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A Notations

25, Q5 Vi
o Th
T:,D77;1*7D
VT, 2TV, 2
d7i(z,a)

C%

Da(f Il g)
H(f | g)
Dgr(f 1l 9)

Proof. Recall that

Applying ——1 <
PPIyIng VIiw+yaly) —

Appendices

Table 2: List of Notations

State and action spaces, and A = |.A|.

The set of distributions supported by S.

The expectation of any real-valued distribution d, i.e., d = Ey~aly].
{1,2,...,
Distribution of ZfH: 5 Ct given xp, = x, ap, = a rolling in from 7.

Qp(x,a) = Z}T(mv a)and V[ = Eanr(e) [QF (z, a)].

Optimal policy, i.e., 7* = argmin_ V" (z1).

: X — A to be Markov & deterministic.
Zy,Q5, V,I with m = m*, the optimal policy.

N} for any natural number N.

Without loss of optimality, we take 7*

The Bellman operators that act on functions.

The distributional Bellman operators that act on conditional distributions.
VT =V (x1), Z™ = ZT (x1). V*, Z* are defined similarly with 7*.
The probability of 7 visiting (x, a) at time h.

Coverage coefficient maxy,||d47 /dv, || _

Triangular discrimination between f, g.

Hellinger distance between f, g.

KL divergence between f, g.

A.1 Statistical Distances
Let f, g be distributions over ). Then,

alfllg) =

Hf lg) - \/ ! (\/f(y) Vi),
=Zf< )log(£(1)/9(s).

Z|f

Drr(f | 9)

Drv(f 1l g) =

The following standard inequalities will be helpful:

H? < Dry < \/iH,
2H? < DA < 4H?,

H < +\/Dxr.

(Lemma A.1)

Lemma A.1. For any distributions f, g, we have 2H?(f || 9) < Da(f || g) < 4H?(f || g).

Dar 1) = J,( s )

F(y)+a(y)

— < =2 ludes the proof. .
TT0T0) = Vim /et concludes the proo
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582

B Omitted Algorithms

In this section, we present the O-DISCO algorithm with Uniform Action Exploration (UAE), as
described in Section 5.2. We also present versions of O-DISCO and P-DISCO for the reward-
maximizing setting (instead of the cost-minimizing setting studied throughout the paper); if SMALL-
RETURN is turned on, we can derive small-return bounds in Appendix I.

Algorithm 4 O-DISCO (with UAE and small return)

1: Input: number of episodes K, distribution function class F, threshold 3, flag UAE, flag
SMALLRETURN.

2: Initialize Dy, o < () for all h € [H], and set Fy = F.

3: Set op = max if SMALLRETURN else op = min.

4: forepisode k =1,2,..., K do

5: Set f(0) = argopsex, , OPg fi(z1,a).

6: Set 7k (x) = argop, f}(Lk) (z,a).

7: if UAE then .

8: For each h € [H], collect Thk ~ d’,; y Ap ke ™~ unif(A), Ch,k ~ Ch(:(J}L7k,a}L7k),$;L,k ~
Ph(a:h}k, ah,k), and augment the dataset Dh,k = Dhﬂkfl U {(ach’k, Qh, ks Ch,ks .%‘;ka) .

9: else

10: Roll out 7% and obtain a trajectory & k, @1,k Cl,k» - - -y LH,ky OH, k> CH, k-

For each h € [H], augment the dataset Dy, j, = Dp, -1 U {(@h k; Qh ks Chk, Tht1,k) }-
11: end if
12: For all (h, f) € [H] x F, sample y,{l ~ fnt1(z}, ;,a’) and @’ = argop, fh_s_l(x%)i,a),

where (z, i, anq, Ch i, xjn) is the i-th datapoint of Dy, ;. Also, set z,{z =cpi+ y}f” and

define the confidence set,

i=1 €F i1

k k
Fi = {f € F: Y log fulzl; | nirani) > r;galeog Fu(eL, | wniang) — 78,Vh € [H}}.

13: end for
14: Output: 7 = unif (71K).

Algorithm 5 P-DISCO (with small return)

1: Input: datasets D, ..., Dy, distribution function class F, threshold 3, policy class II, flag
SMALLRETURN.
2: For all (h,f,m) € [H] x F x II, sample y{:f ~  fry1(@) 4 Ty (2], ;). where

(Th,i» @his Chis T, ;) is the i-th datapoint of Dy. Then, set 2’7 = cu; + y;; and define

the confidence set,

N N
Fr = {f e F: Zlog ]"h(zfzzT | Thiyan,i) > rgaXZlog fh(z,{f | Thiyani) — 78,Yh € [H]}

i=1 €F i=1

Set op = max if SMALLRETURN else op = min. ~
: For each 7 € I, define the pessimistic estimate f™ = argop je x. Eqor(ay) [f1(21,0)].

s: Output: @ = argop,cy Eqor () [T (21, 7)].

e
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C Proofs for DISTCB

Lemma C.1 (Azuma). Let {X; } be a sequence of random variables supported on [0, 1], adapted
to filtration {F;},cn. For any (5 E (0 1), we have w.p. at least 1 — 6,
N N
S E[X, | Fioal € Xi + v/ Nlog(2/6), (Standard Azuma)
=1 t—1
N N
Z E[X; | Fioa] <23 Xi + 2log(1/9). (Multiplicative Azuma)
=1

Proof. For standard Azuma, see Zhang [2023, Theorem 13.4]. For multlplicative Azuma, apply

[Zhang, 2023, Theorem 13.5] with A = 1. The claim follows, since ﬁ < 2. O]
. _ 40A(C* +log(1/5))
Theorem 4.1. Fix any § € (0,1) and set v = 10A V \/112(Regretlog(K)+10g(1/5)). Then, w.p. at

least 1 — 0, DISTCB satisfies,

Regretpgrep (K) < 232\/AC* Regrety,, (K)log(1/6) 4 2300A (Regret,,, (K) 4 log(1/4)),
where C* = Zﬁil minge 4 C(x, a) is the cumulative cost of the optimal policy.

