A Proofs for Section 4|

A.1 Proof of Lemma

In this section we relate the SSP regret and the finite-horizon regret, which relies on Lemmas [A.T]
and-below that compare the cost-to-go function in the SSP M to the value function in the ﬁmte—

honzon M. To that end, we define a cost-to-go function with respect to the finite-horizon MDP M
as: Jh (s) = [Zh’:h c(spr ap) sy = s} , for any deterministic finite-horizon policy 7 : S X [H] — A.

Lemma A.1. Let 7 be a stationary policy. For every s € Sandh = 1,...,H+ 1it holds that
T (s) < J™(s) + 8B, Plsya1 # g | sp =5, P, 7l.

Proof.

H
7,’;(s) = Z Zp[sh/ =5 ls,=s,P,7] 6(s/,7r(s')) + Z]P)[SHH =5 ls,=s,P,7l ér(sh)

W=h g s s'€S

H
= Z ZP[S;,/ =5 lsp=5P,mlc(s',n(s')) + 8B, Plsys1 # gl sn = s, P, 7]
W=hs'es

< Z ZIE”[S;,/ =5 lsp=5P,mlc(s',m(s') + 8B, Plsys1 # gl sp =5, P, 7]
W=hs'es

=J"(s) + 8B, Plsyy1 F gl sy = s,ID\, ). O
Lemma A.2. Foreverys € S, it holds that J™" (s) > ?{T* (s)— %.

Proof. The probability that 7* does not reach the goal in H steps is at most 1/(8K) due to|Chen et al.
(2020, Lemma 7]. Plugging that into Lemma[A.T]yields the desired result. O

Proof of Lemma Consider the first interval of the first episode. If it ends in the goal state then

I H H
Z Cl.l = Z C}]l + &f(g) = Z Cilz + 6'f(sllﬂl)-
3 1 h=1

If the agent did not reach g in the first interval, then the agent also suffered the 8B, terminal cost and
thus

[]
Z Ci Z Ch + Erspan) + Z C! —&r(sta1)
i=1

h=1 i=H+1
1]
= Z Ch+&(sp) + > Cl -8B,
h= i=H+1

< Z Ci+ Er(stran) + Z Ci =TT (i),
h=1 i=H+1
where the last inequality follows by combining Lemma with our assumption that J™ (s) < B,.
Repeating this argument iteratively we get, for every episode k,

I* I~

S CE T (s <Y CE-TT( '">+—

i=1 i=1

H
m o, oA oJn Fr* o am B,
< Z Zch +Cr(Span) =i (51)+?

meMy h=1
=Y (Z cy +af(s;z;+l)—7’f”’(sq")) + > <7’T'"(s'{’)—7{r *(s'r)> +
meMy meM;
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where M, is the set of intervals that are contained in episode k, and the first inequality follows from
Lemma[A.2] Summing over all episodes obtains

M, H M
Ry <Y (Z Cl + (smy) —J”’”(sq”)) + Z( (=TT ( '1")) +—
m=1 > h=1 m=1
Notice that the second summand in the bound above is exactly the expected finite-horizon regret over
the M intervals. We finish the proof of the lemma by using the regret guarantees of A (Definition []).

O

A.2 Proof of Lemmal4d.2]

In this section we bound the deviation of the actual cost in each interval from its expected value.
To do that, we apply Lemma[A.3|below to bound the second moment of the cumulative cost in an
interval up until an unknown state-action pair or the goal state were reached. Here U™ denotes the
union of all information prior to the m" interval together with the first state of the m" interval (more
formally, {U™},,>1 is a filtration). Moreover, we denote by £, the last time step before an unknown
state-action pair or the goal state were reached in interval m (or H if they were not reached).

Lemma A.3. Let m be an interval and assume that the reduction is performed using an admissible
algorithm A. If the good event of A holds until the beginning of interval m, then the agent reaches
the goal state or an unknown state-action pair with probability at least % Moreover, denote by

= ZZ;"l Cy' + ¢ (s ) hy, = H} the cumulative cost in the interval until time h,,. Then,
E[(C™)?* 1 U™ <2-10°B2 +4B,.

Proof. The result is given by bounding the total expected cost suffered by the agent in another MDP
(defined below) where all unknown state-action pairs are contracted with the goal state. The cost in
this MDP is exactly C™ by definition.

Let ™ be the optimistic policy chosen by the algorithm for interval m. Consider the following
finite-horizon MDP M™ = (S, A, P"', H, ¢, ¢y) that contracts unknown state-action pairs with the goal:

0, (s, (s")) is unknown;
Pi(s" | s,a) = { P(s' | 5,a), s' # g and (s', 7} (s)) is known;
1_2”65\ P’"(s”ls a), s'=g.

Denote by J™ the cost-to-go function of 7™ in the finite-horizon MDP Mo, Further, let P be the
transition function induced by P” in the MDP M"™ similarly to P, and J™ the cost-to-go function
of 7™ with respect to P (and with cost function C’”) Notlce that 7™ can only reach the goal state

quicker in M than in /\/l so that Jm(s) < Jps) < Jh “(s) for any s € S. By the value difference
lemma (see, e.g., Shani et al.,[2020), for every s, h such that (s, 7} (s)) is known,

h(s) = ’"(s) + ZE[c(sh/ aw) = (spyaw) | sy =s, P, ’”}

h'=h
H
+ ZE{ Ph’( | N a% ) P, ( | Sny ah/)) .’jm | Sp = S,I/Sm,ﬂ'm:|
h'=h
<JMs)+H max le(s, my (s)) = & (s, T ()] + H|[J"|oe max [P (-ls, wli(s)) — P (ls, 7 (s)]|1
e iy

(< Jy (s)+H max le(s, i (8)) — € (s, T (8))]

h
known

+H||Jh (s)||OO max ||P( s, i (8)) — P"(ls, T ()1

(s, ﬂ-h’

known
<TT()+H max le(s, mp(s)) — (s, wpn ()l + 9HB, max ||[P(ls, wn(s) — P"Cls, mp ()1,
(7377 (5)) (8,777 (5))
kngwn kngwn
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where the last inequality follows by optimism and since j,’f* (s) < 9B, (Lemma , and (a) follows
because

IPyCls,a) = Py"Cls, )|y = Y IPR(sls,a) = Py(s'ls, a)l + P} (gls, @) — P}"(gls. @)

("m0 (1)
known

= Z 1P(s'ls, a) — P"(s'ls, a)l + ’ Z P(s'ls, a) + P(gls, a) — P"(s'ls, a) — P"(gls, a)

(" 7y (57) (" 7y (57)
known unknown

< ||P(ls,a) = P"(ls,a)|);.

Thus Jj'(s) < 7,’; "(s) + 2B, since the number of visits to each known state-action pair is at least

w4 log % and by property (iv) of admissible algorithms (Definition . Also note that J;'(s) <

11B, by Lemma[A.T} and for 2 = 1 in particular we use Lemma[A.2]to obtain J{'(s) < 4B,.

By Markov inequality, the probability that the agent suffers a cost of more than 8B, in M is at
most % Notice that all costs are non-negative and there is a terminal cost of 8B, in all states but the
goal, therefore the agent cannot suffer a cost of less than 8B, unless she reaches the goal. So the

probability to reach the goal is at least % Moreover, note that the probability to reach the goal in M
is equal to the probability to reach the goal or an unknown state-action pair in M.
Similarly, we notice that E[(C™? | U™ = E[(E‘)z], where C is the cumulative cost in M\"I, and we

override notation by denoting C= E{Ll C, + ¢r(sg+1). We have that,

2

H
E[(CY1=E KZ Ch+ e-f(sH+1)> }
h=1
H-1 2
=E [(Z Cy + &y, an) + af(sm])) }

h=1

H-1
+ 2K |:(Z Ch + 6’(SH, aH) + 6‘f(SH+1 )) (CH — &(SH, ClH)):| + E[(CH — E‘(SH, aH))Z].
h=1

The second summand is zero since the realization of Cy is independent of all other randomness given
sy. Also, since Cy € [0, 1], the third summand satisfies

E[(Cy - é(su, am))*] < E[(Cy)*] < E[Cy] = Elé(su, an)].

Thus we arrived at

H-1

2
E[(CY1<E [(Z Ci+ (s an) + ¢f<sH+1)) ] +Ele(su, an)],

h=1
and iterating this argument yields

H 2 H

E[(CY]<E KZ &siy an) + ef(sH+1>> } +E [Z e(sh,am].

h=1 h=1

Here, the second summand equals Ji"(s1) which is at most 4B,.

