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A Related Works

Linear contextual bandits. The reward model considered in this work is similar to that of linear
contextual bandits in the literature. The single-agent setting is first introduced in Auer (2003) through
the LinRel algorithm and is subsequently improved through the OFUL algorithm in Dani et al. (2008)
and the LinUCB algorithm in Li et al. (2010). Rusmevichientong and Tsitsiklis (2010) extend the
work of Dani et al. (2008) by considering both optimistic and explore-then-commit strategies. A
modified version of LinUCB, named SupLinUCB, is considered in Chu et al. (2011), which is further
improved by Valko et al. (2013). This line of literature typically allows for sequential stochastic
(Goldenshluger and Zeevi, 2013; Bastani and Bayati, 2015) or adversarial (Raghavan et al., 2018;
Kannan et al., 2018) context arrivals, which is different from the fixed context setting and distributed
nature of the federated linear contextual bandits considered in this work.

Batched and parallel bandits. Batched bandits is the setting where the time axis is partitioned into
batches, and the decision at each time t depends only on observations from batches strictly prior to the
current one (Perchet et al., 2016). While Perchet et al. (2016) study the two-armed stochastic bandits,
Gao et al. (2019) and Han et al. (2020) extend it to the K-armed MAB and the linear contextual
bandits, respectively. The parallel linear contextual bandits studied in Chan et al. (2021) is essentially
similar to the batched bandits setting in which P distinct processors perform simultaneous queries
in batches. We note that the phased decision processes in our setting is similar to batched bandits,
as the decision in a phase only depends on observations collected in previous phases. However,
the distributed network structure and the associated communication and privacy concerns are not
considered in the batched bandits setting.

Collaborative and distributed bandits. The collaborative and distributed bandits with multiple
agents has gained growing interest recently. One research direction is the multi-player multi-armed
bandits (MP-MAB) problem (Liu and Zhao, 2010; Anandkumar et al., 2011), where collision occurs
when two players simultaneously play the same arm. Without explicit communication among players,
the main focus of MP-MAP is to avoid (Rosenski et al., 2016; Besson and Kaufmann, 2018; Avner
and Mannor, 2014) or exploit (Boursier and Perchet, 2019; Shi et al., 2020) such collisions in order
to maximize the collective cumulative rewards.

When action collision is not considered, Landgren et al. (2016, 2018) and Martínez-Rubio et al.
(2019) study distributed bandits in which multiple agents face the same MAB instance, and the agents
collaboratively share their estimates over a fixed communication graph in order to design consensus-
based distributed estimation algorithms to estimate the mean of rewards at each arm. Szorenyi et al.
(2013) considers a similar setup where in each round an agent is able to communicate with a few
random peers. Korda et al. (2016) considers the case where clients in different unknown clusters
face independent bandit problems, and every agent can communicate with only one other agent per
round. Similar approaches have been extended to the contextual bandits and recommender systems,
where user/context similarities are exploited to improve sample efficiency of online recommendation
(Cesa-Bianchi et al., 2013; Wu et al., 2016; Gentile et al., 2014, 2017). The communication and
coordination among the clients in those works are fundamentally different from our work.

Wang et al. (2020) investigates communication-efficient distributed linear bandits, where the agents
can communicate with a server by sending and receiving packets. It proposes two algorithms, namely,
DELB and DisLinUCB, for fixed and time-varying action sets, respectively. The fixed action set
setting is quite similar to our setup, except that it assumes that all agents face the same bandits
problem, which does not take data heterogeneity into consideration.

Federated bandits. A few recent works have touched upon the concept of federated bandits. With
heterogeneous reward distributions at local clients, Shi and Shen (2021) and Shi et al. (2021)
investigate efficient client-server communication and coordination protocols for federated MAB
without and with personalization, respectively. Agarwal et al. (2020) studies regression-based
contextual bandits as an example of the federated residual learning framework, where the reward of
a client depends on both a global model and a local model. Li et al. (2020) and Zhu et al. (2021)
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focus on differential privacy based local data privacy protection in federated bandits. While the linear
contextual bandit model considered in Dubey and Pentland (2020) is similar to the shared parameter
case studied this work, it focuses on federated differential privacy and proposes a LinUCB-based
algorithm, which incurs a much higher regret compared with our result.

B Preliminaries

B.1 Notations

Throughout this paper, we use ‖x‖V to denote
√
xᵀV x. The range of a matrix A, denoted by

range(A), is the subspace spanned by the column vectors of A. Occasionally we use span(A)
to denote range(A) as well. We use rank({xi}i) to denote the maximum number of linearly
independent vectors in {xi}i, and span({xi}i) to denote the subspace spanned by them. For any
positive semi-definite matrices X and Y of the same size, X � Y implies that X − Y is positive
semi-definite. 1{·} is the indicator function while Id is a d× d identify matrix.

B.2 Matrix Analysis

Definition 2 (Pseudo-inverse of matrices) Given a matrix A, the pseudo-inverse of A is a unique
matrix, denoted by A†, that satisfies the following properties:

AA†A = A, A†AA† = A†, (AA†)ᵀ = AA†, (A†A)ᵀ = A†A.

Definition 3 (Pseudo-determinant of matrices) For a square matrix A ∈ Rn×n, the pseudo-
determinant is defined as

Det(A) = lim
ε→0

det(A+ εI)

εn−rank(A)
,

and the generalized pseudo-determinant with respect to a degree s is defined as

Dets(A) = lim
ε→0

det(A+ εI)

εn−s
.

Remark 4 Note that Dets(A) = 0 when s > rank(A), and Dets(A) =∞ if s < rank(A). When
s = rank(A), Detrank(A)(A) becomes Det(A), the standard pseudo-determinant of matrix A. We
introduce the definition of generalized pseudo-determinant in order to handle cases when the rank of
A is uncertain.

We first characterize some important properties of the pseudo-inverse of a matrix.

Proposition 1 Suppose A ∈ Rn×n is a symmetric matrix, and v ∈ range(A). Then, the following
limit relations hold:

1) A† = limε→0(A+ εI)−1A(A+ εI)−1.
2) A = limε→0A(A+ εI)−1A.
3) A†v = limε→0(A+ εI)−1v.

Proof. Since A is a symmetric matrix, we can decompose it as A = UΛUᵀ, where UUᵀ = I
and Λ = diag(λ1, . . . , λn). We assume |λ1| ≥ |λ2| ≥ . . . ≥ |λn| are the eigenvalues of A. If
rank(A) = d ≤ n, then |λd| > 0 = |λd+1|. There must exist d constants c1, . . . , cd such that
v =

∑d
s=1 csus, where us is the sth column vector of matrix U .

Note that when A is symmetric,

A† = Udiag
(

1

λ1
, . . . ,

1

λd
, 0, . . . , 0

)
Uᵀ.

For the first two relations, note that A + εI = UΛUᵀ + εUUᵀ = Udiag(λ1 + ε, . . . , λn + ε)Uᵀ.
Thus, for sufficiently small ε, we have

(A+ εI)−1 = Udiag
(

1

λ1 + ε
, . . . ,

1

λn + ε

)
Uᵀ. (7)
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Substituting (7) into 1) and 2), the first two relations can be readily obtained.

For 3), we express v = Uc, where c = (c1, . . . , cd, 0, . . . , 0)ᵀ. Then we have

lim
ε→0

(A+ εI)−1v = lim
ε→0

Udiag
(

1

λ1 + ε
, . . . ,

1

λn + ε

)
UᵀUc (8)

= lim
ε→0

U

(
c1

λ1 + ε
, . . . ,

cd
λd + ε

, 0, . . . , 0

)ᵀ

(9)

= Udiag
(

1

λ1
, . . . ,

1

λd
, 0, . . . , 0

)
UᵀUc (10)

= A†v. (11)

Next, we present several useful lemmas that are needed in the analysis of the generalized G-optimal
design discussed in Appendix C.

Lemma 1 (Jacobi’s formula (Magnus and Neudecker, 1999)) If A : R→ Rn×n is differentiable
in its domain, and A(t) is invertible, then

ddet(A(t))

dt
= trace

(
adj(A(t)) · dA(t)

dt

)
,

where adj(A(t)) is the adjugate of A(t), i.e. adj(A(t))A(t) = det(A(t)) · In.

Lemma 2 below explicitly identifies the derivative of log Det(·). We note that the general derivative
of pseudo-determinant is studied in Holbrook (2018).

Lemma 2 For a given index set I and a set of vectors vs ∈ Rn where s ∈ I, consider the following
function in terms of π := {πs}s∈I:

F (π) = log Det

(∑
s∈I

πsvsv
ᵀ
s

)

defined over {π|πs ≥ 0,∀s ∈ I, rank
(∑

s∈I πsvsv
ᵀ
s

)
= rank({vs}s∈I) := D}.

Then, the ι-th coordinate of the gradient of F (π) satisfies

(∇F )ι = vᵀι

(∑
s∈I

πsvsv
ᵀ
s

)†
vι. (12)

Proof. Denote A :=
∑
s∈I πsvsv

ᵀ
s . Then, according to the definition of pseudo-determinant in

Definition 3, we have

∂F (π)

∂πι
=

1

Det(A)

∂Det(A)

∂πι
(13)

= lim
ε→0

1

Det(A)

∂ det(A+ εI)

εn−D∂πι
(14)

= lim
ε→0

1

Det(A)εn−D
trace(adj(A+ εI)vιv

ᵀ
ι ) (15)

= lim
ε→0

1

Det(A)εn−D
trace(det(A+ εI)(A+ εI)−1vιv

ᵀ
ι ) (16)

= lim
ε→0

vᵀι (A+ εI)−1vι (17)

= vᵀι

(∑
s∈I

πsvsv
ᵀ
s

)†
vι, (18)
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where Eqn. (15) follows from Lemma 1, (16) follows from the definition of adjugate, and (17) follows
from the definition of Det(A) in Definition 3 and the fact that trace(AB) = trace(BA) when their
dimensions match. Eqn. (18) is due to Proposition 1-3) since vι ∈ range(A).

The following lemma establishes the concavity of log Det(·), which generalizes the result for
log det(·) (Boyd and Vandenberghe, 2004) to the pseudo-determinant case.

Lemma 3 Let S be a subspace of Rn. Then, log Det(A) is a concave function in any convex subset of
MS = {A|A = Aᵀ, range(A) = S,A � 0}, i.e., the collection of symmetric positive semi-definite
matrices with range S.

Proof. We show the concavity by considering an arbitrary line, defined by X = Y + tZ, where
X,Y, Z are matrices lying in a convex subset ofMS . Assume rank(X) = k.

Let g(t) = log Det(Y + tZ). Then,

g(t) = log lim
ε→0

det(Y + tZ + εI)

εn−k

= lim
ε→0

log det(Y + εI + tZ)− (n− k) log ε

= lim
ε→0

log det
(

(Y + εI)
1
2

(
I + t(Y + εI)−

1
2Z(Y + εI)−

1
2

)
(Y + εI)

1
2

)
− (n− k) log ε

= lim
ε→0

log det(Y + εI) + log det
(
I + t(Y + εI)−

1
2Z(Y + εI)−

1
2

)
− (n− k) log ε

= lim
ε→0

log
det(Y + εI)

εn−k
+ log det

(
I + t(Y + εI)−

1
2Z(Y + εI)−

1
2

)
= log DetY + lim

ε→0
log det

(
I + t(Y + εI)−

1
2Z(Y + εI)−

1
2

)
= log DetY +

k∑
i=1

log det(1 + tλi),

where λ1, λ2, . . . , λk are eigenvalues of limε→0(Y + εI)−
1
2Z(Y + εI)−

1
2 .

Taking the second derivative of g(t), we have

d2g(t)

dt2
= −

k∑
i=1

λ2
i

(1 + tλi)2
< 0. (19)

Therefore, g(t) is concave, and the proof is complete.

B.3 Important Inequalities

In this subsection, we present two important inequalities that will be utilized in Appendix D and
Appendix E, respectively.

