Gumbel MuZero
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2. fIRERSHEXIE

2.1 Gumbel distribution

Gumbel 3% [2] (BFH | B MHR(ESH) ATNEMOBNZSIMFESHNEAE (Si&/ME) N2
TR, HIMEXRENNHEKERMESSHEN (1, o), MBF—NNRBEKEZEK
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. RBERREH: f(@) L e E)
o TEXFEST, MEH 0, HFHN —In(In(2)) ~ 0.3665, HEH Y~ 0.5772 (Euler-
Mascheroni &#0) , FFEZEHR 7/v6 ~ 1.2825

2.2 Gumbel-max trick

Gumbel-max trick —f&R FI7E Gumbel-softmax [3] FFHITIEE R, AsXXH, & Gumbel-top-
ktrick iiTEE S HiE (sample without replacement) . fRi& 7 2 categorical distribution,
logits(a) RTENEa B9 logits, logits € R* o M7 m REFE—MEAA, HYFEEMTE
Gumbel P HHEE k MEX g(a) , ABE arg max :

(g € R*) ~ Gumbel(0) (1)
A = argmaz,(g(a) + logits(a)) (2)

2.3 Gumbel-top-k trick

Gumbel-max trick MI@X#EF k MELRRE, WA (3) Fim, @I n-top 4, ¥ EEITEERF
n NEIfE, AR (4) - (6) PIR:

(g € R*) ~ Gumbel(0) (3)
A, = argmax(g(a) + logits(a)) (4)
(5)
A, = argmax (g(a)+ logits(a)) (6)
agé{Al ..... An—l}
LB B9 n-top actions ATLAIZ A argtop (g + logits,n) = Ay, As, ..., Ay o
2.4 AlphaZero
AlphaZero 7£ search B /&K B i&1E LA T AL N EZR Th{E |
o Tfroot T, BT policy 7N dirichelet 1#7, FAGIRIE PUCB ATERENIE:
N N(s,b 1
o — argmax|Q(s,a) + P(s,a)- Y2 V&Y o 2aN s Fet L,
a 1+ N(s,a) Co

PAM, fEsimulationXEBVNHNERT, NEfERIQEMITFERARE, WIRIEPUCBAT
HYSREIEFEABERIERFA RIS 7 o

o fEiEroot W=, XY policy ARMMERE, HiERHE PUCB ATUERERNF.
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3.1 Root TR RITH{EIEIFRIR

EHREMNIRT S L, AlphaZero Ml MuZero E5EKRAIMRAEH, AJLRE n R, X—(6)&R
] IR — A TN HE M ENL (a deterministic bandit with a predictor) , BiX—§#
AR LAY R EIBEA I BEEALA MCTS A,

Bandit Ei&

—A k-armed deterministic bandit ATUFRTHA— Q BEHE ¢ € R*, Hrfg(a) 2hE a TR
QfE., BEEA5S banditXE n# (nXiEW) , EEXEME € 1,2..,nbBY, FEeEM k PNopfEr
EE—NA € 0,1,k — 1, HFRXDPEHEUILNE Q & q(4:) o

Bz

RAMRE—NEE Ap REWQE, BIRAKE[q(Art1)] o ZBIRENTFHR/IME simple

regret, BITEX—T R ERERKIEIRIAZM R VLIEFEAARIEIRAZE Z BINER. STrILiE [4]
B4R, FEEMIIRT R ENEERNZ simple regret KiEFEHE. k-armed deterministic

bandit RIFEMIFINTE k > n TR EE, 5130 19x19 EiEE 392 N eT8eMIshE, BRI

n = 20, SENEEIEHITIRINESEELFIM, ZiEHE, REERLZE] IAREBIFRTE X — B ro

e
BTSN (banditwith-predictor) FIBET, ELME LUEEATINE (B Gumbel
MuZero chEgSEBERIL) BTN, 765 bandit #HTRE 251, SRS =& — MEESH © K
TSN 5 e RS RS T A LU B RS 0342,
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planning with gumbel