Proof of Theorem 4.1. First, recall the per-step inequality of ReIGW Foster and Krishnamurthy
[2021, Theorem 4], which states: for any f and v > 24, if we set p = ReIGW, ( f ), then, for all
f €[0,1]4, we have

3, pla)(f(a) — (%) < A5, pla)f(a) + 795, pla) L1

f(a)+f(a)

where * = argmin, f(a). For any k € [K], applying this to f= f®) (sg,-), p = pi and
f=C(sg,-), we have

C(sk,ar) + Ty

ak

f(k) (Ska Clk) =+ O(Sk‘y ak)

(F®) (s, ax) — C(Sk,ak))2‘|

IA

MN HMN

E., [5;40<sk, ai) + TYDa(FP (sesax) || Ol ak»}

(Eq. (A1)

=
Il
—

Since Do < 4H?2, we have

iEak [Da(f(k)(sk,ak) [ C(skvak))}
P
< éliEa,c [HQ (C(sk,ak) I f(k)(sk,ak))}

< SZHQ( siyar) || £5 (s, ak)> + 8log(1/6) (Multiplicative Azuma, since H? € [0, 1])

<8 Regretlog(K) + 10log(1/9). (Foster et al. [2021, Lemma A.14])

Hence, we have

K
ZE% (sk,ax) — C(sp, (k)] < % ZE% [C(sk, ar)] + 707 (Regrety,, (K) +log(1/4)).
k=1
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se  Finally, recalling that 1/(1 — &) < 1+ 2¢ when & < 1, and the fact that % < 1, we have

ZE% (s, ar) — C(sg, 7 10A ZE‘“ (sk, 7 (sk))] + 140’)/(Regretlog(K) + log(1/9)).

599 By Azuma’s inequality, we have

ZC sk,ak (Sk, (Sk))

A
[\
Mw

Eay [C s ar) = Clss v (s1))] + 21og(1/0)

e
< 7 Z C(sk, 7 (sk))] + 1407 (Regret;,, (K) + log(1/4)) 4 21og(1/6)
< #(C* +log(1/6)) + 1407 (Regret,,, (K) 4 log(1/6)) + 21log(1/9).

o 40A(C*+log(1/9))
soo  Now set T= \/140(Regretlog(K)+log(1/6)) Vv 104.

140(Regretlog(K)—Hog(l/&)) -
s02  280A(Regret,, (K) +log(1/4)), we have the above is at most

eot Case 1 is when \/ 20A(C +log(1/9)) < 104, e, (C*+log(1/5)) <

4(C* +1og(1/6)) + 1120 A (Regrety,, (K) + log(1/6)) + 2log(1/4)
< 2240 A (Regret, (K) + log(1/0)) + 2log(1/4).

603 Case 2 is when the left term dominates, then the bound is,

2\/4480A(C* + log(1/5)) (Regret,,, (K) + log(1/8)) + 2log(1/6)

< 24/13440AC* Regretyg (K) log(1/8) + 44804 log>(1/6) + 2log(1/5)

< 232\/AC* Regret,,, (K)log(1/4) + 134V Alog(1/5) + 21og(1/9).

604 Putting these two cases together, we have the result. O

eos D Placeholder

606 This section used to contain information that is no longer needed. We kept this placeholder section to
607 ensure the main text’s references to the appendix are consistent.
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E Maximum Likelihood Estimation

This section reviews generalization bounds for the maximum likelihood estimator (MLE). We adopt
the same sequential condition probability estimation setup as in Agarwal et al. [2020, Appendix E],
which we now recall for completeness. Let X' be the context/feature space and ) be the label space,
and we are given a dataset D = {(x;, yi)}ie[n] from a martingale process: for: = 1,2, ..., n, sample

x; ~ Di(x15-1,9y1.4-1) and y; ~ p(- | z;). Let f*(x,y) = p(y | «) and we are given a realizable,
ie., f* € F, function class F : X x Y — A(R) of distributions. The MLE is an estimate for f* that
maximizes the log-likelihood objective over our dataset:

Fuie = argmaleogf iy Yi)-
fer =

For our guarantees to hold for general hypotheses classes F, we use the bracketing number to quantify
the statistical complexity of F [van de Geer, 2000].

Definition E.1 (Bracketing Number). Let G be a set of functions mapping X — R. Given two
functions [, u such that I(z) < u(x) for all z € X, the bracket [/, u] is the set of functions g € G
such that [(z) < g(z) < u(z) for all z € X. We call [[, u] an e-bracket if |ju — I|| < e. Then, the
e-bracketing number of G with respect to ||-||, denoted by Nyj(e, G, [|-||) is the minimum number of
e-brackets needed to cover G.

Since the triangular discrimination is equivalent to squared Hellinger up to universal constants, we
now prove MLE generalization bounds in terms of squared Hellinger.

Lemma E.2. Let fi : X — A(Y) and fy : X x Y — Ry satisfying sup,c y fy fa(z,y)dy < s,
then for any distribution D € A(X), we have

o [H2(30) | o)) < 5 1) = 2108 vy, o 0 5 0803 (0) Rl ) ).

Proof. This follows from the proof of Wu et al. [2023, Lemma C.1]. O

Lemma E.3. Fix § € (0,1). Then w.p. at least 1 — 6, for any f € F, we have

ZEIND [H2(f(z,) || f* ()]

<6n6|y|+2zlog (@i, y0)/ f (@i, 90)) + 8log (N (e, F, || - [loc)/9)- @)

=1
Rearranging, we also have

Zlog xwyz /f (x'myz)) < 3n6|y‘ +410g(N[](€7]:7 || : Hoo)/(s) (3)

Proof. We take an e-bracketing of F, {[l;,u;] : i =1,2,...}, and denote F = {u; : i = 1,2,... }.
Applying Lemma 24 of Agarwal et al. [2020] to function class Fand using Chernoff method, w.p. at
least 1 — ¢, forall f € F, we have

~log E exp(L (f(D), D)) < —L(f(D), D) + 2log(Nyy(e, F, || - [lsc) /) - €))
(if)

®
Now, fix any f € F and pick fe F as the upper bracket, i.e., f < f. Now set L(f,D) =
Soiy —Y2log(f* (@i, yi)/ (24, y:)). Then the right hand side of (4) is

ZIOg (w4, i /f(ffwyz)) + 210g(N[](67.7:, [ - HOO)/(S)

H

5 ZIOg (i, i)/ f(xisyi)) + 210g(N[](67]:a [ - HOO)/(;)
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635 On the other hand, since H is a metric, we have

n

> & oo <f<x,->,f*<x,->>sigp (1 (). ) + 8 (Faw). @)

=1 2~ Di i=1 g

@Y. 5 #(1(n)fw0) +2) B 1 (o). o).

