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A ADDITIONAL DEFINITIONS
Definition 3: A function f(-) is L-smooth, if there exists a positive constant L such that

F(w) < F@) + (V(@)y —a)+ 5y —all?, vey € X.

Definition 4: A convex function f(-) is A-strongly convex with respect to some norm || - ||, if there
exists a positive constant A such that

FW)+ (V)2 ) + Sl =yl < f(2), Yy € X.

Definition 5: A function f(-) is Lipschitz continuous with factor G if for all « and y in X, the
following holds:

|f(z) — f(y)] < Gllz —yl, Yo,y € X.

B PROOF OF LEMMA [I]

Consider single-step mirror descent update as follows:

+ — argmin {ft(x’) (VG y - )+ 1D, x’)} . @
yeX (6%

Strong convexity of the above minimization objective implies
1
fi(@) +(Vfi(a"),z —2) + - Dr(a, ') < (®)
1 1
fe(a") +(Vfi(a),y — ') + aDr<yax/) - aDr(ya z), Vy € X.
Furthermore, from the smoothness condition, we have
L
fil@) < ful@) + (V@) @ = ) + S lle = 2|1 ©)
Substituting equation [9]into equation|[8] and setting y = 7}, we obtain
L 1
filz) = S llz = '|* + ~Dr(,2") < (10)
1 1
fol@) +(Vfi(a'), 2} —a) + —Dy(a7,2') = = Dr(af, ).
Since o < %, and regularization function r(-) is 1-strongly convex, we have
]- / /! L 112
—D,(z,2") > LD, (z,z") > §||x—m II< (11)
o
Next, we exploit the strong convexity of the cost function, i.e.,
fi(@) + (Vfi(2"),xf — 2') < fu(x}) — AD,(z), o). (12)
Combining equation[I0] equation[TT] and equation[I2} we obtain
* * 1 * 1 *
fi(@) < folay) — ADy (a7, 2) + aDr(xtaxl) = o Drlai, ). (13)

Next, we use the result of (Hazan & Kale,|2014), which states that for evey A-strongly convex function
f(.), the following bound holds:

fe() = fe(z7) > ADr (a7, ), (14)

where x} = argmin_ , f;(x). Combining the above with equation we obtain
Dr(xrv'x) SﬂDr(.T:,Jf/), (15)
where § = 1 — 222 O

1+
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C PROOF OF THEOREM

C.1 KEY LEMMAS

The following two lemmas pave the way for our regret analysis leading to Theorem 2} Lemmal[7]
presents an alternative form for the mirror descent update.

Lemma 7 Suppose there exists z;11 that satisfies Vr(zi11) = Vr(xy) — oV fi(xy), for some
strongly convex function r(-), and step size «.. Then, the following updates are equivalent

Zyp1 = argmin D, (z, 2¢41), (16)
rzeEX
. 1
ZTyy1 = argmin {(Vft(:nt), x) + Dr(x,xt)} . (17)
rzeX «

Proof. We begin by expanding equation [T6]as follows:
Tip1 = argn)l{in{r(:c) = r(zi41) = (Vr(zi41), ¢ — ze41) }
e

= argmin{r(z) — (Vr(zi+1), )}

reX
= argmin{r(z) — (Vr(z;) — aV fi(x),z)}
TeX
= argmin{a(V fu(w,), 2) + 7(@) = rl@) = (Vr(@,), 2 = z0)}
EAS
. 1
= argmin{(V fi(z¢),x) + —D,(z, ) }. (18)
reX «
Thus, the update in equation [I6]is equivalent to equation [I7} ]

Lemma 8 Under the same convexity and smoothness condition stated in Theorem[2} let x, be the
sequence of decisions generated by OMMD. Then, the following bound holds:

[@ee1 — 2il| < v/ LeSM |z — 2], (19)

where L, is the smoothness factor of the regularization function r(-), and [3 is the shrinking factor
obtained in Lemmalll

Proof. Using the result of Lemma[I} OMMD with M/ mirror descent steps guarantees
Di(a7,we41) < BY Dy (], z). (20)
Since the regularization function r(-) is 1-strongly convex, we have

2F — @p 1 ||?