Gumbel MuZero TEERBEMLE m FUZEBN T, 1@ Gumbel-Top-k trick SEI T LR EMEIENIH S
HIZRBRIR . BRI, LERBENE K FEBORE n, BE5LEI Gumbel-Top-k trick 4 n 4
. REUX n MNEnfE q(a) &, EHEBZRAM g(a) + logits(a) + o(q(a )) e, Hbo BE
EREBIERE, EEERME n NEENEREIEN SRS, FRANER—g(a), XBRTNE
THEGE R RE


https://www.sciencedirect.com/science/article/pii/S030439751000767X

Algorithm 1 Policy Improvement by Planning with Gumbel

Require: k: number of actions.
Require: n < k: number of simulations.
Require: logits € R*: predictor logits from a policy network 7.
Sample £ Gumbel variables:
(g € R¥) ~ Gumbel(0)
Find n actions with the highest g(a) + logits(a):
Atopn = argtop(g + logits, n)
Get g(a) for each a € A¢opn by visiting the actions.
From the A;qp, actions, find the action with the highest g(a) + logits(a) + o(g(a)):
Apy = argmax,c 4, (g(a) + logits(a) + o(g(a))
return A,

(B 2: Planning with Gumbel &%, )
U ESEFETRERA, ERANTAZFANFER Gumbel 737 g E#HE :

q(arg max(g(a) + logits(a) + o(g(a)))) = g(arg max(g(a) + logits(a))) (8)
EItLQEHAEE I # & |
Elq(An1)] > Ear[g(4)] = Y m(A)q(A) 9)
A

g argmax(g(a) + logits(a)) sin i « hRAE, BATE logits FEYSEIRANIRAT LIZERD

ac€Atopn

SRR IR AR Q B RIS FENAVIE R T =L 5B,

Planning on a stochastic bandit

B REERNMENER, MRS, (stochastic bandit) RiIBETHIE Q& q(a) BIRENEHIT,
FERLZHIIE (empiricalmean) §(a) Rx Q EMAEHEM QEq(a). B, MR—IThHE
AYIAIRR B S, ISR INME §(a) BRtEER, AL, BEENE HiaHAE UKk S 501F
BESDR, XETLM 2 DA EHITIES:

o B—, IKHAEEREMNEIIESE (the number of actions sampled without replacement)
o B, {FH bandit BIARBHIIRERIEMEES (the set of sampled actions)

BiF% bandit BIART AL simple regret &/)M, Gumbel MuZero 3R FHIZE sequential
halving, XZEREA sequential halving B 5ia)@EXH (problem-dependent) #BZ#, #BXF
UCB-E [5] /1 UCB /- [6] BSABABIES,

Sequential Halving with Gumbel
U AR R T %A Gumbel-Top-k trick B sequential halving &%


https://www.researchgate.net/profile/Remi-Munos/publication/221497549_Best_Arm_Identification_in_Multi-Armed_Bandits/links/09e41510be93d28d6c000000/Best-Arm-Identification-in-Multi-Armed-Bandits.pdf
https://ojs.aaai.org/index.php/AAAI/article/view/8126

Algorithm 2 Sequential Halving with Gumbel

Require: k: number of actions.
Require: m < k: number of actions sampled without replacement.
Require: n: number of simulations.
Require: logits € R*: predictor logits from a policy network 7.
Sample k£ Gumbel variables:
(g € R¥) ~ Gumbel(0)
Find m actions with the highest g(a) 4 logits(a):
Atopm = argtop(g + logits, m)
Use Sequential Halving with » simulations to identify the best action from the A, actions,
by comparing g(a) + logits(a) 4+ o(g(a)).
An+1 = arg maXaERewmining (g(a) + logits(a) 7 O-(q\(a)))
return A, .|

(B 3: Sequential Halving with Gumbel &35, )
X—EEMENR R TIRBIHEE g(a) + logits(a) + o(§(s)) RABITHE, BESERN:
o TEroot TR, FCiRIE gumbel-top-k trick MERESIILE m H3RAE m NEHfE

o 3@ sequential halving BIERTEX m MNEIERES M EIIERIIBIRIREL, BEIMI18EIT Q & §(a)
, BILEE g(a) + logits(a) + o(d(a)) HEIX m DEpIEHRIFEIENIE

