = ax + L/x is monotonically increasing on

[v/L/a,o0). Then we have
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which means Vk > t, x5, > /L/(1 — «).
If0 < zy < v/L/(1 — «), then

< a(x/lLCM-xt)

Therefore, if 0 < 1 < y/L/(1 — ), by induction it’s easy to V¢ € [1,T — 1], we have
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Summarizing Eq.(26), Eq.(29), we have
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Theorem 1. (Equilibrium in SGD) Assume the loss function is L( X ; w) with scale-invariant weight

w, g; = g—ﬁ, ’tht, G = gt - ||wi||2. Consider the update rule of SGD with weight decay,

Wy =we — 1 - (g + Awy)

where \,n € (0,1). If the following assumptions hold:

1) An < 1 (o(An) can be omitted);
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2) Let Lt = E[|\Qt||g|wt] HV S R+, Vt S N+, E[(Hgt”% - Lt)2|'wt} S V,'
3) Vt € Nt, Ly satisfies |Liy1 — Li| < 4V (A\n)3/?;

~ A
15> 11> 2[{55 L.

Then 3B > 0, Vt € NT, wy = /L;_1n/(2)), we have

Efllwrll2 - (w})2)? < (1 - 220)'B + 2T 32
- (1 —2\n)
Proof. Since (wy, g:) = 0, by Eq.(31) we have:
~ 272
weall2 = (1 — nA) w3 + 19127 (33)
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Let z; denote ||wy||3, G denote ||g;||3 and omit O((nA)?) part. Then according to assumptions 1),
2),3), Gy > I, E[G4|zy] = L,E[(Gy — Ly)?|x] <V, Eq.(33) can be rewritten as
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The rest work is to prove the sequence {x;}?°, will approach to another sequence {z}}{2; in
expectation, where x} = \/L:—11/(2X).

Step 1, derive a lower bound of x; using Lemma C.1 and assumption 4.

According to Lemma C.1, the lower bound of z; is

[In ¢ In
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Eq.(35) implies when ¢ > T (A, n,{, o), where
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we have
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Ty > 75\ (37)
Step 2, derive the relation between E(z, — z},,)? and E(z,41 — 7, ,)? using lower bound of z,
and assumption 2, 4.

Since x},; = \/Lyn/(2)), Expanding E(z;41 — x},,)? we have
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Now we need to prove
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when ¢t is sufficiently large. According to Eq.(36),(37), when ¢t > T(\,n,l,x0), ©; > in
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Combining with assumption 4 in Theorem 1, we have
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Combining with Eq.(37),(38),(41), if t > T (XA, 1,1, xo), we have
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E[(zr41 — 2p40)? 2] < (1= 20n) (2 — 2711)° + ] (42)
Considering the expectation with respect to the distribution of x;, we have
. . 4VA A
E(we41 — xt+1)2 < (1= 2Mn)*E(x; — $t+1)2 + =1 (43)

l

Step 3, derive the relation between E(z,1 — z},,)? and E(z, — 2})? using assumption 4 and
results in step 2

Note the theoretical value at iteration ¢ is xy not xy, ;. Now we see at iteration ¢,
|0 — | < e — x| + 2 — a4 (44)
Since Vt, Gy > I, Ly = E[G¢|z:] > [, we have
* n |Li—1 — Ly |Lt 1 Lt
Ty — < (v/Li—1—~L¢)- = 1/ 45
|t t+1|7( t—1 t) 2\ Lt1+\/7 /\ - (45

Combining with assumption 3, we have
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Now considering the expectation w.r.t. distribution of z;, we have
V2Vi? A V2Vn?A
E(xy — 25 ,)? <Ellz; — 2| + ———12 < [v/E(xy — 23)2 + ——— 2?2 47
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Now we consider two cases separately: if An/E(z; — z})? > N , then
. V2VI2A .
B(we = i)’ < WV =2 + =221 < (L 0fBla - o) @9)
Combining with Eq.(43), we have
. . 4ViAA
E(zi41 — 211)? < (1 — 2\0)E(z; — 2})? + l’ . (49)
\/Wn A %12 2vn
Else if Any/E(x: — })? Je E(zy —xf)? < , then by Eq.(47), we have
. V2Vn2 A 2Vn?
B(we = ai)® < [VE(w =) + =22 < (e = (50)
Combining with Eq.(43), we have
. 2Vn?  4Vp3IA 2V
B(wrs1 = af)? < (1— 22— + —1= = =L, 51)
Summary Eq.(49), (51), we have
* 2 *\ 2 4V773A 2‘/772
E(xi41 — x711)" < max{(1 — 2An)E(x; — 27)” + T }. (52)



Step 4, derive the upper bound of E(z, 1 — z},)? given ¢
According to Eq.(52), by applying deduction method, when ¢t > T (A, 1,1, zo), we have

2V n?

7 (53)

E(e: - })° < (1 - 22 TE(xr — a) +

Now we have derived the upper bound of E(z;11 — x},1)? when t > T(\,7n,1,20), we need
to take t < T (A, 7,1, 2z0) into account. To do that, we just need to prove B = maz{(1 —
20 'E(zy — 27)%|t = 1,2,...,T exists, where T = T (A, n,l,z0). Specifically, we need
to prove V¢t € {0,1,2,..., T, E(z; — z})? is finite. According to Lemma C.1, since G; > [,

x¢ > min{xo, é—’j\}, we have
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Ex? =E[(1 — 2\n)2x7_; + 2(1 — 2\n)Gy +

<(1 — 4 p)Eai_; +2(1 — 2Mn)L; +

Eq.(54) implies if Ez?_; < oo, then Ez? < oo. Hence by deduction methods, V¢ € [0, T (A, 1,1, z0)],
Ex?2 is finite. Next, we can bounded E(z; — 2*)? by
E(z; — z*)?
<Ex? + 2z} |Exy| + (x})?
(55
<Ea? + 227y /Ex? + (z7)?