5 <r(xp) = r(wes1) = (Vr(oe), 27 — Te41). (21)

Next, we exploit the smoothness condition of the regularization function r(-), i.e.,
* * LT‘ * 2
r(ay) = (@) = (Vr(w), 2 — @) < o lley — 2™ (22)

By combining the above with equation 20| and equation [21] and using the definition of Bregman
divergence, we obtain

e = 2| < L™ [y — 27| (23)

Taking the square root on both sides of equation [23]completes the proof. (]
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C.2 PROOF OF THE THEOREM

Now, we are ready to present the proof of Theorem [2] In this proof, we will use the following
properties of Bregman divergence.

(a) By direct substitution, the following equality holds for any x,y, z € X,
(Vr(2) = Vr(y),x —y) = Dy(2,y) — Dr(2,2) + Dr(y, 2). (24)

(b) If x = argmin_, . » D, (', 2), i.e., x is the Bregman projection of z into the set X', then for any
arbitrary point y € X, we have

Dy (y,2) = Dr(y, ) + Dr(, 2). (25)

To bound the dynamic regret, we begin by using the strong convexity of the cost function f;(-), i.e.,
fe(@e) = fulaf) < (Vfilzr), x0 — af) — ADy (27, 24)

1 * *
< E(Vr(xt) — Vr(ze41), x — 27 ) — ADp(a}, 1)

1 * * *
=< (Dr(xt ) — D], 2e41) + Dy (24, Zt-i—l)) — AD,(z}, x¢)
1 * * *
< ~(Dr(@f20) = Do} @e1) = Dy(weens z41) + D@ z41) ) = ADr (3, )

1 1
< (a - >\) Dy (xf, 1) + > (Dr(ﬂft, ze41) — Dr(wi41, Zt+1))

1 — H 1
< (a - )\) (M) +- (Dr(xh z41) — Dr(e41, Zt+1)), (26)
where in the second line we have used the alternative mirror descent update stated in Lemmam i.e.,
Vfi(z:) = (1/a)(Vr(x:) — Vr(ze41)). To obtain the third line, we have utilized the Bregman
divergence property in equation[24] We have used the Bregman projection property in equation [23]in
the fourth line. By omitting some negative terms, and using equation[T4] we obtain the right-hand
side of equation [26]

Thus, if o > 2)\,we have
. A
ft(%) - ft(xt) < m(Dr(xtathrl) - Dr($t+1,2t+1)>
( ) MK
= 9o —1 ||3?t+1 4|
MK N .
< ﬁ(uxm — ||+ llo: — i)
(b)
< 25 /\ 1+\/ L,pM)||xy — x7]], 27

where we have used the Lipschitz continuity of Bregman divergence to obtain inequality (a), and we
have applied Lemma [8]to obtain inequality (b). Summing equation 27 over time, we have

T
Regf = > filwe) — filz}) < 5 )\ L+ /L,gM) Z |z: — 27 ]| (28)

Now, we proceed to bound 23:1 |lx: — x7]| as follows:

T T
Sl 2l = o — 25l + D e — 2]
t=1 t=2

T

<o =i+ e —aiog | + iy — a5l
t=2

(a) T T
< ey = af + Y VLM ey — iy |+ Y laf —aiall, @29)
t=2 t=2
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where we used the result of Lemmato obtain inequality (a). If M > [(3 + 515 ) log L], we have

200\ —2Ma\ 1
M
=(1- < - — 30
b ( 1+a>\> _eXp<1+aA)<LT’ (30)
which implies L, 3 < 1. Therefore, by combining equation[29]and equation[30] we have
T T
|1 — 27| Dot llof — il
[y — 27| < —— 1t : (€29)
tz:; - LTBM 1- V LrﬁM

