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Supplement for Neurips 2025 GenEval

A Description of benchmarks in AIM 1

The benchmarks examples used in AIM 1 of the paper are shown in this section along with the models
extracted by GenEval. All coefficients are rounded up to three decimal points after most significant
digit.
Lotka Volterra : It has two variables 1 and 2 given by the following equations:
1 = ary — br173, ¥2o = —cr2 +dr172 + U
a=0.5,b=0.025,c=0.5, and d = 0.005
Recovered model with all variables measured:
1 = 0.52x1 — 0.026x1x2, €2 = —0.501x2 + 0.005x1x2 + 0.9990

Chaotic Lorenz: The chaotic lorenz system is described in the following equations:

T = O'($2 —331) + u. Ty = $1(p—1‘3) — X9, X3 = X122 — B3,

o=10,5=28/3,p=28.
Recovered model with all variables measured:
1 = 10.000(z2 — z1) 4+ 0.999u, 'y = 27.992x1°1.0022; 25 0.998z5, 3 = 1.000z12272.723

F8 Cruiser: The F8 Cruiser system is given by:

Z = —0.92; + x5 — 0.09z1 23 + 0.4722 — 0.0223 — z3w3 + 3.85z5 — 0.21u + 0.28z°uw 4 0.47z1u” + 0.6u°
Ty = @y, Ty = —4.208x1 — 0.396z3 — 0.47z> — 3.564x° — 20.967u + 6.265zu + 46z1u” + 61.1u°

Recovered model with all variables measured:

1 = —0.872z1 + 0.998x3 — 0.088z 23 + 0.476212 — 0.018622°0.970x, % x5
+3.84921° — 0.22u + 0.265z1 %u + 0.472z1u? + 0.63u®, Zo = 1.000z3
23 = —4.210z; — 0.399x3 — 0.465212 — 3.56521° — 20.978u + 6.267x12u + 45.711z1u> + 62.002u°

Pathogenics attack model: The pathogenic attack system is given by:

21 = X—dz; — B(1 —nu)riz2, T2 = (1 —Nu)T1T2 — aT2 — P1T4T2 — P2T5T2
T3 = CoT1T2T3 — C2qT2x3 — baT3, Ty = c1Z2T4 — b1T4, Ts = c2qT2x3 — hTs,
withA=1,d=0.1,6=1,a=0.2,py =1,pas =1, ¢; =0.03, coc = 0.06, b; = 0.1,
by =0.01,¢ =0.5,h =0.1, and n = 0.9799.

Recovered model with all variables measured:

] = 0.939 — 0.1z; — 0.982x 125 + 0.98ux 29,2 = 0.982x; x5 — 0.98ux;x9 — 0.1825 — 1422 — 1.0012522
xs3 = 0.059z1 2223 — 0.03x223 — 0.00923, 4 = 0.02922x4 — 0.124, 5 = 0.0592223 — 0.1x5

B Architecture in Figure 2 is universal dynamics approximator

The forward pass of liquid time constant neural network (LTC-NN) is given by [27]:

B0 g)/7 + Fron(9(0), 1), ,0) (A — g(0), (12
where ¢(t) is one hidden state of the LTC-NN, 7 is a time constant parameter, required to assist any
autonomous system to reach equilibrium state. As such existence of the —g(t)/7 is an important
stability criteria as it ensures that the unperturbed plant settles in time. fyy is the forward pass and
is a function of the hidden states, I(t) is the input to the LTC-NN, w and A are the parameters of the
LTC-NN architecture.

Theorem 3 The forward pass of an LTC-NN architecture generates a set of implicit physical dynam-
ics that are equivalent to a bilinear approximations of the control affine autonomous system in Egn.
8.
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Proof: Algebraic manipulation of the forward pass of LTC-NN architecture gives the structure of
Eqn. 13 which allows an input dependent time constant 1 o qzt) o)

o) _ 9(t) - en (9(0), I(1), 1) (A). (13)

e I FTORIGEm)

The stability criteria for any autonomous system requires the control affine model to have a time
constant term as shown in Eqn. 14

dx
r =-X/T7+G;_(X)+ G.(X)Ur, 14

where 7 is the time constant of the system and Gy _(.) is the unperturbed dynamics obtained by
removing the time constant component from G (.).