Bzl

4 HR/RT Sequential Halving with Gumbel B9—1 R, LK > n (FIgNEHEA
k=362,n=200) NIERT, EEIREg + logits TEERMEF top-m MapfE, HILATER

m = 16, # 3K, sequential halving 3§ 200 RAEIKHIFF D A loge (m) = 4 MNEGHTTHER. &
MHEL, FREmhEER#R AT m RIRE. T8 TMERE, B —FH0ERSE, 5—F5
TEHNT— 1N, REEFIIERIA g + logits + o(§) REBIEHE.

(g € R*) ~ Gumbel

g + logits g + logits + 6(q) top & top 1

m
top 3 HL : ?action' A
_ 2 actions » Antl
top m 4 actions N(a) =21 +28
8 actions N(@)=9+12
N(a)=3+6
) extra visits to reach » simulations
m = 16 actions
N@ =2 extra [ 1 J visits to update g
R logy(m)
lmJ visits to update g

k actions n = 200 simulations

(B 4: Sequential Halving with Gumbel E3%7E n = 200 BY89/RHl, )

A8 RN
LR A sequential halving B9CEES2 ] :


https://github.com/opendilab/LightZero/blob/9105ec4127a74428d4b07c873831dbb3d96f4e8b/lzero/mcts/ctree/ctree_gumbel_muzero/lib/cnode.cpp#L1079
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def get_table_of_considered_visits(max_num_considered_actions, num_simulatior
"mMReturns a table of sequences of visit counts.

Args:
max_num_considered_actions: The maximum number of considered actions.
The ‘max_num_considered_actions’ can be smaller than the number c
actions.

num_simulations: The total simulation budget.

Returns:
A tuple of sequences of visit counts.
Shape [max_num_considered_actions + 1, num_simulations].
mnrrn
return tuple(
get_sequence_of_considered_visits(m, num_simulations)
for m in range(max_num_considered_actions + 1))

max_num_considered_actions = 4

num_simulations = 8

table = get_table_of_considered_visits(max_num_considered_actions, num_simule
print('table: ', table)

o |ILAFISEIRY table=((0, 1, 2,3,4,5,6,7),(0,1,2,3,4,5,6,7),(0,0,1,1,2,2,3,3),(0,0,0,1,
l: 2) 2a 3): (O) O: Oa O: la l: 2; 2))’

e m=4H, table[4]=(0,0,0,0,1,1,2,2) ,

o FMMFARNEBER/LITMEL, 025 0 MER, 1 2% 1 M. FrAlEN 0 RIREF —1
FYERHR, topd BISHE#IT—/RIEIA, ® 1 FR: top2 BISHEHIT—IRIRIA, B2 R/
top2 MISHEIRIT—/RIEHL, FRAREE topd BISHER BRI T (3, 3, 1, 1]%.

3.2 Improved policy B9¥&E A

ERSEFFEN A, 1 2METER improved policy R8EIR, A7 ¥ improved policy 32EXE! RS

WL, —MINEREERIEIIT policy loss, B# policy m LU AERE A, 1 B9

Lsimple (ﬂ-) - - IOg 7T(ATH—1 ) (10)

SAT_E3R policy loss 2 E 7D FIFHERHFENEE, 60, ERIEDRIHIRMNEIIERHER q(a) 52
PR b BT SRESHEIIRHAE, oI TiES R EFEIRMEESMEE. Eitk Gumbel MuZero
FMATX—ES, ST completedQ 1&:



q(a) if N(a) >0

Un otherwise,

completedQ(a) = { (11)

HABE#IAREMNT =M q(e) B, MARBIHEEHTSNTELUET value network 182 E[E3REFE
BT Or o BN, SX$F off-policy data, {EERE T —MEST v, MEMEHIA T RENFIQE
7%