Lemma 4 Let ζ ∈ Rn be a 1-sub-Gaussian random vector conditioned on Fp and A ∈ Rn×n be a
Fp-measurable matrix. Let λ > 0 and det(In − 2λAAᵀ) > 0. Then, we have

E
[
eλ‖Aζ‖

2

∣∣∣∣Fp] ≤
√

1

det(In − 2λAAᵀ)
. (20)

Proof. Assume x ∼ N (0, 2λIn) is an independent Gaussian random vector. Then, we have

Ex,ζ
[
ex

ᵀAζ

∣∣∣∣Fp] = Eζ
[
Ex
[
ex

ᵀAζ |A, ζ
] ∣∣∣∣Fp] = E

[
eλ‖Aζ‖

2

∣∣∣∣Fp] . (21)

On the other hand,

Ex,ζ
[
ex

ᵀAζ

∣∣∣∣Fp] = Ex
[
Eζ
[
ex

ᵀAζ |x
] ∣∣∣∣Fp] (22)
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≤ E
[
e‖A

ᵀx‖2/2
∣∣∣∣Fp] (23)

=

∫ √
1

(4πλ)n
e

1
2x

ᵀAAᵀx− 1
4λx

ᵀxdx (24)

=

√
1

(2λ)n det( 1
2λIn −AAᵀ)

(25)

=

√
1

det(In − 2λAAᵀ)
, (26)

where (23) is due to the property of sub-Gaussian random vectors. The result then follows by
combining Eqn. (21) and Eqn. (26).

We note that similar but slightly more complicated versions of the inequalities for standard Gaussian
vectors and sub-Gaussian vectors have been shown in Laurent and Massart (2000) and Hsu et al.
(2012), respectively.

The following result is a simplified version of the classical self-normalized bound (Theorem 1 in
Abbasi-Yadkori et al. (2011)) with one-dimensional random variables. We recover the proof for
completeness.

Lemma 5 Suppose σq is Fq-measurable, and {Xq}q≥1 is an F-adapted σq-sub-Gaussian random
variable, i.e., E[exp(λXq)|Fq] ≤ exp(λ2σ2

q/2). Then, for any σ, δ > 0:

P

∃p s.t.

∣∣∣∣∣
p∑
q=1

Xq

∣∣∣∣∣ ≥
√√√√(σ2 +

p∑
q=1

σ2
q

)
log

σ2 +
∑p
q=1 σ

2
q

σ2δ2

 ≤ δ.
Proof. Let Mp(x) := exp

(
x
∑p
q=1Xq − 1

2x
2
∑p
q=1 σ

2
q

)
. We can verify that E[Mp(x)|Fp] ≤

Mp−1(x), and M̄p :=
∫ exp(−σ2x2/2)√

2π/σ2
Mp(x)dx is a super-martingale. Besides,

M̄p =

∫
exp

(
(
∑p
q=1Xq)

2

2σ2 + 2
∑p
q=1 σ

2
q

)
exp

−σ2 +
∑p
q=1 σ

2
q

2

(
x−

∑p
q=1Xq

σ2 +
∑p
q=1 σ

2
q

)2
 σdx√

2π

=

√
σ2

σ2 +
∑p
q=1 σ

2
q

exp

(
(
∑p
q=1Xq)

2

2σ2 + 2
∑p
q=1 σ

2
q

)
.

By the maximal inequality (Theorem 3.9 in Lattimore and Szepesvári (2020)), and the fact that
E[M̄1] ≤ 1, we have

P

[
∃p s.t.

√
σ2

σ2 +
∑p
q=1 σ

2
q

exp

(
(
∑p
q=1Xq)

2

2σ2 + 2
∑p
q=1 σ

2
q

)
≥ 1

δ

]
= P

[
max
p

M̄p ≥
1

δ

]
≤ δE[M̄1] ≤ δ.

C Generalized G-optimal Design

C.1 Analysis of the Multi-client G-optimal Design

After extending the techniques in (Lattimore and Szepesvári, 2020) to the multi-constraint and
pseudo-determinant case, we establish an important property of the optimization problems (6) and
(27), as stated in the following lemma.
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Lemma 6 Given sets Api ⊂ [K] and Rpa ⊂ [M ] under Fed-PE in phase p, consider the following
optimization problem:

maximize F (π) =
∑
a∈[K]

log Det

∑
j∈Rpa

πpj,aej,ae
ᵀ
j,a

 s.t. πp ∈ Cp. (27)

Denote dpa := rank({ei,a}i∈Rpa),∀a ∈ [K]. Then, we have the following equivalent statements:

1) π∗ is a maximizer of F (π).
2) π∗ is a minimizer of G(π) defined in Eqn. (6).
3) G(π∗) =

∑
a∈[K] d

p
a.

Remark 5 Lemma 6 is surprisingly similar to the original equivalence between G-optimal design
and D-optimal design introduced in Theorem 21.1 of Lattimore and Szepesvári (2020), which was first
studied in Kiefer and Wolfowitz (1960). It provides an alternative method to solve (6) by maximizing
F (π). We note that a determinant maximization problem similar to (27) with two linear constraints
has been studied in Harman and Benková (2014), while a generalized experimental design similar
to (6) has been investigated in Harman et al. (2014). However, those works do not establish the
equivalence between the two problems. Although an algorithm is proposed in Harman et al. (2014) to
solve the generalized experimental design problem, it does not provide any convergence guarantees.

The generalized multi-client G-optimal design problem studied in this work can be treated as a
particularized version of the generalized experimental design in Harman et al. (2014). As we will
show below, the pseudo-determinant in the objective function in (27) can be viewed as the determinant
of a block diagonal matrix, and the client-wise constraints essentially are imposed on individual
blocks. Such special structure enables us to establish the equivalence between the generalized
multi-agent G-optimal design in (6) and the optimization problem in (27), as well as to design a novel
block coordinate ascent method to solve (27) efficiently without violating the constraints.

In order to prove Lemma 6, we prove a generalized version of it instead. Before we proceed, we
introduce the following notations. First, we omit the phase index p in this subsection without causing
any ambiguity. Next, we embed each normalized feature vector ei,a := xi,a/‖xi,a‖ into a higher
dimensional space as follows: we construct a vector vi,a ∈ RdK as:

vi,a = (0, . . . , 0, eᵀi,a︸︷︷︸
a-th block

, 0, . . . , 0)ᵀ ∈ RdK ,

i.e., the [(a− 1)d+ k]-th coordinate of vi,a is the k-th coordinate of ei,a for all k ∈ [d] and all other
coordinates of vi,a are 0.

We can verify that

eᵀi,a

∑
j∈Ra

πj,aej,ae
ᵀ
j,a

† ei,a = vᵀi,a

 ∑
a∈[K]

∑
j∈Ra

πj,avj,av
ᵀ
j,a

† vi,a,
and ∏

a∈[K]

Det

∑
j∈Ra

πj,aej,ae
ᵀ
j,a

 = Det

 ∑
a∈[K]

∑
j∈Ra

πj,avj,av
ᵀ
j,a

 ,

due to the fact that
∑
a∈[K]

∑
j∈Ra πj,avj,av

ᵀ
j,a is a block diagonal matrix, and the a-th diagonal

block is exactly the matrix
∑
j∈Ra πj,aej,ae

ᵀ
j,a. Meanwhile, the following relation also holds:

∑
a∈[K]

rank

∑
j∈Ra

πj,aej,ae
ᵀ
j,a

 = rank

 ∑
a∈[K]

∑
j∈Ra

πj,avj,av
ᵀ
j,a

 .

With those notations, we present a generalized version of Lemma 6 below. It is a “generalized version”
in the sense that, the vectors {vi,a}i,a involved in Lemma 7 can be arbitrary real vectors, which allows
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more versatility in the formulation. Besides, in Lemma 7,
∑
a∈Ai πi,a may be different for different

client i ∈ [M ], which implies that the clients can work “asynchronously” instead of “synchronously”
as under Fed-PE. Note that we change the order of the double summation, which removesRa from
the expressions.

Lemma 7 (Generalized version of Lemma 6) Given any vi,a ∈ Rn, where i ∈ [M ], a ∈ Ai, and
{Ai} are index sets. Consider the following optimization problems (28) and (29):{

maximize F̄ (π) = log Det
(∑

j∈[M ]

∑
a∈Aj πj,avj,av

ᵀ
j,a

)
,

subject to π ∈ C̄.
(28){

minimize Ḡ(π) =
∑M
i=1 fi maxa∈Ai v

ᵀ
i,a

(∑
j∈[M ]

∑
a∈Aj πj,avj,av

ᵀ
j,a

)†
vi,a,

subject to π ∈ C̄.
(29)

where the feasible set C̄ ⊂ R
∑
i∈[M] |Ai| contains all π that satisfy:

C̄ =

π
∣∣∣∣∣∣
πi,a ≥ 0,∀i ∈ [M ], a ∈ Ai∑
a∈Ai πi,a = fi,∀i ∈ [M ],

rank({πi,avi,a}i∈[M ],a∈Ai) = rank({vi,a}i∈[M ],a∈Ai)

 . (30)

Then, we have the following equivalent statements:

1) π∗ is a maximizer of (28).
2) π∗ is a minimizer of (29).
3) Ḡ(π∗) = rank({vi,a}i∈[M ],a∈Ai) := D.

Proof. 1) =⇒ 2): Since C̄ is a convex set, and its image under a linear transformation is still convex,
F̄ (π) is a concave function over C̄ according to Lemma 3. Using the first-order optimality, we have〈

∇F̄ , π − π∗
〉
≤ 0

holds for any π ∈ C̄. Therefore, based on Lemma 2, we have

0 ≥
∑
i∈[M ]

∑
a∈Ai

(πi,a − π∗i,a)vᵀi,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a (31)

=
∑
i∈[M ]

∑
a∈Ai

πi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a

− trace
( ∑
i∈[M ]

∑
a∈Ai

π∗i,avi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†)
(32)

=
∑
i∈[M ]

∑
a∈Ai

πi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a −D. (33)

Let ai = arg maxb v
ᵀ
i,b

(∑
j∈Rb π

∗
j,bvj,bv

ᵀ
j,b

)†
vi,b, and set π̂i,ai = fi and π̂i,b = 0 for any b 6= ai.

Then, define a sequence {πm}∞m=1 ∈ C̄ with limm→∞ πm = π̂. Substituting πm into Eqn. (33) and
taking the limit of m, we have

lim
m→∞

∑
i∈[M ]

∑
a∈Ai

πmi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a −D (34)

=
∑
i∈[M ]

∑
a∈Ai

π̂i,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a −D (35)

=
∑
i∈[M ]

π̂i,ai max
a∈Ai

vᵀi,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a −D ≤ 0, (36)
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i.e., ∑
i∈[M ]

fi max
a∈Ai

vᵀi,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)†
vi,a ≤ D. (37)

On the other hand, for any feasible point π, we have

D = trace
( ∑
i∈[M ]

∑
a∈Ai

πi,avi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

πj,avj,av
ᵀ
j,a

)†)
(38)

=
∑
i∈[M ]

∑
a∈Ai

πi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

πj,avj,av
ᵀ
j,a

)†
vi,a (39)

≤
∑
i∈[M ]

fi max
a∈Ai

vᵀi,a

( ∑
j∈[M ]

∑
a∈Aj

πj,avj,av
ᵀ
j,a

)†
vi,a. (40)

Combining Eqns. (37) and (40), we conclude that π∗ is also a minimizer of Ḡ(π), and Ḡ(π∗) = D.

2) =⇒ 3) This can be seen from the above argument.

3) =⇒ 1) For any feasible point π ∈ C̄, we have:〈
∇F̄ , π − π∗

〉
(41)

=
∑
i∈[M ]

∑
a∈Ai

πi,av
ᵀ
i,a

( ∑
j∈[M ]

∑
a∈Aj

π∗j,avj,av
ᵀ
j,a

)+

vi,a −D (42)

≤ Ḡ(π∗)−D = 0. (43)

Thus, based on the concavity of F̄ , we conclude that π∗ is a maximizer of F̄ (π).