<00.

Therefore, B exists, and satisfies: when ¢t < T (A, 7, [, z¢), we have
)2 t —t *\2 t t 2V
E(x;—2*)" = (1-2An)" - (1—-2An) "E(z:—z;)° < (1-2M)'B < (1-2\n) B—l—T; (56)

when t > T (A, n,l,zg), we have

2V n? 2V n?
E(w, —a})? < (1—2)'TE(ar —a7)? + == < (1 -2\)'B+ = (57)
In summary, V¢ > 0, we have
2V n?
E(z, — %) < (1 — 2\n)'B + l” . (58)
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C.3 Proof of Theorem 2

Lemma C.2. Assume a, 3,¢ € (0,1), where § < 1. Denote diag(1 — fﬁ a, o’ + % )as A,

—a?

k= ((1_1a)2 ,— (13‘;)2, (131)2 oe=(1,1,1)7T. Ife < %[1_;2 — %] thenVd € RP, we have
21T 7/|2 4p 2
(A —eb(1 —a) ke )d[l; < (1 - 7—)lldll; (59)
Proof. Omit O(/3?) part, we have
I(A = eB(1 — a)’ke™)d|[3
4p 4p
=(1- m)df—koﬂd% +at(1+ m)dﬁ (60)

— 286(d1 +dy + dg)(dl — 2052d2 + 014d3)



First, we need to estimate the lower bound of (d; + do + d3)(dy — 2a%dy + a*d3) by
(dl + d2 + dg)(dl — 20[2d2 + O[4d3)
[dl + (1 — 2042)d2]2 n [dl =+ (1 + Ot4)d3]2

2 2
1 8
~ (1/2+ 203 — —2 + (o — 207)dods (61)
1 at a® ot 5
>_ (= 24 7d2—7 7_22 *dQ
5
> — 3d3 — §d§.
Then combining Eq.(60), (61), we have
(A —eB(1 - a)’ke")d][3
48 | o 2 2
<(1- m)dl + (a® + 3B¢e)d; (62)
4Ba*  5fe
4 IPE 1o
+(« +1_a+ 5 )ds.
Since € < %[173“2 - %], we have
4
a2+3/3€<1—1f5, (63)
4Ba* 5 4
ot 4 HBo” BB 4B (64)
l—« 2 11—«
Hence, by Eq.(62) we have
4
1A — 26— a)keT)d} < (1 - ) 65)
O

Theorem 2. (Equilibrium in SGDM) Considering the update rule of SGDM (heavy ball
method (Polyak, 1964)):

vy = a1+ gy + Awy (66)
Wiy1 = Wi — NV (67)
where A, € (0,1),a € (%, 1). If following assumptions hold:

5) A <1, < (1—/a)?

6) Define hy = |43 + 2a(vi—1, ), he = hy - [[w,
E[(hf — Lt)Q\'wt] S V,'

2, Ly = E[hy|w,]. 3V € RT, ¥t € Nt,

7) Vt € N, L, satisfies |Li 1 — Li| < 4V V (A\n)3/2;

8) 3 € RVt € N¥ by > 1 > 2 raysrraysma=ay ) Lo+

then 3B, C > 0, C only depends on o, wi = {/Li—1n/(AM(1 — a)(2 — A/(1 + «))), we have
\% 2

N 2\
Ef|fwr] § — (w})]* < (1= {==)'B+ —-C, (68)
Proof. The update rule is
Wiyl = W — NVt
gt
=w; —n(avi_1 + —— + Awy)
|[w]| (69)
Wi—1 — Wy gt
=w; —n(a + + dw
A T

= (1 -+ )w; — awi_1 — gu1).



Derive the update of weight norm by Eq.(69), we have

Hwt+1||§

=(1 = A+ @)?[fw|f3 = 2a(1 + o — nA) {w, w; 1)
+?[|wia |5 + gl 30% + 2(aw; 1, gin)

=(1 — A + a)?||wy||2 — 2a(1 + & — A (wy, wy_1) (70)
+ w113 + [lgel 377 + 2(c(wi + i 1), gim)

=(1 = A+ a)?[Jwll5 = 2a(1 + a = nA) (ws, wi—1)

2 2 ht’l2

+ af|lw—|[3 + w2

Derive the update of inner product by Eq.(69) and the fact that g, is perpendicular to w;, we have
(Wi, we) = (1+a — An)||Jwe|]? — afws, wy_1). (71)

Now Eq.(70), (71) can be formulated as a 3 dimensional iterative map, let X;, A, e denote:

a ||w:[3
Xi=| b | =| (w,wi—1) [, (72)
i w13
1+a—-M)? —2a(l+a-An) o
A= 1+a—Ay —« 0 , (73)
1 0 0
1
e= ( 0 > , (74)
0
(75)
respectively, then we have
Xopr = AX, + 7 (76)
t+1 — t eTXt .

The rest process is to prove { X} will approach to another sequence { X;}, where X} denotes the
solution of equation

Lt—lT]2
X =AX + Tx © a7
Step 1, simplify the iterative equation Eq.(76) by eigenvalue decomposition.
When An < (1 — \/)?, the eigen value of A are all real number, and explicity computed as
\ (At a—M)?2+(1+a— A/ +a—In)? -4
' 2
-«
2An 2,2
=1-— A
)\2 = Q,
e = (I+a—A)2—(1+a—-M)y/(1+a—An?—4a
T 2
-«
—o? 2 o)
and they satisfy
0<Ad3<Ad=a< A<l (78)
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We omit O(A?1?) in following derivation. Considering a eigenvalue decomposition of A
S 1AS = A, (79)

where A is a diagonal matrix whose diagonal elements are the eigen value of A; the column vector
of S is the eigen vectors of A, note the fromulation of S, A are not unique. Specifically, we set A, S
as Eq.(80), (81), the inverse of .S exists, and can be explicitly expressed as Eq.(82).