Assuming that the autonomous system is a dynamic causal system, the bilinear approximation [21] of
the control affine system in Eqn. 14 results in Eqn. 15.

dx

P —X/T+gf_T(X)+BX+CD'T+;uZ,DjX+H, (15)
_9(Gu(X)Ur) _ 0(G.(X)Ur) i 9%(Gu(X)Ur) . .
where B — X ,C = 50 ,and D7 = “oxou, H is a constant. Rearranging

Eqn. 15, we have the similar form as the LTC-NN forward pass in Eqn. 16.

%{ z—++(g(,77(X)+CUT+H). 16)
LT (BYj ul D)
We observe that Eqn. 16 is the same form as Eqn. 13 if the input to the LTC-NN I(¢) is a concatenation
of Y and Up. The hidden layers of the LTC-NN model an inflated set of implicit dynamics which
may include the unmeasured system variables of the physics model.

Theorem 4 The inflated set of implicit dynamics modeled by LTC-NN induces an over-determined
set of equations in the coefficients of the bilinear approximation of any control affine model.

Proof: The training process of LTC-NN fixes weights and instantiates the hidden layer outputs.
The values of the unmeasured variables in X is estimated by the hidden state in each training step
utilizing the forward pass and learned LTC-NN weights w. Hence each forward pass provides an

over-determined set of linear equations in the coefficients B, C, and D7.

The original control affine model coefficients © are non-linear functions of the coefficients B, C, and
D7s, The dense layer is best suited for exploring a large set of possible non-linear combinations of
B, C, and D7 that express ©. An overdetermined system of equations is inconsistent and may be
unsolvable. The dense layer guided by the ODE solver induced loss function (ODE Loss) learns a
consistent set of linear equations in B, C, and DJ and also learns their non-linear combination to
determine O.

C Proof of Theorem 1

For any data point X,Y € D, Pr(p(Kg(X;,Y:),Dr) € C =[—d,d]) > 1 —«, a > 0 if and only
if Pr(Ke (X, Y){X,Y} € Dy) =Pr(Ke(X,Y){X,Y} € Dy), where d is given by Algorithm
1.

Proof: To prove the if part of Theorem 1 lets assume that Pr(p(Ky (X;,Y;), Dy) € C = [—d,d]) >
1 — o, &« = 0.05. This means that [—d, d] is the 95% confidence interval of the robustness value
p(Kg(X;,Y;), Dr). Now [—d, d] is derived from the training data of D;. Which means that [—d, d]
is also the 95% confidence interval of p(Ky (X,Y), Dy) for VX,Y € Dj. This entails that the 95%
confidence intervals of Dy and D ; are the same. The interval is a zero mean distribution, hence any
memory-less stochastic process can uniquely define the interval with only one parameter, o. Since o

only defines the probability density and « is same for both X;,Y; € D;and X,Y € D; we prove
that Pr(Ke (X, Y){X,Y} € D) = Pr(Ke(X,Y){X,Y} € Dy).

Note that the interval was defined by o where o can be chosen arbitrarily. This implies that if Vo the
intervals are same, then even for non memoryless distributions, the two distribution have to be same.

The only if part is simpler since if the distributions are same, the 1 — o confidence intervals will be
same by definition.
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Figure 3: Learning architectures of SINDy-MPC and PINN+SR.
D Proof of Theorem 2

For any data point X,Y € D, and hypothesis h = f o g learned on data from source domain
Dy, Pr(p(Ky¢(X,Y),Dy) € C = [—d.d]) >1—a,a > 0if and only if Pr(Ky(X,Y){X,Y} €
D) = Pr(Kqe(X,Y){X,Y} € Dy), where d is given by Algorithm 1 with X replaced by g(X).
Proof: This theorem is only arrived at if the two domains D; and D ; have the same set of causal
factors, i.e. Theorem 1 is satisfied. In that case the proof of this theorem is straightforward.

If X,Y € Dy and X;,Y; € D; are random variables with Pr(K¢(X,Y){X,Y} € Dy) =
Pr(Kg(X,Y)|{X,Y} € Dy), then for any measurable function g: R'XI — RM_ where M is the
dimension of the representation ¢(X.,Y’) and g(X;,Y;) have the same distribution. Kg4(.) is the
potentially infinite dimensional koopman operator and hence can represent the function g(.) with

arbitrary precision. Hence properties on g(.) will also satisfy on K. Hence, as a consequence of
measurability and satisfaction of Theorem 1, Theorem 2 is proved.