C.2 Block Coordinate Ascent for Generalized G-optimal Design

In this subsection, we provide an efficient block coordinate ascent algorithm to solve the optimization
problem in (27). We keep the same notations as in Appendix C.1, e.g., omitting the phase index p.

The block coordinate ascent algorithm inherits the idea from (Todd, 2016), which leverages the
low-rank updating formula (Corollary A.10 in Todd (2016)). While only nonsingular matrices are
considered in Todd (2016), we extend it to the case where pseudo-inverse and pseudo-determinant are
involved. Such extension is necessary, because under Fed-PE, rank({xi,a}i∈Rpa) is decreasing as
phase p progresses in general, making singular matrices unavoidable. As elaborated in this subsection,
such extension is technically non-trivial.

Lemma 8 Assume A ∈ Rn×n is a positive semi-definite matrix and vector u ∈ range(A). Let
λ ∈ R such that range(A+λuuT ) = range(A). Then, Dets(A+λuuᵀ) = (1 +λuᵀA†u) Dets(A)
holds for any s ∈ {0, 1, . . . , n}. Moreover,

(A+ λuuᵀ)† = A† − λA†uuᵀA†

1 + λuᵀA†u
.

Proof. Corollary A.10 in (Todd, 2016) states that for nonsingular matrix B and any vector u and λ
such that B + λuuᵀ is also nonsingular, the following updating rules hold:

det(B + λuuᵀ) = (1 + λuᵀB−1u) det(B), (44)

(B + λuuᵀ)−1 = B−1 − λB−1uuᵀB−1

1 + λuᵀB−1u
. (45)

For a general positive semi-definite matrix A ∈ Rn×n, we let B := A + εIn, where ε > 0 is an
arbitrarily small number, and insert it in Eqn. (44). We have

det(A+ εIn + λuuᵀ) = (1 + λuᵀ(A+ εIn)−1u) det(A+ εIn). (46)
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Dividing both sides by εn−s and letting ε go to 0, we have

lim
ε→0

det(A+ εIn + λuuᵀ)

εn−s
= lim
ε→0

(1 + λuᵀ(A+ εIn)−1u) det(A+ εIn)

εn−s
. (47)

Given the fact that u ∈ range(A+ λuuᵀ) = range(A) and Proposition 1, we then have

Dets(A+ λuuᵀ) = (1 + λuᵀA†u) Dets(A). (48)

In order to obtain the second part of Lemma 8, we first have

(A+ λuuT )† = lim
ε→0

(A+ εIn + λuuᵀ)−1(A+ λuuᵀ)(A+ εIn + λuuᵀ)−1 (49)

based on Proposition 1. Then, we use (45) to obtain

(A+ εIn + λuuᵀ)−1 = (A+ εIn)−1 − λ(A+ εIn)−1uuᵀ(A+ εIn)−1

1 + λuᵀ(A+ εIn)−1u
. (50)

Inserting (45) in (49), using Proposition 1 to remove the limit, and manipulating the expression with
the associative property of matrix multiplication, we finally have

(A+ λuuᵀ)† = A† − λA†uuᵀA†

1 + λuᵀA†u
. (51)

The next two lemmas will be utilized to demonstrate that the coordinate ascent algorithm (Algorithm
3) described below does not violate the “rank-preserving” condition defined in Eqn. (5).

Lemma 9 Let A :=
∑d
s=1 λsusu

ᵀ
s with us ∈ Rn, λs > 0 for s ∈ [d]. Then, range(A) =

span({us}s∈[d]), and rank(A) = rank(A†) = rank({λsus}s∈[d]) = rank({us}s∈[d]).

Proof. It suffices to show the column space of A is the same as the space spanned by {us, s ∈ [d]}.
Note that

range(A) = {v ∈ Rn|v = Ac, c ∈ Rn},
and

span({us}s∈[d]) =

{
v ∈ Rn

∣∣∣∣v =
∑
s∈[d]

uscs, cs ∈ R
}
.

Then, for any v ∈ range(A), there must exist a c ∈ Rn such that v = Ac =
∑
s∈[d] λsusu

ᵀ
sc =∑

s∈[d](λsu
ᵀ
sc)us ∈ span({us}s∈[d]). Thus, we have range(A) ⊆ span({us}s∈[d]).

On the other hand, if range(A) 6= span({us}s∈[d]), there must exist a v ∈ span({us}s∈[d]), v 6= 0,
such that Av = 0. Thus, we have vᵀAv = 0, which implies that

vᵀ

(
d∑
s=1

λsusu
ᵀ
s

)
v = 0⇔

d∑
s=1

λs(v
ᵀus)

2 = 0. (52)

Since λs > 0 for s ∈ [d], we must have vᵀus = 0 for all s ∈ [d]. Meanwhile, since v ∈
span({us}s∈[d]), it indicates that v = 0, which contradicts with the assumption that v 6= 0.

Lemma 10 Assume A ∈ Rn×n is a singular positive semi-definite matrix with d = rank(A) < n.
Let u0 /∈ range(A). Then, for any λ0 > 0, uᵀ0(λ0u0u

ᵀ
0 +A)†u0 = 1/λ0.

Proof. First, we decomposeA intoA =
∑d
s=1 λsusu

ᵀ
s , where {us}s are orthonormal eigenvectors of

A, and {λs > 0}s are non-zero eigenvalues of A. Thus, u0 /∈ range(A) indicates that u0, u1, . . . , ud
are linearly independent.

Since X � Y is equivalent to X† � Y †, we have

uᵀt

( d∑
s=0

λsusu
ᵀ
s

)†
ut ≤

uᵀt (utu
ᵀ
t )†ut

λt
=

1

λt
(53)

9



holds for all t ∈ {0, 1, . . . , d}.
Multiplying both sides of (53) by λt and summing over t, we have

d+ 1 ≥
d∑
t=0

λtu
ᵀ
t

( d∑
s=0

λsusu
ᵀ
s

)†
ut = trace

(( d∑
s=0

λsusu
ᵀ
s

)†( d∑
t=0

λtutu
ᵀ
t

))
= d+ 1.

Thus, Eqn. (53) must hold with equality for all t ∈ {0, 1 . . . , d}. In particular, uᵀ0(λ0u0u
ᵀ
0 +A)†u0 =

1/λ0.

Algorithm 3 Block Coordinate Ascent (BCA)

1: Input: {Ai}i, {Ra}a, {ei,a}i,a, ε.
2: For each i∈ [M ], a∈ Ai: πi,a ← 1

|Ai| .

3: For each a ∈ [K]: Ṽa ←
(∑

i∈Ra πi,aei,ae
ᵀ
i,a

)†
, da ← rank(Ṽa).

4: while G(π) >
∑
a∈[K] da + ε do

5: for i ∈ [M ] do solve the following optimization problem:

max
{ωa}a∈Ai

∑
a∈Ai

log(1 + ωae
ᵀ
i,aṼaei,a), s.t.

∑
a∈Ai

ωa = 0 and − πi,a ≤ ωa ≤ 1− πi,a. (54)

6: for a ∈ Ai do

πi,a ← πi,a + ωa, Ṽa ← Ṽa −
ωaṼaei,ae

ᵀ
i,aṼa

1 + ωae
ᵀ
i,aṼaei,a

.

7: end for
8: end for
9: end while

We are now ready to introduce the Block Coordinate Ascent (BCA) algorithm. As depicted in
Algorithm 3, at each phase p, BCA aims to obtain a distribution π by changing πi := {πi,a}a∈Ai for a
client i while fixing the distributions for all the other clients j 6= i in each step.

Consider that π is changed to π+ by redistributing πi to π+
i . Thus, π+

i = πi+ω, where
∑
a∈Ai ωa =

0, and −πi,a ≤ ωa ≤ 1− πi,a.

Recall that

F (π) =
∑
a∈[K]

log Detda

( ∑
j∈Ra

πj,aej,ae
ᵀ
j,a

)
.

To simplify the notation, let Ua :=
∑
j∈Ra πj,aej,ae

ᵀ
j,a. Then, to maximize F (π+) is equivalent to

maximizing the following:

F (π+)− F (π) =
∑
a∈Ai

log
Detda

(
Ua + ωaei,ae

ᵀ
i,a

)
Detda (Ua)

(55)

=
∑
a∈Ai

log
(
1 + ωae

ᵀ
i,aU

†
aei,a

)
, (56)

where Eqn. (56) follows from the low-rank updating formula (48) in Lemma 8 when rank(Ua +
ωaei,ae

ᵀ
i,a) = rank(Ua).

After obtaining {ωa}a∈Ai , the distribution πi will be updated; Correspondingly, all involved
{U†a}a∈Ai in the objective function (56) shall be updated as well. The low-rank updating for-
mula (51) from Lemma 8 is then invoked to perform the updating efficiently. After that, BCA proceeds
to the next block and repeats the procedure.

Proposition 2 The distribution vector π after each block updating under BCA is always in C.
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Proof. We prove this through induction. First, it is obvious that the initialization πi,a = 1
|Ai| ,

for i ∈ [M ], a ∈ Ai ensures that πi is a valid distribution for every i ∈ [M ]. Meanwhile, since
πi,a = 1

|Ai| for i ∈ [M ], a ∈ Ai, according to Lemma 9, we have rank(Ua) = rank({ej,a}j∈Ra).
Thus, the rank-preserving condition is satisfied as well.

Next, we use π and π+ to denote the distribution before and after one block updating on πi, respec-
tively. Assume π ∈ C, and we aim to show that π+ ∈ C as well. It is straightforward to see that the
conditions

∑
a∈Ai ωa = 0 and −πi,a ≤ ωa ≤ 1− πi,a ensure that π+

i is still a valid distribution. It
thus suffices to show that the rank-preserving condition is satisfied for π+. We prove this through
contradiction. Assume after the updating, rank(U+

a ) < rank(Ua). We note that

U+
a = Ua + ωaei,ae

ᵀ
i,a = (πi,a + ωa)ei,ae

ᵀ
i,a +

∑
j∈Ra\i

πj,aej,ae
ᵀ
j,a. (57)

According to Lemma 9, if πi,a + ωa > 0, we must have rank(U+
a ) = rank(Ua). Thus, if

rank(U+
a ) < rank(Ua), we must have πi,a + ωa = 0, and ei,a /∈ span({ej,b}j∈Ra\{i}). Then,

according to Lemma 10, we must have eᵀi,aU
†
aei,a = 1/πi,a. Correspondingly, Eqn. (56) becomes

−∞. Since we can always perturb ω to make π+
i,a 6= 0 for every a ∈ Ai, there exist feasible solutions

making (56) greater than −∞. Therefore, the distribution that makes rank(U+
a ) < rank(Ua) cannot

be the solution to (54) in the BCA algorithm. This indicates that the solution of BCA in each phase
satisfies the rank-preserving condition.

The convergence of BCA can be obtained by leveraging the result for the block coordinate minimization
(BCM) algorithm introduced in (Calafiore and El Ghaoui, 2014). Given a function f0(x1, . . . , xv)

where xi ∈ Xi, i = 1, . . . , v, the BCM algorithm generates x(k) := (x
(k)
1 , . . . , x

(k)
v ) as follows:

x
(k+1)
i = arg min

y∈Xi
f0

(
x

(k+1)
1 , . . . , x

(k+1)
i−1 , y, x

(k)
i+1, . . . , x

(k)
v

)
.

Then, the following theorem guarantees the convergence of the BCM algorithm.

Theorem 4 (Theorem 12.4 in Calafiore and El Ghaoui (2014)) Assume f0(x1, . . . , xv) is convex
and continuously differentiable on the feasible set X := X1 ⊗ . . .⊗Xv . Moreover, let f0 be strictly
convex in xi when the other variable blocks xj , j 6= i, are held constant. If the sequence {x(k)}
generated by the BCM algorithm is well-defined, then every limit point of {x(k)} converges to an
optimal solution of the optimization problem minx∈X f0(x).