A 0 0
A = 0 X O , (30)
0 0 As
1 1 1
1+a—An 1+a—An 1+a—X
S = at ] a2 : a+z\3n : (81)
€ 1 1
A1 Ao A3
(Oé+)\1)>\1 _ 2)\1(a+)\1)(a+)\3) /\1)\3(o¢+)\1)
(A1 —a)(A1—A3) A1 —=A3)(A1—a)(14+a—p) (M —a)(A1—A3)
S*l _ o 2a° 2a(a+A1)(at+A3) o 2al1 )3 (82)
B (A1—a)(a—As) (M—a)(a—A3)(1+a—p) (M —a)(a—As3)
(a+A3)As _ 223 (a+A3)(a+A1) (at+A3) A1 A3
(OL*/\3)()\17)\3) ()\17}\3)(&7}\3)(14’&7[‘3) (Oé*)\3)(/\17)\3)

Remark C.2. The computing process of eigenvalue decomposition of A is straightforward and
tedious, so we omit them. Besides, notice A is not symmetric, its eigenvalue decomposition is not
equivalent to its SVD(singular value decomposition). The eigen vectors of A are not necessarily unit
or orthogonal to each other

LetY; = §~!' X, combining with Eq.(76), we have

fLmQ —1
Yii1 =AY, + ———==5 e 83
t+1 ¢t + (STe)TY; e (83)

Combining with Eq.(81) and Eq.(82), and set Y; = (a, Bt, 6t)T, Eq.(83) can explicitly expressed as

- - iztnz (Oé + )\1))\1
g1 = A0t + = . , 84
i e ar+ b +¢ (A —a)(A = A3) )
~ ~ iLtn2 20
biy1 = aby — - . , 85
o ' ar + b +¢& (M —a)(a—2A3) (5
hen?  (at+A3)As

Ct4+1 = A3Ct + = (86)

ap+be+¢& (o= A3)(A1—A3)’
Step 2. derive the lower bound of ||w,||2 = d; + b; + ¢ like step 1 in theorem 1

To do that, we need to prove following inequations (Eq.(87) - Eq.(91)) by mathematical induction
method

by <0, (87)
¢ >0, (88)
(= A1) >(A1 — \3)ér, (89)
ay 4 by + ¢ >0, (90)

- = - ~ 7 ~ Btﬂz
Q41 + bpgp1 + Gq1, DA (A + 0 + &) + —————. 1)

a; + bt + ¢
According to Eq.(72), start point X satisfies

X1 = (|Jw1|[3, (w1, wo), [|wol3)" = (a1, a1,a1)" 92)
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where wy = w1, a; = ||w1||3. Then Y7 = S~ X;. Combining with Eq.(85), (86), we have

~ 2a2\n
by =— ai, 93
1 On = a)a— )™ 93)
As(As + @)(1 — a+ M) l—a—An
= - A , 94
5 VT W T gy v L ey v 4
Since
A3 <« (95)
l—a—An _ 9 9
1_a+)\n—)\1—0()\n) (96)
then we have ~
(Ot — )\1)1)1 = O(/\T]) > O(/\2772) = ()\1 — )\3)51. o7
Besides 5
a1 +bi+é=e'SYi=el' X, =a; > 0. (98)
Sum Eq.(84), Eq.(85), Eq.(86), set t = 1, and combine with Eq.(97) we have
- - han?
Qo + by + Co =\1a1 + aby + N3¢ + %,
a, +by+é
. 99)
- = - h1772
2)\1((11 —+ bl —+ Cl) —+ =
a; +by +¢é

Therefore, for t = 1, Eq.(87) - (91) holds.

Suppose for t = T', Eq. (87) - (91)) hold. Then by Eq.(85), (86), we have l;TH < 0,ar4+1 >0, so
Eq.(87), (88) hold for t =T + 1;

Combining with Eq.(85), (86), (89), we have

(Oz — )\1)I~)T+1
- hyn? 20
=a(a — A )by + — a — - a
ar + bT + cr (Oé - )\3) (100)
hyn? (atA3)As

>/\3(/\1 — )\3)ET +

ap+bp+ép  (a—A3)
=(A1 — A3)ér 1,

thus Eq.(89) holds for ¢t =T + 1.

Sum Eq.(84), Eq.(85), Eq.(86) for t =T + 1, due to Eq.(100) we have

ary2 +bria+érya
2

- 7 ~ Btﬂ
=Aary1 +abryr + A3Cryr + = = -
ar41 +bre1 + 4 (101)

iLt’I]Q

>>\1((~1T+1 + ET+1 + ETJrl) +Z 7 ~ ’
arq1 +bry1 +érqa

Eq.(91) holds fort =T + 1.

Combining with the fact that ap + BT + ¢r > 0, when ¢t = T in Eq.(91), we have
ars1 + I;T+1 + Cr41

fLmQ

_ he” (102)
ar + by + ¢r

>\ (ar + by + ér) +

>0
Hence Eq.(90) holds for ¢ =T + 1.

12



In summary, Eq.(87) - (91) hold V¢ > 0. Eq.(91) allow us to estimate the lower bound of a; + by + ¢
when ¢ is sufficient large. Define T (cv, A\, 1,1, a1) as Eq.(103)

T(a7 >\u m, l7 al)

109((\/5—1)\/%)—509(@“0— ﬁ\)] (103)

:[” log(1 — 28)

According to Lemma C.1, when t > T (v, A\, 1,1, a1), we have

/ /1l 1_
at + bt + Ct 1 — )\1 Oé )\77 (104)

Step 3, derive the relation between E||Y; — Y%, ||3 and E||Y,;.; — Y}%,||3 like step 2 in theorem
1.