E Implementation details of SINDY-MPC and PINN+SR

SINDy-MPC: Significant breakthrough was achieved through introduction of sparse identification of
non-linear dynamics (SINDy). Subsequently SINDy has been extended to tackle control inputs in
SINDy-MPC [33], however, as shown in this manuscript, it does not generalize well for low sampling
frequencies. Given N samples of data, at sampling frequency f, = % the recovery problem can be
reduced to solving the following set of linear equations:

L (7) CX(),0) o C(X(1), W) 0o

2X (N | Ly, 0 cxvn),wl Low

where W = (M“L”) and ¢(X (k7),1) is the i* term in the bilinear expansion of f(X) at the time

sample ¢ = k7. For sparse identification, majority of the §; ~ 0,7 € {1...W} with only p
significant elements © = [#; ...6,]. As such N >> p, making Eqn 17 an over-determined set of
linear equations with no consistent solution. A solution method is least squares minimization, to
recover O, that minimizes er = || X5 — X||2. SINDy-MPC solves the unconstrained least square
minimization problem using the sequential threshold ridge regression (STRidge) algorithm (Figure
3). This method iteratively selects dominant candidate from a library of high dimensional nonlinear
functions [53]. The sparsity was achieved through iteratively removing non-linear components
utilizing hard thresholds on the derived model coefficients.
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PINN+SR: As shown in Figure 3, the PINN+SR approach starts with generating a valuation of the
multi-variate data X as a function of time using a feedforward network [17]. The derivatives of X
with respect to time are then derived by another layer of nodes with automatic differentiation. The
derivatives and valuations of X are used to evaluate a library of nonlinear functions. These non-linear
functions are provided as input to the SINDy method that outputs a sparse matrix using the STRIdge
method. The sparse matrix is used to re-evaluate the solution of the ODE and compute residual
with respect to the ground truth, the physics loss, and regularization loss. The overall loss is used to
optimize and train the weights of the entire network using backpropagation.

F AIM 2 benchmark details

F8Cruiser: This is an aircraft pitch control system using a model predictive control for trajectory
tracking. The first domain D; is normal pitch control operation. The second domain Dy is a
hardware failure where the elevator gets jammed and maintains a constant position overriding the
controller (F'8Stuck). We created another domain F'8Slow where the elevator speed is reduced by 3
times the normal speed.

Automated Insulin Delivery System This is an hybrid close loop autonomous system that au-
tonomously decides on insulin delivery for the most part, but requires human intervention with
extra insulin delivery to manage meal intake. The human may trick the system to deliver a high
dosage of insulin by announcing to the system that a large meal has been ingested without actually
consuming the meal. Domain D; is normal operation of the AID. The domain D5 has data from
individuals who injested rescue meal of carbohydrate content of 15 g whenever glucose is less than 15
g (AIDRescue). The underlying causal factor model of the AID system is govered by the bergman
minimal model (BMM) described in Equation 18. We created another domain D3 with insulin
cartridge failure AI DCartridge. In cartridge failure, whenever the insulin system needs to inject
bolus, it does not inject. Instead it builds up at the cartridge. Finally, when the pressure goes beyond
a threshold, a large dosage of insulin rushes through into the blood stream.

5i(t) = —nbi(t) + paui(t) (18)
§io(t) = —p16is () + pa(8i(t) — ip) (19)
5G(t) = =i (£)Gy — p3(8G (1)) + u2(t)/Vol, (20)

The input vector U (t) consists of the input insulin level u; () and the glucose appearance rate in the
body us. The output vector Y (¢) comprises the blood insulin level 4, the interstitial insulin level i,
and the BG level G. In AP, only G is a measurable output. i¢ and ¢ are un-measurable. p1, pa, ip, P3,
pa4, n, and 1/V, I are all patient specific coefficients.

Unmanned Aerial Vehicle: This is a quadcoptor, whose altitude is controlled by four proportional
integrative and derivative (PID) controllers. These controllers provide balanced thrusts in each
propeller so that the UAV maintains a given height. The first domain D, is normal altitude control
operation of the UAV. The second domain D> is a software failure that changes the gravity parameter
g in the controller software (U AV SimG). The third domain D3 is an electromagnetic attack on
the UAV gyroscope sensor (UAV EM A).

Diabetic Retinopathy: It is an important image classification application in the medial domain.
There have been several works in DR that attempts to classify state 0 i.e. no DR to stage 5 i.e.
proliferative DR. We create two domains D RN ormal for stage O DR and D RStageb with stage 5
DR.