Theorem 4 assures that every sequence {π(k)} generated by BCA converges to an optimal solution of
(27), since F (π+)− F (π) is concave, continuously differentiable, and strictly concave in each πi,
i ∈ [M ] when the other πj’s, j 6= i, are fixed.

D Proof of Theorem 1

We first present the complete version of Theorem 1.

Theorem 5 (Complete version of Theorem 1) Consider time horizon T that consists of H phases
with fp = cnp, where c and n > 1 are fixed integers, and np denotes the pth power of n. Let

α = min
{√

2 log(KH/δ) + d log(ke),
√

2 log(2MKH/δ)
}
, (58)

where k > 1 is a number satisfying kd ≥ 2 log(KH/δ) + d log(ke). Then, with probability at least
1− δ, the regret under Fed-PE is upper bounded as

R(T ) ≤ 4α
L

`

√
dKM

(√
n2 − n√
n− 1

√
T +

K√
cn−

√
c

)
.

Furthermore, by assuming K = O(
√
T ), the cumulative regret scales as

O

(
L

`

√
dKMT (log(K(log T )/δ) + min{d, logM})

)
and the communication cost scales as O(Md2K log T ).
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The proof of Theorem 5 relies on a “good” event that happens with high probability. We define the
“bad” event as follows:

E(α) = {∃p ∈ [H], i ∈ [M ], a ∈ Ap−1
i , |r̂pi,a − ri,a| ≥ u

p
i,a = ασpi,a}, (59)

where α is defined in (58) barring explicit explanations, and σpi,a := ‖xi,a‖V pa /`. We call Ec(α) the
“good” event.

D.1 Bound the Probability of the Bad Event

Before we bound the probability of the bad event E(α), let us first introduce some necessary notations
and characterize the sub-Gaussianity of the locally estimated rewards.

Let Fp be the σ-algebra of the events happened in and before the arm elimination stage at phase p,
i.e. Fp = σ{ai,t ∈ [K], yi,t ∈ R|t ∈ ∪p−1

q=0 ∪a∈Aqi T
q
i,a, i ∈ [M ]}, with F0 = ∅. Note that Api and

Rpa are Fp-measurable.

Note that {a ∈ Api } is equivalent to {i ∈ Rpa}. Throughout the analysis, we frequently exchange the
order of double summations

∑
i∈[M ]

∑
a∈Api

and
∑
a∈[K]

∑
i∈Rpa .

Lemma 11 At phase p ∈ [H], for any client i ∈ [M ], arm a ∈ Ap−1
i , r̂pi,a − ri,a is a conditionally

sub-Gaussian random variable, i.e. E[exp(λ(r̂pi,a − ri,a))|Fp−1] ≤ exp
(λ2(σpi,a)2

2

)
.

Proof. Let ξp−1
i,a be the sum of the independent sub-Gaussian noise incurred during the collaborative

exploration step in phase p−1, i.e. ξp−1
i,a :=

∑
t∈T p−1

i,a
ηi,t. Then, given fp−1

i,a , ξp−1
i,a is a conditionally√

fp−1
i,a -sub-Gaussian random variable.

Recall the definition of local estimators, and we have

θ̂p−1
i,a =

(
1

fp−1
i,a

∑
t∈T p−1

i,a

yi,t

)
xi,a
‖xi,a‖2

(60)

=

(
xᵀi,aθa +

ξp−1
i,a

fp−1
i,a

)
xi,a
‖xi,a‖2

(61)

=
xi,ax

ᵀ
i,a

‖xi,a‖2
θa +

xi,aξ
p−1
i,a

fp−1
i,a ‖xi,a‖2

. (62)

Since r̂pi,a = xᵀi,aθ̂
p
a, and V pa =

(∑
j∈Rp−1

a
fp−1
j,a

xj,ax
ᵀ
j,a

‖xj,a‖2

)†
, we have

r̂pi,a − ri,a = xᵀi,aθ̂
p
a − x

ᵀ
i,aθa (63)

= xᵀi,aV
p
a

( ∑
j∈Rp−1

a

fp−1
j,a θ̂p−1

j,a

)
− xᵀi,aθa (64)

= xᵀi,aV
p
a

( ∑
j∈Rp−1

a

fp−1
j,a

xj,ax
ᵀ
j,a

‖xj,a‖2
θa +

∑
j∈Rp−1

a

xj,aξ
p−1
j,a

‖xj,a‖2

)
− xᵀi,aθa (65)

= xi,aV
p
a (V pa )†θa + xᵀi,aV

p
a

( ∑
j∈Rp−1

a

ej,a
‖xj,a‖

ξp−1
j,a

)
− xᵀi,aθa (66)

= xᵀi,aV
p
a

( ∑
j∈Rp−1

a

ej,a
‖xj,a‖

ξp−1
j,a

)
, (67)

where (66) is due to the definition of V pa in Eqn. (4), and (67) due to the fact that xi,a ∈ range(V pa )
and the property of pseudo-inverse specified in Definition 2.
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Noe that Eqn. (67) is a linear combination of {ξp−1
j,a }j∈Rp−1

a
. Thus, given Fp, r̂pi,a − ri,a is a

conditionally sub-Gaussian random variable, whose parameter can be bounded as∑
j∈Rp−1

a

(
xᵀi,aV

p
a

ej,a
‖xj,a‖

)2

fp−1
j,a ≤

1

`2

∑
j∈Rp−1

a

xᵀi,aV
p
a f

p−1
j,a ej,ae

ᵀ
j,aV

p
a xi,a (68)

=
1

`2
xᵀi,aV

p
a xi,a = (σpi,a)2, (69)

where Eqn. (68) comes from the bounded parameter assumption in Assumption 1 that ‖xi,a‖ ≥ ` for
all i, a.

Lemma 11 enables us to use concentration inequalities to bound the probability of the bad event E(α)
defined in (59) as follows.

Lemma 12 Under Fed-PE, we have P[E(α)] ≤ δ.

Proof. Let α = min{α1, α2}, where

α1 =
√

2 log(2MKH/δ), (70)

α2 =
√

2 log(KH/δ) + d log(ke). (71)

As specified in Theorem 5, k is a number that satisfies k ≥ max{α2
2/d, 1}. Note that this choice of k

ensures that α2
2 ≥ d.

Based on the definition of E(α) in (59), we have

E(α) = E(min{α1, α2}) ⊃ E(max{α1, α2}), (72)

which implies that P[E(α)] = max (P[E(α1)],P[E(α2)]). Thus, it suffices to prove that P[E(αi)] ≤
δ, ∀i ∈ {1, 2}. In the following, we bound P[E(α1)] and P[E(α2)] separately.

(i) Bound P[E(α1)]. First, based on Lemma 11 and Hoeffding’s inequality, we have

P
[
|r̂pi,a − ri,a| ≥ α1σ

p
i,a|Fp−1

]
≤ 2 exp(−α2

1/2) =
δ

MKH
. (73)

Then, by applying the union bound,

P[E(α1)] = P[∃p ∈ [H], i ∈ [M ], a ∈ Ap−1
i , |r̂pi,a − ri,a| ≥ α1σ

p
i,a] (74)

≤
∑
p∈[H]

∑
i∈[M ]

∑
a∈Ap−1

i

P[|r̂pi,a − ri,a| ≥ α1σ
p
i,a|Fp−1] (75)

≤ HMK
δ

MKH
= δ. (76)

(ii) Bound P[E(α2)]. Next, we aim to show that P[E(α2)] ≤ δ is true. Our first observation is that

|r̂pi,a − ri,a| =
∣∣∣∣xᵀi,aV pa ( ∑

j∈Rp−1
a

ej,a
‖xj,a‖

ξp−1
j,a

)∣∣∣∣ (77)

≤ ‖xi,a‖V pa ·
∥∥∥∥ ∑
j∈Rp−1

a

ej,a
‖xj,a‖

ξp−1
j,a

∥∥∥∥
V pa

(78)

= σpi,a ·
∥∥∥∥ ∑
j∈Rp−1

a

ej,a
‖xj,a‖

`ξp−1
j,a

∥∥∥∥
V pa

, (79)

where (78) is due to Cauchy-Schwarz inequality. Thus, if E(α2) happens, we must have that∥∥∥∥∥∥
∑

j∈Rp−1
a

ej,a
‖xj,a‖

`ξp−1
j,a

∥∥∥∥∥∥
V pa

≥ α2
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hold for some phase p and arm a.

We now analyze the term

Xa,p :=

∥∥∥∥∥∥
∑

j∈Rp−1
a

ej,a
‖xj,a‖

`ξp−1
j,a

∥∥∥∥∥∥
2

V pa

for a given phase p and arm a. Note that

Xa,p =
∑

i,j∈Rp−1
a

`ξp−1
i,a eᵀi,a
‖xi,a‖

 ∑
k∈Rp−1

a

fp−1
k,a ek,ae

ᵀ
k,a

† `ξp−1
j,a ej,a

‖xj,a‖
. (80)

In the following, we aim to write Xa,p in a matrix form. We note that fp−1
i,a may equal 0 under the

BCA algorithm, and if this happens, client i does not pull arm a during the collaborative exploration
step in phase p, even though a is in the active arm set. For this case, ξp−1

i,a = 0. Thus, we define a
new random variable ζi,a as follows:

ζi,a =


`ξp−1
i,a√

fp−1
i,a ‖xi,a‖

, if fp−1
i,a 6= 0,

0, if fp−1
i,a = 0.

(81)

Then, {ζi,a}i∈Rp−1
a

are conditionally independent 1-sub-Gaussian random variables.

Define vector ζ := (ζi,a)i∈Rp−1
a

and matrix A := (ai,j)i,j∈Rp−1
a

where

ai,j =
√
fp−1
i,a eᵀi,a

( ∑
k∈Rp−1

a

fp−1
k,a ek,ae

ᵀ
k,a

)†
ej,a

√
fp−1
j,a .

We can verify that A is a symmetric matrix and∑
k∈Rp−1

a

ai,kak,j =
√
fp−1
i,a eᵀi,aV

p
a

( ∑
k∈Rp−1

a

fp−1
j,a ek,ae

ᵀ
k,a

)
V pa ej,a

√
fp−1
j,a

=
√
fp−1
i,a eᵀi,aV

p
a (V pa )†V pa ej,a

√
fp−1
j,a

=
√
fp−1
i,a eᵀi,aV

p
a ej,a

√
fp−1
j,a = ai,j .

Thus, A2 = A, which implies that the eigenvalues of A are either 1 or 0.

Meanwhile, we have

trace(A) =
∑

i∈Rp−1
a

ai,i = V pa
∑

i∈Rp−1
a

fp−1
i,a ei,ae

ᵀ
i,a = V pa (V pa )† = rank(V pa ) = dpa.

Thus, the sum of the eigenvalues of A is dpa. Combining with the fact that the eigenvalues of A must
be 1 or 0, we conclude that there are exactly dpa eigenvalues equal to 1, and the rest eigenvalues are
all 0. Therefore, rank(A) = dpa ≤ d.

By the definition of ζ and A2 = A, we have Xa,p = ζ>Aζ = ‖Aζ‖2, where ζ is a conditionally
1-sub-Gaussian random vector, and A is a Fp−1-measurable matrix. Therefore, for any λ ∈ (0, 1/2),
we have

P
[
Xa,p ≥ α2

2|Fp−1

]
= P

[
‖Aζ‖2 ≥ α2

2|Fp−1

]
(82)

= P
[
eλ‖Aζ‖ ≥ eλα

2
2

∣∣Fp−1

]
(83)

≤ e−λα
2
2E
[
eλ‖Aζ‖

∣∣Fp−1

]
(84)

≤ e−λα
2
2

√
1

det(Id − 2λA2)
(85)

14



= e−λα
2
2(1− 2λ)−d

p
a/2 (86)

≤ e−λα
2
2(1− 2λ)−d/2 (87)

where (84) is due to Markov’s inequality, (85) follows from Lemma 4, and (86) follows from the fact
that the eigenvalues of A are either 1 or 0 and there are exactly dpa 1’s.