Y/, = (@41, 051, E5,1)7 denotes the solution of
Lt772 —1
Y=AY +-———+=S"e. 105
+ (STe)TY € (105)
Recall ayy1 = Gyq1 + brp1 + Goyp1, 50 af 1 =ai 1+ 5;“+1 + ¢;41 > 0, then aj ; is computed as
* ~ % T* ~k Lt77
Gpp1 = Qypq + b + 64 = . (106)
ML= a)(2 - 7%)
According to assumption 6, ]Eﬁt = L;, then we have:
. Lin? . hy — Ly)n?
Yoo Vi = (A — 0 geT)(v; — vy + e BT, (107)
Aty g ag

where k = (ki, k2, k3)T = S~'e. In the following context, we will omit the O(A\?n?) part since
An < 1. k1, ks, ks can be approximated by first order Taylor expansion as

1
k1 “—ap2 + O(An), (108)
2
hy = — ﬁ +0(), (109)
2
ks :(15704)2 +O0O). (110)

By Eq.(107), the conditional expected distance is derived as

E[(he — L)?|Yi]n*
a2

E[||Yers = Y7 |32 = [/(A — ke) (Y, = Y )II3 + [[K[[3- (111)

atatH

Now we derive the upper bound of Eq.(111). We have known that if ¢ > 1 + T (a, A\, 1,1, a1),
Eq.(104) shows the lower bound of a;, Eq.(106) shows the value of a} |, therefore we have

Ln? 2L
t7) < Rid

aa;yq N

2. (112)

According to assumption 8, we can derive

2L (1—a)? 1-a? 8

— — . 113
Combining with Eq.(112), (113), according to lemma C.2, omitting O(\?n?) we have
L N 4\ v+
(A~ ke") (Ve = Y3 < (- 7= o)lIYs = Vi3, (114)
AtQyqq

13



Assumption 5 in theorem shows the E[(h; — L;)?|Y;] < V, so combining with lower bound of a; in
Eq.(104) we can derive

El(h, — L)?|Yy] 4, 4ViiA
a? TS (1-a)
Combining with Eq.(111), (114), (115), we can derive the upper bound of conditional expected
distance in Eq.(111) given timestamp ¢

(115)

. 4\n N 4V |K||3
Bl ¥ir — Y 3% < (- -2y - v 3+ DPARE g
1 (1 —a)
Then the upper bound of expected distance is
) ] ) AV M| k|13
E[| Vi1 — Y5 < (1 - 7)E||Y2 Yol + ﬁ (117)

Step 4, derive the relation between E||Y; — Y,*||2 and E||Y;1 — Y}%, |3 like step 3 in theorem 1.

Given time step ¢, we have

1Y, = Yl < 1Y — Yillo + 1Y = Yo (118)
Here we need to estimate the upper bound of ||Y;* — Y ;||2. Recall Y, , satisfies
Lt772 -1
=AY + S e, (119)
t+1 t+1 (ST )T}/t+1

,k = S"'e, by Eq.(106)

* Lin
ajyy = ap + b5+, = (8Te)TY L = \/ v (120)
A1—-a)(2- %)
Therefore, Y ; can be explicitly computed as
Yo = Low(d - a)(2 — 1)1 - A) 'k 121
P = Lo - )2 = ) (T - &), (121)
Then we have
* * An
1Y = Y13 = (VL1 = VL) (1= a)(2 - 7)”(1 A) K3 (122)
By assumption 7, and using the fact that L, = E[h;|w;] > [ we have
[Le—1 — Ly |Lt—1 — Ly V(An)?
L1 — Ly = < <2 . 123
‘ t—1 t| \/I:+ \/E = 2\ﬁ = l ( )
On the other hand, . . )
I-A)'=di 124
(I=4) T T (124)
where 1;\3 < 1}A2 < 1jA1 = 12_73 + O(\n). Therefore
- 1-a)?
(T = A) KI5 < =g IRl + O0w) (125)
Combining Eq.(122), (123), (125), we have
. . 2V (1 — a)3\2p? 2V NIt
1% =¥l < Sk O < G gk a26)
ie.
. . 2V 2P|k
17— ¥l < 2 AT IR (127)
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Hence combining with Eq.(118), we have

« N 2V \n?||k
1%~ ¥l < ¥~ 7o ) 20 MR, (128

11—«

Now considering expectation w.r.t w;, we have

. . |2V )\77 ||’<3||2 . 2V M?2||k\|2
E|Y: - Yialls <E[[Y: - ¥/l + /5 < [VENY: =Y [)5 +

(129)
E[|Y; — Y2 > /2 nl|k||2. then by Eq.(129), we have
12 WIRY) (|2
E[lY: - Yiallz < A+ —)°EllY: - Y/l2. (130)
Then combining with Eq.(117), we have
2An AV M| k|13
E||Y;11 — Y ||2 177EY—Y* _— = 131
Yo =¥l < (- T2 EIY = Y+ = a3
Else if \/E[[Y; — Y*[|3 < \/ 2/ n]|k||2, then by Eq.(129), we have
. A 2Vn?||k||3
E|Y; - Vi3 < (14 202 ] Lty (132)
1-—a l
Then combining with Eq.(117), we have
. 2Vn?||k||3
E||Yip1 - Yy} < M (133)
Summing Eq.(131), (133), we have
. 2\ y 4V |k|13 2Vn?|| k|3
El[Yn — ¥l < mar{(1— VL m)y; - vy g+ 2 TARE 2VORE) g

1-a) ’ l

Step 5 derive the upper bound of E||Y;; — Y%, ||3 given ¢ like step 4 in theorem 1
According to Eq.(134), by applying deduction method, when ¢ > T = T (a, A, 1,1, a1), we have

21 2Vn?|| k|3

El[Y: - Y7 |3 < (0= ;=) TEIYr = Y7[5 + = (135)

Similar to proof in SGD case, we need to take ¢ < T (a0, A\, m, 1, a1) into account. To do that, we need
to prove B = maz{(1 — 2>"7) 'EI|Y; - Y ||3) t = 1,2,..T (o, A\, m, 1, a0) } exists by showing
E||Y; — Y;*||3 is finite for t = 1,..., T (a, A\, n, 1, ap).