(iti) (iv)
e36  For (iii), by the definition, we have f(z,y) — f(x,y) € [0, €] for all z, so
()= E H2( ), fla,y) y Z E 2/’f z,y) f(z,y)’dyﬁ 2ne|Y].
= ~D;

i=1"

e37  For (iv), we apply Lemma E.2 with f; = f* and fo = f (thus s = 1 + €|)|) and get

(iv) =ne|Y| - 2zn:10g JE( P (—; log (f*(x,y)/f(%y)))

zy~fr(z

=ne|Y| — 2Zlog E, ¢ (—log( *(%y)/f(%y)))

i=1 zy~D

E exp<ilog( e/ >))|D]

=ne|Y| — 2log yE
v i=1

=ne|lY|+2- (i).

638 By plugging (iii) and (iv) back we get
> B H(f(@).f (@) < 6nel] +4- ().
i=1 ’
639 Notice that (i) < (ii), so we complete the proof by plugging (ii) into the above. O

640 We first state the MLE generalization result for finite F.
641 Theorem E.4. Suppose F is finite. Fix any ¢ € (0, 1), set 8 = log(|.F|/J) and define

{fef Zlogf zwyz >maXZf xmyl 4ﬂ}
feF

=1

ea2 Then w.p. at least 1 — 6, the following holds:

643 (1) The true distribution is in the version space, i.e., f* € F.
644 (2) Any function in the version space is close to the ground truth data-generating distribution,
645 i.e, forall f € F

ZEM [H2(f(x,-) || *(,)] < 228,

s46  Proof. These two claims follow from Lemma E.3 with € = 0, and so Npj(e, F, || - ||«) = |F|. For
e47 (1), apply Eq. 3) to f = fMLE to see that f* € F. For (2), apply Eq. (2) and note that the sum term
e4s is at most 43. Thus, the right hand side of Eq. (2) is at most (6 + 8 + 8)5 = 225. O

649 We now state the result for infinite F using bracketing entropy.
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Theorem E.5. Fixany § € (0,1), ser 3 = log(Ny((n|Y])~*, F, | - ll)/6) and define

]‘/: { 6.7: ZlOg.f l’z,% IJ_? XZf xzayz }

=1

Then w.p. at least 1 — 9, the following holds:

(1) The true distribution is in the version space, i.e., f* € F.

(2) Any function in the version space is close to the ground truth data-generating distribution,

i.e, forall f € F

ZEM [H?(f(,) || ()] < 28B.

Proof. These two claims follow from Lemma E.3 with e = 1/n|y|. For (1), apply Eq. (3) to f = fMLE

to see that f* € F. For (2), apply Eq. (2) and note that the sum term is at most 73. Thus, the right
hand side of Eq. (3) is at most (6 + 14 + 8)5 = 285. O

F Confidence set construction with general function class

In this section, we extend the confidence set construction of O-DISCO and P-DISCO to general F,
which can be infinite. Our procedure constructs the confidence set by performing the thresholding
scheme on an e-net of . While constructing an e-net for F is admittedly a computationally hard
procedure, this is still information theoretically possible and our focus in O-DISCO and P-DISCO
is to show that distributional RL information-theoretically leads to small-loss bounds.

We first define some notations. Let F+ and F' denote a lower and upper e-bracketing of F,
ie., for any f € F, there exists an e-bracket [f*, fT] such that for all h, f,f < fn < f; with
fv e F* fT € F'. Recall that a lower bracket g € F+ may not be a valid distribution, but since
elements of 7 map to non-negative values, we can assume g has non-negative entires as well. Also,

we have o} (z,a) := [ gn(z | ,a) > 1 — ¢, so for € small enough, g is normalizable. Hence, define

g(z | z,a) = a(x,a)"*g(z | z,a) as the normalized version, which is a valid distribution that we

can sample from.

Now, consider any martingale {zy, ;, ap i, ch»i}ie[n], helH]? which could be the online data up to
episode k or the offline data (consisting of N ii.d. samples). We define the MLE with re-
spect to a lower bracket element as follows. For any h € [H],g € F¥ m € II, sample
Yy ~ Gh1(@), 4, m(x), ;). and 277 = cpi + y;7, define the MLE solution for (g, 7) at time
h as,

MLE]"™ = argmaleogfh z,” | Zhisan:)-
fer =1

Also, define the version space with respect to the above MLE as,

Fomh = {f € F ) log fa(el ] | wni ang) 2 ) logMLES™ (57 | 2nir ani) — 5}-

i=1 i=1

We now prove a key result that implies that 7, f,f 1 falls into the confidence set Fyi .

Theorem F.1. Forany 6 € (0, 1) and suppose n. > 2. Then, w.p. at least 1 — 0, forany h € [H], g €
F, ft € F+ r €11, we have

ZIOggh Zh i ‘ Lh,isAh, 2) log,ﬁz fh+1(zhz |xh iy Qh, 1) < 1Og( 4N[]( 717}: ||||oo)2|H|/6)

¢ ~
where Zgl = Ch,; + yh i " and Z/h A fiﬂ(' | xﬁl,ivﬂhﬂ(ﬂf%,i»
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Proof of Theorem F.1. Consider a e-bracketing of F where ¢ < 1/n < 1/2; we will study each
element and conclude with a union bound. For any lower bracket [ and upper bracket u in the
bracketing (note I, u need not correspond to the same bracket). Recall that o}, i(@a) = [l (2]

z,a),sowehave 1 —e < ah 1 < 1 since [ is a lower e-bracket of distributions. Therefore, we have

- un (2% | Thi ani) u un (27 | Thi ani)

E |exp E log In = HEVh‘q‘, IR )
; Tﬂ' ’ T
i=1 h

lh-‘rl(zh’i ‘ Th,iy ah,i) i=1 771 lh+1(zhj,i | xh,uah,i)

where v, ; is the distribution of data from i-th round and time h. Note that vy ;(z,a,c,z') =
dp.i(z,a)Ch(c| x,a)Pp(x’ | z,a) for some distribution dj, ;(x, a). Now focus on each i, so for all 7,
we have

