7 Supplementary Material

7.1 Proofs of Theorems[1]and

ProofofTheorem An element in ® can be represented as ¢ = Wy 101 (Wroi(...o1(Wizx +
b1)...)+br) + bp41. Therefore, an element in D® can be represented as
1/}(:]3) = D,gb(:c) ZWL+10'0(WLO'1(. .. O’l(Wl-’B + b1) .. ) + bL)

. WLO'0(. .. O’l(Wl.’I} + bl) .. ) .. WQO’o(Wl.’B + bl)(Wl)i7 (19)

where W; € R¥:*Ni—1 (W), is i-th column of W) and b; € R™: are the weight matrix and the

bias vector in the ¢-th linear transform in ¢, and oo (x) = sgn(z) = 1[x > 0], which is the derivative

of the ReLU function and oq(x) = diag(og(x;)). Denote W; as the number of parameters in W, b;,
ie, W, = N;N;_1 + N,.

Let € R9 be an input and & € R" be a parameter vector in ). We denote the output of 1) with
input = and parameter vector 6 as f(x, 8). For fixed 1, xo, . . ., ®,, in R%, we aim to bound
K := [{(sen(f(21,0)),...,sn(f(@m,0))) : 0 € RV}|. (20)

The proof is inspired by [4] Theorem 7]. For any partition S = { Py, Ps, ..., Pr} of the parameter

domain R", we have K < Zle {(sgn(f(x1,0)),...,sen(f(xm,0))) : 0 € P;}|. We choose the
partition such that within each region P;, the functions f(x;, -) are all fixed polynomials of bounded
degree. This allows us to bound each term in the sum using LemmaE}

We define a sequence of sets of functions {F; } jL:O with respect to parameters 8 € R"':
FO = {(Wl)z, Wl.’ll + bl}
Fl = {(Wl)z, WQUo(lev —+ bl), WQO’l(Wlill + bl) —+ bg}
Fy := {(W1)i, Wago(Wix + b1), Wao0(Wao (Wix + b1) + ba),
WgUl(Wgol(Wlw + bl) + bg) + b3}

Fr = {(W1)7,7 WQUO(Wlx + bl), ceey WL+1O'0(WLO'1(. .. 0'1(W1£C + bl) .. ) + bL)} 21

The partition of R" is constructed layer by layer through successive refinements denoted by
S0, 81, - - ., S.. These refinements possess the following properties:

1. We have |Sy| = 1, and for each rn — 1. ... L, we have 5L < o ((2emnny ) ==
. We have |Sy| = 1, and foreachn =1,..., L, we ave gty < 2 ( S .
2. Foreachn = 0,...,L — 1, each element S of S,,, when @ varies in S, the output of each term in
F,, is a fixed polynomial function in )", W; variables of 6, with a total degree no more than n + 1.

3. For each element S of Sz, when 0 varies in S, the h-th term in Fy, forh € {1,2,..., L+ 1}isa
fixed polynomial function in W}, variables of 6, with a total degree no more than 1.

We define Sp = {R"}, which satisfies properties 1,2 above, since Wi x; + by and (W7); are affine
functions of W1, by.

To define S,,, we use the last term of IF,,_; as inputs for the last two terms in [F,,. Assuming that
So, 81, - - ., Sp—1 have already been defined, we observe that the last two terms are new additions to
F,, when comparing it to IF,, _;. Therefore, all elements in IF,, except the last two are fixed polynomial
functions in W, variables of 8, with a total degree no greater than n when @ varies in S € S,,. This
is because S, is a finer partition than S, .