According to lemma C.1, combining with Eq.(91), we have

- In(1 —
= (STe)TY; = a, + by + & > min(ao, %). (136)
Hencet =0,1,...,T(\,n,1,a1) — 1, we have
2 _RIIA htﬁ -1
E||Yi1|l2 =E[| Yt'f'ws ell3
ht’? 1
<2E||AY|[3 +2llﬁ5 ell3 (137)
L 2
<2A2E||Yi|2 +2 7 15~ ell3.
. In(l—a)
min(ag, o)
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By mathematical deduction, if E||Y5||3 = || Yo||3 is finite, then

E||Y;|[3 < oot =1,..., T(\,n,1,a1). (138)

Further more, by Cauchy inequality, we have
E[|Y: - Y/||3 < 2E[|Yy[[5 + 2/| Y] < oo (139)

Hence B exists, and we can prove V¢ > 0

2\ - 2Vn?||K||3
N, 2VrPlIkD

BV, - Y3 <(1-—-)'B l (140)
Ift > T, by Eq.(135), we have
EIY: - %3 < (1 220y TEYy - vy + 2CLIME
- 2y 2y gy VOIRE 4
2 2
<(1- 12i77a)t35+ 2V l||k”2
Else if t < T, we have
BIIY, ~ Y[ = (1 - 2y (1 2y, - v
2 ~
<(1-{=L)'B (142)
22X - 2Vn?||k||3
<(1_1_77a)tB+ 771|| I3

Step 6, derive the upper bound of E(||w;||3 — (w})?)? by E||Y; — Y;*||3.

Recall ||w]|2 = ay = @y + by + &, (w})? = af = aF + b + ¢, therefore by Cauchy inequality,
combining with Eq.(140)

2\ i SV?IIK|3

E[[Jw][5 — (w*)?]* < 3E[[Y; - ¥7|3 < 3(1 - =-)"B+ — (143)

Set B = 3B, C = 6||k||3, note k = S~'e only depends on «, we can obtain
(o} - ) < (- 2y Y (134
O

C.4 Proof of Theorem 3

Theorem 3. (Theoretical value of Angular Update) In SGD(SGDM) case, if assumptions in theorem
1(2) hold, n? < 1, t is sufficiently large so that vanishing terms in Eq.(32), (68) can be omitted, then

with probability at least 1 — {/ thl we have

2Xn Vv
Ay — 1 ——] <O —). 145
AR <0G 1) (145)
In SGD case, o = 0.
Proof. According to Eq.(32), when ¢ is sufficiently large, we have (omit O(An?)
. 2Vn?
Bl jwel 3 - (i)’ < =5 (146)

l
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where wf = {/L;_11/(2\). Then we have V§ > 0,

Li_1m Li—1m 2V7]2
2 Pr(lllwi[3 — /=531 > 0) < Elflwel; — /=51 < = (147)
Eq.(147) implies Vé > 0
Li_ 2Vn?
2 t—17] n
Pr(|[[we|l§ =/ =551 > 8) < - (148)
Then by Eq.(148), we have V§ > 0
Li_1m Lin
Pr(lwn — /75 < 6 w3 — /5] <)
Li_n Ln
21— Pr(]||wi[3 > 8) = Prlllwenlls — /551 > 9) (149)
2\ 2\
4Vn?
>1 — .
- 162
On the other hand, by update manner of SGD in Eq.(31), we have
(Wegr, we) = (1= An)||w|[3, (150)
then we can compute cos®> A? by
2 (i1, wi)? ||w:][3
cos® Ay = =(1-2\n)—=5. (151)
|[wel[5 - [[wis1]]3 w15
According to the definition of Ay, A; > 0, and Ay is very close to 0, we have
Ay ~sin A, (152)
=+/1 —cos? A, (153)
||wel[3
=/1— (1= Mp)2——25 (154)
\/ |[wes1][3
Tt
:\/1— (1—xn)? (155)
Ti41

where x4, 241 denotes ||w;||3, ||wsy1||3 respectively as in Eq. (34). Assume x4, 74,1 are close to

Ty =4/ %, the second order Taylor expansion of Eq.(155) at w1y = x441 = o} is

Ao/ LA L ) (=g )]
EEVENIT oy wp, T T £ e (156)

+ O((wrg1 — 270)* + (2 — 2141)%)
Then by Eq.(156), we have,

1
Ay — 20| K—— (|zpg1 — i | + |2 — 27| + |2F — 25
|Ay ul 2\/1777 (|7441 t+1| |4 ¢+ [ t+1|) (157

+ Olzegr — 2y * + | — 2 + |2} — 2744 )
By Eq.(45), we have
A%

[} — @i </ A (158)

Assume 30 > 0, |x441 — x7, 4| <0, |z, — xf| < I, then we have

) % 2V A 2nt
Ay =20 £ —=+ | 57— LS 1
|A M| < W\/E+ 2Lm)\77+0(5 + / ) (159)
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L 177‘ <

Set § = 2n+/ Ly ¢/ Lll in Eq.(149) and Eq.(159), with probability 1 — ¢/ LLJ lwy||3 —

WL 3 fwega |3 - @\ < nVLi {/ %5, therefore we have

JVo v .V %
1A — /2] —2’/Ltz 1\ gp i+ O (2 =001 (160)

In SGDM case, if t is sufficiently large so that vanishing term in Eq.(140) can be omitted, we have

2V ||k 3

l 9
where Y} is defined as Eq.(83) , Y;* ; is defined as Eq.(105), k is defined in Eq.(107). Similar to
Eq.(148), Vo > 0, we have

E[|Yi1 — Y3 < (161)