Vh,i

Uh(ZLZr \ xh,iaah,i) ]

Twlh+1('z££ | Thi, anyi)

uh(c+y | ZC,(I)
vpi(x,a e g (y | 2w (2))
x/x,a c,z’y * fc73;/ VhJ(C’ ! | m7a’)lh+1 (y | LL”,T{'(SUI))

dp,i(z,a /uh(z|x,a)

X

Jewr vni(e, @’ | z,a)lpia (2 — ¢ | 2/, m(2"))

/.
/ Vhlcx|xa)lh+1(z—c|m (")) 1
/..

dh K I’ a /uh(z | ‘Taa)a2+l(xva)71
z

S1+5:1+ 2e §1+é.
1—¢ 1—c¢ n
Therefore,

Up(z Th,iyQh,i "
expz ()g(T h hz| h h, ) >] §(1+4/n) Se4~
h

lh+1(2h il s an.i)
Thus, by Markov’s mequahty, w.p. at least 1 — §, we have
n L
Un(Zp 5 | Thyir Qhyi
Zlog G, l‘ﬂ ) <In(e?/s).
imn \T (2 [ o, an)

To conclude, apply union bound to get this result for all brackets. O

For the remainder of this section, we assume the policy class II is finite. However, it is possible
to extend our results using policy covers in the Hamming distance; in that case, log|II| would be
replaced by the log covering number or entropy integral of II [as in Zhou et al., 2023, Kallus et al.,
2022]. We note that for the online case, we rely on the assumption that for any f € F we have
7/ € I, where recall that 77,]:(9[:) = argmin, f5,(7,a). This is because 7* P is not a contraction

so we cannot operate with 7 directly and instead operate with 7D We highlight that this
assumption is automatically satisfied in tabular MDPs, since the whole policy space is finite, and
log|II| = O(X log(A)) is lower order compared to log of the bracketing entropy of F3qp, which is
O(X?2A?). In contrast, in non-distributional methods such as GOLF, the regular Bellman optimality
operator is a contraction so standard Lipschitz arguments for covering go through. We note that it is
also possible to construct covers of F in the Hellinger distance, but the metric entropy of F;,; seems
to be on the same order as its bracketing entropy.

We now describe the version space construction for general F, first for the online setting. Fix any £,
and define the set

k K
1 1 1
Frimn = {f €F:) log fh(Zg,{W | 2, an) > log MLE] ’W(Z;fL,{W | hi,ani) — 5}
i=1 i=1

Then, construct the version space as
Fi={f€F: fn€FpnsrpnVhelH]}.
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Theorem F.2. Fix any 6 € (0,1) and suppose Assumption 5.1. Set 3 = log(KH - Njj(K~*, F,|| -
oo )IIL|/6). Then, w.p. at least 1 — 6, the following holds:

(1) The optimal cost distribution is in the version space, i.e., Z* € Fy.
(2) Forall f € Fj, and h € [H],

ZEW[ (fo@nan) | T fa(@n, an))] < 605.

Proof. First, we want to verify that Z* € Fj. Let f* be the lower bracket of Z* and set

g = MLE{;’“* € F; note ¥ = %", By Theorem F.1, we have ¥ | log MLEh (,z,{iZ |

Thi,an,i) — log 7;"*’Df,f+1(z,{¢i’“* | zn4,an:) < O(B). Therefore, noting that Z; =
7”r DZ;H > 7;"*’Df}f+1 shows that Zj; € Fy. .+ p, for every h, implying that Z* € F.
For the second claim, fix any f € F, and h € [H]. Then,

Z]E [ (fulzn,an) || Ty fh+1(1'haah))}
k
Z { (fu(zn,an) | ﬁf’thﬂ(mh,ah))}

< 22%[ (Fnlnsan) || TP Fipa(@nsan)) + HATT P Fty@nsan) | 7 e (on, an)

< 2(285 + 3ke).
The 3 comes from Theorem E.5, and for €, we used the fact that H2 < H < TV, and

k
S B [ TVTT P By an) | TP S (onsan)|
i=1

S

z

f.D 7 f.D
TP B G L ansan) = TP (= | an,an)|

= ZE,TL /Z vie,a' | xp,an ’fh+1 —c| 2,7l (@) = fupi(z —c| 2/, 7l ("))

Z ez’

< ZSE = 3ke,
i=1

(z | xya) — fny1(z | 2,a)| < 3e. There are two cases. If

f]—‘b»l(z ‘ x’a) > fh+1(z I x,a), then fé+1(z | x7a> - fh+1(z | x,a) < (1~_ 5)_1f}%+1(2 |
x,a) — fas1(z | 2,0) < 2efny1(z | z,a) since (1 —g)™t < 1+ 2 If f}fﬂ(z | z,a) <

fry1(z | x,a), then fh+1(z | z,a) — th(z | 2,a) < fry1(z | x,a) — th(z | ,a) < e. Thus,
J. max(2e fry1(z | z,a),e) < [, 2efui1(2 | x,a) + € = 3e. Thus, setting e = 1/K gives

ZEWL[ (fu(zn,an) | T, fh+1($h7ah))} < 596.

For the offline setting, fix any 7 and define its general version space as,
Fr={fE€F:fn€FppnVhelH]}
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72« Theorem F.3. Fix any 6 € (0,1) and suppose Assumption 5.1. Set B = log(H|II| -
725 Ny((n|Y))™ F, | - [loc)/0). Then, w.p. at least 1 — 6, the following holds for all policies 7 € I1:

n

726 (1) The policy cost distribution is in the version space, i.e., Z™ € F.
727 (2) Any function in the version space has bounded triangular discrimination with the ground
728 truth data-generating distribution, i.e., for all f € F. and h € [H],

By, [H(fa(@ns an) || 77 fusr(@n,an))| < 608N,

720 Proof. The proof is the same as in Theorem F.2, but instead of 7/, we fix any 7. [
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741

G Proofs for Online RL

G.1 Preliminary Lemmas

Lemma G.1. For any policy m, conditional distribution d and h € [H], we have

IT}ZT)Dd(xa a) = 7—hw (l‘, a)’
H’Dd(xv (l) = 7;1* (x,a).