By choosing λ =
α2

2−d
2α2

2
∈ (0, 1

2 ), we have

P
[
Xa,p ≥ α2

2|Fp−1

]
≤
(
α2

2

d

)d/2
exp

(
−α

2
2 − d
2

)
≤ δ

KH
. (88)

The last inequality is due to the following analysis:(
α2

2

d

)d/2
exp

(
−α

2
2 − d
2

)
≤ δ

KH
(89)

⇔ d

2
(2 logα2 − log d) +

d

2
− 1

2

(√
2 log(KH/δ) + d log(ke)

)2

≤ log

(
δ

KH

)
(90)

⇔ d logα2 ≤
d log(dk)

2
(91)

⇔ α2
2 ≤ dk, (92)

where (92) is assured by the definition of k.

Finally, the proof is completed by applying the union bound over phase p and arm a.

D.2 Bound the Regret under the Good Event

Lemma 13 If Ec(α) occurs, we must have a∗i ∈ A
p
i , i.e. any optimal arm will never be eliminated.

Proof. When Ec(α) occurs, we have

r̂pi,âi − r̂
p
i,a∗i
≤ ri,âi − ri,a∗i + upi,âi + upi,a∗i

≤ upi,âi + upi,a∗i
,

where âi is the estimated optimal arm for client i in phase p. Thus, under the elimination procedure
in Fed-PE, a∗i will not be eliminated.

Lemma 14 If Ec(α) occurs, the regret of Fed-PE in phase p is upper bounded by
4αL`
√
dKM fp+K√

fp−1
.

Proof. When Ec(α) happens, |r̂i,a − ri,a| ≤ upi,a = ασpi,a = α
` ‖xi,a‖V pa holds for all p ∈ [H], i ∈

[M ], a ∈ Ap−1
i . Therefore, by the construction of Api , pulling any active arm a ∈ Api in phase p will

incur a regret upper bounded by

∆i,a = ri,a∗i − ri,a (93)

≤ r̂i,âi + upi,a∗i
− r̂i,a + upi,a (94)

≤ upi,âi + upi,a∗i
+ 2upi,a (95)

≤ 4 max
a∈Api

upi,a, (96)

where (94) follows from the definition of E(α), (95) follows from the arm elimination procedure
under Fed-PE, and (96) is due to Lemma 13.

Under Fed-PE, the phase length is fixed as fp + K for p ∈ [H]. Then, given that the good event
Ec(α) happens, the total regret incurred during phase p, denoted as Rp, can be bounded as follows:

Rp ≤
∑
i∈[M ]

4 max
a∈Api

upi,a(fp +K) (97)
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≤ 4(fp +K)

√
M
∑
i∈[M ]

max
a∈Api

(upi,a)2 (98)

≤ 4αL

`
(fp +K)

√√√√M
∑
i∈[M ]

max
a∈Api

xᵀi,a
‖xi,a‖2

V pa
xi,a
‖xi,a‖2

(99)

≤4αL

`
(fp +K)

√√√√M
∑
i∈[M ]

max
a∈Api

eᵀi,a

( ∑
j∈Rpa

dπj,afp−1eej,aeᵀj,a
)†
ei,a (100)

≤ 4αL

`
(fp +K)

√√√√ M

fp−1

∑
i∈[M ]

max
a∈Api

eᵀi,a

( ∑
j∈Rpa

πj,aej,ae
ᵀ
j,a

)†
ei,a (101)

≤ 4αL

`
(fp +K)

√
dKM

fp−1
(102)

=
4αL

`

√
dKM

fp +K√
fp−1

. (103)

where (98) is based on Cauchy-Schwarz inequality, (99) follows from the definition of upi,a :=

α‖xi,a‖V pa /`. We note that summation in (101) is exactly the solution to the multi-client G-optimal
design in (6), which equals

∑
a d

p
a ≤ dK according to Lemma 6.

Note that the upper bound also holds for p = 1 when f0 is defined as 1. This is because V 0
a :=

(
∑
j∈[M ] ej,ae

ᵀ
j,a)† � (

∑
j∈Rpadπj,af

0eej,aeᵀj,a)† for any π, although the central server does not
utilize the G-optimal design to obtain π0 during initialization. Thus, we still have (100) hold.

Corollary 1 Let σpi,a = ‖xi,a‖V pa /`. Then, under Fed-PE, for any p ∈ [H], a ∈ Api , we have∑
i∈[M ] maxa∈Ai(σ

p
i,a)2 ≤ dKL2

`2fp−1 .

Proof. Corollary 1 can be easily verified based on the fact that
∑
i∈[M ] maxa∈Api (σpi,a)2 ≤

L2

`2

∑
i∈[M ] maxa∈Api

xᵀ
i,a

‖xi,a‖2V
p
a

xi,a
‖xi,a‖2 and the rest analysis follows the same argument as in (99)-

(102).

D.3 Put Pieces Together

Finally, we are ready to prove Theorem 1. Recall the superscript p of n is the exponent. Then, with
probability at least 1− δ and n > 1, the total regret over the H phases can be bounded as:

R(T ) =

H∑
p=1

Rp ≤
H∑
p=1

4αL

`

√
dKM(

√
cn

p+1
2 +Kn−

p−1
2 /
√
c) (104)

≤ 4αL

`

√
dKM

(
√
cn
n
H+1

2 −
√
n√

n− 1
+

K√
cn−

√
c

)
(105)

≤ 4αL

`

√
dKM

√n2 − n√
n− 1

√
cn
nH − 1

n− 1
+

K√
cn−

√
c

 (106)

≤ 4αL

`

√
dKM

(√
n2 − n√
n− 1

√
T +

K√
cn−

√
c

)
, (107)

where (106) follows from that nH/2 − 1 ≤
√
nH − 1, and (107) is due to the fact that

T =

H∑
p=1

fp +KH ≥
H∑
p=1

cnp = cn
nH − 1

n− 1
.
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Since
α = O

(√
log(K(log T )/δ) + min(d, logM)

)
,

the regret scales in

O

(
L

`

√
dKM(log(K(log T )/δ) + min(d, logM)

(√
T +K

))
.

When K = O(
√
T ), the cumulative regret scales as

O

(
L

`

√
dKMT (log(K(log T )/δ) + min(d, logM)

)
.

Remark 6 We note the upload cost in Theorem 5 can be reduced by a factor of d by sending scalars
{θ̂pi,a/ēi,a} instead of vectors {θ̂pi,a}, as θ̂pi,a is always in the same direction as ēi,a. Similarly, for
the download cost, if instead of broadcasting, the server calculates the projection of θ̂pa along each
direction ēi,a, as well as ‖ēi,a‖V pa , and send them back to client i, client i can utilize those quantities
instead of θ̂pa and V pa to obtain r̂pi,a and upi,a. The corresponding download cost can then be reduced
by a factor of d2. Then, the overall communication cost would scale in O(KM log T ).

E Analysis of Enhanced Fed-PE

E.1 Algorithm Details

As noted in Section 4.5, the motivation of Enhanced Fed-PE is to improve the efficiency of Fed-PE
by leveraging all historical information to obtain more accurate estimates of ri,a and ui,a in each
phase p. To achieve this goal, we keep the other parts of Fed-PE intact while only changing the arm
elimination step as follows.

After calculating r̂pi,a according to Eqn. (2) in Fed-PE and obtaining σpi,a = ‖xi,a‖V pa /`, Enhanced
Fed-PE aggregates estimates from previous phases to obtain a refined estimate of rpi,a, denoted as
r̄pi,a, and the corresponding confidence interval ūpi,a as follows:

r̄pi,a =

∑p
q=1 r̂

q
i,af

q−1∑p
q=1 f

q−1
, (108)

σ̄pi,a =

√√√√dK

M
+

p∑
q=1

(σqi,a)2(fq−1)2, (109)

αpi,a =

√
log

(
M3K(σ̄pi,a)2

dδ2

)
, (110)

ūpi,a =
αpi,aσ̄

p
i,a∑p

q=1 f
q−1

, (111)

with f0 := 1.

Denote āpi := arg maxa∈Ap−1
i

r̄pi,a. Then, the updating rule for the active arm set Api is changed as
follows

Api ←
{
a ∈ Ap−1

i | r̄pi,a + ūpi,a ≥ r̄
p
i,āpi
− ūp

i,āpi

}
. (112)

E.2 Performance of Enhanced Fed-PE

The performance of Enhanced Fed-PE is summarized in the following theorem.
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Theorem 6 Let Sp−1 :=
∑p−1
q=0 f

q. Consider time horizon T consisting of H phases such that
HK ≤ SH . Then, with probability at least 1− δ, the total regret under Enhanced Fed-PE can be
bounded as

R(T ) ≤ 4
√

6L

`

H∑
p=1

Sp − Sp−1 +K√
Sp−1

√
dKM log

LKMT

`δ
. (113)

In particular, if fp ≥ K and there exists a constant c > 1 such that Sp ≤ cSp−1 holds for all p, then,∑H
p=1

Sp−Sp−1+K√
Sp−1

≤ 4
√
cT , which indicates that

R(T ) ≤ 16
√

6cL

`

√
dKMT log

LKMT

`δ
.

In the following, we consider different selections of fp and evaluate the corresponding regret
performance and communication costs. We fix the time horizon T , and assume K ≤

√
T . Note that

T = SH +HK.

Uniform selection. Let f1 = K − 1, fp = K, and Sp = pK. Let H = min{p : 2pK ≥ T}. We
have

H∑
p=1

Sp − Sp−1 +K√
Sp−1

=

H∑
p=1

2K√
pK
≤ 2
√
K

∫ T
2K+1

0

1√
x
dx = 4

√
T/2 +K ≤ 4

√
T . (114)

The communication cost with this phase length selection is O(T/K).

Exponential selection. Choose fp = cnp, the same selection as in Fed-PE. Since Sp−1 ≥ fp−1 =
cnp−1, we have

H∑
p=1

Sp − Sp−1 +K√
Sp−1

≤
H∑
p=1

fp +K√
fp−1

= O(
√
T ), (115)

and the communication cost is the same as that of Fed-PE, i.e. O(log T ). We note that the regret
under Enhanced Fed-PE scales in the same order as that under Fed-PE.

Greedy selection. Generate a sequence {S̃p}Hp=0 that satisfies the following equations

S̃0 = 1, S̃p − S̃p−1 +K = 2

√
T S̃p−1. (116)

Since K ≤
√
T ≤

√
T S̃p−1, we have

S̃p +

√
T S̃p−1 ≥ S̃p − S̃p−1 +K = 2

√
T S̃p−1. (117)

Thus, S̃p ≥
√
T S̃p−1. Since S̃0 = 1, S̃p ≥ T 1− 1

2p .

Let H = min{p : S̃p + pK ≥ T}. In order to have S̃H0
+H0K ≥ T , we have

S̃H0 +H0K ≥ T ⇔
H0∑
p=2

(S̃p − S̃p−1 +K) + S̃1 +K ≥ T ⇐ 2

H0∑
p=2

√
T S̃p−1 ≥ T

⇐ 2

√
S̃H0−1 ≥

√
T ⇐ 2T

1
2−

1

2H0 ≥
√
T ⇔ log 2 ≥ 1

2H0
log T ⇐ H0 ≥ log2 log2 T. (118)

Thus, H ≤ dlog2 log2 T e ∈ {p : S̃p + pK ≥ T}.

Let Sp = dS̃pe for p ∈ [H − 1] and SH = T −HK. Accordingly, fp = Sp − Sp−1. Applying the
equality in (117), we have

H∑
p=1

Sp − Sp−1 +K√
Sp−1

= O(H
√
T ) = O(

√
T log log T ), (119)
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and communication cost under this choice of phase length is O(log log T ).

We summarize the results in Table 2. Note that we only list the scaling in T and omit the other
common factors in both regrets and communication costs. Among those three selections, exponential
selection achieves the same regret performance as uniform selection, with a significantly reduced
communication cost. On the other hand, the greedy selection achieves the lowest communication
cost, with the price of slightly increased regret bound.

