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A Lemmas related to corruption effects
Here we states some basic lemmas that will be used all over the proofs.
Lemma A.1 (Corruption effects 1). For any interval T and hypothesis h, we have

1 C
] > (Ri(h) = Ru(h)) < ﬁ

tel
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Proof.

i Z Ry(h (h))

teT

Egnv, iz ‘ Z yrmp [H{I(2) # y}] = By [1{A(7) # y}D

tel

= m tezzgneaf (Eymng [1{h(2) # y}] = Eyne [1{h(2) # y}])

< 1 e 0| < Cr
S — max|7n; — Nl >
7l 2 t

TEX 1z]
O
Lemma A.2 (Corruption effects 2). For any interval T and hypothesis pair h, h', we have
7 LS (Ru(h) — Ru()) — (Ra(h) — Ru(R)) < 2pu(h, ) %’
tez
Proof
7 Z Ru(h) = Ri(W)) = (Ru(h) — Ru(H)

] Z Epong [1{(z) # y} = LN (2) # y}] = Erong [1{A(2) # y} = 1{W' (2 )#y}])]

tel

_E, [W S (i [1{A(x) £ 5} — 1{H (@) # y}] — Brone [1{A() £y} — 1{W(2) # y}D]

teT
2
< N = —
< pu(h, 1) <|I| 2 max (R (h) R*(h))>
Cz
< 2p.(h,h)—=
O
B Analysis for Passive Learning: Proof of Theorem 3.1]
With probability at least 1 — §, we have for any n samples,
R*<hout) - R*
< ((R ( out) R*) (R[l,n](hout) - R[l,n] (h*))) + (R[l,n](hout) - R[l,n] (h*))
CO al * D D *
< 27 (hou, B) + (Rps o) (how) = Biy (7))
Cota N - - . 4log(|H|/6) = log(|H]|/d
<2 tnt ]P*(houtvh )+ (R[l,n](hout) - R[l,n](h‘ )) + \/p*(houlvh*) g(7|l |/ ) + g(|n |/ )

C 4log(|H|/6 log(|#|/é

S4 total maX{R*(hout)—R*,QR*}-i-\/maX{R*(hout)—R*,QR*} Og(| |/ ) + Og(l |/ )
n n n

where the second step can from our definition of corruptions and fact that v, is not corrupted (see

Lemma[A 7] for details), third inequality comes from the Bernstein inequality and the last inequality

comes from the definition of hoy and the fact p.(h,h') < 2max{R.(h) — R*,2R*}. Now if

2R* > Rui(how) — R*, then we directly get the target result. Otherwise, by solving the quadratic
inequality, we have

5log(|#]/9) 1

R*(hom) - R* S n (1 _ 4Cm )2
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C Analysis for Robust CAL

C.1 Proof of Theorem

For convenient, for all subscripts [0, t], we simply write as subscript ¢.

We first state a key lemma that is directly inspired by Theorem[3.1]

Lemma C.1. For any t that log(t) = N, under the assumption of this theorem, as long as h* € V,
we have

R.(hy) — R* < w +4%R* + R*w

< w + % + R*w (By assumption on Cy)
%1 A+ B
< w + R* (By the fact VAB < ; )

Proof. With probability at least 1 — §, by combine the same proof steps as in Theorem [3.1]and the
fact that Ry 4 (ht) — Rpy 4 (R*) = Li(ht) — Ly (h*) < 0, we can get the similar inequality as follows

4log(|#]/9)  log(|%/9)
t t

R.(hy) < 4% max{R,(hs) — R*,2R*} + \/maX{R*(iLt) — R*,2R*}

Cy
t

. . . . . 1
Then again by quadratic inequality and the assumption that =t < £, we have

This lemma suggests that, as long as the corruptions are not significantly large. For example, in this
theorem, C; < %t. Then the learner can still easily identify the o (% -+ R*)-optimal hypothesis even
in the presence of corruptions. Therefore, we can guarantee that the best hypothesis always stay in
active set V; after elimination. We show the detailed as follows.