Proof.

T Pd(w,a) = By 7m0 d(,0) Y]
= EcnCp(w,),0/~Po (w,0),0" ~rn i1 (27)  ~d(a o) [€ + U]
= Ch(#,0) + B/ p, (w,0), 0/~ s (o) mod (et va) U]
= Cn(2,a) + Eprwp, (2,0),0/~m 1 (2) [d(2 )]

=T7rd(z,a).

W’Dd(xv a) = EyNT}:de(I,a) [y]

&

/
c~Ch(z,a),0’ ~Pp(z,a),a’=arg ming d(z’,a),y’ ~d(z’,a’) [C +y ]

= C’h (QS, CL) + ]Ez’NPh,(x,a),a’:arg ming d(z’,a),y’ ~d(z’,a’) [y/}

Ch (iE, CL) + Ew’NPh (z,a),a’=arg min; d(z’,a) [J((E/, a/)]
Cn(@,a) + By py (2,0) [mi,n d(2’, a')}

Trd(x,a).

O

Lemma G.2 (Performance Difference Lemma (PDL)). Forany f : (X x A — R)H and policies
m, 7', we have

H

V™ = Eanm o fi(z1,0)] = > En [ﬁ”/fhﬂ(xh:ah) — fu(zn, 7). ®)

h=1

Proof. We proceed by inducting on the following claim: forallh = H + 1, H, ..., 1,

H

Vi @n) = falon,®) = 3 Br, [T fea @, 00) = fulwe, @)

t=h

The base case of H + 1 is trivially true as everything is 0. Now fix any % and suppose the [H at h + 1
is true. Then

Vir ) — fh(fﬂh,ﬂl)

(n
Erzp [ch + Vil (@he1) = fror(@ngr, ©) 4 frr(@ngr, ©) — fulan, 7))
E.,

o Vi1 (@ha1) = frrr @ngns 7)] + Ergy fen + fapr (@ngn, ©) = fa(zn, 7).

By the IH, the first term is equal to Zihﬂ Er . |:7;7r'ft+1(1;t’ a) — fi(x, w’)} . The second term

is exactly E ,, |:7;L7r,fh+1(xh, ap) — fn(xh, W/)] , which concludes the proof. O
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G.2 General Regret and PAC Bounds

For our analysis, we define a complexity measure inspired by the Sequential Extrapolation Coefficient
(SEC) of Xie et al. [2023]. The SEC measures how well a function can be extrapolated on the k-th
episode, using data from the first £ — 1 episodes, and has interesting connections to the coverability
of the MDP. Recall the definition of SEC for function class ¥, distribution class D, both indexed by
h, and number of episodes K:

max i (Eqw [f(k)(z)])z
k[0 ew,d®en £ 1V Y, By [fR)(2)?]

SEC(¥, D, K) =

Xie et al. [2023] showed that the regret of standard (non-distributional) GOLF can be captured by the
SEC. However, for our distributional algorithm, we need to define a slightly different term, which we
call the Linear SEC (LSEC):

LSEC(¥,D, K) = s EK: Eqw [f®)(2)] .
Vhkif B eV dWED k=1 lv Zi<k Eqe [f(k)(z)]

The difference with the SEC is that our quantity does not have squares, hence we call it “linear”. By
Jensen’s inequality, we have SEC({f? : f € ¥}, D, K) < LSEC(¥, D, K), which shows that our
LSEC is in general a larger quantity. Nonetheless, we will show that it is controlled for tabular MDPs.
For our regret bound, the function class and distribution class are instantiated as, for each h,
Dn(Ml) ={z+—d"(z) : m € II} @)
Uy = {2 Da(f(2) | TPf(2)) : f € F},

where z = (s,a). So let us denote LSEC(K) = max;, LSEC(U},, Dy, (II), K). This quantity will
appear in our small-loss regret bounds.

6)

We can also define V-type analogs of LSEC, which we will use for obtaining small-loss PAC bounds
for latent variable models. The key difference in the V-type LSEC is that the distributions in Dy, (IT)
are in the form d™(s) - unif(a),i.e.,
Dy, o (II) = {(s,a) — d"(s)/A : m € II} ®)
LSEC,(¥,D,K) = m}?XLSEC(\Ilh, Dy, (1), K).

We now prove the our main regret bound.

Theorem G.3. Assume Assumption 5.1. Fix any § € (0,1) and set § = log(HK|F|/§) and
B = 6008. Then, w.p. at least 1 — 8, running O-DISCO (Algorithm 4) with UAE = FALSE yields
the following small-loss regret bound,

Regreto pisco(K) < 5H\/KV*LSEC(K)S + 18H? LSEC(K)A'.
If instead UAE = TRUE, the outputted policy T enjoys the following small-loss PAC bound,

* li !/
VE v < 5H\/AV LS];J{CU(K)ﬂ N 18H2ALSE(IJ{U(K)ﬁ _

Proof. We first prove the regret bound (UAE = FALSE); the PAC bound follows from the
same argument. For shorthand, let dj, x(z,a) = DAa( ,Sk)(a:,a) I ﬁ’Dfélﬂl(x,a)) and
7(k)

Ay = Zthl Ei [6hk (21, an)]. Notice that since 7}, (z) = argmin, f,"), (z,a), we have

k k
77 P8 (2,0) = TP 19, (2, a), 50 6 i (w,a) = DaA(fF (@,a) | T P 1) (2, a)) as well.

By Theorem F.2, we have the following two facts for all k € [K],

(i) Optimism: min, fl(k)(xl, a) < V* (since Z* € Fy,) and

(1) Y ;o p Eri [0,k (Sh, an)] < B’ for all h. If UAE=TRUE, then ay, is sampled from unif (A) rather
than 7*, i.e., we have ) 0, ., By, _ri 0, ~unif(4) [On,k (S, an)] < B', where 3 < 3. Theorem F.2 and
the fact that D < 4H? certifies that 8’ = 2407 is sufficient.
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774 Now, fix any episode k € [K].