. 2Vn?||k||3
Pr(|[¥iss — ¥it s > 0) < VKR 162)
Hence we have
2Vn?||k||3
Pr(|¥; — Y/ ll2 < 0) 21—%. (163)
On the other hand, in SGDM case, the angular update can be computed by
At = Sil’l(At> (164)
= 1-—cos?A; (165)
2
= 1o wewen)” (166)
[lwe[3 - [|[wes1][3
b2
= 1 t+L (167)

b
Ct4+10¢41

where (a4 1, b1, cee1) = (JJwert]]3, (we, wirr), |Jwe||3). Assume (asi1,bir1,crr1) is close to

* * * * _ * * * T * ok _ Lqn * _
(afy15 03415 Ci4q)s where Xy = (af 4, by, i) afg = ciq = ( A(lfa)(t%ﬁ” A

HﬁaA" aiy,. Then the first order Taylor series expansion of Eq.(167) at (a;41 = afy1,bi41 =

. .
byy1s Co1 = €i4q) s

Ay =¢/1— bgiﬂ
At41Ct41
\/7 \/m Ao
1+a T oyw U T4a) (168)
. [at+1 —ajy1 2(bey1 —b7) S CI+1]
apyq bita Cit1

+ O((are1 — ayy1)? + (b1 — bi 1) + (ceq1 — ¢141)7).

Now substituting Xt+1 = (at+1, bt+1, Ct+1) with Y2+1 = (at+1, Bt—&-l; 5t+1) defined in
Eq.(83),(84),(85), (86), Eq.(156) can be explicitly rewritten as (computing process is straightforward
and tedious so we omit it)

\/1 + a AN
1 + «a 2\/2/\ 1+«
(1-a)?
—_— — O
ap, o2 (Ct+1 Ct+1) + O(An)

+O([Yis1 — Y43,

)2
(169)
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Omit O(\n), if 36 > 0, ||Y; — Y*||2 < 0, we have

2)\
A=y
1 A 1 (1-a)?
Sm(l— 1y 054 o) (170)
22X l+a’ afy, o
1—a)’V1—a?
LUmaPVI—al o
202nV'Ly
Now set § = \/mm‘kﬂg\/»m Eq.(163) and Eq.(170), with at least probability 1 — l, we
have
221 (1—a)?/2(1 - a?) \ﬁ Vo2 \/7
— < 2V < 3/ Vo
A=yl s 202 1Kl +0( (Ltl) ) <O/ ;) (7

Summarize Eq.(160) and Eq.(171), for SGD/SGDM, if T is sufficiently large, with at least 1 — ¢ v

Ll
probability, we have
2)\77 |4
Ay — . 172
A=y TR <06 1) (72
O
C.5 Proof of Corollary 3.1
Proof of Corollary 3.1. In SGD case, by Eq.(34), we have
llwesal3 > (1= 2X)||w]3, (173)
which means
lwerr]l3 > (1= 2xn) " [Jw|[3. (174)

On the other hand, we know that when 1) is divided by k, ||w;||3 should be divided by v/k to reach
the new equilibrium state, therefore we have

||wi || 1 T
——=—>(1-2M)". (175)
lwel*
Since An < 1, log(1 — 2An) ~ —2\n, thus
log (k)
T > 176
4)n (176)
In SGDM case, by Eq.(101), we have
2An
|lweiall3 > (1— 7)|wa|\2, (177

Similar to SGD case, we have
7 s sk — o)

1
B (178)

D Modeling Equilibrium by Stochastic Differential Equation

Li et al. (2020b) models the concept of equilibrium by Stochastic Differential Equation (SDE) in
the continuous time limit. In this section, we discuss the connection between continuous form and
discrete form of equilibrium.
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In Li et al. (2020b), SGD can be approximated by
dw; = —nAwdt — nVL(wy)dt +nEL2dB, (179)

where 7, A denote learning rate and WD factor respectively in SGD. To properly approximate learning
dynamics of normalized neural network, besides the condition that £ is scale invariant w.r.t. W4,
additional property of X, is required:

1. . =22, for any ¢ > 0;
2. wiS,w=0;

The key results is

Lemma D.1 (Li et al. (2020b)). If 02 < Tr(Zw,) < (1 + €)o? for all w, encountered in the

trajectory, then

0.2

1— —4t 1
o1, (150)

v = ey 4 (14 0(e))

where v, = |Jw|[* /02, Ae = An, Wi = wi/||wy]]o.

Li et al. (2020b) states that the sign of equilibrium is the convergence of v;, and the convergence rate
of equilibrium is determined by so called intrinsic learning rate A, = ).

Let’s see the theoretical value of weight norm in continuous time limit, by Lemma D.1, we have

2

_ g _
w3 = e~ a1 + (1 + O() F5H (1 = =14, (18

When € is small, Eq.(181) implies the theoretical value of weight norm in equilibrium is w* =

Vo2n/(2)). Comparing with the theoretical value of weight norm (w; = /L¢—11/(2))) in our

results (Theorem 1), the formulation of w* is very similar to w; . The only difference is that w™ relies
on the scale of noise o? while w; relies on expected square norm of unit gradient L; 1 = E||g;_1]|3.

At first glance, the theoretical value w* of Lemma D.1 is counterintuitive: how is it possible that
the scale of norm weight ||w||2 only relies on the scale of noise at last? The formulation of w* and
the proof of lemma D.1 all show that the evolving of weight norm is only driven by scale of unit
gradient noise 7'r(X5) and has no connection to full batch gradients V.£(w,). While our results in
discrete form seems more reasonable: the theoretical value w; are determined by the behavior of
unit gradient norm, which contains the information of both full batch unit gradients and noise of unit
gradients, specifically we have

Ellg:ll3 = |[Eg:|3 + Ellge — Eg:[3. (182)

However, in many practical cases, the theoret-
ical values of weight norm in continuous form
and discrete form are consistent due to noisy

dominated regime (Smith et al., 2020). Noisy 200 |
dominated regime means the variance of gradi-
ents is much larger than the squared norm of full 150 ]
batch gradients, i.e.