Next, for the first summand, we split the time steps into Q blocks as follows. We denote by t#; the first
time step in which we accumulated a total cost of at least 11B, (or H + 1 if it did not occur), by #,
the first time step in which we accumulated a total cost of at least 11B, after #;, and so on up until
to = H + 1. Then, the first block consists of time steps 7o = 1,...,#; — 1, the second block consists
of time steps #1,...,t — 1, and so on. Since J;'(s) < 11B, we must have ¢(sy, a;) < 11B, for all
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h=1,...,H and thus in every such block the total cost is between 11B, and 22B,. Thus,

H 2 H 2
E {(Z c(sp, ap) + 6‘f(SH+1)> } >E {Z c(sp, ap) + E'f(sH+1):|

h=1 h=1

0-1 tiy-1 2
=K {Z Z ¢(sp, ap) + &f(SH+1):|

=0 h=t;
> E[11B,Q]° = 121B;E[QF,
by Jensen’s inequality. On the other hand,

H 2 H 2
E[(Z&(sh,am&f(smo) } =JE[(Z e(sh,a,a+ef<sH+1>—Jq"<s1>+Jq"<s1>> ]

h=1 h=1

- H 2
<2E (Z 6(Sh,tlh)+5f(SH+1)—JT(S1)> ] +2J7(s1)*

h=1

r o, 0-1 tiy-1 2
<2E (Z > elsnan) - Js,) +J,’Zl(s,,.+l)) ] +32B%

i=0 h=t;

rO-1 -1 2
(@) A m m
= 4E|D (§ &sny an) = I (si) + 7", (s,,.ﬂ)) } +32B>

- i=0 h=t;
< 4E[Q - (33B,)*] + 32B> < 4356B>*E[Q] + 32B.
For (a) we used the fact that [E[ Z;‘;l c(sp, an) — J4(s,) + Ji,,, (51,,,)] = 0 using the Bellman optimality

equations and conditioned on all past randomness up until time #;, and the fact that #;;; is a (bounded)
stopping time by the optional stopping theorem, in the following manner,

tiv1—1 rtiv1—1
E {Z &sny ) = T} (s1) + T, (sm,)} =E| Y elsnan)—Jp(sn) + JZ"+1(S/1+1)]

h=t; - h=t;

‘t[-v»l*l
=E|> E [a(sh, an) = I3 (sn) + Iy (ne) | 51, ,shH

- h=t;

rtis1—1
=E| D" lonan) +E [T (she) 1] -J;f(s,,)] =0.

- h=t;

Thus, we have 121B2E[Q]*> < 4356B2E[Q] + 32B2, and solving for E[Q] we obtain E[Q] < 37, so

H 2
E[(Z c(sp, ap) +5f(SH+1)) ] <2-10°B,

h=1
and therefore

H 2 H
E[(a)z] <E [(Z é(Sh, ap) + éf(SH.'.] )) :| +E |:Z c(sp, ah)] <2- IOSBi +4B,. O
h=1 h=1

Proof of Lemma Recall that A, is the last time step before an unknown state-action pair or the
goal state were reached (or H if they were not reached) in interval m, and let G™ be the event that the
good event of algorithm A holds up to the beginning of interval m. We start by decomposing the sum
as follows

M M [ by

H
> ( Cl + (s, ) I (s;")> {G"} =) (Z Cp + cs(sly )by = HY =TT (s’f’)) {G™}
h=1 h=1

M H
+ Z( > G () #H})H{Gm}.

m=1 \h=h,+1
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The second term is trivially bounded by (H + 8B,)ISIlAlw 4 log 25!

becomes known after w 4 log #2224~ MH'S“A'

since every state-action pair
visits. Next, since

{G™}

hy
<Z Cl + cp(sy, ) Ay = H}) I{G"} ‘ o
h=1

= [Zcm+cf(sH+l)H{h H}’U’”

7\' )H{Gm

the first term is bounded by Zgzl X™ where

Tt

> G+ cplshy Iy = H) ‘ o
h=1

)]I{G’”}

is a martingale difference sequence bounded by H + 8B, with probability 1. For any fixed M = m, by
Freedman’s inequality (Lemma we have with probability at least 1 —

hyy
= (Z Co + (s, ){hy = H} —E

h=1

_ 5
8m(m+1)°

Z X <n Z B{Ge R | ' 4 108Emen + 1/0)

T
m’=1 !

for any n € (0, 1/(H + 8B,.)). By Lemma[A.3] for some universal constant o > 0, that
S EIX™ Y 10 < am(B2 +B,),

log(8m(m+1)/6) }
(B2+B,)m > H+8B,

m’ < 2 ﬂ T
mz,::lx _0(1/(B*+B*)mlog =+ (H +B.)log 5)'

Taking a union bound on all values of m = 1,2, ... that the inequality above holds for all such values
of m simultaneously with probability at least 1 — /8. In particular, with probability at least 1 — §/8,
we have

and setting 7 = min{ obtains

me <0 \/(32 +B*)M10g— +(H +B,)log 5)

m=1

The proof is concluded via a union bound—both Freedman inequality and the good event of 4 hold
with probability at least 1 — %5 , and this implies that I{G™} = 1 for every m. O

A.3 Proof of Lemma[4.3

In this section we bound the number of intervals M with high probability for any admissible algorithm.
To that end, we first define the notion of unknown state-action pairs. A state-action pair is defined as
unknown if the number of times it was visited is at most w 4 log 25141 (and otherwise known).

Proof of Lemma Let G™ be the event that the good event of algorithm .4 holds up to the beginning
of interval m, and define X” to be 1 if an unknown state-action pair or the goal state were reached
during interval m (and O otherwise). Notice that E[X"I{G™} | U™] = E[X" | U"]I{G™} > I{G"}/2
by Lemma |A Moreover, note that every state-action pair becomes known after w 4 log MH'S”A'
visits and therefore SMUXTHG™Y < SN X7 < K +1SIIAlw 4 log 28U gy Lemma Wthh
is a consequence of Freedman’s inequality for bounded positive random variables, we have with
probability at least 1 — % for all M > 1 simultaneously

MHISIIAI

ZIE[X’”]I{G’”}IU’”]<22X’”H{G’”}+10810g6 2K + 110ISl4lw4 log —

m=1 m=1
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Using a union bound, this inequality and the good event of .4 both hold with probability at least
1- %5. Then, I{G™} = 1 for all m, and therefore

MHISIIAI

—5

Using the fact that x < alog(bx) + ¢ — x < 6alog(abc) + ¢ for a,b,c > 1, this implies
KT,IS11Alw 4

— 5

M
5 < 2K+ 110114k 4 log

M < 4K +4 - 10*ISllAlw 4 log
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B Proofs for Section 3

Since all the proofs in this section refer to the finite-horizon setting (without a connection to SSP), we
use the simpler notations M = (S, A, P, H, c, ¢) for the MDP, J] (s) for the value function of policy 7,
and B, > max, J; (s) for the upper bound on the value function of the optimal policy.

We define a state-action pair (s, @) to be known if it was visited at least aH*B*IS| times (for some
universal constant o > 0 to be determined later), and otherwise unknown. In addition, we denote by
h,, the last time step before an unknown state-action pair was reached (or H if they were not reached).

B.1 The good event, optimism and pessimism

Throughout this section we use the notation a V 1 defined as max{a, 1}. In addition, we define the
logarithmic factor L,, = 310g(6ISIIAIHm/J). Define the following events:

E‘(m) = {¥(s,a) : 1c""(s,a) - c(s,a)l < b(s,a)}

L = _ 2w
E(m) = {V(s,a) : ‘ Var, , (C) \/\m < W}

_ N p(slls.a) - P 2P(s'ls, @)Ly 2Lm
EP(m) = {V(s, a,s"): IP(s'ls,a) = P"' (s'ls,a)l < W+ nmi(s,a) V1 }

2Varpca o), SBuLn }

nl(s,a) V1 n"l(s,a) vV 1

. " ~ [ 12B2L,
EP Z(m) = V(s, a, h) . ‘\/Varp(.ma)(.]h_'_l) — \/Varpm—l(,h’a)(.]h*_l)‘ S m

. 2Varp( 150, ) . L.
For brevity, we denote b7, ,(s,a) = 1/ ai,ﬁ(,l"('x”z)"v*ll) + n,ffz;j’)"vl. This good event, which is the
intersection of the above events, is the one used in [Efroni et al.| [2021]. The following lemma

establishes that the good event holds with high probability. The proof is supplied in [Efroni et al.
[2021}, Lemma 13] by applying standard concentration results.

Lemma B.1 (The First Good Event). Let G| = Np>1ES(m) Ny>1 EVm) Nip>1 EP(m) N1
EP'Y(m) Ny>1 EP'2(m) be the basic good event. It holds that P(Gy) > 1 — %5.

E”"\(m) = {V(s, a,h): [(P"'(ls,a) = P(ls,@)) - Jry | < \/

Under the first good event, we can prove that the value is optimistic using standard techniques.

Lemma B.2 (Upper Value Function is Optimistic, Lower Value Function is Pessimistic). Conditioned
on the first good event Gy, it holds that Jj'(s) < Jj(s) < J,fm(s) < j;l”(s)for everym=1,2,...,s€ S
andh=1,... ,H+1.

Proof. Since J;;(s) < Ji(s) for any policy 7, we only need to prove the leftmost and rightmost
inequalities of the claim. We prove this result via induction.

Base case, the claim holds for 2 = H + 1. Since we assume the terminal costs are known, for any
sES,
i1 (8) = Jf(5) = JZL(S) =Jp(s) = cr(s).

Induction step, prove for i € [H] assuming the claim holds for all 2+ 1 < &' < H + 1.