Vﬂ'k _ V*

<v™ —min £ (21,q) (Fact (i)
H

=Y En [T,;f" FO (ny an) = 75 (o, (xh))} (PDL Lemma G.2)
h=1
H _ B

- Z [7’“ Df,(lli)l (xh,apn) — }(lk)(a:h, ah)} (Lemma G.1)
h=1
H —

< Z \/Eﬂk [4f;(lk) (h,an) + Onk(Th, ah)} : \/IETrk [On,k(xh, an)] (Eq. (A2)

i
L

H
46V 4 ATH S B8y (1, 00)] - /Bt [0 (20, 00)
t=h

M=

>
Il
-

(Lemma G.4 and E[QF (sp,an)] < V™)
< V4eV™ + 1THA, - /HA, (%)
< v 46[‘.[VvﬂrkA}C +5HA,

< 2VHn 'V + 2VHRAL + 5HA,.

775 In %, we used Cauchy Schwartz. Setting » = 4v/H and rearranging, we have

V™ <2V 4 16HA, + 10HA, < 2V* + 26HA,,.
776 Plugging this into %, and noting 104e + 17 < 300, we have

V™ V< \/BeV* + 300HA/HA,.

777 Thus, summing the instantaneous regrets over all episodes, we get

K K
STV v <N V/BeVE + 300HA L HA,
= k=1

< \/SGKV* + 300H Z Ak\/H Z Ay (Cauchy-Schwartz)
k k

<5 [HKV*Y A+ 18H Y Ay
k k

778 Finally it remains the bound the sum of Ay,

k—1
Z Ay = Z Z (5h k $h7 ah)] . (1 V ZEﬂ.i [§h7k(sh7ah)]>

h=1 k=1 1\/2 " Eri [On,k (50, an)] Pt
< HLSEC(K) - /3’ . (Fact (ii))

779 If UAE=TRUE, we instead bound the sum of Ay using the V-type LSEC:

E« [0ns(2n, an)] —
T h,k hy Uh
zAk ) | (1 VS Byttt (500

e LV Y By oniap it (4) [On,k (Sh, @) =
< AHLSEC, (K) - 5. (Fact (ii))

780 This concludes the proof for both the regret and PAC bounds. O
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Lemma G.4 (Self-bounding lemma). Ler f € F and let @ be any policy. Let us denote 0y (x,a) :=
Da(fr(z,a) || ’T[’th_,_l(m, a)). Then, for all h € [H], for all xy, ap, we have

H
fh(xha ah) S BQ;‘;(JZ;“ a'h) + 4H Z Eﬂ,zh,ah [5t(xta at)]~
t=h

Proof. We prove the following refined subclaim inductively: for all A € [H], for all z, ap, we have

H t—h

= 1

Folanan) €3 (14 1) Enon o) + 200801, ()
t=h

For H + 1 this is trivially true. Now fix any & and suppose IH is true for 2 + 1. By Eq. (A3), for any
h, xp, an, we have,

Tn(@n,an) = T fasa(@n, an) < \/477ffh+1(3?h, an) + On(xh, an)\/On(xn, an)
< \/47;17Tfh+1(37ha an)On(Th, an) + 6n(n, an)

1 _
< T furr(@ns an) + (H +1)dn(wn, an). (AM-GM)

In particular, we have that

fu(zn,an)

1
<1 + >Th fra1(zn, an) + 2Hon (2, an)

1 _
= (1 + H) (Eh(l‘m an) + Eapy~Pr (2nan) [fh+1(33h+1,77)]) +2Hop (xn, an)

H t—h—1
1 B 1 _
S (1 + H) <Ch(.1‘h, ah) + E$h+1~P;f(1h,ah) [ Z <1 + H> Eﬂ—,thrI [Ct(.ﬁt, G,t) + 2H(St($t, aﬁ}])

t=h+1
(IH)
+ 2H5h(xh7 (Lh),

which proves the inductive claim. Noting that Zflz L(14+1/H)" < e, we have proven the lemma. [J

G.3 Bounding the LSEC

In this section, we show that the LSEC quantity is bounded for tabular MDPs and latent variable
models. First, recall the notion of Coverability from Xie et al. [2023],

Ccov := 1nf max max M
™  h,x,a Mh({II (l)

Let p* be the measure that realizes this infimum. Cc, was shown to be equivalent to
maxy »_, ,Sup, dj(z,a) by Xie et al. [2023, Lemma 3]. For example, in tabular MDPs with
X states and A actions, we have Ccoy < X A, and in low-rank MDPs (and hence latent variable
models) with rank d, we have Cco, < d [Huang et al., 2023, Proposition 3].

Bounding the LSEC in Tabular MDPs First, consider any Iimction class ¥ and distribution
class D. For all k, let f*¥) € W and d¥) € D. Define d¥ = Y, d¥) and 7(z) :=

min{k | d®) () > CCOVM*(Z)}- Then, for any f € ¥ and d € D, we have

K

pP—C [F®]

v Zi<k Eqo [f ]

Ego [f®(2)I[k < 7(2)] | = Ego [f® (2)L[k > 7(2)]
- Z v Z <t B [f®)] +; VY G Ego [f®]

Term 1 Term 2
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Focusing on Term 1, we have it is at most,

K
Z]Ed(k) {f(k) (Z k < 7' :| ZEd(k) k < T( )]] < 2CCOV3
k=1

by the proof of Proposition 13 of Xie et al. [2023].

For Term 2, we need to specialize D. If the MDP is tabular, we can set D as defined in Eq. (7). Then,
for z = (z,a),

Eqw [fP ()1 [k > 7(2)]]
kz:l Zi<k¢ Eg6) [f(k)}

d® (2)f W ()1 [k > 7()]
Zz: Z d®)(2) f*) ()

()P @Ik > 7(2)]
d<k> 2)f®)(2)

Z
d®)(z k:>7'
IZ - (2)]

= 10 M

(terms are non-negative)

k=
K
L[k > 7(2)]
oy y (k)
z k=1 d "l‘CCov,U/ (Z)
<2) 2log(K +1) (Xie et al. [2023, Lemma 4])

=4Zlog(K +1).
Since the MDP is tabular we have Z = X A. We have proven the following lemma,

Lemma G.5. Suppose the MDP is tabular. Then, for any V, K, we have

LSEC(¥, Dy (I1), K) € O(X Alog(K)).

Combining this with Theorem G.3 directly implies Theorem 5.2.