Bi

t

Define &1, &5 as
51 .
Ey = {Vt that log(t) = N, (R;(h) — R¢(h)) — (Rt(h) — Rt(h’)) < w + @}

Il
—N
<C
~
=
oo
—
<)
0
—
S~—
|
2
—
=
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=
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=
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=
=
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[N}
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E>
~~ |~
=
<
+

- t t

2 A !
£ i {w that log(t) = N, |p. (b, B') — e (h, 1) < M + f}}

By (empirical) Bernstein inequality plus union bound, it is easy to see P(€; N & NE3) > 1 — 6.

First we show the correctness.

15



For any ¢ that log(¢) = N, assume that h* € V;, then we have

Li(h*) — Ly(hy) = Ry(h*) — Ry(hy)

R ( lﬁtpt h ht
S lQBtPt h ht h* ht) f
<

28,p¢(h*, h 2C
5tﬂt(t s t)+ﬁtt (h* ht) tt

2B:pr(h*, h A 2B:pr(h*, h 20
< 6tpt(t ) f)‘i‘%‘F ﬁt(h*aht)“— /Btpt(t ) f)+% Tt

[ 2B¢pe (h*, he) 3B .
< PR S
< . + — o —l— 2 pr(h*, ht)

where the first and forth inequality comes from the event £&; and &, the second inequality comes
from Lemma the third inequality comes from the definition of R* and last inequality comes

from 4/ Qﬁtﬁt(th*’ht) < ﬁt(h;’ht) + 5t and the assumption that Ct < 1

According to the elimination condition [I0]in Algo. [T} this implies that h* € V;;. Therefore, by
induction, we get that h* € V,,. By again using Lemma|C.1] we can guarantee that

2210g([H|/9) | 4R Cioar | . 8los([H/9)

n n n

R ( out) R*

Next we show the sample complexity. For any ¢ that log(t) = N and any h € V;, we have

A= (B~ (Rulh) = R(h) + (Rulh) = Rulh)) — (Rah) — Bu(h*))) + (Rulh) ~ R(h*))

325 J(h b + M+&+Rt(h) Rt(ilt)

* 25#’* h h 25tpt(h* ht) 357& *
4P*hh \/7 . +2t+2t(h ht)

= (h,h*)+\/ 2ip- . 17) +\/ il 1) 2B (. 1) | 6By

| /\

< 21" n e

< <;Z + 21;4) ps (B, B*) + %p*(ﬁt,h*) + (264 + 6+ ;;4)
S(;Z+Qi;4>Ah+2i;4Ah (254+6+M)ﬁ +2 ( +24Z4+2i24)1%*

< (;i + 2124) Ap + (25‘4 +6+ 1126;)4 + ;;4) = ( 2454 23;;4 + 4;Z4> R*

where the first inequality comes from the event & and the definition of hy, the second inequality
comes from the elimination condition [T0]in Algo. [T} For the third and forth inequality, we use the
fact VAB < ALQB multiple times and the last inequality comes from Lemma

Finally, choose 3, = 25 and solve this inequality, we get Aj, < 1215% + 12R*
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Therefore, we get the probability of query as

. . 120
P (xt+1 S DIS(%+1)) S P <3h € %4,1 : h(xt) 7é h (xt), Ah S tﬁt

+ 12R*>

12
<P <3h € Vir - hlae) # 1 (1), pu(h, %) < 14R" + ‘f)

1208, 120@)

< 0*(14R* +

14R*
) (1 + 2

Therefore, we get the final prove by summing this probability over all the time.

C.2 Why vanilla Robust CAL does not work?

Proposition C.1. When R* > 0 and the corruptions are unknown to the learner, there exists an
instance and an adversary such that the vanilla Robust CAL can never output the target hypothesis.

& — &. Here we further assume that v is given to learner. For labels, we set n™t = 1 n?2 = %2 =1,

Now consider h1 : h1($1) = hl(l‘g) = h1(1‘3) = 1and hg : h2(1‘1) = hg(l‘g) = O,hg(l‘g) =1.
With some routine calculations, we can obtain that:

Proof. Suppose X = {1, z2,x3} wWhere v, (z1) = & > 0,vi(22) = & < % and v, (z3) = 1 —

R* = R,(h) = %517 R, (hg) = %51 + &, pu(hi he) =6+ &

Now suppose the adversary corrupts 77! from % ton?t = % for all s < 7 and will stop corrupting at

certain time 7. Consider this case C; < 3—12t, which satisfies our corruption assumption.
With such corruptions, we have that for any ¢t < 7,
_ 17 _ 15
Ri(h1) = — Ri(h9) = —
¢(h1) 32&7 ¢ (h2) 3251 + o,