Leftmost inequality, optimism. Let a*(s) € argmin,, O; (s, a), then

Ji () = J)(s) = Qi (s, a*(s)) - max{lgleig QZ(S, a), 0}. 3)
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Assume that min,, Qh’”(s, a) > 0 (otherwise, the inequality is satisfied). Then,

@) > 04(s,a" () - Q' (s, a"(5))
= c(s,a*(s)) =" (s, a*(s)) + bl (s,a*(s)) + b[',"(s, a*(s))
+(P=P" ) 15,a"(5)) - Ty + Epnt s a5y LI (1) = Iy (81) ]
—_———

>0 Induction hypothesis
> by p(s,a"(5)) + Dy (s, a* (s)), “4)

where the last relation holds since the events N, EP*! (;m) and N,,E°(m) hold. We now analyze this
term.

@) =D (s, a™(5)) + by (s, a"(5))

@ _ 2Varp(.i5,ax(s) e 1 ) Lim _ 5B,Ly,
- n™1(s,a*(s)) V1 nm(s,a*(s)) V 1

2Varpnfl(.|s a*(s))(l;:l+l)Lm 17H3371Lm B* / /
+ . + x + E_mf s.a J* - Jm
\/ n™1(s,a*(s)) V 1 (s, a*(s)) v 1 | 16H2 "l )i 6 = 232 1)

T VVarpcisas ) ry) =/ Vatpncig a5y 1)
(s, a*(s)) V 1

B, . o 13H°B;'L,,
+ Tep TP iclsa) [Tra () =T ()] + W
® B * * / m / 1 3H2Lm
= 16H2 Epmtcisa [T ) =L ()] - n™ (s, a*(s)) V 1
B, . ., 13H°B;'L,,
+ @Epm,l(,,w) [T () = I ()] + Gyl

where (a) holds by plugging the definition of the bonuses b}, , and b;! (recall Eq. ), as ISl > 1
by assumption, and by the induction hypothesis (J/"., (s) > J}:,,(s)). (b) holds by Lemma while

setting o = 16HzB;1 and bounding (5 + a/2)B, < 13H2. Combining all the above we conclude the
proof of the rightmost inequality since J;(s) — Ji(s) > @) > @) > 0.

Rightmost inequality, pessimism. The following relations hold.
T () =T(s) = OF (s, m(s)) - min{ Q' (s, )" (s)). H }. (5)
Assume that Q;{’(s, ' (s)) < H (otherwise, the claim holds). Then,

@) = OF (s, 73 (s) — Qpi (s, T (s))
= c(5, () = "7 (5, () — b5, T(S)) — B (s, T (s))
+(P=P" s, S - iy + Epv s mponl Tt (8 = i (811
<0 Induction hypothesis
< B, TS + (P =P s, ) - I 6)
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‘We now focus on the last term. Observe that

(P—P" N 15, m(s) - Iy = (P = P" D) s, 7)) - iy + P =P ) s, 7)) - Uy =)

<O (T + (P = PP s, ) - Uy = i) (NmEP” (m) holds)
36H3B;'ISIL,, B, I
(s, m’?(s)) V1T 3mE ) [(Jh“ )5 )}

36H3BISIL,, B, o
s * o o U - )

@
< Doy (8, Ty (9)) +

(b)
< b;fvhh(& Ty (5)) +

(c<') ZVaI‘p(.u,-,r;l”(s)) (J;:_,.] )L, 41HSB;1 ISIL,,
- (s, m(s) V 1 (s, m(s) V 1
B,

* 3 B ctspn [T = 2 6]
where (a) holds by applying Lemmawhile setting o = 32H°B;!, C| = 2, C, = 2 and bounding
2C; + alSIC /2 < 36H?B;'1S| (assumption holds since N, EP () holds), (b) holds by the induction

hypothesis, and (c) holds by plugging in by, ,. Plugging this back into (6) and plugging the explicit
form of the bonus b;'(s, a) we get

\/ Varpn-i s o isy 1) = v/ Varecis znesy Uiy
< —/2L,, :
® < (s, Tt (s) V1

21H*BISIL,, B, .
T ol (s, (s)) V 1 T 32H2 EP’""("S»W}T(J‘)) [Jh+1(sl) - lh+1(sl)}

B, . 21H3B;'L,,
< WEP“’*'(-IS,WZ‘(S)) [ (8) = i (D] + m
21H*BSIL,,

nl(s, ()

B,

~ 3ppp TP Gl s) [Ty () = I ()] -

where the last inequality holds by Lemma while setting o = 32H>B;! and bounding (5+a/2)B,, <
21H3B;!. Combining all the above we concludes the proof as

I () =TMs) < @) < @) < 0. O

Finally, using similar techniques to |[Efroni et al.| [2021]], we can prove an additional high probability
bounds which hold alongside the basic good event G;.

Lemma B.3 (The Good Event). Let G, be the event defined in Lemma|B.1| and define the following
random variables.

=T = IR (sih)

m o
Yo = Varpcigram(Jpe1)

2
H
Yy = (Z c(sy,ay) + cf(s;l'ﬂrl))

h=1

2
hm
Yy = (Z (s, alhy + cp(sp I { By = H})
h=1
hlﬂ

V=Y el ) + (s Uy = H).
h=1
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The second good event is the intersection of two events G, = EOF N EV™ 0 ESec! 0 ESec2 N 5t defined
as follows.

M M
111 1 m
E0P={Vhe[H],M21: EIE[ o ]<68H2LM+<1+4H)§ l,h}
m=

M H M H "
EVr = {VMz 1: ZZY% < 16H3LM+2ZZIE Yy,10m }

m=1 h=1 m=1 h=1

M M
ES! = {VM >1: ZE [V 10" < 68H Ly +2) Y’”}
m=1
ESe? = {VM >1: Z Y < 16H Ly + 22 E[Y! | U'"]}
m=1 m=1

M M
Et = {VM >1: ) YI<8HLy+2)» E[Y{] U’"]}.

m=1 m=1

Then, the good event G = G| N G, holds with probability at least 1 — 6.

Proof. Event E°7. Fix h and M. We start by defining the random variable W™ = I{J}"(s) — J}'(s) >
0Vh € [H],s € S}. Observe that ¥;" is U;' measurable and also notice that W™ is U™ measurable,

as both 7™ and J" are U™-measurable. Finally, define Y" = WYy, Importantly, notice that

€ [0,2H] almost surely, by definition of W™ and since jﬁ(s), Ji'(s) € [0,2H] by the update rule.
Thus using Lemma[E.2) with C = 2H > 1, we get

M M
o 1 . L. 2HM(M +1)
> E[¥; 10 < <1+4H> m§:1 Vil + 68H log =,

with probability greater than 1 — 4§, and since W™ is U™-measurable, we can write

2HM(M + 1)

5 )

M M
" 7 1 myym 2
> WrELYIOp < <1+4H) >~ Wy + 68H log

m=1 m=1

Importantly, notice that under Gy, it holds that W” = 1 (by Lemma|B.2)). Therefore, applying the
union bound and setting § = §/(QHM(M + 1)) we get

P(EONGy) <
M

H oo
m 1 - 2HM(M + 1)
({E E[Y;"U] <1+4H> § Y] +68H210g6} mGl>

h=1 M=1 m=1

M
_ 1 2HM(M + 1
P<{§ WPE[YU] > <1+4H)§ WmYZ’+68H210g((SH}ﬂG1>

M= M=

M=1 m=1 m=1
> (X 1\ & 2HM(M + 1)
T m 2

< ZP(Z WME[YU > (1 + 4H> > WY+ 68H log 5)

h=1 M=1 m=1 m=1

H oo 5
< — =02,
<22 Sian )

=
m
<
)

where the first relation is by a union bound, the second relation follows because W” = 1 under G,
and the last relation is by (7). Finally, we have

_ _ 6 26
PG) <PGNG)+2PG) < S+ =0,
Replacing § — §/5 implies that P(EOP N Gy) < .
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Event EY', Fix h € [H]. Observe that Y3, is U™ measurable and that 0 < Y2, < 4H?. Applying the
second statement of Lemma[E.2] we get that

M M 1
Yr <2y E[YI1U"] + 16H? log ~.
; 2.0 ; [ 2.h ] 0og 5

By taking union bound, as in the proof of the first statement of the lemma on all » € [H] and summing
over h € [H], we get that with probability at least 1 — /10 for all M > 1 it holds that

M H M H
Z Z Yy, <2 Z Z E[Y5,1U™] + 16H> Ly.

m=1 h=1 m=1 h=1

Event E5!, Observe that Y is U™ measurable and that 0 < Y§* < 4H 2. Applying the first statement
of Lemma|[E.2) we get that

M M 1
E[Y™M0™ <2  Y" +50H" log —.
; [Y3 1< mE::l 3 g(;

By taking union bound we get that with probability at least 1 — §/10 the event holds.

Event E52, Observe that Y is U™ measurable and that 0 < Y' < 4H?. Applying the second
statement of Lemma[E.2| we get that

M M 1
Y <2 E[YMU™ + 16H? log ~.
;_ ,; (Y10 g5

By taking union bound we get that with probability at least 1 — §/10 the event holds.