Bounding V-type LSEC in Latent Variable Models Now suppose the MDP is a latent variable
model (LVM), i.e., an MDP with small non-negative rank d Modi et al. [2021]. The sampling
procedure for latent variable model is, start with a distribution over d latent states p;, sample an
unobserved latent state s; ~ pj, observe 1 ~ o(s1), take action a; ~ 71(s1) and transition to the
next distribution of latent states po. This process repeats H times. Note that the observation set X’
can be very large or infinite, so instead of having a bound that depends on X, we’d like to depend on
the number of latent states S. To do so, we make a simple modification to our previous argument.

Set 7(s,a) = min{k‘ | d®)(s,a) > Ceoupi* (s, a)}, where we’ve abused notation to use s as input

instead of x, denoting that we are considering distributions over latent states rather than observa-
tions. For any distribution, we have d(z,a) = o(x | s)d(s,a) where s is the encoded latent state
corresponding to . Crucially, 7 depends on s rather than z.
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can bound Term 2 as follows,

K By [fO) (2, a)1 [k > 7(s,a)]]

; Ei<k Eqo [f(k)]

S AP (5, 0)E s [f P (2, )] T [ > 7(5,0)]
- ; szﬂ: Zs,a (,j(k) (87 a)Eﬂf’VO(S) [f(k) (.’L’, a’)]

K
d®) (s,a)Epmo(s) [f*) Ik >
< Z Z (s, g)k OIEARICE a)}} k2 7(s a) (terms are non-negative)
b1 sa d®) (s, a)Epmo(s) [f*) (z,a)]
= Z AW (s, a)I [k > (s, a)]
k=1 s, d(k) (S a‘)
(k) >
<2zzd s,a)l[k > 7(s,a)]
s,a k= 1 a) + Ceovjt*(s, a)
<2 Z 2log(K + 1) (Xie et al. [2023, Lemma 4])

=4SAlog(K +1).

We highlight that this argument only works for the V-type LSEC, since the uniform action a does
not depend on the observation generating process, « ~ o(s), while the action from the Q-type LSEC
does. This dependence in the Q-type LSEC is what prevents us from doing the decomposition in the
first step. This is why uniform action exploration is needed for our theory to extend to latent variable
models. Thus, we’ve shown the following lemma,

Lemma G.6. Suppose the MDP is a latent variable model. Then, for any ¥, K, we have
LSEC, (¥, Dy, (M), K) € O(SAlog(K)).

Combining this with Theorem G.3 directly implies Theorem 5.4.
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H Proofs for Offline RL

Theorem 6.1 (Small-Loss PAC bound for P-DISCO). Assume Assumption 5.1. Fix any § € (0,1)
and set 8 = log(H|I1||F|/d). Then, w.p. at least 1 — §, P-DISCO learns a policy T such that for
any comparator policy 7 € 11, we have

CTV7j3 N 30H2CT 3

VT VT <9H
= N N

ProofofTheorem 6.1. For shorthand, let 67 (z,a) = Da(ff(z,a) || 7;"’ng+1(33, a)) and A™ =
SO B [0F (2, an)]. Also, let f(z,m) = Egr(z)[f(z,a)].

By Theorem F.3, we have the following two facts, for all = € II,

(i) Pessimism: V™ < fT(xy, ) (since Z™ € F,) for all = € I, and

(i) E,, [07 (xn, an)] < B’N~! for all h where Theorem F.3 and the fact that Do < 4H? certifies
that 3’ = 2404 is sufficient.

With these two facts, we can bound the suboptimality of 7 as follows:

vr—-vT
< iz, 7) = VT (Fact (i))
< f? (x1,7) — VT (Policy selection scheme in Algorithm 3 (Line 4))
H
= Z = [fg(wh, ) — ﬁl%ffﬂ(xh, ah)} (PDL Lemma G.2)
"
Z \/ [4fT (xh, an) + OF (zh, an)] \/E T(xh,an)] (Eq. (A2))
H
4eVT + 17H ZIE T (x, at)] Ex [52(:5;1, ah)] (Lemma G.4)
t=h

< \/4ve T+ 1ITHATVHAT
<AVHVTAT + 5HAT.

Finally, we can bound A™ by a change of measure,

H
= ZE;; {55(:5;1,&;1)}

Mm

E,, [0n(xnh, ap)]
he1

C™H-B'N~'. (Fact (ii))

S CTV7p  SHACTS
VT VT <4H\y/ :
- N TN

Therefore,
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I Extension: Small-Return Bounds

In this section, we show that O-DISCO and P-DISCO can also be used to obtain small-return
bounds. Compared to the algorithms presented in the main text for minimizing cost, we simply have
to replace min with max (and vice versa) for maximizing reward, i.e., see Appendix B and enable the
SMALLRETURN flag. The proofs are also largely the same, with slight changes to the first few steps.

Theorem L.1. Assume Assumption 5.1 and suppose we want to maximize returns (instead of minimize
cost), so enable the SMALLRETURN flag. Fix any § € (0,1) and set = log(HK|F|/d) and
B = 608. Then, w.p. at least 1 — 5, running O-DISCO (Algorithm 4) with UAE = FALSE yields
the following small-loss regret bound,

Regreto pisco(K) < 5H\/KV*LSEC(K)S + 18H? LSEC(K)A'. )
If instead UAE = TRUE, the outputted policy 7 enjoys the following small-loss PAC bound,

* A /
Vv < 5H\/AV LSl;Z{Cv(K)ﬂ +18H2ALSE%(K)B '

Proof. Adopt the same notation as in the proof of Theorem G.3. By Theorem F.2, we have the
following two facts for all k € [K],

(1) Optimism: V* < max, _fk)(xl, a) (since Z* € Fy,) and

(1) > e Exi [0,k (5n, an)] < B’ for all h. If UAE=TRUE, then a;, is sampled from unif (.A) rather
than 7%, i.e., we have >, By, ri a0y ounit(4)[0nk(Sh,an)] < B, where 5/ < . Theorem F.2
certifies that 8’ = 604 is sufficient.