Since Ry(hs) > Ry(h1), so hy will never be eliminated before 7. Next we show that h; can be
eliminated before 7. Note that, when 7 > O(é), we can always find a proper ¢ < 7 such that

Rt(hl)_Rt(hg) > 11651_62_6< 61":52 +1>

In the non-corrupted setting, the confidence threshold of vanilla Robust CAL is always
1) (1 / % + 1) , which can be smaller than %{1 — & — 16) ( @ + 1) for large enough ¢,

so the above inequality shows that h; can be eliminated before 7. This implies that, if our target
accuracy € < &g, then the vanilla Robust CAL will never able to output the correct answer no matter
how many unlabeled samples are given. On the other hand, in the passive learning, one can still
output the target hy as long asn > 7. O

D More detailed explanation for CALRuption for line 9 to 13

Here we provide a more detailed explanation on line 9 13

* In Line 9, we are going to estimate the underlying distribution of samples based on the
collected samples. To be specific, we have the estimated gap between each pair of / and
', so the initial desire is to find a proper distribution that induces all gaps uniformly close
to all the estimated gaps. But this is impossible, so we instead choose the distribution that
minimizes the worst-case pairs scaled with its variance. With such an estimated distribution,
we can naturally get the estimated error of each hypothesis i denoted as Rz (h).

* InLine 10, recall that we already have the R4 (h), and the previously estimated gap between
any hypothesis h and the previous estimated best hypothesis fzifl, denoted as Az_l.
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So based on these two terms, we can have a pessimistic estimation of the current best hypothesis
Rt

* Then in Line 11, based on the estimated best hypothesis fzi‘l, we can further have a new
estimated gap A} .

Up to this point, we have an estimate of the performance of each hypothesis ( A% ). Now recall that
in the traditional elimination-style algorithms like Robust CAL, we will permanently eliminate all

the hypotheses for which Alh is larger than some threshold and then do a disagreement-based query
on the remaining hypothesis set. But here, the learner never makes a “hard" decision to eliminate any

hypothesis. Instead, it assigns different query probability to each based on the estimated gap Alh for
each hypothesis, That is what Line 12 and Line 13 are doing. To be specific:

* In Line 12, we divide the hypothesis into [ + 1 sets based on Aﬁl. Again in the traditional
elimination-style algorithm, the only remaining active hypothesis set is Vll+1.

e In Line 13, based on these layered hypothesis sets, we are going to assign the query
probability on the incoming z. Intuitively, for each z, we want to find the lowest policy set
it belongs to, among all those layered sets. Then, because the lower the set is, the smaller its
corresponding estimated gap is, so intuitively, we want to assign a higher query probability
to those that have a lower corresponding hypothesis set.

E Analysis for CALRuption

E.1 Notations

Let Z; denotes the epoch [, C denotes C7,.

E.2 Concentration guarantees on §-robust estimator

In this section, we show the analysis by using the Catoni’s estimator which is described in detail as
below. Note that the same estimator has been used in previous works including |Wei et al.| [2020],
Camilleri et al.|[2021]], Lee et al.| [2021].

Lemma E.1. (Concentration inequality for Catoni’s estimator |\Wei et al.|[2020]) Let Fy C --- C

Fn be a filtration, and X1, ..., X, be real random variables such that X; is F; -measurable,
E[X; | Fi—1] = p; for some fixed p;, and > | E [(XZ — ui)2 | Fici| <V for some fixed V.
Denote £ % Z?:l i and let [iy, o be the Catoni’s robust mean estimator of X1, ..., X, with a

fixed parameter o > 0, that is, [i, « is the unique root of the function

f) =3 v a(Xi - 2)

where ( y )
_ [ In(I+y+yi/2),  ify=0
viy) = { —In(1—-y+y?/2), else
Then for any § € (0,1), as long as n is large enough such that n > o (V + > (e — u)2) +
21og(1/6), we have with probability at least 1 — 26,

a (v + 200 (i — u)Q) | 2log(1/9)
L (V3 pi) |, 2log(1/9)

Lemma E.2 (Concentration inequality in our case). For any fixed epoch | and any pair of classifier
h,h' € H, as long as N; > 41log(1/4), with probability at least 1 — 6, we have