Event E*'. Observe that Y?" is U™ measurable and that 0 < Y2 < 2H. Applying the second
statement of Lemma[E.2| we get that

M M 1
Yr <2 E[Y™U™] + 8H log ~.
Zl m< le (y2om g5

By taking union bound we get that with probability at least 1 — §/10 the event holds.
Combining all the above. We bound the probability of G as follows:

P(G) < P(G)) + P(EOP N Gy) + P(EVar) + P(ESecl) + P(ESec2) + P(EeosT) < g +5- % =34.

B.2 ULCVlIis admissible

By the definition of the algorithm and its regret bound in Theorem [5.1] it is clear that properties
1,2,3 of the admissible algorithm definition hold. Thus, it remains to show property 4 by bounding
wyLevi- In order to show that wyrcvi = 0(H4B;2ISI), we need to show that if the number of
visits to (s, a) is at least aH*B;*1SIlog % (for a large enough universal constant o > 0) then
[IPC- | 's,a) —P,( s, a)|li < 1/(18H) and lc(s, a) — ¢)(s, a)l < B,/H (under the good event), where
P, ¢ are the estimations used by the algorithm to compute its optimistic Q-function (i.e., these are the
empirical transition estimate and the empirical cost estimate plus the bonus).

Indeed, by event N,,50EP (m),
|P(- 1 s,a)— P(- | s,a)||;

1P 1s,a) = P(- | s,a)||;
3 2
\/ 2181 log 1EMHISEIAl L2 log 16M ISP

n(s, a) n(s, a)
< 4B, . 16B2 1
= Vol " oH* S 18H'
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for o > 5800, where the first inequality holds by Jensen inequality and since event M,,59E” (1) holds.
By the definition of the exploration bonuses we have

le(s, a) — cu(s, a)l < le(s,a) —c(s, a)l + bo(s, a) + b,(s,a)

s 2B2 log 16M3I[-SIISI2IAI . 72H3BISI log 16M31;ISI2IAI B, maxy Jpa1(s') = Jp (5))
- n(s, a) n(s, a) 16H2

12B% , 800B, B, _ B,
- Va H2 oH 16H H’
for a > 5800.
Finally, note that although our algorithm does not update the policy in the beginning of every episode

(only when the number of visits to some state-action pair is doubled), this only implies that the
constant « needs to be doubled.

B.3 Proof of Theorem 5.1l

As in the proof of UCBVI, before establishing the proof of Theorem [5.1| we establish the following
key lemma that bounds the on-policy errors at time step 4 by the on-policy errors at time step 4 + 1
and additional additive terms. Given this result, the analysis follows with relative ease.

Lemma B.4 (ULCBVI, Key Recursion Bound). Conditioning on the good event G, the following
bound holds for all h € [H].

ij(sh) JI(siy < 68H Ly + Z

g nm- I(S m) v nm—l(sT’aZ) \VA

310H°B;!ISIL,, z’”: Y NEGRTD
=1

M \/\m 1\
+ Zz\/i (1 + ) Z( h+1(sh+1) ]h+l(s;’11+l))'
m=1

m +
V(s at) Vol 2H

Proof. We bound each of the terms in the sum as follows.
T (i) = I3 (si)) = 267 (st @) + 267 (s3y's @) + Bopms cagran 71 (571) = L3 (5541
=27 (sy ay) + 20 (sy, ay)
+ Episan i 57) = Ly (S )1+ P = PYCIs ) - (T = i)
< 2b7(sy s ap) + 26 sy ay)
2
m + <1 + 4;]>EP«Ix;;l,a;?)[J;TH(%1) — T ()]s ®)
where the last relation holds by Lemma B.13| which upper bounds
8H2ISIL,, 1
(s ap) Vol " aH

by setting a = 4H, C; = C, = 2 and bounding HL,,(2C; + alSIC/2) < 8H?ISIL,, (the assumption of
the lemma holds since the event N, E”(m) holds). Taking the sum over m € [M] we get that

m=1

(P = P)CIsy', a) - (j}TH —lhm+1) < T Epcisy, u}")[‘]h+l(slhn+l) Lie1 (s3]

M
S T = s < Z 26" (s, ') + Z 26 (sy' )
m=1 m=1 m=1
M M

SHAISIL,, 1 o m nm
DI RN (R LA A A
)
The first sum is bounded in Lemma[B.5|by

M M M
2¢(sy, a )Ly, 10L,,
bl (s, a) < ’ /— + ——
; L(Sh ah)_; nm—l(s ah)Vl an—l(sh’ my\/ ]
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and the second sum is bounded in Lemma [B.6] by

M M Varp(.jgn gny(J™")
139H°B1ISIL,, PCIsyan gy

E sy, apy) < E E \/2L,,

- P( ho G B) < n'" I(S ay) V1 — n’"*l(s;'f,a;’f) VA

l am m m
t o Z E i) e (57) = Iy (Sh)1-
m=1

Plugging this into (9) and rearranging the terms we get

M M n Varpg.gn gmy(JT)
= ZC(Sh ,a, )Lm P(Isyai)\Y 1
J"I(SWI) _ Jm(sm) S 4 2 ’"
M M
286H3B;1|S|Lm 1 o
+ Z W + (1 + 2H> Z]EP(-Ish [T (i) = Lt (871)]

m=1

2/2L,, Z 286H>BISIL,,

n"-L(sp, allt) nm (s ap) Vol

M Varp(igr qm(J ™) 1
+ 2 2Lm + Jm (S ) J (S1 )
mzz‘: Nl ( ) Z +1\She1 w1 (Sh1

where the last inequality follows since the second good event holds. O

M
< 68H2Ly + Z

Proof of Theorem[5.1] Start by conditioning on the good event which holds with probability greater
than 1 —§. Applying the optimism-pessimism of the upper and lower value function we get

M M
STIE =T < ST - I (10)
m=1 m=1

Iteratively applying Lemmaand bounding the exponential growth by (1 + zi)zH < e < 3, the
following upper bound on the cumulative regret is obtained.

930H°B;'ISIL,,
n™ (s, ap) v 1

(T0) < 204HB;'Ly; + Z Z

m=1 h=

M H M H /L Varp.gm gn(JT
S 12 /c(s]l, @)L,y 93"y \/ m Varp(igeam (Jj 1)
el o Vs a) VL m=1 h=1 V(s a)

We now bound each of the three sums in Eq. (TT). We bound the first sum in Eq. via standard
analysis as follows:

Y

M H

H3B;UISIL,,
)PP PILILALLIREPIAITTNY 3) pISLESSE
m—1 m—1
can sy, apy vl f e (sh ay) V1
H
s =s,a]' =a}
=H3B_1|S|L Zh—l h h
* MZZ n"l(s,a) vV 1

m=1 s,a

Ef:l s} =s,a) =a}
nl(s,a) vV 1

M
< H’BISILy » Y I{n"(s,a) > H}

m=1 s.a

< 3H’B'ISPIAILy log(MH) + 2H* B ISPIAILy,,

+2H*BISPIAILy,

Sy =s,a;=a}
L (s,0) = H) BEISA= <

where the last inequality is by Lemma |B.12| that bounds
3IS1Al log(MH).

m,s,a
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The second sum in Eq. (TT)) is bounded as follows.

M H M H
\Je(st, alL, \Je(st, aL,
ZZ (5h i) < ZZ (5h di) I{n™ " (s)!, al) > HY} + 2HISIAILy
— V(s al) vl priown n"L(sial) Vol
M H
@ T{nm-1(s", a) > H
VI D3 ety Pp P L AEL ISR
h>"h

m=1 h=1 m=1 h=1

1

M H
(b)
< Ly > sy ayy - \/3ISIATTog(MH) + 2HISIAILy,

m=1 h=1

M H
< VBISIAILy | Y 0 elsi aph) + c(sly, ) + 2HISIAILy,

m=1 h=1
MHISIIAI
<0 \/B ISIAIMLy, + H> B;'IS1?IAl log®? 5 )

where (a) is by Cauchy-Schwartz, (b) is by Lemma[B.12] and the last inequality is by Lemma
The third sum in Eq. (TT) is bounded in Lemma[B.§]by

M H \/L VarP( sy a;)(J;?:ll) M H Varp(_|szn!u};t)(.];:ll)
) D A D DR L
m=1 h=1 n (Sh ’ h ) m=1 h=1 n (Sh 5 ah )

(L,, increasing in m)

i MHISIAI
<VL,-0 (\/BilSIIAIM log(MH) + H*B'1SPIAl log 7) . (Lemma[B3)
0

B.4 Bounds on the cumulative bonuses

Lemma B.5 (Bound on the Cumulative Cost Function Bonus). Conditioning on the good event the
following bound holds for all h € [H].

M

2¢(s™, ™)Ly, 10L,,
bm , my h>*h +
Z (Sh ah) Z nm- l(sh’ah)v 1 z;nm—l(sh Cl )\/1

m=1 m=1

Proof. By definition of 5" and since the event M, E“”(m) holds, we have

me( " o f: 2Var m(c)L 5L,
Y =
g e\ n" l(sZ‘ am Vvl n"’*l(s;l",a;:’) V1
- Z 2Vargn g ()L 2L,y | Vargn gn(c) — Var, n g 1-1(C)] 5L,
+
(s}, a )\/1 (s}, a h)\/l (st alh) v 1

m=1
Z 2Varg gn(c)Lyy 10L,,
+ >
- nm (st ap) v e (s at) vl

m=1

where the first inequality holds since va + b < Vial++/1bl. Finally, notice that for every (s,a) € SxA
the variance of the cost is bounded by the second moment, which is bounded by the expected value
c(s, a) since the random cost value is bounded in [0, 1]. O
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Lemma B.6 (Bound on the Cumulative Transition Model Bonus). Conditioning on the good event
the following bound holds for all h € [H].