Table 2: Performance comparison with different phase length selection
fp selection Regret Communication Cost

Uniform O(
√
T log T ) O(T/K)

Exponential O(
√
T log T ) O(log T )

Greedy O(
√
T log T log log T ) O(log log T )

E.3 Proof of Theorem 6

Similar to the proof of Theorem 5, we define a “bad” event as follows:

Ē =
{
∀p ∈ [H], i ∈ [M ], a ∈ Ap−1

i , |r̄pi,a − ri,a| ≥ ū
p
i,a

}
. (120)

Then, we will first show that the probability of Ē is upper bounded by δ, and then analyze the regret
when Ēc occurs.

Lemma 15 Under Enhanced Fed-PE , we have P[Ē ] ≤ δ.

Proof. Lemma 11 has shown that each r̂qi,a − ri,a is a conditionally sub-Gaussian random variable.
Thus, (r̂qi,a − ri,a)fq−1 is a conditionally σqi,af

q−1-sub-Gaussian random variable. Letting σ2 =

dK/M in Lemma 5, we have

P
[
|r̄pi,a − ri,a| ≥ ū

p
i,a|Fp−1

]
≤ δ

MK
.

Lemma 15 then follows by applying the union bound over i ∈ [M ] and a ∈ [K].

Lemma 16 If Ēc happens, then the regret in phase p ∈ [H] is upper bounded by
4
√

6L
`

fp+K√
Sp−1

√
dKM log LKMT

`δ .

Proof. First, we bound the terms σ̄pi,a and αpi,a defined in (109) and (111), respectively.

We note that Corollary 1 still holds under Enhanced Fed-PE due to the fact that the local estimates
{θ̂pi,a} only rely on the observations collected in phase p, the same as under Ped-PE.

Thus,

σ̄pi,a =

√√√√dK

M
+

p∑
q=1

(σqi,a)2(fq−1)2 (121)

≤

√√√√dK +

p∑
q=1

dKL2(fq−1)2

fq−1`2
(122)

≤ L

`

√
2dKT . (123)

Using (123), we can bound αpi,a as follows:

αpi,a =

√
log

M3K(σ̄pi,a)2

dδ2
(124)
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≤
√

log
2L2M3K2T

`2δ2
(125)

≤
√

3 log
LKMT

`δ
:=α0. (126)

Following similar argument as in Lemma 14, we have

Rp ≤
∑
i∈[M ]

4 max
a∈Api

ūpi,a(fp +K) (127)

= 4(fp +K)
∑
i∈[M ]

max
a∈Api

αpi,a
σ̄pi,a
Sp−1

(128)

≤ 4α0
fp +K

Sp−1

∑
i∈[M ]

max
a∈Api

√√√√dK

M
+

p∑
q=1

(σqi,a)2(fq−1)2 (129)

≤ 4α0
fp +K

Sp−1

∑
i∈[M ]

√√√√dK

M
+

p∑
q=1

max
a∈Aqi

(σqi,a)2(fq−1)2 (130)

≤ 4α0(fp +K)

Sp−1

√√√√M

(
dK

M
+

p∑
q=1

∑
i∈[M ]

max
a∈Aqi

(σqi,a)2(fq−1)2

)
, (131)

where in (129) we use α0 from Eqn. (126) to bound αpi,a, and (131) follows from Cauchy-Schwarz
inequality.

Then, we apply the result from Corollary 1 on all q ∈ {1, . . . , p} and Rp can be further bounded as

Rp ≤
4α0L

`

fp +K

Sp−1

√√√√dK +M

p∑
q=1

dK(fq−1)2

fq−1
(132)

≤ 4α0L

`

fp +K

Sp−1

√
dKSp−1 + dKMSp−1 (133)

≤ 4
√

6L

`

fp +K√
Sp−1

√
dKM log

LKMT

`δ
. (134)

Finally, we are ready to prove Theorem 6. The first part of the theorem follows directly from Lemma
16. The second part of Theorem 6 can be obtained by noticing that

H∑
p=1

Sp − Sp−1√
Sp−1

=

H∑
p=1

(√
Sp
Sp−1

+ 1

)
(
√
Sp −

√
Sp−1) (135)

≤ 2
√
c

H∑
p=1

(
√
Sp −

√
Sp−1) (136)

≤ 2
√
cT . (137)

F Lower Bound Analysis

F.1 Collinearly-dependent Policies

First, we state the definition of collinearity between a pair of vectors.

Definition 4 (Collinear vectors) For a given set of vectors X , two vectors x, y ∈ X are called
collinear (denoted as x ∼ y) if there exists a subset S ⊂ X such that the following conditions are
satisfied: 1) x /∈ span(S); and 2) x ∈ span(S ∪ {y}).
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Definition 4 indicates that two clients i and j are collinear if there exists an arm a ∈ [K] such that
the corresponding feacture vectors xi,a and xj,a are collinear given {xi,a}i∈[M ].

Proposition 3 The collinear relation on a given set of vectors X is an equivalence relation, i.e., for
any x, y, z ∈ X , we have

1) Reflexivity: x ∼ x.
2) Symmetry: If x ∼ y, then we must have y ∼ z.
3) Transitivity: If x ∼ y and y ∼ z, then, we must have y ∼ z.

Proof. We prove those three properties one by one in the following.

• Proof of Reflexivity. The reflexivity is obvious when we set S = ∅.
• Proof of Symmetry. Assume for a subset S ⊂ X , we have x /∈ span(S) and x ∈ span(S ∪ {y}).

This implies that

y /∈ span(S). (138)

Meanwhile, we have

span(S) ⊂ span(S ∪ {x}) ⊆ span(S ∪ {y}). (139)

Since dim(span(S ∪ {y})) = dim(span(S)) + 1, we must have

span(S ∪ {x}) = span(S ∪ {y}), (140)

which indicates that

y ∈ span(S ∪ {x}). (141)

Therefore, combining (138) and (141), we must have y ∼ x.
• Proof of Transitivity. We consider the following possible cases.

a) span(x), span(y), span(z) are not distinct. Following the proof of reflexivity and the sym-
metry property, we can easily show that x ∼ z.

b) span(x), span(y), span(z) are all distinct, and dim(span({x, y, z})) = 2. For this
case, we let S = {y}. Then, since span(x), span(y), span(z) are all distinct, we must
have x /∈ span(S). On the other hand, since dim(span({x, y, z})) = 2, we must have
span({x, y, z}) = span({y, z}). This implies that

x ∈ span({x, y, z}) = span({y, z}) = span(S ∪ {z}). (142)

Therefore, we must have x ∼ z.
c) x, y, z are linearly independent. Let S, T ⊂ X be the minimal subsets such that x /∈ span(S),
x ∈ span(S ∪ {y}), and z /∈ span(T ), z ∈ span(T ∪ {y}). Then, we have the following
subcases:
c1) y /∈ span(S ∪ T ). This implies that

x /∈ span(S ∪ T ). (143)

This is because y ∼ x, thus y ∈ span(S ∪ {x}). If x ∈ span(S ∪ T ), then we must have
y ∈ span(S ∪ (S ∪ T )) = span(S ∪ T ).
On the other hand, since y ∼ z, we have y ∈ span(T ∪ {z}), which indicates that

x ∈ span(S ∪ {y}) ⊂ span(S ∪ T ∪ {z}) = span((S ∪ T ) ∪ {z}). (144)

Combining (143) and (144), we have x ∼ z.
c2) y ∈ span(S ∪ T ). Since we assume both S and T are minimal, then, for any s ∈ S, x ∼ s
as well, as

x /∈ span((S\{s}) ∪ {y}), x ∈ span(S ∪ {y}). (145)

Let u be a vector in S, and define S1 := S\{u}. For the remaining vectors in S1, label them
as s1, s2, . . ., sm. Then, we set B1 := {x, y, s1, . . . , sm} as the basis for span(S1 ∪ {x, y}).
Note that those vectors in B1 are now unit vectors with respect to B1.
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Since x ∼ u, we have u ∈ span(S1 ∪ {x, y}). Denote the coordinates of u relative to basis
B1 as [u]B1 := (u1, u2, . . . , um+2)T . Then, we must have ui 6= 0 for any i, as otherwise S
cannot be minimal. This also implies that replacing any vector in B1 by u also form a basis
for span(S1 ∪ {x, y}). We further consider two possible cases.
c2-i) z ∈ span(S ∪ {y}). Since span(S ∪ {y}) = span(S1 ∪ {u, y}) = span(S1 ∪ {x, y}),
we can express the coordinates of z relative to the selected basis B1 as [z]B1

:=
(z1, z2, . . . , zm+2). Let i∗ be the first non-zero coordinate with zi∗ 6= 0. Then, define a
vector w as

w =

{
u, i∗ = 1,
y, i∗ = 2,

si∗−2, otherwise.
(146)

and W = (S ∪ {y})\{w}.
Then, x /∈ span(W ) according to (145), and x ∈ span(S ∪ {y}) = span(W ∪ {z}) based
on the definition of w in (146). Thus, x ∼ z.
c2-ii) z /∈ span(S ∪ {y}). Assume dim(span(S ∪ T )) = n. Since z ∈ span(T ∪ {y}),
y ∈ span(S∪T ), we must have z ∈ span(S∪{y}∪T ) = span(S∪T ). While dim(span(S∪
{y})) equals m + 2 as shown before, when z is included, we must have n > m + 2. Set
B2 = {x, y, s1, s2, . . . , sm, z, t1, . . . , tn−m−3}, where tis are vectors from T that are linearly
independent with the other vectors in B2. Then B2 form a basis for span(S ∪ T ), and all the
vectors in B2 are unit vectors with respect to B2. Denote T1 = {t1, . . . , tn−m−3}.
Since z ∈ span({y}∪T ) and z /∈ span({y}∪T1), there must exist a vector v ∈ T\T1, whose
coordinate vector with respect to B2 is denoted as [v]B2

:= (v1, v2, . . . , vn) with vm+3 6= 0.
If v1 6= 0, let W = S1 ∪ T1 ∪ {y, v}. Note that S1 ∪ T1 ∪ {y} contains unit vectors in B
except x and z, while v contains non-zero components along the dimension spanned by x and
z. Therefore, x /∈ span(W ), while x ∈ span(W ∪ {z}) = span(S ∪ T ). Thus, x ∼ z.
If v1 = 0, then, v2, v3, . . . , v2+m cannot be all zero. Otherwise, z ∈ span(T1 ∪ {v}) ⊂
span(T ), which contradicts the assumption that z /∈ span(T ).
Let i∗ be the smallest index with vi∗ 6= 0, and

w =

{
y, i∗ = 2,

si∗−2, otherwise. (147)

Let W = ((S ∪{y})\{w})∪T1 ∪{v}. Compared with B2, W does not contain x, z but u, v;
Besides, one vector in S ∪ {y} is removed. If x ∈ span(W ), then span(W ) = span(((S ∪
{x, y})\{w}) ∪ T1 ∪ {v}) = span((S1 ∪ {x, y}) ∪ T1 ∪ {v}) = span(S ∪ T ). However,
dim(W ) = n− 1, which contradicts with the assumption that dim(span(S ∪ T )) = n. Thus,
we must have x /∈ span(W ).
Next, to show that x ∼ z, it suffices to show that x ∈ span(W ∪{z}). Through linear algebra,
we can verify that span(W ∪ {z}) = span(S ∪ T ). Since x ∈ span(S ∪ T ), the proof is thus
complete.

Lemma 17 For any given arm a ∈ [K], partition feature vectors {xi,a}i∈[M ] into L equivalence
classes denoted as S1, S2, . . ., SL based on the collinear relation. Then, different classes are linearly
independent, i.e.,

span(S1 ∪ S2 . . . ∪ Si) ∩ span(Si+1) = {0} (148)

for any i = 1, . . . , L− 1.

Proof. We prove it through contradiction. First, we assume dim(span(S1 ∪ S2 . . . ∪ Si)) = n, and
assume {e1, e2, . . . , en} ⊆ ∪ij=1Sj is a basis for it.