Finally, substituting equation [31]into equation 28] completes the proof. ]

D PROOF OF THEOREM 3]

In order to bound the dynamic regret, we begin by the smoothness condition of the cost function

ft(.),ie
* * * L * (12
fe(ze) = fo(zy) <AV filxy), me — xf) + §||$t —zi]|
< IV fe@)lellze — 2| + = [l — 27| (32)

Next, we use the fact

IV AL | Bl — 27

19 fata)l o — ) < L2 il (3)
for any arbitrary positive constant § > (. Thus, we have
N Vi (z))|? L+6)||x — x|
fen) — o) < IVHEDIE | (Lt O)llee =i a0

20 2

Summing equation [34]over time, we obtain

T T
IV fi ()12 L—|—6‘
Reg%Zth(xt = fi(@y) SZ ‘ ft t e Z” = (35)
t=1 t=1

t=1

Now, we proceed by bounding 23:1 |z — 272 as follows:

T T
Sl = ail? = llan = 2312+ D o — 27y + 27, — 2
t=1 t=2
T
< a1 — a1+ @l — @iy + 2)l2f_, — 27]2)
t=2

T T
< oy =i )P +28Y L, Y e — i P+ 2) llaisy —afl? (36)
t=1 t=2

We note that if M > ((% + ﬁ) log 2L,.], then 2BM L, < 1. Therefore, from equation [36[ we can
obtain

- e — ai])? 2§
* 1= 4 * * 2
Zth_xt”Q < T 3 Z”xt —zi4|" (37)
—~ 1-28ML,.  1-2ML, —~
Substituting equation [37]into equation 35| completes the proof. (]
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E PROOF OF THEOREM

The proof of Theorem [3]initially follows the first half of the proof of Theorem 2] which is repeated
here for completeness.

To analyze the dynamic regret, we first use the strong convexity of the cost function f;(-), i.e.,

fe(ze) = filzf) < <Vft($t) —ay) — ADp (a7, @)
< a<V7”( x) = Vr(ze1), o — af) — ADp (2], 24)

<- : ~ (Do 20) = Do} zean) + Do 2e41) ) = AD (0, 22)

< — o (Dr (2}, 2) — Dr(2y, ®e41) — Dr(241, 2041) + Dr (24, Zt+1)) — AD,(x}, z4)
1 1

< (E ) p(xy, xy) + a(Dr(:ct,zm) - Dr(wm,zm))

< (2N (LD L (D, 2) — Dy 7). 68)

where in the second line we have used the alternative mirror descent update stated in Lemmal[7 i.e.,
Vfi(ze) = (1/a)(Vr(z:) — Vr(ze41)). To obtain the third line, we have utilized the Bregman
divergence property in equation[24] We have used the Bregman projection property in equation [23]in
the fourth line. By omitting some negative terms, and using equation[I4] we obtain the right-hand
side of equation @

Therefore, if o > we have

2)\’

A

fe(ze) — fe(wy) < o1

(Dr (¢, 2e41) = Dr (41, 2041)) - (39)
Now we continue to bound D,.(z¢, z:41). By the definition of Bregman divergence, we have

Dr(ﬁCu Zt+1) + Dr(Zt+17 ﬂct) = <V7"(CUt) - VT(Zt+1)7 Tt — Zt+1>
=(aV fi(xe), xs — 2141)

< NaVifi(z)ll«llze — zegall
o? Ty — ze41)?
< LIl + 12 =2l (0)
The strong convexity of the regularization function implies
2 — 24112 <
— Sr(aen) = () = (Vr(2e), zee1 = 20) = Dr(ze41,20)- (41)
Combining the above with equation[0] we obtain
a? 9
Dr(@t, ze11) < [V Felze)II5- (42)
By substituting equation 2] into equation 40} and summing over time, we have
T a2\
Regd = ° fulee) — fule}) < pog IV A2 (43)
t=1
O

F CLOSED-FORM UPDATE FOR MIRROR DESCENT

In this section, we derive the close-form mirror descent update in equation [6}
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Letr(y) = Z _, yj log(y;) be the negative entropy. Then, we have

d
-y, 3) Z yjlog(y;) — vt ;log(y; ;) — (log(y ;) + 1)(y; — ut;)]

+ {1,y — yi) = Dxr(y, 9}), (44)

Foe

where yg ; denotes the j-th component of the decision vector yi, and D1 (y, y!) represents the KL
divergence between y and ;.