) X , 101og(1/8)pi(h, 1)
Ry(h) — Ru(h)) = WM | < i
|( l( ) l( )) l | —\\ NV Ny epis(h,h’) ar

IN

~
‘,un,a - ,u|
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where Ry(h) = |I‘ >otez Eymper(nzey [1{h(ze) # y}] (restate)

Proof. First we calculate the expectation and variance of (¢;(h) — £,(h’)) for each t € 7,
EyNBer(nf”)]EQt |:ét(h) - Et(h,):| yNBer(ntt) [1{}1(1’15) 7é y} - l{h/(xt) 7é y}]
< U{h(xy) # W' (20)}

and,

Var; (ét(h) fét(h’)) < Ey etz Ea {(ét(h) ét(h')f]

1{h Tt h/ Tt
:EyNBer(nf‘)EQt|: { ( (2];)2 ( )}:l
_ Yh(z) # h ()}

q

< Hh(ze) # W (o)}

— . !’
Milg epis(h,h’) 4

Then according to the Lemmal[E.T| we have
(Bulh) = Rah')) = W™

h R 2, 1{h(zy) R (mt } 1
< ( mmz’ems(h h') ‘Iz * Et {h(xt) 7& W (xt)}) T 210g(1/5)
o N, Ozlh’h,Nl
h,h' A /
< 20" py(h,h') L 21og(1/6)

R,/
mlnx €Dis(h,h’) ql Q N,

¢ 101og(1/8)pu(h, 1)

Nimingepisn,nr) 4

The last one comes from choosing a? L \/ 2 log(l/gj)\,z[;?&f,f‘;‘)(h”“’ % and also it is easy to verify
that
’ Nipy h h
(o™ PK) >R AB)) = (Re(h) = Ru(W)))? | + 210g(1/9)
mlnz/eDls(h h')

< 4log(1/8) < Ny
O
E.3 High probability events

Define the event &4, as

R « / 1083p;(h, h'
Egap = {VZ,Vh,h’eH,|(Rl(h)—Rl(h’))—Wlh’h’|g\/ Bapr(h, 1) }

N, mianDis(h,h’) Qf

and event Eg;51, Egiso aS

0;(h, h'
Euier = { VLY, I € H, |pu(h, 1) — pa( )] < 4| 22 RD) B
N; N

530*(}% n ) 53

is2 1= ¢ H "N — p. N <
5dt62 VLVha h e Ha |pl(h7 h ) P (hv h )‘ = Nl Nl

By condition [T] of d-robust estimator in Algo[2} the (empirical) Bernstein inequality and the union
bounds, we have easily get P(Eyqp N Egis1 N Egisz) > 1 — & as shown in the following lemmas.
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LemmaE3. P(E.:) >1—-6/3

Proof. We prove this by condition |1} I in Algo I 2| and the union bound over | |? number of hypothesis
pairs and 1 |log(n) | number of epochs. O

LemmaEd4. P(Ejqp1) > 1—6/3,P(Egap2) > 1—0/3

Proof. We prove this by (emplrlcal) Bernstein inequality in Algo I 2| and the union bound over |H |?
number of hypothesis pairs and 3 log(n) ] number of epochs.

E.4 Gap estimation accuracy

In this section, we show that Alh is close to Ay, for all [, h. To prove this, we first show some auxiliary
lemmas as follows.

Lemma E.5 (Estimation accuracy for Dy). On event Egap for any fixed epoch l, for any fixed pair
h,h' € H, suppose j = max{ilh,h’ € V;'}, we have
|(Rp, () = R, (1)) = (Ru(h) = Ru (1))
4C 20

1 Al— Al— *
< 16 (max{AfLL 1,Aﬁl, 1} + El) + —R + N max{Ay, Ap }

Proof. Firstly we show that, for any pair h, h’ € H, we have
(Rp, (1) = Rp, (1)) = (Ru(h) = Ru(R))]