™ e 5 N(b) (el
R En s LA Smeme GEWZ(M} (@ala)  (12)

Itk , B LA#93E improved policy 307 :
7' = softmax(logits + o(completedQ)) (13)

XEB o ARFEBIERE. 77T improved policy 1eEXZITEAEMLE R, EHERIEMNLEAIIRRERZLIN
B

Lcompleted(ﬂ') = KL(ﬂJ7 7T) (14)

FLEH, o RKEIGEN:
o(d(a)) = ( + max N(b)) — (15)

Henmax N(b) 2smginnmaneainaRe. K—REEIET SEhIEmisiaREEHEIe,
A §(a) 89 scale, BPZHR/NEREBRAIRNA,

3.3 JE root T R RYEH{EIEIFHRER

ESFI TE [7] HELIUEEE, AlphaZero Enon-root™s s _EiEREh RV F2 BT LUE {E—Fh IE M (LAY SR 8K
2 i2, FLrEEEEEEM improved policy 7' RRERNE, AT, FREESDINcHIERRENIE

B, RBHITH Q BEHRABENGHE. FERE—MREENMERES X, FEEEMEa,
BEBE IR\ improved policy 7' FMERTHE a FREBIFELHY visit counts FIEEES :

arg;nin zb:(ﬂ/ (b) — Nl(bj_ ;{(X/’(:c)b) ’ (16)

~
Normalized visit counts, if taking a.

RELRE1EE:

N(b)) (17)

arg max (7' (a) —


https://arxiv.org/pdf/2007.12509.pdf

XMHELIEER %, FEEEENHENIEERES improved policy 7' IS HRIELL, [FAEE
RTEhRE, BREEHEREEIE root TREA, MTE root T4, Gumbel noise IIIABEIF1E
FINARIM R EREEIE, RIEFRIRIRFA

4, TIRLER

4.1 BlSEER

4.1.1 Go
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(B 5: EEHA, MuZero RETMHEEZEARIRIURE THIMRLLIR. HF Gumbel
MuZero Xt MuZeroBIE&# /3. 7E root T3 = _E3RK A Sequential Halving with Gumbel, B%EBg
B BrAFREcompletedQ B improved policy, Replacement R RIESHERIFEITIZFHIT

BES FEMGumbel MuZero, TRPO MuZero R RFKATRPOEMIR K L(7, Tyew ) BI
Gumbel MuZero, MPO MuZero& REBMPOEMI K L(Tpew ) o Full Gumbel MuZero
FRIEGumMbel MuZerof9 &Rt £, JErootTi =R A 3.3 HHEMMTIEILRE, )

4.1.2 Atari

Atari EEAEIFRBEMREARNE, {E&R Q value 1T max-min J3—1k, HIKEMEXE
B Cyisit = 50, Cscale—0.1 o FE 6 EBFAR, 7£ MsPacman £, fEELLET Gumbel MuZero
0 MuZero ARG simulation XE TR E, Gumbel MuZero 7£ simulation JX#{X 7 2 BIIER
Tl IR EINGFEBRRGFER, BN, 7F simulation X#4 50 BYE]LLXE] SOTA 248,

F—FE, &6/ Beam Rider IfizA6I, WBAT logits PEEMESHNERY, B3 ETA
I\ 15 FEYR I Cocate BT LAIEH logits MLt Q ERILLHI. MEERFRILUMEE], 3 cyale = 0.1,
BP logits INEE SIEAVEE B, Gumbel MuZero FUMIERIXFI&RM. XA logits FESTEEM
IR,


https://github.com/opendilab/PPOxFamily/blob/main/chapter4_reward/chapter4_lecture.pdf
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(a)

(B16: (a) MuZero #1 Gumbel MuZero £ MsPacman L REEIRERHILELLER (b)
Gumbel Muzero £ Beam Rider Ei% & R[E Cocale B RELER, )