IEg:|3 < Ellg: — Egell3, (183) =

then we have

50 4

Ellg:l; ~ Ellg: — Egill3, (184)
which implies that in noisy dominated regime, h } % ® o %
L;_1 =~ o2. The evolving process of weight poch

norm is indeed only determined by the scale of

gradients’ noise (see Figure 1), Figure 1: Expectation and variance of unit gradient

norm. The data points are collected from the multi-
Another connection is that in SDE settings, stage Imagenet experiment in section 4.1 in main
the convergence rate of weight norm is deter- text.

mined by A\, = An. In other word, it will take
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O(1/(An)) time to reach equilibrium. This result is consistent with the approaching rate in theorem

Comparing with the discrete form of equilibrium, the weakness of continuous model is apparent: first,
lemma D.1 does not take a more general situation into account, where the scale of gradients (including
full batch gradients and its noise) can variate across the whole training process; second, it is hard to
establish equilibrium state by SDE approximation when momentum method is applied. Therefore
Li et al. (2020b) only provides conjectures and empirical observations to speculate equilibrium in
SGDM. While in discrete settings, we can strictly prove the existence of equilibrium in SGDM
case. Third, SDE approximation is not easy to depict the behavior of angular update (We exhibit
the importance of angular update will be shown in next section). We notice recent works (Kunin
et al., 2021; Tanaka & Kunin, 2021) use the term angular velocity in continuous model to describe
the angular update in the discrete SGD and SGDM respectively. The theoretical results of angular
velocity is consistent with our results. But their results about angular velocity still rely on the steady
weight norm assumption (assume equilibrium state has been reached in advance), which weaken the
significance of their results.

However, even current continuous models do not depict equilibrium phenomenon very well, continu-
ous models own their unique advantages comparing with discrete models on studying the learning
dynamics of complex function. So a more powerful theoretical tool or model which can better connect
continuous models and discrete models is needed to study the effect SMD and equilibrium make to
learning dynamics of normalized neural network.

E The Role of Momentum in Spherical Motion Dynamics

In the main text, we propose angular update to indicate equilibrium state of Spherical Motion
Dynamics (SMD), derives its theoretical property in theorem, and give an example showing the
behavior of angular update in SMD can significantly influence the training curve of neural network,
and give a detailed description on the connection between angular update and the performance of
normalized neural network.

If An is fixed, increasing momentum factor will lead to smaller angular update (recall theorem 3), but
resulting in larger training/testing loss. A reasonable interpretation is that SGDM is equivalent to
SGD with larger learning rate (Smith et al., 2020; Mandt et al., 2017; Kidambi et al., 2018; Zhang
et al., 2019a). Intuitively speaking, even though SGDM has smaller angular update, the existence of
momentum makes its oscillation range much larger than its single step length on the loss landscape,
preventing optimization trajectory from approaching the bottom of basin. In summary, the role of
momentum is still not theoretically justified in non-convex problem, let alone taking equilibrium state
of normalized neural network into account. We leave this as a future work.

F Supplemental details on “Pseduo Overfitting”’ by Spherical Motion
Dynamics

®
3

First we introduce our experiment setting in sec- — SGDM
tion 4.3 in main text. Resnet18 (He et al., 2016)
is trained on CIFAR10 (Krizhevsky & Geoffrey,
2009) for 200 epochs. Learning rate is divided
by 5 at epoch 60, 120, 160 respectively; When
using SGDM, learning rate is initialized as 0.1,
WD factor is 5 x 10~%, momentum factor is
0.9; When using Adam (Kingma & Ba, 2015),
learning rate is initialized as 10~3, WD factor p =
is 5 x 1074, first and second momentum factors
are 0.9, 0.999 respectively.

Top-1 Accuracy (%)
8 8 5 8 3 3

5

°

?:_Dpoch ¢ *

Figure 2: Test Accuracy (Top-1) of Resnet50 on
We need to emphasize that though increasing ahgaganapdaaepiritiomimSacisonbiGuitansingexiy.
theorems suggest, the dropping test accuracy phenomenon is not common on various tasks. For
example, when Resent50 is trained on Imagenet with multi-stage learning rate schedule, we cannot
see apparent dropping test accuracy phenomenon (Figure 2). We can provide an intuitive explanation:
to produce dropping test accuracy phenomenon, optimization trajectory needs to approach the bottom
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of the basin rapidly with overly small angular update after learning rate decay, then increasing angular
update will force it leaving away from the bottom of the basin, resulting in dropping test accuracy;
However, if optimization trajectory moves to the bottom of the basin very slowly, then during the
whole intermediate process to the new equilibrium state, optimization trajectory just moves towards
the bottom of the basin. No extra “escaping” behavior occurs, no dropping test accuracy phenomenon
can be seen. Therefore, we infer that dropping test accuracy phenomenon are more likely to be seen
in simpler data experiments (like training resnet18 on CIFAR10), but hard to be seen in complex data
experiments (like training resnet50 on Imagenet).

G Experiments on Synthetic Data

In this section we apply experiments on synthetic data to justify our claim that equilibrium is a
dynamic state, and can be reached and maintain even if unit gradient norm constantly varies across
the whole training process.

The proof of theorem implies square norm of weight is determined by the following iterative map:

L 2
Tor1 = (1 — 22n)zs + ;77 , (185)
t

where A, 7 € (0, 1), L; denotes the square of unit gradient norm. Hence we simulate x; with different
type of {L;}$2,. Results in Figure 3 shows as long as the local variance of square norm of unit
gradient is not too much, and expectation of L; changes smoothly, weight norm can quickly converge
to its theoretical value base on expectation of square norm of unit gradient.

We also simulate SGDM case by following iteration map

Lt772
. e’
X[0]

where A, X, e is defined as Eq.(72), (73), (74). Simulation results is shown in Figure 4.

X1 = AX; +

(186)

G.1 Complementary in Multi-Stage Learning Rate Schedule

In this section we present complementary results in Multi-Stage Learning Rate Schedule experiment.