Assume span(S1∪S2 . . .∪Si)∩span(Si+1) 6= {0}. Then, there must exist u ∈ span(Si+1), u 6= 0,
such that u =

∑
i uiei. Then, we have u ∈ span({ei|ui 6= 0}). However, u /∈ span({ei|ui 6=

0} − {ej}) for any j such that uj 6= 0. Thus, u ∼ ej for any j such that uj 6= 0. Based on
Proposition 3, we must have Si+1 equivalent to at least one of S1, S2, . . ., Si, which contradicts with
the assumption on those equivalence classes.
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Therefore, we must have span(S1 ∪ S2 . . . ∪ Si) ∩ span(Si+1) = {0}. Note that the labeling of the
classes can be arbitrary, which indicates the property holds for any groups of the equivalence classes.

Lemma 18 Let X ∈ Rd×m and Y ∈ Rd×n be two matrices such that span(X) ∩ span(Y ) = {0}.
Then,

uᵀ(XXᵀ + Y Y ᵀ)†v =

 uᵀ(XXᵀ)†v, if u, v ∈ span(X),
0, if u ∈ span(X), v ∈ span(Y ),

uᵀ(Y Y ᵀ)†v, if u, v ∈ span(Y ).
(149)

Proof. Since span(X) ∩ span(Y ) = {0}, there exists an invertible matrix A ∈ Rd×d such that

span(AX) = span(e1, e2, . . . , edX ), (150)
span(AY ) = span(edX+1, edX+2, . . . , edX+dY ), (151)

where dX := dim(span(X)) and dY := dim(span(Y )), and ei’s are unit vectors in Rd.

Then,

uᵀ(XXᵀ + Y Y ᵀ)†v = (Au)ᵀ((AX)(AX)ᵀ + (AY )(AY )ᵀ)†(Av). (152)

Note that (AX)(AX)ᵀ and (AY )(AY )ᵀ are now block diagonal matrices whose non-zero blocks do
not overlap with each other. To be more specific, they are in the following forms

(AX)(AX)ᵀ =

[
? 0 0
0 0 0
0 0 0

]
, (AY )(AY )ᵀ =

[
0 0 0
0 ? 0
0 0 0

]
, (153)

where ? represents non-zero blocks.

Thus, if u, v ∈ span(X), Au, Av must be in the form of

[
?
0
0

]
, which verifies that

(Au)ᵀ((AX)(AX)ᵀ + (AY )(AY )ᵀ)†(Av) = (Au)ᵀ((AX)(AX)ᵀ)†(Av) = uᵀ(XXᵀ)†v.

Similarly, if u, v ∈ span(Y ), we have

(Au)ᵀ((AX)(AX)ᵀ + (AY )(AY )ᵀ)†(Av) = (Au)ᵀ((AY )(AY )ᵀ)†(Av) = uᵀ(Y Y ᵀ)†v.

If u ∈ span(X) and v ∈ span(Y ), Au, Av must be in the form of

[
?
0
0

]
and

[
0
?
0

]
, respectively. Thus,

we must have
(Au)ᵀ((AX)(AX)ᵀ + (AY )(AY )ᵀ)†(Av) = 0.

Remark 7 We point out that Lemma 10 can be treated as a special instance of Lemma 18.

Theorem 7 For the federated linear contextual bandits considered in this work, partition clients into
equivalence classes where two clients i and j are in the same class if there exists an arm a ∈ [K]
such that xi,a ∼ xj,a. Let S be the class that includes client i, and X ∈ Rd×m be a matrix with
span(X) ⊆ span({xj,a}j∈S). Let Y ∈ Rd×n be another matrix with span(X) ∩ span(Y ) = {0}.
Let uX , vX ∈ span(X) and vY ∈ span(Y ). Then, for a given policy π, if the local estimates for any
arm a ∈ [K] are in the following forms

r̂i,a = uTX(XXᵀ + Y Y ᵀ)†(vX + vY ) (154)

σ̂i,a = uTX(XXᵀ + Y Y ᵀ)†uX (155)

and the decisions are made based solely on those quantities besides other system parameters, then π
is a collinearly-dependent policy.
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Proof. Based on Lemma 18, we can show that

r̂i,a = uTX(XXᵀ + Y Y ᵀ)†(vX + vY ) (156)

= uTX(XXᵀ + Y Y ᵀ)†vX + uTX(XXᵀ + Y Y ᵀ)†vY (157)

= uTX(XXᵀ)†vX , (158)

σi,a = uTX(XXᵀ + Y Y ᵀ)†uX = uTX(XXᵀ)†uX . (159)

Since r̂i,a and σ̂i,a only depend on the feature vectors associated with clients in the same class S,
and the decisions under π are based on those estimates only, π is a collinearly-dependent policy.

Corollary 2 Fed-PE and Enhanced Fed-PE are both collinearly-dependent policies.

Corollary 2 can be easily verified by checking the expressions of r̂pi,a and σpi,a under Fed-PE and
Enhanced Fed-PE, respectively.

Corollary 3 LinUCB type of policies are collinearly-dependent policies if we include d dummy
clients with d unit feature vectors in Rd.

Proof. For single-agent sequential linear contextual bandits with disjoint parameters, the LinUCB
algorithm (Li et al., 2010) works as follows: at time t, for any incoming context ct = i, the learner
obtains estimated reward and uncertainty for each arm a ∈ [K] as follows:

r̂i,a(t) = xᵀi,aV
−1
a (t)

(
t−1∑
s=1

1{as = a}xcs,ays

)
(160)

σ̂i,a(t) = ‖xi,a‖V −1
a (t), (161)

where

Va(t) =

t−1∑
s=1

xcs,ax
ᵀ
cs,a1{as = a}+ λId. (162)

It then picks the arm with the highest upper confidence bound r̂i,a(t) + ασ̂i,a(t), where α is a real
number.

If we view each context to be associated with a fixed client as in our federated linear contextual
bandits setting, and treat the identity matrix Id as

∑d
i=1 eie

ᵀ
i where ei’s are unit feature vectors

associated with d dummy clients, then, the estimate at client i for arm a only depends on clients with
xj,a ∼ xi,a. Thus, the decision at client i only depends on other clients in the same equivalent class,
and such LinUCB type of policies are collinearly-dependent.

Corollary 4 Thompson sampling based policies with Gaussian priors are collinearly-dependent
policies.

Proof. To make the setting consistent, we first modify the Thompson sampling algorithm proposed
for the shared parameter linear contextual bandits (Agrawal and Goyal, 2013b) to a disjoint parameter
setting.

Similar to LinUCB, the learner would calculate the mean and variance of the Gaussian distribution
for the parameter θa associated with each arm a ∈ [K] according to

θ̂a(t) = V −1
a (t)

(
t−1∑
s=1

1{as = a}xcs,asys

)
, (163)

σ̂i,a(t) = α2V −1
a (t), (164)

where α ∈ R is a constant and V −1
a (t) is defined in the same way as in (162). It then samples

θa(t) from the distributionN (θ̂a(t), σ̂i,a(t)), and then plays the arm at := arg maxa x
ᵀ
i,aθa(t) if the

incoming context ct = i.
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We note that under the Thompson sampling procedure, the reward associated with arm a
and incoming context i at time t is actually a Gaussian random variable with distribution
N
(
xᵀi,aV

−1
a (t)

(∑t−1
s=1 1{as = a}xcs,asys

)
, α2xᵀi,aV

−1
a (t)xi,a

)
. According to Theorem 7, since

the mean and variance are in the form specified in (154)-(155), the distribution of the reward under
the incoming context i only depends on other contexts that in the same equivalence class.

If we associate each context with a fixed client, then, we can see that the decision at client i only
depends on other clients in the same equivalence class. Thus, such Thompson sampling type of
policies are collinearly-dependent.

F.2 Proof of Theorem 2

We provide the detailed proof for the minimax regret bound in Theorem 2. For simplicity, we assume
M/d is an integer. We use 1 and 0 to denote the all-one and all-zero vectors, respectively.

First, divide [M ] into d groups, each with M/d clients. Let the s-th group be Gs = {(s− 1)M/d+
1, . . . , sM/d}, where s ∈ {1, 2, . . . , d}. We thus have [M ] = ∪ds=1Gs. Consider the case where
xi,a = es for all i ∈ Gs and a ∈ [K], where es is the s-th canonical basis vector.

We first choose θ = {∆1,0, . . . ,0}, i.e. θ1 = (∆,∆, . . . ,∆)ᵀ, and θa = (0, 0, . . . , 0)ᵀ for any
a ≥ 2. (∆ will be specified later.) Then, the reward for client i pulling arm at at time t would be
yi,t := xᵀi,atθat + ηi,t, where ηi,t is independently drawn from a standard Gaussian distribution.

Consider a collinearly-dependent policy π. Denote Pθ as the probability measure induced by
θ = {θa}a∈[K] under policy π, and Eθ as the corresponding expectation. Let Ti,a be the number of
times that client i pulls arm a within time horizon T . Note that

∑
a∈[K] Ti,a = T .

Define T̄s,a :=
∑
i∈Gs Ti,a, i.e., the total number of times that arm a has been pulled by the clients

in group s over time horizon T . Then, we have∑
a∈[K]

Eθ[T̄s,a] =
MT

d
.

Thus, there must exist an arm a∗s > 1 for each group s such that Eθ[T̄s,a∗s ] ≤ MT
d(K−1) .

Define a new instance θ̃ = {θ̃a}a∈[K], where

θ̃a = θa +

d∑
s=1

2∆ea∗s1{a
∗
s = a}, ∀a ∈ [K].

Therefore, while arm 1 being optimal for all clients under instance θ, the optimal arm of clients in
group Gs is arm a∗s under instance θ̃.

Before we proceed, we introduce the following notations. LetHt := {ai,τ , yi,τ}i∈[M ],τ∈[t],Hs,t :=
{ai,τ , yi,τ}i∈Gs,τ∈[t], and Gt := {ai,t, yi,t}i∈[M ], Gs,t := {ai,t, yi,t}i∈Gs .

Then, we prove a useful lemma.

Lemma 19 Denote D(P‖Q) :=
∫

log dP
dQdP as the KL divergence between two distributions P and

Q, and N (µ, σ2) as a Gaussian distribution with mean µ and variance σ2. Then,

D(Pθ(Hs,T )‖Pθ̃(Hs,T )) = Eθ[T̄s,a∗s ] ·D(N (0, 1)‖N (2∆, 1)).

Proof. Based on the definition of KL divergence, we have

D(Pθ(Hs,T )‖Pθ̃(Hs,T ))

= Eθ
[
log

Pθ(Hs,T )

Pθ̃(Hs,T )

]
(165)

= Eθ

[
log

∫
i/∈Gs Pθ(HT )∫
i/∈Gs Pθ̃(HT )

]
(166)
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= Eθ

[
log

∫
i/∈Gs Pθ(HT−1)Pθ(GT |HT−1)∫
i/∈Gs Pθ̃(HT−1)Pθ̃(GT |HT−1)

]
(167)

= Eθ

[
log

∫
i/∈Gs Pθ(HT−1)

∏
r Pθ(Gr,T |Hr,T−1)∫

i/∈Gs Pθ̃(HT−1)
∏
r Pθ̃(Gs,T |Hr,T−1)

]
(168)

= Eθ

[
log

∫
i/∈Gs Pθ(HT−1)

∏
r 6=s Pθ(Gr,T |Hr,T−1)∫

i/∈Gs Pθ̃(HT−1)
∏
r 6=s Pθ̃(Gr,T |Hr,T−1)

+ log
Pθ̃(Gs,T |Hs,T−1)

Pθ̃(Gs,T |Hs,T−1)

]
(169)

= Eθ

[
log

∫
i/∈Gs Pθ(HT−1)∫
i/∈Gs Pθ̃(HT−1)

]
+ Eθ

[∑
i∈Gs

1{ai,T = a∗s}D(N (0, 1)‖N (2∆, 1))

]
, (170)

where in (165), we integrate over all variables that are associated with clients outside group s to
obtain the marginal distributions Pθ(Hs,T ) and Pθ̃(Hs,T ), respectively. Based on the assumption
that π is collinearly-independent, we can decompose the conditional distributions Pθ̃(GT |HT−1) and
Pθ(GT |HT−1) into products of conditional distributions where only variables associated with clients
in each group are dependent. Noticing that within group s, Pθ and Pθ̃ only differs over arm a∗s , based
on which (170) is obtained.