4.2 Gumbel MuZero policy loss 5 R4 policy loss BIELE

ATHEAAR 14 PIgITRIRERMANSIEY, (FEEEHE LLIRT simple loss # policy loss

with completed Q-values. ME 7 vl LIMEREI, EARZEIZET, simple loss FLEBEIXEIR

FHRT, BEEPIREE/N (n=2) BF, policy loss with completed Q-values BBELb

simple loss BY8 7 BIF 8 R-

M7EE 7 /i, 1EELLIRT Gumbel MuZero SREFSENSERE, BXEEMEFE m = 415

{EBY, BFFAER simulation XEEBB FEIMNENX L oE, SHEIREERTFEHME
g, EEMLES, (FE—MRIE mi&EHRN min(n, 16),
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2500
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1000 — m=8
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—— Simple policy loss — m=32
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Millions of frames Millions of frames Millions of frames Millions of frames Millions of frames
(a) b

(B 7: (a) %A simple policy loss #1 policy loss with completed Q value B9 Gumbel
MuZero 7EEIHE EAVM R (b) Gumbel MuZero TERBEIRFR I FHVRLLE. )

&l 8 iBA T YEEFRt&ERY policy loss with completed Q value B9 R., & simulation JREER/)\
B, LA vmix 79 Q value BY policy loss 1BEF{X A value network {&iH1FEIR 0, MR EHF,



3000 9x9 Go n=2 9x9 Go n=4 9x9 Go n=16 9x9 Go n=200
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—— Gumbel MuZero
500 : Completed by value net

—— Simple policy loss
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(B 8: Gumbel Muzero 3 simple policy loss, policy loss with @, #1 policy loss with
completed Q value ZEEIMH EAYRIRELER, )

4.3 Non-root Bu#H A= 0H

9 B 7 E3E root T _EUAREIREEFENERIELER. Gumbel Muzero 1#&3F A F MuZero B9
FiEEESNE, M Full Gumbel MuZero 32T 23 17 PRV A EEZERNE, M Stochastic non-
root M Z1R#E improved policy FENRKFoh{E. BILINMERE, HEMIEZFEIIER Gumbel Muzero
# Full Gumbel MuZero #8LE FRENLRAFTHERY Stochastic non-root B AR EHIAFIRIFMR,
XER T FEL RS EREE S ET KRR,

2000 9x9 Go n=2 9x9 Go n=4 9x9 Go n=16 9x9 Go n=200

o~

2500
2000
o
o 1500
1000
—— Gumbel MuZero

Full Gumbel MuZero
—— Stochastic non-root

500

0
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800 0 200 400 600 800

Millions of frames Millions of frames Millions of frames Millions of frames

(B 9: 7£9x9 Go L, Gumbel MuZero 7£3F root T3 L REXARMISHEIE IR ERISAVIERELL I, H
FGumbel MuZero S¥MuZerofEroot 11 VS EAEEZE M SRR E R B AR L#1T 7 2u#, Full
Gumbel MuZero 7£ Gumbel MuZeroB9E#Ht £, Xtnon-rootT mEYSHEIEFMM T 2k,
Stochastic non-rootfll7Enon-root¥ &5 _E4R#Bimproved policy 7' BN &R EN1E, )

4.4 {EH Gumbel Noise FIEZIH

10 BB R T AR simulation X#F, Gumbel MuZero £ Q EMZETIZHIT T cvist HIBRRR
B, MAXNEBRTEREEEFEF, Gumbel noise FRAIEM, BILINERE, BFEHEFH

SEBTeH, ALk MuZero 1 Gumbel MuZero FRVIRZRREWS MM R HRBAE IR, M Gumbel
noise H:& 6 EMHEAE &0,



9x9 Go n=2 9x9 Go n=4 9x9 Go n=16 9x9 Go n=200

3000
2500
2000
£ 1500
—— c_visit=5
1000 — c_visit=50
—— c_visit=500 —— Gumbel MuZero
500 —— c_visit=5000 —— Stochastic evaluation
—— ¢_visit=50000 —— No exploration
0
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Millions of frames Millions of frames Millions of frames Millions of frames

(a)