139H3BNISIL,, & Varp(.ig am(Jf1)
by (s ay) < V2L,
Z hoo G Z nm—l(s amnv i ; l’lm’l(sf:, an Vvl

1 qm m m
*3H Z]EP(-IsZ’,a;;’)[]h+1(5h+1) L1 )]
m=1

Proof First, by applying Lemma [B.13| with o = 8H,C; = C, = 2 and HL,,(2C, + alSICy/2) <
12H?ISIL,,, we have

EP’”*‘(Js,a)[JhH(S )—7211(5,)] = EP(~ls,a)[~7irz"+1(S/)—J1"+1(S/)] +(P™ ! -P)-ls,a)- (J}, et = 1)
12H2ISIL,,

9 m / m /
< gEP(-Is,u)[J}H.](S ) =L O]+ m~ (12)
Thus, the bonus & (s, a) can be upper bounded as follows.
., Varpmi (gL 1 e 62H3BJUSIL,
bp (S, a) < \/5\/ n’”‘l(s a) V1 + 16HEPM7I('|S’a)[Jh+](S )—lh+1(5 )] + m
Varpm 1(ls £l)(Jh+1)L 9 - ’ ’ 74H33_1|S|Lm
< Epgis.a) [ -Jr —* 2 (13
f\/ i say 1+ iaga oM im ) =Ll il @)

We bound the first term of (T3) to establish the lemma. It holds that

V2L w F\/VarP”’ s ian) = v/ Varecisa (T, )
nl(s,a) V1 W
]
+\/2L, V/ Varpcisa (i) = \/VarP< s )
)

Term (i) is bounded by Lemma|[B.11](by setting o = 32H and (5 + a/2)B, < 21H?),

Varpoi (.0 L 1) — v/ Varecis,aq ) 1 " 21H’L,
/2L \/ Pt (ls,a) \Lh+1 \/ h+1 EP”'l(Isa)[JhH(S) Jz+1(/)] 1

4+
Vi (s,a) v 1 - 32H n™ (s, a) vV 1

Following the same steps as in (12)), we get

* 9 12H?ISIL,,
Ei)m?l('ls,a) [Jh+1(sl) _ lh+1(s/):| S]EP( Is,a) [Jh+1(s ) Jh+l( /)] + Wa
and thus,
9 33H2|S|Ll7‘l
(l) < 256HEP( Iva)[JhH(s) Jh+1( ,)] +m.

Term (ii) is bounded as follows.
NAZ R ﬂl)
- ¢Ep<.|s,a>[<f;:+1<s'> T ()]
ST UmiGavi
< V2HEr o[V — T ()

(s, a) V1

——Epis o[ (8) = T ()] +

(i) < (By Lemma|[E3)

0 < Jp(sh - Vi (s") < 2H)

32H?

1 2, awn _
nmi(s,a) Vv 1’ (ab < Za” + 3" for a = 64H)

1
- 64H
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Thus, applying J;* > J,fm > Jiy > J7 (Lemma i in the bounds of (i) and (ii) we get

139H3B;l ISIL,, + 2L,/ Varp(.b.,a)(J;[fl)
n"(s,a) V1 Vi ls,av1

l T / mg
by(s,a) < @EP(.|s,a>[( 0 () =T (s +

and summing over m concludes the proof. O

Lemma B.7 (Bound on Cost Term). Conditioning on the good event, it holds that

MHISIIAI).

M H
SN el + ep(sh) < O (B*M + HB ISPl log —

Proof. Denote by h,, the last time step before reaching an unknown state-action pair (or H if it was
not reached). By the event E“**" we have

M H M H
Z Zc(sf, ay) +cr(Sg,) = Z < Z c(sy, ay) + cr (s D A #H})

m=1 h=1 m=1 \h=h,,+1

M I
+ Z (Z (st ap) + cp(sp D hyy = H}>

m=1 \ h=1

M h,
- MHISIA o "
< 2aH’BISP1Allog —5 § <§ (it apy + e (s )y = H})

m=1 h=1
MHISIAI XL [
< 10aH’B2ISP1Al log — 2 m; E ; (s, d) + cp(sp )T {hy, = H) ’ o
MHISIIAI
< O(HSB;ZISIZIAI log M, B*M),

where the second inequality follows since every state-action pair becomes known after the number of
visits is aH*B2ISIlog w, and the last one by Lemma O

Lemma B.8 (Bound on Variance Term). Conditioning on the good event, it holds that

M H [ Varpigan (i) MHISIIAI
) T < 0(\/B§|S||A|Mlog(MH) + H3BISP 1Al log 7)
m=1 h=1 \% nm—l (S?, a%) 5
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Proof. Applying Cauchy-Schwartz inequality we get

M H Varpigan(T) MH\/\TMJ?’")
A N TP

5 V(s a 1 = V(s ah Vol

(W™ (s dl) > HY + 2H?ISIAl

arn > H} +2H*ISIAl

(Lemma|B.12)

M H
S Z ZVarp(_|sh am)(‘lh+l) Z Z o p I]I{nm_l(shm’
m=1 h=1 m=1 h=1 n (S )\/
< ZZVarp( (T )/ 3ISTATIog(MH) + 2HPISIA]
m=1 h=1
M
< ZZ]E ZVarm s () 1 UM | + 16H3 Ly \/3ISIATlog(MH) + 2HISIA]

v/ ISIAllog(MH)

> Varpugan Ui 1 O™

M
<3,|)_E
m=1

+7+/ISIAIH? log(MH)Ly, + 2H2ISIAI

h=1

+7+/ISIAIH? log(MH))L,, + 2H*ISIAl

m=1 h=1

i MHISIA
0 (x/BilSIIAIM log(MH) + H3B1SP21Al log 7) ,

4]

(Event EV* holds)

(Va+b < \/a++b)

M H 2
93 S E (Zc(sh'",a’")+cf(sh+1) g (s1)> 'U /ISIATTog(MH)
m=1

Mm [/ H 2
<3 E c(s™, aly + cr(s7 ) um ISIAl log(MH) + 9H>ISIAILy,
ho%h FOhe1

where (a) is by law of total variance |Azar et al.|[2017], see Lemma@ (b) is because the variance

is bounded by the second moment, and the last inequality is by Lemma|[B.9

B.5 Bounds on the second moment

Lemma B.9. Conditioning on the good event, it holds that

H

M 2
Y E (Z (s dl) + cf(sﬁﬂ)) ’ o\ < o(BiM + HB2ISIPlAl log

h=1
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Proof. Denote by h,, the last time step before reaching an unknown state-action pair (or H if it was
not reached). By the event E5! we have

M H 2 M / H 2
ZE <Z c(sy,ap) + cf(sfﬁrl)) ’ Ut <2 Z <Z c(sy, ay) + cf-(sZLl)> +62H* Ly
m=1 h=1 m=1 h=1

M H 2
<4). < D st ai) + sy ) # H}) +62HLy,

m=1 \h=h,+1

M /- 2
+4 Z <Z C(SZ’ af) + Cf(sznﬂ)ﬂ{hm = H})

m=1 h=1
MHISIAl L (& ’
< 300aHBISPIAl log —5 4 Z} <hz_1: c(sy, ay) + cp(sp ) = H})
MHISIAl n i
< 4000H®B2ISPIAl log — 4 > E (Z (s, aly + cp(sp = H}) ’ o

m=1 h=1

MHISIIAI
= BiM),
where the third inequality follows since every state-action pair becomes known after the number of
visits is aH*B2ISIlog M784! the forth inequality by event E5¢?, and the last one by Lemma|B. 10}

< 0(H63;2|S|2|A| log

Lemma B.10. Let m be an episode and h,, be the last time step before an unknown state-action pair
was reached (or H if they were not reached). Further, denote by C™ = ZL c(sy), ay )+ (s, I hy =
H} the cumulative cost in the episode until time h,,. Then, under the good event, E[C™ | U™] < 3B,

and E[(C™)? 1 U™] < 2 - 10*B2.