G AIM 2 Comprehensive Results

For the time series case studies, in each of the causal support violation case study, we train the
baseline technique as an autoencoder on 80% of the normal data. Then we extract the intermediate
representation from the 20% normal data and domain D, or D3 data. We then extract an anomaly
score from the internal representation and use extreme value theory to determine if the datapoint
is normal or from a different domain. We then report the precision recall and F1 score for each
technique in Table 6.

For the image domain datasets, the baseline techniques were already configured to classify five classes
of DR in [22]. We re-ran the baseline techniques to determine the precision recall and accuracy for
Stage 5 DR and Stage 0 DR classification only. This is reported in Table 6. We then extract the
DCB% from each domain for each case study with respect to the normal data D; for the given case
study. This is reported in the DCB row of Table 6. As seen the maximum F1 score obtained in Table
6 is highly correlated with the DCB % (correlation coefficient 0.91 p = 0.043). This shows that
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Table 6: Comparison of SPIE-AD against baseline techniques for U2 benchmark examples (R is real
world, S is synthetic). SPIE-ADS uses SINDY-MPC, while SPIE-ADL uses LTC-NN. T denotes

with point adjustment (PA) and absence of T is without PA.
Approach  F8Stuck S F8Slow S UAVSImG S UAVEMA S AIDPhantom S AIDCartridge S DRStage5
Pr  Re FI Pr Re FI Pr Re FI Pr Re FI Pr Re FI Pr  Re FIl Pr  Re Fl
Omni 41 268 324 65 281 2392 32 197 244 29 16.8 213 19.1 165 177 65 319 43

EAS"?] 85.5 758 80.3 342 328 335 35 335 342 339 324 33 34 32 33 343 338 34

i[gzgest 14 33 196 98 82 89 106 85 94 86 76 81 95 81 87 95 79 86

E‘(%]])A 88 70 78 60.7 1377 224 507 11 18 35 86 138 358 94 149 364 97 153
ES%M_W_KS_KO 61 358 452 594 132 21.6 60.8 142 23 58.6 12.6 207 547 12.1 199

{ng]AD 81 6777 74 553 142 226 512 123 19.8 492 121 194 526 121 197 58 88 152

g}ﬁNF 61 79 688 32 43 37 514 8 643 09 247 1.8 32 45 38 21 27 24

[ng]l" 714 80.5 757 589 345 435 592 323 41.8 504 28 36 545 289 378 572 303 39.7

gg,]A 21.4 45 74 219 97 134 375 221 272 203 85 12 313 183 23.1 21.7 10.1 138

][:719T]S 214 8.6 123 481 143 22.0517.3 21.9 193 804 2.4 47 245 184 21.0 147 40.1 215

"[1“6138/1D 112 30.4 164 9.8 217 135 295 124 175 219 87 124 147 31.8 199 177 214 194

][57131]\/IViT NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA 13.5 78.7 23
][)512](3en NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA 27.1 652 383
[S%— NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA 342 714 46.2
2)

SPSD- NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA NA 341 77 413

ViT

[22]

Mean 52.1 51.0 495 389 198 244 394 247 270 355 149 169 30.7 175 200 338 19.0 212 272 73 387
(29.3)(29.2)(29.8)(22.7)(10.8) (13.6)(15.7)(20.7)(14.4)(22.3)(9.1) (10.4)(17.8)(9.2) (9.1) (21.1)(12.3)(12.2) (9.7) (6.1) (11.2)

Max 80.3 45.2 64.3 36 37.8 43 473

Fl1 (AT) (LSTM) (GANF) (GAT) (GAT) (Omni) (SPSD-
ViT)

DCB 74% 57% 61% 38% 33% 52% 59%

(%)

the DCB is a good indicator of the necessary conditions for DG, that requires that a domain should
not introduce new causal factor. If it does introduce new causal factor then DCB % decreases as a
consequence, accuracy (F1 in this case) of machines also decrease.

H Code organization with SINDY-MPC and DR example

H.1 Theta Data Generation and Preprocessing

In this study, we utilized four well-established ophthalmic imaging datasets—Messidor-1 (M1),
Messidor-2 (M2), Aptos 2019 (Aptos), and EyePACS—which are prominently used in diabetic
retinopathy (DR) research. To extract meaningful latent representations, we implemented an advanced
preprocessing and data-generation pipeline leveraging the PySINDy framework, designed for sparse
identification of nonlinear dynamical systems.