<|(Rp,(h) = Rp (R")) — Wi (W = (Ry(h) — Ri(W))] + [(Ra(h) — Ri(R)) — (Ru(R) — Ru(R)))
min,epis 11,ho qar pl h h/
< R h _ N _ hl,hz €Di (} ,h) l
< hlr}}llggﬂl ((RDZ( 1) = Rp, (ha I\/ B (hn o) Mm@
+ W = (Bu(h) = Ry(W))| + |(Ry(h) R.(h))]
MilyeDis(hy ha) 9 pi(h, h)
< ma Ri(hy) — Ry(hy)) — Wih= EDis(h1,ha) 4 :
- h17h2§H| (Bah) = Fa(he)) = \/ pr(hi, ha) MiNgepis(h,h) 4
+ WP — (Ri(h) — Ry(W))| + |(Ri(h) — Ry(h')) — (Ru(h) — Ru(R))|
A /
<2 max | Rz (h1) - R (ha)) — Whl’h2| M €Dis(h ha) 4 - pilh, 1) p
hi,ha €M pi(h1, he) MiNgepis(h,h’) 4
+ |(Ry(h (R.(h) = R.(1))]
1033 ﬁl(h, h')

<2 :
N, Mg eDis(h,h’) 9]

+|(Ru(h) = Ra(')) = (Ru(h) = Ru(1)]

The third inequality comes from the definition of D, and the last inequality comes from the Condition
of d-robust estimator in Algo. 2]

For the first term, for any x € Dis(h, k'), by the definition of ¢ in line (13| and the fact that
(h,h') € Z(x), we have that,
A /
> ﬂlpl(h7 h )€f2.
- Nl J
So we can further lower bound the min, cpis(n,n/) g7 by

oi(h, b’ ;
Iegf:%}rll’h/) q > %17)6;2 ,where j = max{i € [ — 1] | h,h' € V]'}

, where j = max{i € [l — 1] | h, k' € V/'}

and therefore upper bound the first term as
10 o1(h, b/ 10
o, /108 .Pl(, ) <o 539-.
N\ mingepis(n,n) g B1
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For the second term, by the definition of corruptions, we have
(Ri(h) = Ri(h')) = (Ru(h) — Ru()))|
<|(Ru(h) = Ru(1)) = (Ru(h) = Ru(B)| + |(Ru(h) — Ru(h')) = (Ru(h) — Ru(h))]

53 201 I
2 — PN,
Nz+ Nlp(h h")

2\/561 250 o (™) + pu (B 7))

4 2
<2 & € + QR* + Q maX{Ah,Ah/}
e} N

where the second inequality comes from Bernstein inequality and Lemma|[A.2]

IN

IN

Finally we are going to make the connection between ¢; and the Alh_l, Aﬁ;l. Note thatif j <1 —1,
by definition of j, we must have h, b’ ¢ V}/ 1 By the definition that VA ¢ VlfH, Alh > ¢;, we have

maX{Al LAY > 65400 = ;J
and if j = | — 1, we directly have % < ¢;. Therefore, we have 5 < max{Alh_l, AN g, O

Lemma E.6 (Upper bound of the estimated gap). On event Sgap, for any fixed epoch l, suppose its
previous epoch satisfies that, for all h € H,

3. 3
Ap < §AL 14 €-1+30-1, 2)
Afl <2(An+e-1+91-1), 3)

then we have,
Al <2(Ap+ea+g)

where g; = ée? Zizl C, (2R*1 {ZCI < %} +1 {2%25 > Tla}) )

Proof. According to the definition of AL, T <h hL. 6 > BQAZ 1 < ¢, then the above trivially
holds, Otherwise, we have

Al = Ry, (h) = (Rp, (i) + BAL)
= ((Rp, (h) = Ry, (L) = (R.(h) = Ru(BL)) + (Ru(h) = Ru(hL)) = B AL
< ((Rp, () = Rp, (0L)) = (Ru(h) = Ru(iL))) + A = BAL?

1 1 o
< = (maX{AZ 1 Al 1}—1—@) T maX{Ah’Aﬁi}+Ah_ﬁ2A%il
4C, 2Cl 2Cl 2C 1
—R* P bl I b
+ H— A 16} U~ N > 167
Corruplion Term
1 .
= TG(AI 1y )+ 6Ah + IGAZ’ 4 16A ﬁzAl{l + Ay, + Corruption Term
<

32 Al

3
—(€1—1 + 2g;—1) + Corruption Term

1
<6(Al ! +e)+ Ah+Ah> 32

N 1 C; 3
:fAl Tyt Ay + AR" — + —ag1—
16" ( * 16) e A T

<2(An+ea+aq)

21
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Here the first inequality comes from the definition of h*, the second inequality comes from
Lemma [E.5] the third inequality comes from the the assumption (1) and the penultimate inequality
comes from the fact that 5o > 3—52 Finally, the last inequality comes from assumption (2).