Express the first term in (170) recursively, we eventually have

D(Pθ(Hs,T )‖Pθ̃(Hs,T )) =
∑
t∈[T ]

Eθ

[∑
i∈Gs

1{ai,t = a∗s}D(N (0, 1)‖N (2∆, 1))

]
(171)

= Eθ[T̄s,a∗s ] ·D(N (0, 1)‖N (2∆, 1)). (172)

Now we are ready to bound the regrets under policy π and two instances θ and θ̃. Since the selection
of any sub-optimal arm will incur a regret of ∆, we have

R(T ;π, θ) +R(T ;π, θ̃) ≥ ∆
MT

2d

d∑
s=1

(
Pθ
[
T̄s,1 ≤

MT

2d

]
+ Pθ̃

[
T̄s,1 >

MT

2d

])
(173)

≥ ∆
MT

4d

d∑
s=1

exp(−D(Pθ(Hs,T )‖Pθ̃(Hs,T ))) (174)

= ∆
MT

4d

d∑
s=1

exp
(
−Eθ[T̄s,a∗s ] ·D(N (0, 1)||N (2∆, 1))

)
(175)

≥ ∆
MT

4d

d∑
s=1

exp

(
MT

d(K − 1)
· 2∆2

)
(176)

=
MT∆

4
exp

(
2MT∆2

d(K − 1)

)
, (177)

where (174) follows from the high probability Pinsker inequality, (175) is due to Lemma 19, and
(176) follows from the definition of T̄s,a∗s .

Let ∆ :=
√

d(K−1)
4MT . Then, we have

max
(
R(T ;π, θ) +R(T ;π, θ̃)

)
≥
√
d(K − 1)MT

8
√
e

= Ω(
√
dKMT ).

G Fed-PE for Shared Parameter Case

G.1 Algorithm Details

We slightly modify Fed-PE for the shared parameter case where θa = θ,∀a ∈ [K]. Such minor
tweaks, as opposed to a full-blown re-design, lead to a unified algorithmic framework that can be
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flexibly applied to both disjoint and shared parameter cases. Similar to the disjoint parameter case,
at the client side, each client i treats {θa}a separately, i.e., it does not aggregate rewards collected
by pulling different arms to estimate the shared parameter θ; Rather, at phase p, it will output |Api |
different estimates {θ̂i,a}a∈Api and send them to the central server for aggregation.

The major difference occurs in the server side subroutine. Once different estimates {θ̂i,a}i,a are
received, the central server would aggregate them to obtain a global estimate of the shared parameter
θ. Specifically, the global aggregation step at the server side in (4) can be changed as follows: after
obtaining

V p+1
a ←

( ∑
i∈Rpa

fpi,a
θ̂pi,a(θ̂pi,a)ᵀ

‖θ̂pi,a‖2

)†
, (178)

the server would calculate

V p+1 ←
( ∑
a∈Ap

(
V p+1
a

)†)†
, (179)

θ̂p+1 ← V p+1

( ∑
i∈[M ]

∑
a∈Api

fpi,aθ̂
p
i,a

)
. (180)

Correspondingly, the multi-client G-optimal design at phase p can be formulated as

minimize G(π) =

M∑
i=1

max
a∈Api

eᵀi,a

( ∑
j∈[M ]

∑
a∈Apj

πpj,aej,ae
ᵀ
j,a

)†
ei,a s.t. πp ∈ Cp. (181)

Compared with the multi-client G-optimal design for the disjoint parameter case in Eqn. (6), the only
difference is that (181) now has a double summation over both arms and clients inside (·)† in the
objective function, while (6) only contains a summation over the clients. This is consistent with the
different constructions of the “potential matrices” for those two cases.

Once the estimated shared parameter and potential matrix (θ̂p, V pa ) is broadcast to the clients, they
will use it to obtain estimates r̂pi,a and upi,a, as in (2) under Fed-PE. The process then continues.

G.2 Theoretical Analysis

We present the regret upper bound and analysis for the shared parameter case in this subsection.

Theorem 8 (Complete version of Theorem 3) Consider time horizon T that consists of H phases
with fp = cnp, where c and n > 1 are fixed integers, and np denotes the pth power of n. Let

α = min(
√

2 log(H/δ) + d log(ke),
√

2 log(2MKH/δ)), (182)

where k > 1 is a number satisfying kd ≥ 2 log(H/δ) + d log(ke). Then, with probability at least
1− δ, the regret of the adapted Fed-PE for the shared parameter case is upper bounded as

R(T ) ≤ 4α
L

`

√
dM

(√
n2 − n√
n− 1

√
T +

K√
cn−

√
c

)
.

In particular, if K = O(
√
T ), the regret upper bound scales in

O
(√

dMT (log((log T )/δ) + min{d, logMK})
)
,

and the communication cost scales in O((KdM + d2M) log T ).

Following similar analysis as in the proof of Lemma 7 by replacing vj,a with ej,a, we can show that
the multi-client G-optimal design in (181) is equivalent to the following determinant optimization
problem:

maximize F (π) = log Det

( ∑
j∈[M ]

∑
a∈Apj

πpj,aej,ae
ᵀ
j,a

)
s.t. πp ∈ Cp. (183)
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and the optimal solution (πp)∗ satisfies G((πp)∗) = rank({ei,a}i∈[M ],a∈Ai) ≤ d.

Note that compared with the optimal solution π∗ in Lemma 7 where G(πp) =
rank({vi,a}i∈[M ],a∈Ai) ≤ Kd, the upper bound on G(π) has been reduced by a factor of K,
due to the dimension difference between ei,a and vi,a. Besides, we also note that the block diagonal
structure inside Det(·) in (28) does not exist in (183) any more, which implies that the BCA algorithm
in Algorithm 3 cannot be applied for this case. Designing alternative efficient optimization algorithms
to solve (183) is one of our future steps.

With a little abuse of notation, in this section, we define

α2 :=
√

2 log(H/δ) + d log(ke) (184)

σpi,a := ‖xi,a‖V p/` (185)

Xp :=

∥∥∥∥ ∑
i∈[M ]

∑
a∈Ai

ei,a
‖xi,a‖

`ξp−1
i,a

∥∥∥∥2

V p
(186)

a(i,a),(j,b) :=
√
fp−1
i,a eᵀi,a

( ∑
k∈[M ]

∑
a∈Ap−1

k

fp−1
k,a ek,ae

ᵀ
k,a

)†
ej,b

√
fp−1
j,b (187)

ξ :=

 `ξp−1
i,a

‖xi,a‖
√
fp−1
i,a


i∈[M ],a∈Ap−1

i

∈ R
∑
i∈[M] |A

p−1
i | (188)

A := (a(i,a),(j,b)) ∈ R(
∑
i∈[M] |A

p−1
i |)×(

∑
i∈[M] |A

p−1
i |). (189)

It can be verified that Xp = ‖Aξ‖2, A2 = A, and trace(A) ≤ d.

Then, following the same definition of “bad” event E(α) by using the new set of variables, we can
show that Lemma 11 still holds by slightly modifying the analysis in Appendix D. For the probability
of the bad event, we can show that P[E(α1)] ≤ δ similarly as in the proof of Lemma 12, while
P[E(α2)] ≤ δ can be derived using the new definitions of Xp, A, ξ. In particular, we can show the
following lemma.

Lemma 20 Under the adapted Fed-PE algorithm for the shared parameter case, for any p ∈ [H],
we have P[Xp ≥

√
2 log(H/δ) + d log(ke)|Fp−1] ≤ δ/H .

P[E(α2)] ≤ δ then follows by applying a union bound over all phases p ∈ [H].

Then, in order to bound the regret when the good event happens, we follow the same steps as in the
proof of Lemma 14, except that we utilize the following lemma to remove the factor of

√
K in the

upper bound.

Lemma 21 Under the adapted Fed-PE algorithm for the shared parameter case, for any p ∈ [H],

we have
∑
i∈[M ] maxa∈Api

xᵀ
i,a

‖xi,a‖2V
p xi,a
‖xi,a‖2 ≤

d
fp−1 .

Lemma 21 is a direct consequence of the multi-agent G-optimal design for the shared parameter case,
as elaborated earlier. Thus, when we put all pieces together, the regret is reduced by a factor of

√
K

compared with Theorem 1, while the other factors remain the same.

H Experiment Details and Additional Results

Experiment Environment. The experiments in both Section 6 and this section are carried out using
a MacBook Pro with a 2.3GHz Quad-Core Intel Core i5 CPU and 8GB 2133 MHz LPDDR3 memory.
The programming language is Python3 with packages Numpy, Scipy, and Pandas. All experiments
are computationally light – the running time ranges from less than a minute to slightly more than 1
hour.

Regret versus System Parameters. In addition to the results reported in the main paper, we also
plot the regret with varying M,K and d under Enhanced Fed-PE in Fig. 2. The experimental setup
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remains the same as the synthetic one in Section 6, except that T is set as 216. We see that the
per-client regret is proportional to the number of arms and the context dimensions, and inversely
proportional to the number of clients, which is reasonable.

(a) (b) (c)

Figure 2: Per-client pseudo-regret over T , with varying M,K, and d. Shaded area indicates the standard
deviation.

Sparsity Level. A sparse solution π of the optimization problem (6) has many zero entries, which
is desirable because it means each client only needs to explore a few arms in one phase even if the
active arm set is very large. Define the Sparsity Level of π as:

Sparsity Level =
#the number of non-zero entries of π

M
.

The smaller the Sparsity Level is, the sparser the solution is. Since there are M linear equality
constraints, the number of non-zero entries in π should be at least M . Thus, the minimum value of
Sparsity Level is 1. Moreover, if the elimination procedure works well, we expect to eventually
observe only M non-zero entries in π, and constant regret under a specific realization of the bandits
problem. Therefore, Sparsity Level also characterizes how many arms that one client pulls on
average within a phase. Besides, a smaller Sparsity Level indicates less communication cost per
client.

(a) (b) (c)

Figure 3: Sparsity level over phase index p, with varying M,K and d. Shaded area indicates the standard
deviation.

In Figure 3, we plot the Sparsity Level as a function of the phase index p. The result suggests
that our algorithm assigns each client only approximately 2 arms (on average) to explore. We also
see that the Sparsity Level and the communication per client are proportional to K and d, and
inversely proportional to M .

Number of Iterations. To measure the efficiency of the BCA algorithm, we define the Number of
Iterations as the minimum number k such that G(π(k)) ≤ dpa + ε, where the notations remain the
same as in the Appendix C.2. In the experiment, we choose ε = 0.1.

In Figure 4, we observe that the Number of Iterations is inversely proportional to M , and
proportional to K and d, which suggests that increasing the number of clients will not affect the
efficiency significantly, although we should bear in mind that one iteration includes M block updates.

Different Phase Length Selection. In Figure 5, we plot the regret performances of the three
selections of fp introduced in Appendix E.2. Specifically, we construct the “greedy” phase length the
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(a) (b) (c)

Figure 4: Number of iterations over phase index p, with varying M,K, and d. Shaded area indicates the
standard deviation.

same as in Appendix E.2. The “exponential” selection is fp = 2p. For the “uniform” selection, we set
fp = 100 rather than 10 for time-saving. Note that the greedy selection leads to log2 log2 T − 1 = 3
phases, while the exponential selection consists of 15 phases, and uniform has 655 phases. As we
observe, the uniform selection results in the lowest regret, while the exponential selection has slightly
worse regret performance. The regret under the greedy selection is much worse than those under the
other selections. The results suggest that exponential selection has the best tradeoff between regret
and communication costs, corroborating the theoretical results in Table 2.

Figure 5: Regret with different selection of fp. Shaded area indicates the standard deviation.
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