Initially, each retinal fundus image was standardized by resizing to a uniform resolution of 512 X
512 pixels, followed by applying a circular mask to isolate the fundus region and reduce irrelevant
peripheral noise. Image contrast was further enhanced using Contrast Limited Adaptive Histogram
Equalization (CLAHE) within the LAB color space, significantly improving the visibility of subtle
retinal features critical for downstream analysis.

Next, a unique radial sampling strategy was executed, wherein each preprocessed image was sampled
in concentric circles starting from the central region outward, with sampling points placed at consistent
angular intervals (every 10°). This method generated a structured radial time series of RGB values,
capturing how the retinal characteristics evolve from the image center toward the periphery.

The resulting radial trajectories served as input time-series data for the PySINDy model, enabling the
discovery of underlying dynamical relationships inherent within retinal structures. For each sampled
trajectory, the following computational steps were performed:
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1. Construct a time-series matrix X from the radial RGB trajectories.
2. Compute the time derivative dX using forward finite differences.

3. Apply the PySINDy framework using a third-degree polynomial feature library and a sparse
thresholded least squares optimizer.

4. Extract sparse model cocfficients (referred to as §-values), representing latent dynamics
describing radial RGB transitions.

Robustness and scalability were integral to our implementation, demonstrated by processing images
in batches of 1000, incorporating intermediate result checkpointing, systematic memory management,
detailed error logging, and the ability to resume processing seamlessly after interruptions. The
generated -values, which succinctly encapsulate significant retinal features and underlying image
dynamics, were stored alongside metadata—image identifiers, error metrics, and model performance
measures—in organized output directories, providing a solid foundation for subsequent analyses.

H.2 Domain Conformal Boundary Computation

After collecting the #-vectors from PySINDy, we applied a specialized “RHO” analysis to each
dataset (M1, M2, Aptos, EyePACS) to compute a conformal boundary quantifying cross-domain
alignment. The procedure was:

1. Data loading and split. Load all f-vectors (size N x 128) and split into training (Qyrain,
60%) and validation (Qva1, 40%) sets.

2. Leave-one-out p-value (training). For each 6 € Qyyain:
() Define Q% = Qirain \ {01 }.
(b) Forevery §; € Qt‘r’;n compute
Or - 0;
P8 el 0,1

(c) Average over j:

(—k) 1
Py = Prj-
T Zj: '

inl
rain

Then compute the overall reference mean:
pove = —— > o,
& |Qtrain| = k

3. Validation p-value and deviation. For each 8,, € Qy.;:
Om - 0

Pmj = T V65 € Qurain,

T 16mll 1165]] ’ o

1
pm:—zpmj7 ”m:|Pm_Pavg-
|Qtrain| ;

4. Conformal interval via order statistic.
* Collect the Ny, deviations {0y, } and sort ascending.
e Set a = 0.05 for a 95% interval.
¢ Compute cutoff index
idx = | Maptl (1 - q)|
and let o* be the deviation at that position.
* The conformal interval is
Cl=[-0", +07].
5. Implementation notes.
* GPU acceleration via CuPy/PyTorch, with CPU fallback.
 Batching (1 000 images), checkpointing, and garbage collection.
* Robust error and shape-validation checks.

26



1204

1205
1206
1207
1208
1209
1210
1211
1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

1226

1227
1228
1229

1230
1231

1232
1233
1234

1235
1236
1237

1238
1239
1240

1241
1242
1243

1244
1245
1246
1247

1248
1249
1250

H.3 Single-Domain Generalization (SDG) Analysis

To evaluate how well the learned 0-features generalize across domains, we implemented a statistical
domain generalization (SDG). First, 6-vectors and their image IDs are loaded for both the source and
target datasets and flattened for analysis. For each target image, we compute the cosine similarity
between its f-vector and all source #-vectors, yielding a similarity matrix. We then calculate the
average similarity (pavg) per test image, subtract a precomputed source reference average, and check
whether the result falls within the source confidence interval (CI). Each image is labeled “inside” or
“outside” the CI, and the final report records the percentage of target images deemed typical of the
source distribution.

H.3.1 Coverage Results
M1 On

* reference_avg = 0.04047960306748797
* conf_interval = (—0.03824305970024752, 0.03824305970024752)

M2 On

* reference_avg = 0.041717564380119414
+ conf_interval = (—0.043998791641485506, 0.043998791641485506)

Aptos On

* reference_avg = 0.018978290495836176
« conf_interval = (—0.0596098734708454, 0.0596098734708454)

EyePACS On

¢ reference_avg = 0.01288287374567551
* conf_interval = (—0.04568944923551152, 0.04568944923551152)
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