(B10: (a) Gumbel Muzero £ Q EMZEIRZHFTTF cviss BURE (b) EREERIFET,
Gumbel noise AFRZFEFAIZ M, )

4.5 AR[E simulation #EZ /95
11 B 748t simulation A EHIEE 4,

o FIANE—KEH, Gumbel MuZero 7E simulation X#H 2 BOIG B F#H1TiIlZR, DT
simulation X% 1, 2, 16, 32, 200, 800 HYI&E Fi#1T evaluate, LA evaluate B9
simulation XL K HEE N evaluate IR FE FREAERFH.

o MERE—KE®, Gumbel MuZero 7£ simulation X8 200 F9IGE Ti# T4, LB evaluate
£ n > 200 B REZMTF simulation REERHIE o

o XIRBAYIZRETAY simulation XEURE T evaluate BYAR[E n & BERI4EE IR,

— 9x9 Go train n=2 9x9 Go train n=4 9x9 Go train n=16 9x9 Go train n=32 9x9 Go train n=200
2500
2000
£ 1500
— eval n=800
1000 —— eval n=200
— eval n=32
— eval n=16
500 - eval n=2
eval n=1

0 200 400 600 8000 200 400 600 BODO 200 400 600 8000 200 400 600 BOOO 200 400 600 80O
Millions of frames Millions of frames Milliens of frames Milliens of frames Millions of frames

(B 11: LARME] simulation XE#HTIIZESEE)AY Gumbel MuZero, 7£ evaluate B, R[E
simulation XEEIR LIS )

5. BEERE

SRR, Gumbel MuZero /5 MuZero ERMEHUR M BYIZE TRISCGHH 1T TIRER, & MuZero BN
By BRI TIERICEERANG R, HBuHA US4

* fEroot H=R E, 1B Gumbel-Top-k trick EiFap{ELALIMREEIEF, Hi@id Sequential Halving
BiAEhRIREEE S,



o TERBSEFIIED, 44 logits M g(a) AR, #3E improved policy B RERE,

e fEnon-root TR L, UMEMNSEZFESHE, XEFRIKITEEER 7 BV EFEEERIE A
%, NXiLiEEsHERBEZES improved policy BIEEL, MEAAlphaZeroBIPUCTa{EIRIFE A
2R,

6. &k

[1] Danihelka I, Guez A, Schrittwieser J, et al. Policy improvement by planning with
Gumbel[C]//International Conference on Learning Representations. 2022.

[2]
https://zh.wikipedia.org/wiki/%E8%80%BF%E8%B4%9D%E5%B0%94%E5%88%86%E5%B8%8

3
[3] https://spaces.ac.cn/archives/6705

[4] Bubeck S, Munos R, Stoltz G. Pure exploration in finitely-armed and continuous-armed
bandits[J]. Theoretical Computer Science, 2011, 412(19): 1832-1852.

[5] Audibert J Y, Bubeck S, Munos R. Best arm identification in multi-armed bandits[C]//COLT.
2010:41-53.

[6] Tolpin D, Shimony S. MCTS based on simple regret[C]//Proceedings of the AAAI Conference
on Artificial Intelligence. 2012, 26(1): 570-576.

[7] Grill J B, Altché F, Tang Y, et al. Monte-Carlo tree search as regularized policy
optimization[C]//International Conference on Machine Learning. PMLR, 2020: 3769-3778.


https://openreview.net/forum?id=bERaNdoegnO
https://zh.wikipedia.org/wiki/%E8%80%BF%E8%B4%9D%E5%B0%94%E5%88%86%E5%B8%83
https://spaces.ac.cn/archives/6705
https://www.sciencedirect.com/science/article/pii/S030439751000767X
https://www.researchgate.net/profile/Remi-Munos/publication/221497549_Best_Arm_Identification_in_Multi-Armed_Bandits/links/09e41510be93d28d6c000000/Best-Arm-Identification-in-Multi-Armed-Bandits.pdf
https://ojs.aaai.org/index.php/AAAI/article/view/8126
https://arxiv.org/pdf/2007.12509.pdf