J

Now consider the update in equation [5] which can be written as follows:

minimize,ex (V£ (vi), Z Yj y] (45)
subjectto (1,y) =1,y > 0.
The Lagrangian of the above problem is given by
d &
Liy. A7) = (VD) + D [=yslog () + My = v505] = A (46)
j=1 tJ

where A € Rand vy € R‘j_ are Lagrange multipliers corresponding to the constraints. Next, we take
derivative with respect to y to obtain

0 : 1 1
@L(y, M) =V ilyi); + ~logly;) + — — log( i) +HA= 47
Setting the above to zero results in the following closed-form update:
y;Jrl _ yéj eXp(—onft(y;j)) (48)
, d i i)
T v exp(—aV iyl )
]

G ADDITIONAL EXPERIMENTS

In this section, we present additional experiments to study the performance of OMMD. In the first
experiment, we use the MNIST dataset. In the second experiment, we consider a switching problem
where the cost function switches between two quadratic functions after a specific number of rounds.

First, we consider the well-known MNIST digits dataset, where every data sample w is an image of
size 28 x 28 pixel that can be represented by a 784-dimensional vector, i.e., d = 784. Each sample
corresponds to one of the digits in {0, 1, ..., 9}, and thus, there are ¢ = 10 different classes. The
goal of the learner is to classify streaming digit images in an online fashion.

We consider a robust regression problem, where the cost function for each data sample is given by

fl, (Wi, 21)) = lwi @ — 2l
where z is the optimization variable, belonging to the constraint setis X = {z : x € R, || = |1 = 1}.

We use the negative entropy regularization function, i.e., r(z) = 25:1 x; log(x;), which is strongly
convex with respect to the /1—norm. We set the step size o = 0.1.

From Fig. [3] we again observe that OMMD consistently outperforms the other alternatives. In
particular, compared with DMD, applying M = 10 steps of mirror descent can reduce the dynamic
regret up to 20%. We also see that the dynamic regret grows linearly with the number of rounds,
which is a natural consequence of steady fluctuation in the sequence of dynamic minimizers x; as
explained before.
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Figure 3: Dynamic regret comparison on Figure 4: Dynamic regret comparison for
MNIST dataset. switching cost.

Next, we consider the case where the cost function switches between two functions. Both functions
are in the quadratic form f;(x) = || Asx — by |3, where A; € R4 and b; € RY. In particular, we
assume that the parameter A; is chosen among

1 1 1 1 1 1
AWM = diag(—, —,...,—,0,0,...,0), and A® = diag(0,0,...,0,—, —, ..., —),
tP1’ tP1 tP1 —— 1P1 tP1 tP1
d2 d] _,—/
dl d2
such that d; + dy = d, and b; = [t%z, ol t,%]’ . Therefore, at each round the cost function is either
FP (@) = 1Az — b2 or £2 () = | APz — by||2. We assume that the cost function switches

between ft(l)(-) and ft(z)(-) every 7 rounds. In our experiment, we set d; = 10, d = 1000, p; = 0.9,

and p2 = 0.1. We further set the switching period 7 = 10, and parameter o = 0.02. The dynamic
regret roughly reflects the accumulated mismatch error over time.

In Fig. ] we compare the performance of OMMD with that of other alternatives in terms of the
dynamic regret. OMMD with M = 10 nearly halves the dynamic regret of DMD after 300 rounds.
Furthermore, the benefit of applying multiple steps of mirror descent can be significant even for
smaller values of M.
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