Proof. Consider the following finite-horizon MDP M™ = (SU {g},A,P",H,c", cj’f) that contracts
unknown state-action pairs with a new goal state, i.e., ¢"'(s, a) = c(s, a)[{s # g} and cf'(s) = cr(HI{s #
g} and

0, (', (s')) is unknown;

P}(s" | s,a) =< P(s' | 5, ), s # g and (s', ), (s")) is known;

1= s PR 1s,0), s =g
Denote by J™ the cost-to-go function of 7™ in the MDP M™. Moreover, we slightly abuse notation
to let P™ be the transition function induced by P! in the MDP M"™ similarly to P, and J™ the
cost-to-go function of 7 with respect to P! (and cost function ¢" = ¢"~! — b — ™). By the value
difference lemma (see, e.g.,Shani et al.,[2020), for every s, i such that (s, 7} (s)) is known,

H
T =T+ Y E [cm(s,,/,ah,) — & (swaw) | sp = 5, P, wm}
h'=h
H
+ Z ]E[(th/( | spr,an) —ﬁhm/( | sh/,ah/)) I Sp = S,Pm,ﬂm}
h'=h

< Tp(s)+H max le(s, w(s)) = (s, min )+ H||[T" || oo max [|PhiCls, w7 () = PheCls, wi(s)|l

5,7 (s 5,7 (5))

known known
< TS +H max le(s, wh(s) = (s, (s)]
S,ﬂ'l/ S
kn(,)wn
+2H||J"|| o max [|P(ls, wp(s)) = P" Cls, w (s) |1
(5,71 ()
known
< Jp(s)+H max le(s, my(s)) =y (s, mhy () + 2HB, max |[[P(:ls, wy (s)) - P (s, 7 () |1
5, (s 5,77 (s
kné)wn kné)wn
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where the last inequality follows by optimism and since J;(s) < B,. Thus, by Appendix (since
all state-action pairs in M™ are known), we have that J;'(s) < J;(s) + 2B, < 3B,. Notice that C" is
exactly the cost in the MDP M™ so E[C™ | U] < 3B,.

Similarly, we notice that E[(C™)? | U™] = E[(Z‘)z], where C is the cumulative cost in M™, and we
override notation by denoting C= Zf: 1 (s> an) + cr(spe1). We split the time steps into Q blocks as
follows. We denote by ¢, the first time step in which we accumulated a total cost of at least 3B, (or
H + 1 if it did not occur), by #, the first time step in which we accumulated a total cost of at least 3B,

after 71, and so on up until #p = H + 1. Then, the first block consists of time steps 7o = 1,...,# —1,
the second block consists of time steps #1,...,# — 1, and so on. Since J}'(s) < 3B, we must have
c(sp,ap) < 3B, forall h=1,...,H and thus in every such block the total cost is between 3B, and
6B,. Thus,

H 2 H 2
E KZ c(sn an) + Cf(sH+1)) } >E {Z c(sn, an) + Cf(SH+1)}

h=1 h=1
0-1 tiy1-1 2
=E {Z Z c(sp, ap) + Cf'(SH+l):|
=0 h=t;
> E[3B.0] = 9B;E[QF,
by Jensen’s inequality. On the other hand,

H 2 H 2
E {(Z (s> an) + Cf(sH+l)> } =E KZ c(sny an) + ¢ (Sua1) = J7'(51) + Ji"(ﬁ)) ]

h=1 h=1
H

_ 2
<2E <Z C(Sh,ah)+Cf(SH+1)—J71(S1)> ] +2J7(s1)

- N h=1

r 01 tiy-1 2
<2E (Z > clspan) = I, + 7" (st )> ] + 1882

i=0 h=t;

F0-1 ti-1 2
(@) m m
= 4E|D (§ c(span) = J;, (s,,.)+JtM(s,,.+])) } +18B2

- i=0 h=t;
< 4E[Q - (9B,)*] + 18B2 < 324B2E[Q] + 18B>.

For (a) we used the fact that E[ZZ;‘;I c(sp, an) — J1,(s,) + Ji,,, (54, )] = 0 using the Bellman optimality
equations and conditioned on all past randomness up until time #;, and the fact that #;,; is a stopping
time, in the following manner,

tip1—1 rtis1—1
E [Z c(snran) =} (s,) + " (s, )} =E| Y clsnan) —Jj'(sn) + J;,"H(shﬂ)}
h=t; - h=t;

rtis1—1

=E|> E [C(Sh’ an) = Jj (sn) + a1 (Sper) | ShH

- h=t;

‘f[-v»]*l
=E| > clonan) +E [T (o) L] —J,T(sh)} =0,
- h=t;

Thus, we have
9B’E[Q]* < 324B2E[Q] + 18B2,

and solving for E[Q] we obtain E[Q] < 37, so

H

2
E[(C™)?* 1 U™ =E KZ é(sns ap) + af(s,,+1)) ] <2-10*B3.

h=1
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Lemma B.11 (Variance Difference is Upper Bounded by Value Difference). Assume that the value at
time step h + 1 is optimistic, i.e., Ji'.,(s) < J;,,(s) for all s € S. Conditioning on the event N EPY2 (m)
it holds for all (s,a) € S x A that

Varpmi 5.0/ 1) — v/ Varpgisay (I 1 5+ a/2)B, L,
V 2Lm |\/ o, )( h+1) \/ il h’a)( h+1)’ < 7Ei’m’1('|.v,a) [‘];lk+1(sl) _l;tn+l(s/)] + ( m—la ) ’
V(s a) V1 «a nml(s,a) v 1

for any o > 0.

Proof. Conditioning on N, EP"?(m), the following relations hold.

[ Vatpe oo i) = VVatrcsa G| < |/ Vare sa i) = o/ Vatpe oo U
IZBiLm
+ S S —
n"l(s,a) v 1
. . | IZBiLm
S \/Varpm—l(_ma)(.]h_‘_l _lh+1)+ m
. " | lZBiLm
S \/Epm—l [(Jh+1 (S/) - 4+1(S/))2} + W
N " 123%Lm
< BB Ui )~ 0] |t

where the second inequality is by Lemma and the last relation holds since J};,(s'), Jj,,(s") €
[0, B, ] (the first, by model assumption, and the second, by the update rule) and since J, s >J el (s")
by the assumption the value is optimistic. Thus,

|/ Varp (150 @i) = /Varposa ()| 2B, Ly,
V2L, : : < \/IE JE () =T (D] =
(s, a) - P i () = 23 (5] (s, a) Vv 1

N V24B,L,,
n"l(s,a) v 1
1 . - (5 + a/2)B Ly,
< QB Vi) =i O+ e vt
where the last inequality is by Young’s inequality, ab < iaz + %bz. O

B.6 Useful results for reinforcement learning analysis

Lemma B.12 (Cumulative Visitation Bound for Stationary MDP, e.g., [Efroni et al., 2020, Lemma
23). It holds that

M H
]I n - s m -

SN 1w sa) > H) Lt sy =5, dy =a) 31SI1Al log(MH).
n™l(s,a) vV 1

m=1 s,a

Proof. Recall that we recompute the optimistic policy only in the end of episodes in which the
number of visits to some state-action pair was doubled. In this proof we refer to a sequence of
consecutive episodes in which we did not perform a recomputation of the optimistic policy by the
name of epoch. Let E be the number of epochs and note that £ < ISllAllog(MH) because the number
of visits to each state-action pair (s, @) can be doubled at most log(MH) times. Next, denote by 7°(s, a)

the number of visits to (s, @) until the end of epoch e and by N “(s, a) the number of visits to (s, a)
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during epoch e. The following relations hold for any fixed (s, @) pair.

Yo Lsh =s.ap =a) _
nml(s,a) v 1 -

M
> L™ (s,a) > H)
m=1
Ne(s, a)
nel(s, a)

E
= Z]I{ﬁe‘l(s,a) > H)
=1

Ne(s,a) (s, a)

ne(s, a) ne(s, a)

i (s,a) > H}

-

1}
—_

(4

E NG
<3N U ) > H) e
e=1

ne(s, a)

(s, a) — e (s, a)

E
=3 Wi (s.a) > H)

e=1

E 7€
<33 i (sa) > H}log( s ) )

ne1(s, a)

né(s,a)

e=1
< 31t (s, a) > H}(log it (s, a) — log(H))
< 3log(i"(s,a) v 1),

where the first inequality follows since ﬁ’z,(f;“z) < Zﬁ;ﬁfi;ﬂ < 3 for 1°"!(s,a) > H, and the second
inequality follows by the inequality % <log 7 fora > b > 0. Applying Jensen’s inequality we

conclude the proof:

z S s =s,a" = a)
m—1 h=1 h T 9y = -E
;gﬂ{n (s,a) > H} G v 1 §3glog(n (s,a) V1)

< 3ISllAllog <Z it (s, a))

§,a

< 3ISlAllog(MH).
O

Lemma B.13 (Transition Difference to Next State Expectation, |[Efroni et al.,|2021, Lemma 28). Let
Y € RS be a vector such that 0 < Y(s) < 2H forall s € S. Let Py and P, be two transition models
andn € R Let AP(- | s,a) € R and AP(s'ls,a) = Pi(s'ls, a) — Py(s'ls, a). Assume that

CILmPI (sllsv a) C2Lm
V(s,a,s") €S x A x S,h € [H] : IAP(s'ls,a)l < + ,
(s,a,8') € S XA X € [H] (“a)_m o) V1

for some Cy,Cy > 0. Then, for any o > 0.

HL,(2C, + alSIC,/2)
n(s,a) V1

1 /
|AP( | S, a) . Y| S a]Ep](.Lg,a) [Y(S )] +

Lemma B.14 (Law of Total Variance, e.g.,|/Azar et al.,[2017). For any 7 the following holds.