The plots of weight norm (empirical and predicted values) in multi-learning rate stage is shown in
Figure 5. We also present the test performance of resent50/maskrcnn on Imagenet/MSCOCO with
multi-stage learning rate schedule mentioned in Section 5.2. We only provide complementary results
for reference only. We do not intend to prove the advantages or disadvantages of rescaling
strategy here, it is beyond the discussion of this paper.

Top 1 Accuracy(%)
Standard 76.25
Rescale 76.27
Table 1: Performance of Resnet50 on Imagenet with multi-stage learning rate scheduler.

Apbbow APEZ))(I))OZ AP%’W Apmask Apggask AP7ma5k
Standard | 39.25 58.88 42.95 35.16 56.09 37.48
Rescale 38.38 57.98 42.31 34.49 55.27 36.71
Table 2: Performance of Resnet50 on Imagenet with multi-stage learning rate scheduler in Section.

G.2 Rethinking Linear Scaling Principle in Spherical Motion Dynamics
In this section, we will discuss the effect of Linear Scaling Principle (LSP) under the view of SMD.

Linear Scaling Principle is proposed by Goyal et al. (2017) to tune the learning rate n with batch size
B by n o< B. The intuition of LSP is if weights do not change too much within £ iterations, then &k
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Figure 3: Simulation of SGD (Eq.(185)), n = 0.1, A = 0.001, 2y = 10, &, ~ U(—3, 3). Orange lines

represent the square of unit gradient norm; blue solid lines represent simulated value of weight norm
square; black dashed lines represent theoretical value of weight norm square
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Figure 4: Simulation of SGDM (Eq.(186)), n = 0.1, A = 0.001, 2o = 10, e; ~ U(—3,3), a = 0.9.

Orange lines represent the square of unit gradient norm; blue solid lines represent simulated value of
weight norm square; black dashed lines represent theoretical value of weight norm square
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Figure 5: ||G¢||2, h and norm of weight from layer 1.0.conv2 in Resnet50 backbone. (a),(b) present
||g][3, h in multi-state learning rate schedule experiments discussed in Section 5.2. semitransparent
line represents the raw value of ||g¢||3 and h;, solid line represents the averaged value within

consecutive 200 iterations to estimate the expectations E||§;||3 and Eh,. (c) presents the empirical
value of weight norm and its theoretical value in standard and rescaled cases. The theoretical value is

computed by estimated expectations Eh, in (a), (b) respectively.

iterations of SGD with learning rate n and minibatch size B (Eq.(187)) can be approximated by a
single iteration of SGD with learning rate k7 and minibatch size kB (Eq.(188):

1 oL
Wipf =Ws — 1) g (E g 9w . + )\'wt+j); (187)
i<k = meB; Wiets ¥
1 oL
Wi =Wy — kﬁ(@ E E o + \wy). (188)
j<kzeB; wew

Goyal et al. (2017) shows that combining with gradual warmup, LSP can enlarge the batch size up to
8192(256 x 32) without severe degradation on ImageNet experiments.

LSP has been proven extremely effective in a wide range of applications. However, from the
perspective of SMD, the angular update mostly relies on the pre-defined hyper-parameters, and
it is hardly affected by batch size. To clarify the connection between LSP and SMD, we explore
the learning dynamics of DNN with different batch size by conducting extensive experiments with
ResNet50 on ImageNet, the training settings rigorously follow Goyal et al. (2017): momentum
coefficient is o = 10~*; WD coefficient is A = 10~*; Batch size is denoted by B; learning rate is
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initialized as % - 0.1; Total training epoch is 90 epoch, and learning rate is divided by 10 at 30, 60,
80 epoch respectively.
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Figure 6: Angular update of weights from layer1.0.conv2 in ResNet50. The blue lines represent
the angular update of weights within a single iteration in when batch settings is B = 1024(4096);
The red lines represent the accumulated angular update within 4(16) iterations in smaller batch
setting(B = 256).
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Figure 7: Enlargement ratio of gradients’ norm of weights from layerl.0.conv2 when batch size
increases . || g || represents the gradient’s norm computed using k samples(not average).

The results of experiments(Figure 6, 7) suggests that the assumption of LSP does not always hold
in practice because of three reasons: first, the approximate equivalence between a single iteration
in large batch setting, and multiple iterations in small batch setting can only hold in pure SGD
formulation, but momentum method is far more commonly used; Second, according Theorem 2, the
enlargement ratio of angular update is only determined by the increase factor of learning rate. Figure
6 shows in practice, the accumulated angular update £ (w;, w4 ) in small batch batch setting is
much larger than angular update £ (w;, w;y1) of a single iteration in larger batch setting when using
Linear Scaling Principle; Third, even in pure SGD cases, the enlargement of angular update still
relies on the increase of learning rate, and has no obvious connection to the enlargement of gradient’s
norm when equilibrium condition is reached (see Figure 7).

In conclusion, though LSP usually works well in practical applications, SMD suggests we can find
more sophisticated and reasonable schemes to tune the learning rate when batch size increases.
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G.3 Equilibrium condition with Different Network Structures

We also verify our theory on other commonly used network structures (MobileNet-V2 (Sandler et al.,
2018), ShuffleNet-V2+ (Ma et al., 2018)) with standard training settings. The results is shown in
Figure 8.
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(a) Angle Update of MobileNet-V2 (b) Angular Update of ShuffleNet-V2+

Figure 8: The angular update A; of MobileNet-V2 (Sandler et al., 2018) and ShuffleNet-V2+ (Ma
et al., 2018). The solid lines with different colors represent all scale-invariant weights from the
model; The dash black line represents the theoretical value of angular update, which is computed by
2)
Trar
coefficient \ is 4 x 10~°; Momentum parameter « is set as 0.9.

Learning rate 7 is initialized as 0.5, and divided by 10 at epoch 30, 60, 80 respectively; WD
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