O

Lemma E.7 (Lower bound of the estimated gap). On event £y, for any fixed epoch I, suppose the
Sfollowing holds, for all h € H,

Aéfl <2(Ap+€-1+g1-1), 4)
then we have,

3 4 3
Ap < iAﬁl + €l +3q

Proof.
Al > Rp (h) — (R@l(h*) + ﬁzAh*)
_ ((R@l(h) — Ry, (h")) — (Ru(h) — R*)) + Ay — BoAL

1 . 1 1 - 1 A
> ——(Al-! — —A,— =AY AL = BAET A,
e T A T B o T

C 2C 1 C 20, 1
—[4R"—=1{ — < — — 14— > —
(RNl {Nl _16}+Nl {Nl >16})

Corruption Term

1 4 1 1. .
= —1—6(Al};1 +e)— 1—6Ah — 1—6Ah* — ﬁgAlh:l + A}, — Corruption Term
1 1 .
> —1—6(2Ah + 26142911 +€)+Ap — (E + B2)(2€,-1 4+ 2¢;—1) — Corruption Term
13 38 C
> 1—6Ah — ﬁel - 3391_1 — 4R*ﬁll — Corruption Term
13 38 18
> —Ap— —e¢— —
= goh T 8T g9
Here the first inequality comes from the definition of fzi, the second inequality comes from Lemma
and the third inequality comes from the upper bound of the estimated gap in Lemma[E.6| O

Now we are ready to prove the final key lemma, which shows that such upper bound and lower
bound for A} holds for all [ and h.

Lemma E.8 (Upper bound and lower bound for all estimation). On event &4y, for any epoch l, for
allh € H,

Al <2(An+ea+g1) (5)
3 4 3
Ay, < §A§Z + 561 + 3g: 6)

Proof. We prove this by induction.
For the base case where [ = 1. we can easily have the following
A} <1 <2A) + 261 + 29,
and also, by using Lemma and the fact that A% < 2(Ap + €0 + go), it is easy to get

3. 3
Ay < §A,£ + 564301

So the target inequality holds for [ = 1.

Suppose the target inequality holds for I’ — 1 where I’ > 2, then by Lemma|E.6] we show that the
first target inequality holds for I’. Also by Lemma we show that the second target inequality
holds for I’. Therefore, we finish the proof.

O
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E.5 Auxiliary lemmas

Lemma E.9. For any epoch | and layer j, we have

max pi(h, h*) <2R* + 3¢; + 3911
heVy
Proof.
max py(h, h*) < 2R* + max Ay,
hevy hevy
* 34 -1 3
<2R* +max | Ay + -1 + 3911
hevy 2 2
< 2R* + 3€; +3g1-1

The first inequality comes from the fact the p.(h,h*) < R.(h) + R* = 2R* + Ay, the second
inequality comes form the lower bound in Lemma[E-8]and the last inequality is by the definition of

V7. O
E.6 Main proof for Theorem [5.1]

Here we assume log,(3-) ¢ N and there are no corruptions in the last unfinished epoch [log,(Z-)].

This will not effect the result but will make the proof easier. Given that events g4y, Eai1 and gdzgg,
then we have the following proofs.

First we deal with the sample complexity.
For any ¢t € 7,,the probability of x; being queried (Q;) is

E[Q:] = > P(z; =

reX

Bipi—1(h, 1) _,
Z Pz = x) (hjf};g)é(x) Tek(h,h',l)

a:EX

Z P(z; =x) . max  p.(h, B )ek(h R )