Fix any episode k € [K]. Then,

vV — V7rk
< max fl(k)(ml, a) — v (Fact (1))
H ) .
=Y En [ O (o, 7 () — T T, (o, ah):| (PDL Lemma G.2)
h=1
H — k
= ZEﬂk [f,gk) (zh,an) — T, "Df,gi)l(xh, ah)} (Lemma G.1)
h=1
H —
< Z \/Eﬂk [4f;5k) (@h,an) + Onk(zn, ah)} . \/Eﬂk [0n k(zh, an)] (Eq. (A2))
h=1

M=

H
4V 4 ATH S B8y (1, 00)] - /Bt [0 (20, 00)]
t=h

i
L

(Lemma G.4 and E [Q7 (sp,ar)] < V™)
< V4eV™ + 1THA, -/ HA, (&)
< \4eV* + 1THA, -V HA,

Thus, summing the instantaneous regrets over all episodes, we get

K K
STV vt <N VaeVr S ITHAWHA,

k=1 k=1
< \/46KV* +17H Z Ay \/H Z Ay (Cauchy-Schwartz)
k k
<5 [HEV*Y Ap+18HY Ay
k k
The bounds for A, are the same as in Theorem G.3. O
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In some sense, the proof for the small-returns bound is actually easier than the small-loss bound.
Recall that in the cost-minimizing setting, we needed to perform a crucial Cauchy-Schwartz step to
rearrange terms at the step labelled &. However, in the reward-maximizing setting, we simply bound

k . .
V™ < V*, without needing to rearrange terms.

Theorem L.2. Assume Assumption 5.1 and suppose we want to maximize returns (instead of minimize
cost), so enable the SMALLRETURN flag. Fix any ¢ € (0,1) and set 8 = log(H|I1||F|/d). Then,
w.p. at least 1 — 6, P-DISCO (Algorithm 4) learns a policy T such that for any comparator policy
7 € 11, we have

CTV7j3 N 30H2CT 3

VT VT <9H
= N N

Proof of Theorem 1.2. Adopt the same notation as in the proof of Theorem 6.1. By Theorem F.3, we
have the following two facts, for all 7 € II,

(i) Pessimism: fT(x1,7) < VT (since Z™ € F,) for all = € II, and

(i) Ey,, [67 (zh, an)] < B/ N1 for all h where 3’ < 608.

With these two facts, we can bound the suboptimality of 7 as follows:

V% o Vﬁ
< VT _ flﬁ(xh ) (Fact (1))
<VT - f? (21,7) (Policy selection rule in Line 5)
H
-3 E; [ﬁfgl(mh,ah) - f,f(mh,%)} (PDL Lemma G.2)
h=1
H
< Z \/E% (4T (zh, an) + 0F (z1, an)] \/E% [6T (zh, an)]. (Eq. (A2))
h=1
From here, the same argument in the proof of Theorem 6.1 finishes the proof. O
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J Experiment Details
Experiment Settings

In our experiments, as outlined in Foster and Krishnamurthy [2021], our + learning rate at each time
step t is set to vy = 7pt? where g and p are hyperparameters. We use batch sizes of 32 samples
per episode, and the King County and Prudential experiments run for 5,000 episodes while the
CIFAR-100 experiment runs for 15, 000.

For each dataset, we select the hyperparameter configuration with the best performance for each
algorithm. As we report two metrics, performance over the last 100 episodes and over all episodes, we
choose the best hyperparameters for each metric as well. While it is often the same hyperparameters
that give the best last 100 episodes and all episodes results for a model, that is not always the case.
We use the WandB (Weights and Biases) library to run sweeps over hyperparameters.

Oracles

For our regression oracles, we use ResNet18 [He et al., 2016], with a modified output layer (so
that the output is suited for 100 prediction classes) for CIFAR-100, and a simple 2 hidden-layer
neural network for the Prudential Life Insurance and King’s County Housing datasets. For DistCB,
the oracle’s output layer has size AC' where A is the number of actions and C' is the number of
potential costs. This is reshaped so that for each action, there are predictions associated with each
potential cost, which then have a softmax function applied to them to represent cost probabilities. For
SquareCB and FastCB, the output size is A because there is just a single prediction associated with
each action. As per Foster and Krishnamurthy [2021], a sigmoid function is applied to this output
layer. All experiments were implemented using PyTorch.

Datasets

We now provide an overview table as well as additional details and context to our setups for each
dataset. Note that the number of items in each dataset in the table is the count after preprocessing.

Datasets
Dataset Items Number of | Number of
Actions Costs
CIFAR-100 50, 000 100 3
Prudential Life Insurance 59, 381 8 9
King County Housing 20,148 100 101

Table 3: Overview of the three datasets and their experimental setups

Prudential Life Insurance This dataset is from the Prudential Life Insurance Kaggle competition
[Montoya et al., 2015]. It is featured in Farsang et al. [2022], which inspires our experimental setup.
The risk level in [8] directly determines the price charged to the customer. Thus, we can consider the
chosen risk level as the action taken. If the model overpredicts the risk level, we get a cost of 1.0
because this is considered over charging the customer and not getting a sale. Otherwise, the model’s
prediction is charging too little for the customer. To reiterate, the cost in this case is .1 * (y — )
where y is the actual risk level, and g is the predicted risk level.

King County Housing The King County housing dataset is also used in Farsang et al. [2022]. An
interesting part of the setup is that the cost construction in the case of not overpredicting differs from
the Prudential experiment, even though they’re both effectively about predicting a price point. Here,
the model’s chosen price is considered the gain, which is why the cost is 1.0 minus the chosen price.
On the other hand, in the Prudential experiment, the cost is a linear function of the difference between
the chosen value and the actual value.

CIFAR-100 For the CIFAR-100 experiment, we use the training dataset of 50, 000 images as our
dataset. The inclusion of the superclass is critical, as it lets us delineate 3 possible costs that DISTCB
can learn. Without the super class, the cost construction would be a pure binary of correct vs.
incorrect. If this were the case, the ability to test the effectiveness of learning the distribution would
be nullified. The distribution would just be whether an action is correct or not, which means our
algorithm would essentially be predicting the mean directly.
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Results

The largest advantages DISTCB had over the next best algorithm were in the Prudential experiment,
with DISTCB having a .086 advantage over the last 100 episodes and a .045 advantage over all
episodes. While the gaps were not as large for the other two datasets, they are still statistically
significant and further showcase the benefit of distribution learning.
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