H H 2
E ZVMP(.m,,,ah)(J;TH) | W] =E (Z C(Sh,ah)+Cf(SH+1)—J?(S1)> I

h=1 h=1
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C Extending the reduction to unknown B,

In this section we assume B, > 1 to simplify presentation, but the results work similarly for B, < 1.
To handle unknown B,, we leverage techniques from the adversarial SSP literature [Rosenberg and
Mansour, 2020, |Chen and Luo| [2021]] for learning the diameter of an SSP problem. Recall that
the SSP-diameter D [Tarbouriech et al. [2020] is defined as D = maX,;cgmin ;4 77 (s). So to
compute D we can find the optimal policy with respect to the constant cost function ¢ (s, a) = 1, and
compute its cost-to-go function. Rosenberg and Mansour| [2020] utilize this observation to estimate
the SSP-diameter. They show that one can estimate the expected time from a state s to the goal
state g by running the Bernstein-SSP algorithm of Rosenberg et al.|[2020] with unit costs for

L= 5(D2|SI2IA|) episodes and setting the estimator to be the average cost per episode times 10.

Inspired by their approach, we use the Bernstein—-SSP algorithm on the the actual costs, in
order to estimate the expected cost of the optimal policy. Although Bernstein—-SSP suffers from
sub-optimal regret, we run it only for a small number of episodes and therefore we will only suffer
from a slightly larger additive factors in our regret bound, but keep minimax optimal regret for large
enough K.

By similar proofs to Lemmas 26 and 27 from Rosenberg and Mansour| [2020, Appendix J], we
can show that the cost-to-go from state s can be estimated up to a constant multiplicative factor by
running Bernstein-SSP for L = O(T2ISI*IAl) episodes. This is demonstrated in the following
lemma, where the upper bound follows from the regret guarantees of Bernstein-SSP and the
lower bound follows from concentration arguments (and noticing that the regret is minimized by
playing the optimal policy, but even then it is not zero).

Lemma C.1. Let s € S and L > 2400T2ISPIAl log w. Run Bernstein-SSP with initial

state s for L episodes and denote by B, the average cost per episode times 10. Then, with probability
1-6,

J™"(s) < B, < O(By).

Thus, we use the first L visits to each state in order to estimate its cost-to-go. A state which was
visited at least L times will be called B, -known, and otherwise B, -unknown (not to be confused with
our previous definition of known state-action pair). To that end, we split the total time steps into E
epochs. In epoch e, we apply our reduction to a virtual MDP M¢ that is identical to M in B,-known
states, but turns B,-unknown states into zero-cost sinks (like the goal state). For every state s € S we
maintain a Bernstein-SSP algorithm 5;. Every time we reach a B,-unknown state s, we run an
episode of B; until the goal is reached.

Note that in the virtual MDP M° we can compute an upper bound on the optimal cost-to-go using
our estimates. Epoch e ends once some B,-unknown state s is visited L times and thus becomes
B,-known. Therefore the number of epochs E is bounded by ISI. The important change, introduced by
Chen and Luo|[2021]], is to not completely initialize our finite-horizon algorithm A in the beginning
of a new epoch as this leads to an extra IS| factor in the regret. Instead, algorithm A inherits the
experience (i.e., visit counters and accumulated costs) of the previous epoch in B,-known states.

The reduction without knowledge of B, is presented in Algorithm [l and next we prove that it
maintains the same regret bound up to a slightly larger additive factor.

Theorem C.2. Let A be an admissible algorithm for regret minimization in finite-horizon MDPs

and denote its regret in M episodes by R AM). Then, running Algorithm | with A ensures that, with
probability at least 1 — 20,

KT,ISIAlw 4

Rk <R (41<+ 4 - 10*1SNlAlw 4 log +4-10*T21SPlAl log

KT, Sl KT, ISIIA KT, ISIIA
+0 (B* \/ Klog w + Tow alSIlAllog? w + T2ISP1Allog* f”') ,

5 KT*ISIIAI)

where w 4 is a quantity that depends on the algorithm A and on IS, |Al, H.

Using the reduction with the ULCVT algorithm, we can again obtain optimal regret for SSP.
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Theorem C.3. Running the reduction in Algorithm | with the finite-horizon regret minimization
algorithm ULCVI ensures, with probability at least 1 — 29,

KT,ISIAl 6 KT,ISIAI

Rk =0 <B*\/|SIIAIK log ——— + T7I1SIAllog 5t T315P 1Al log

5

, KT,ISIIAl
5 =),

Algorithm 4 REDUCTION FROM SSP TO FINITE-HORIZON MDP WITH UNKNOWN B,

1: input: state space S, action space A, initial state si;;, goal state g, confidence parameter ¢, number
of episodes K, bound on the expected time of the optimal policy 7, and algorithm .A for regret
minimization in finite-horizon MDPs.

2: initialize a Bernstein—-SSP algorithm B, with initial state s and confidence parameter 6/IS!
for every s € S.

3: set L= 10*T2ISPIAllog® KLBMl gl = {Sinic} and Ny(s) = LI{s = siyic} for every s € S.

4: run B,,, for L episodes and set By, to be the average cost per episode times 10.

5: initialize .4 with state space S = S U {g}, action space A, horizon H = 8T, log(8K), confidence

parameter %, terminal costs ¢r(s) = 8I{s = sinit}E and bound on the expected cost of the

optimal policy 93’%“[.
6: initialize intervals counter m <— 0, time steps counter ¢ <— 1 and epochs counter e < 1.
7: fork=L+1,...,Kdo
8 set §; < Sinit-
9:  whiles; #gdo

Sinit

Sinit

10: set m <— m + 1, feed initial state s, to A and obtain policy 7" = {7]" : § — A} ,.
11: forh=1,...,Hdo

12: play action a; = m}'(s;), suffer cost C; ~ c(s;, a;), and set s} = 5, a)' = a;, C}} = C,.
13: observe next state s,,1 ~ P(- | 5;,a;) and sett <+ 1.

14: if s, =gors, €Sy, then

15: pad trajectory to be of length H and BREAK.

16: end if

17: end for

18: set s77,, = Si.

19: feed trajectory U™ = (s, a}, ..., s, an, s, ) and costs {CI"} | 1o A.

20: if s, & Sy, wn then

21: set Ny(s;) <= Ny(s,) + 1 and run an episode of B,.

22: if N¢(s;) = L then

23: sete < e+ 1and SY ., < Sf;;éwn U {s}.

24: set E‘Y, to be the average cost per episode of 5;, times 10.

25: reinitialize A by updating the terminal costs as ¢¢(s) = 81{s € Sg ., } maxses;  Bs,

updating the bound on the expected cost of the optimal policy 9 maxzes; ~ Bs and
deleting the history of A only in state s;.

26: end if
27: end if
28:  end while
29: end for

C.1 Proof of Theorem

We follow the analysis of the known B, case under the event that Lemma@] holds for all states

(which happens with probability at least 1 —9), i.e., J ™ (s) < B, < O(B,) for every s € S. We start
by decomposing the regret similarly to Lemma4.1} Note that now there is an additional term that
comes from the regret of the IS| Bernstein-SSP algorithms that are used to estimate B,.

Lemma C.4. For H = 8T, log(8K), we have the following bound on the regret of Algorithm [}

N M oA KT,ISIIAI
Ry < Ra(M) + Z (Z Cll + &p(sim ) = I (s'1”)> +0 (TEB*ISI3IA| log® *5> . (19

m=1 \ h=1

where M is the total number of intervals.
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Remark 6. Note that now each interval is considered in the context of the current epoch, i.e., the
current B, -known states. The finite-horizon cost-to-go J™" is with respect to the MDP of B,-known
states. Moreover, for interval m that ends in a B,-unknown state, the last state in the trajectory sy,
will be a B,-unknown state and the length of the interval may be shorter than H (just like intervals
that end in the goal state).

Proof. Every interval ends either in the goal state, in a B,-known state or in a B,-unknown state. The
first two cases are similar to the proof of Lemma because our estimates B in all B,-known states
s are upper bounds on J™ (s). Importantly, we do not initialize A in the end of an epoch and this
allows us to get its regret bound without an extra IS| factor. The reason is that .4 is an admissible (and
thus optimistic) algorithm, so it operates based on the observations it collected. Another important
note is that the cost in the virtual MDP M¢ is always bounded by the cost in the actual MDP M.

We now focus on the last case. Recall that if interval m ends in a B,-unknown state s, then the
terminal cost is 0 and we run an episode of the Bernstein-SSP algorithm B;. Thus, the excess
cost of running Bernstein-SSP algorithms is bounded by ISl times the Bernstein-SSP regret
plus ISIB,L, i.e., we can bound it as follows

KT, ISIIAI
ISIB,L + O (Bi/zlSIZ\/IAIL log ———

KT, ISIAl
+ T2215P 1Al log? ) :

To finish the proof we plug in the definition of L. O

Next, we bound the number of intervals. Again, we get a similar bound to Lemma@]but with an
additional term for all the intervals that ended in a B,-unknown state (there are at most |SIL such
intervals).

Lemma C.5. Assume that the reduction is performed using an admissible algorithm A. Then, with
probability at least 1 —39s,

KT, ISlIAlw 4

+ 10*T21SP 1Al log

KT, ISIAl
M<4 (K+ 10*1Sl1Alw 4 log 3 *S) )

Proof. The proof is based on the claim that in every interval there is a probability of at least 1/2 that
the agent reaches either the goal state, an unknown state-action pair or a B,-unknown state. This
is proved similarly to Lemma@] since we can look at the MDP of B,-known states, and then the
claim of Lemma[A.3|is equivalent to reaching either the goal state, an unknown state-action pair or a
B,-unknown state.