L & h/)eZ(x)
4
+4—2Pzt—x p*(hh)ek(hh/l)Jr%
weX L
b1 b1
<5— P = h,h / 88—
a r;’( (e =), B2, Pl b * N,
= 5% Z P(xy = x)p.(hi, h3)e;s 2 8&
lweX l
b1 b1
<hHh— P(z; =) max «(hs, h 248
N, m;( ( t ho e P ( 3 4) N,
_ B1
< 10— Plxy == max. (R, h )2 + 85—
lwezx t )h e ps( ) N,
310&213(@_3@)(}2* 36 + 301165 )+8ﬁ
Nl rzeX Nl
3 -1
:10#2(2}%*@_24-36;14-391_16 Zth—x 1{;° —z}—|—8
L TEX
B 8
<102 QR*e 2 —1 e\ P Dis(V; P
< ONI;(RQ +3¢; ' 4+ 39116, %) Pz € 1s(Vl))+8 N,
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Here (h{,h3) = argmax, piyez(z) P+ (M, h’)e,;(zh wpy and j° = k(hi, hy, ). The first inequality

comes from the event £4;42, the second inequality comes from the fact that 4/ p. (h, h’)e;(zh B ) <
ps(h, b )ek( hoal) T 1 and penultimate inequality comes from the Lemma m
Now we can use the standard techniques to bound P(x € Dis(V}")) as follows

P(z € Dis(V}")) =P (3h,h' € V|’ : h(x) # I/ (z))
<P (3heV:h(z)#h*(z))

<PEheH:h(x)#h"(x),pe(h,h") <2R* + 3€; +3g91-1)

< 0* (QR* + 3¢; + gl_l) (QR* + 3¢; + 3gl_1)

where again the first inequality comes from Lemma [E.9]

Combine with the above result, we get the expected number of queries inside a complete epoch [ as,

-1
> E[Q] =108 > 6" (2R + 3¢; + gi-1)
tel; =0

« (4(R*)e* +12R" ;' +12R* g 16,2 + 18g1 16, ' + 997 16,2 +9)
< 20610"(2R* 4+ 3€1-1 + gi—1)

24 .~ 36 - 36 -
* (4(R*)Qel_2 + 12R*el_1 + FR*Cl_l + FCI_lEl_l + *2012_1612—1 + 9>
1 1 1

132
< 20610"(2R* 4+ 3€;—1 + g1—1) * (4(R*)2€l_2 +12R* e + ?Cz—l + 10)
1

where the second inequality comes from the fact that g; = %ef C) and the third inequality comes
from that fact that C;_; < le_:ll C, <20 el__21.

Summing over all L = [ log(n/f31)] number of epochs, we have that, for any n,
Query complexity

< Z Z E[Q¢]

=1 tel;
<408:10"(2R* +3e—1 + gr—1) (4(R*)%e;* + 12R*e; )

132 _
+406,0* (2R* + 31 + g1—1)L <5Ctotal + 10>

= 40619*(2R* +3€r,_1 + gL—l) (4(R*) ﬂi + 12R*1 /ﬂﬁ + 5log(n/61)>
1 1
+ 24500* (QR* + 3er,_1 + gL_l) log(n/ﬁl)Cwml
=60"(2R" +3er_1 +91-1) (160(R*)2n + 480R*+/nB1 + 2003, log(n/ﬁl))

+ 24500* (2R* + 3er_1 + gr—1) log(n/B1)Chotar

< 10) (9*(]“2* +3\/E Ctolal) ((R*)2n+log(n/ﬂ1)) 51)

n

+ 0 (9*(R* + 3\/E C:;ml) log(n/ﬁl)Cmml>

where the last inequality comes from the following lower bound,

2 = B 2C
S€r—1+9gr—1 = 3er1+ Ectotalei—l > 3\/;-&- - toul

n

24



Now we will deal with the correctness. By Lemmal|E.8] we have

3.7 3
Ap,,, < §A£M1 +5er-1 43901

< 3er—1+39r-1

2
61/ 22 139,
n
S 6 /% +24Ototal
n n

where the second inequality comes from the definition of h, and VLL ~! and the third and last
inequality is just by replacing the value of ¢;,_; and g;,_;. Finally, we can write this result in the

281 7201
n e2 -

IN

e-accuracy form. Set 6 = ¢, we have n =

25



	Lemmas related to corruption effects
	Analysis for Passive Learning: Proof of Theorem 3.1
	Analysis for Robust CAL
	Proof of Theorem 4.1
	Why vanilla Robust CAL does not work?

	More detailed explanation for CALRuption for line 9 to 13
	Analysis for CALRuption
	Notations
	Concentration guarantees on -robust estimator
	High probability events
	Gap estimation accuracy
	Auxiliary lemmas
	Main proof for Theorem 5.1