With this claim the proof follows easily by following the proof of Lemma.3] We simply define
X™ to be 1 if an unknown state-action pair or the goal or a B,-unknown state were reached during
interval m (and O otherwise). Then, we have

M MHISIAI

me < K+ ISl log = +ISIL,
m=1

which implies the Lemma following the same argument based on Freedman’s inequality. O

Finally, we bound the deviation of the actual cost in each interval from its expected value. The proof
is exactly the same as Lemma[4.2] The second moment of the accumulated cost until reaching the
goal, an unknown state-action pair or a B,-unknown state is of order Bi, and therefore in almost all
intervals (except for a finite number) the accumulated cost will be of order B, with high probability
(in other intervals the cost is trivially bounded by H + O(B,.)).

Lemma C.6. Assume that the reduction is performed using an admissible algorithm A. Then, the
Sollowing holds with probability at least 1 — 39,

M H
o M MKT,ISIIAl
> (Z Cl o+ &(sim ) I (s'{')) =0 (B*, M log ~ + (H+ B.)wAlSllAllog 5)

m=1 h=1

KT,ISIIAl
+0 ((H +B)T?ISPIAllog? ) )

The proof of the theorem is finished by combining Lemmas [C.4]to [C.6|together with the guarantees
of the admissible algorithm A and Lemma|[C.T] similarly to Theorem 3.1
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D Lower bound

In this section we prove Theorem [2.3] which lower bounds the expected regret of any learning
algorithm for the case B, < 1. It complements the lower bound found inRosenberg et al.| [2020] for
the case B, > 1.

By Yao’s minimax principle, in order to derive a lower bound on the learner’s regret, it suffices to
show a distribution over MDP instances that forces any deterministic learner to suffer a regret of

Q(+/B,ISIIAIK) in expectation.

To construct this distribution, we follow Rosenberg et al.| [2020] with a few modifications. We initially
consider the simpler setting with two states: an initial state and the goal state. We now embed a hard
MAB instance into our problem where the optimal action has an expected cost of B,. To that end,
consider a distribution over MDPs where a special action a* is chosen a-priori uniformly at random.
Then, all actions lead to the goal state g with probability 1. The cost Ci(sini, @*) chosen at episode k
is 1 w.p. B, and O otherwise. The cost of any other action @ # a* is 1 w.p. B, + € and 0 otherwise,
where € € (0, 1/8) is a constant to be determined. Thus the optimal policy will always play a* and we
have J™ (Sinit) = By.

Fix any deterministic learning algorithm, we shall now quantify the regret of the learner in terms of
the number of times that it plays a*. Indeed, we have that the optimal cost is By, and the learner loses
€ in the regret each time she plays an action other than a*. Therefore,

E[Rk] > € - (K - E[N]),
where N is the number of times a* was chosen in s;,;.

We now introduce an additional distribution of the costs which denote by Pyyis. Pyuyis is identical to
the distribution over the costs defined above, and denoted by PP, except that P[Cy(Sinit, @) = 1] = B +¢€
for all actions a € A regardless of the choice of a*. We denote expectations over Pyuir by Eypif,
and expectations over P by E. The following lemma uses standard lower bound techniques used
for multi-armed bandits (see, e.g.,Jaksch et al., 2010, Theorem 13) to bound the difference in the
expectation of N when the learner plays in P compared to when it plays in Pyy;s.

Lemma D.1. Suppose that B, < % Denote by Puiza, Bunigar Par Bq the distributions and expectations
defined above conditioned on a* = a. For any deterministic learner we have that E,[N] < Eypira[N]+
€K/ Eunira[N1/B,.

Proof. Fix any deterministic learner. Let us denote by C®) the sequence of costs observed by the
learner up to episode k and including. Now, as N < K and the fact that N is a deterministic function
of C®) By [N] < Eyita[N1 + K - TV(Punir o [CF], PLCH]), and Pinsker’s inequality yields

TV(Punito[CHL PICH]) < \/ %KL(Punif,a[am] | Po[CEY). (15)

Next, the chain rule of the KL divergence obtains

KL(Punif,u [C(K)] | | ]Pa [C(K) ])

K
=D > Puniral C1 - KL(Punital CeCsinit, @) | CP1 || Pal Cilsinits ar) 1 COD),
k=1 c®

where ay is the action chosen by the learner at episode k. (Recall that after which the model transition
to the goal state and the episode ends.)

Observe that at any episode, since the learning algorithm is deterministic, the learner chooses an
action given C® regardless of whether C¥* was generated under P or under Py,. Thus, the
KL(]Punif,a[Ck(sinih ak) | C(k)] || ]P’a[Ck(sinit,ak) | C(k)]) is zero if Ay ;/a*, and otherwise

KL(Punit. o[ Ci(Sinits %) | COT || Pal Cr(sinies ax) 1 €01
€ €
= (B, +e)10g(1 + E) +(1-B, —e)log(l - _B*>
2

€
< 79
~ B.(1-B,)
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where we used that log(1 + x) < x for all x > —1, and since we assume B, < % and € < % that imply
—€/(1-By) > —i > —1. Plugging the above back into Eq. and using B, < % gives the lemma. [J

In the following result, we combine the lemma above with standard techniques from lower bounds of
multi-armed bandits (see |Auer et al., 2002/ for example).

Theorem D.2. Suppose that B, < % e € (0, %) and Al > 2. For the problem described above we

have that
1 K
IE[RK]zeK(—e )

2 IAIB,

Proof of Theorem|D.2] Note that as under Py the cost distributions of all actions are identical.
Denote by N, the number of times that the learner chooses action a in sjy;. Therefore,

Z IEunif,a [N] = Z IE:unif[jva] = IE:unif Z Na

acA acA acA

=K. (16)

Recall that a* is sampled uniformly at random before the game starts. Then,

1
ElRx] = o > EdlRx]

aEA
>K- |le Z@; E,[N]
> K- ﬁ z@; (BunitalN) + K /Eunica NV, ) (Lemma[D.1)
> K- W > EunitalN1+ €K TB AIB Z Eunit.a[N] (Jensen’s inequality)
acA
=K- |§| K #B*, (Eq. (TG))
The theorem follows from IAl > 2 and by rearranging. [

Proof of Theorem[2.3] Consider the following MDP. Let S be the set of states disregarding g. The
initial state is sampled uniformly at random from S. Each s € § has its own special action a}. All
actions transition to the goal state with probability 1. The cost Cy(s, a) of action a # a} in episode k
and state s is 1 with probability B, + € and 0 otherwise. The cost of Ci(s, a) is 1 with probability B,
and O otherwise.

Note that for each s € S, the learner is faced with a simple problem as the one described above from
which it cannot learn about from other states s’ # s. Therefore, we can apply Theorem for each
s € S separately and lower bound the learner’s expected regret the sum of the regrets suffered at
each s € S, which would depend on the number of times s € S is drawn as the initial state. Since
the states are chosen uniformly at random there are many states (constant fraction) that are chosen
O©(K/S!) times. Summing the regret bounds of Theorem [D.2]over only these states and choosing e
appropriately gives the sought-after bound.

Denote by K; the number of episodes that start in each state s € S.

1 K _K 1 )
E[Rk] = ZE{EKS(z_G IAIB*)} =2 Vs, ;EUQ l. (17)

seS

Applying Cauchy-Schwartz inequality gives

Y EIK1 <Y VEIKIWEK?] = > VEIK]IVEIK,] + Var(K,]

SES seS seS

_Z /K \/ i><K 2K
sV e i) <K T
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where we have used the expectation and variance formulas of the Binomial distribution. The lower
bound is now given by applying the inequality above in Eq. and choosing € = éx/B* IANSVK. O
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E General useful results

Lemma E.1 (Freedman’s Inequality). Let {X;},> be a real valued martingale difference sequence
adapted to a filtration {F;},>o. If 1X;| < R a.s. then for any n € (0,1/R),T € N it holds with
probability at least 1 -6,

T T

log(1/8
Y X, <0 EXAF]+ Og; ).
=1 =1

Lemma E.2 (Consequences of Freedman’s Inequality for Bounded and Positive Sequence of Random
Variables, e.g., Efroni et al., 2021, Lemma 27). Let {Y;};>1 be a real valued sequence of random
variables adapted to a filtration {F,},~. Assume that for all t > 1 it holds that 0 < Y, < C a.s., and
T € N. Then, each of the following inequalities hold with probability at least 1 - 4.

T T

1 1
E[YIF 1< [1+— Y, +22C + 1)? log ~
Z[fl,l]_(+zc>;f+(C+>og(S

t=1

T T
1
Y, <2 E[Y,|F,.1]+4Clog —.
> Y <2 ElYIF ] +4Clog 5
1=1 1=1
Lemma E.3 (Standard Deviation Difference, e.g.,/Zanette and Brunskill, 2019). Let Vi, V,: S — R

be fixed mappings. Let P(s) be a probability measure over the state space. Then, /Var(Vy) —
VVar(Vy) < /Var(V, - V).
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