We denote pz; n—1, s, (0) as the output of the k-th node in the last term of IF,,_; in response to x;
when @ € S. The collection of polynomials

{pm].,n,Lg,k(H) : J = ]., e, M, k= 1, e ,Nn}
)Z?:l Wi

. 2emnNy,
can attain at most 2 (7211 W

=1 G

distinct sign patterns when 6 € S due to LemmaH for

sufficiently large m. Therefore, we can divide .S into 2 (QST"]IYI;

i=1 v

Ei:l Wi .
) parts, each having the
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property that pg 1 s,1(6) does not change sign within the subregion. By performing this for all
S € §,,—1, we obtain the desired partition S,,. This division ensures that the required property 1 is
satisfied.

Additionally, since the input to the last two terms in I, 1S P n—1,5,% (0), and we have shown that
the sign of this input will not change in each region of S,,, it follows that the output of the last two
terms in I, is also a polynomial without breakpoints in each element of S,,. Therefore, the required
property 2 is satisfied.

In the context of DNNS, the last layer is characterized by all terms containing the activation function
oo. Consequently, for any element S of the partition Sy, when the vector of parameters 6 varies
within S, the h-th term in F, for h € {1,2,..., L + 1} can be expressed as a polynomial function of
at most degree 1, which depends on at most W), variables of 8. Hence, the required property 3 is
satisfied.

Due to property 3, we multiply all the terms in F;, and obtain a term in D®. Hence, the output of each
term in D® is a polynomial function in Z{fll W; variables of 8 € S € Sy, of total degree no more
than L+ 1. Therefore, for each S € Sy, we have [{(sgn(f(xz1,0)),...,sgn(f(xm,0))): 0 € S} <
i w

2 (Qem(L +1)/ kA Wi) ", Then
w S 2emnN, \ = ="' M /9emnN i Wi
K <2 (2em(r+1)/ S W, 112 () <112 ()
( ; ,1;[1 Ziﬂ Wi };[1 21:1 Wi
U
2 L+2)(L+1)N
<ol ( em( +2[)]( 1) ) (22)

where U := S 5F1 5™ W, = O(N2L?), N is the width of the network, and the last inequality is

n=1

due to weighted AM-GM. For the definition of the VC-dimension, we have

(23)

. U
QVCdim(DP)  9L+1 (eVCdlm(Dtb)(L +1)(L+ 2)N) .

U
Due to Lemmal2] we obtain that

VCdim(D®) < L+1+U logy[2(L+1)(L+2) logy (L+1)(L+2)] = O(N*L?log, Llog, N) (24)
since U = O(N2L?). O

ProofofTheorem Denote D@ := {n(zx,y) : n(x,y) = Y(x) —y,¢ € DP, (x,y) € RITLY.
Based on the definition of VC-dimension and pseudo-dimension, we have that

Pdim(D®) < VCAim(DP ). (25)
For the VCdim(D® /), it can be bounded by O(N2L? log, Llog, N). The proof is similar to that
for the estimate of VCdim(D®) as given in Theorem O

We establish that Pdim(D®) < VCdim(D® ), where ®, represents DNNs with N + 1 width
and L + 1 depth. This implies that Pdim(D®) is upper bounded by C(N + 1)?(L + 1)? log, (L +
1)logy(N + 1) < 64CN2L?log, Llog, N. Therefore, we conclude that 64C > C.

7.2 Proof of Theorem 3]

7.2.1 Propositions of Sobolev spaces and ReLU neural networks

The following two lemmas estimate the Sobolev norms and Sobolev semi-norms for the composition
and product, which will be used in later proof.

Lemma 3 (18| Corollary B.5]). Letd,m € N and Q; C R% and Q5 C R™ both be open, bounded,
and convex. Then for f € WH(Q1,R™) and g € W1°°(Qq) with ranf C Qa, we have

g o Fllwte (o) < Vdmmax{||gl| £ (0,), [glw.o @) | Flwroo (01, 2m) }-
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Lemma 4 ([18] Corollary B.6]). Let d € N and Q C R%. Then for f,g € W1 (), we have
lgfllwre@) < gl @l flwr=@) + 1fll=@lglwr= @)

Then we collect and establish some propositions for ReL.U neural networks.

Proposition 2 (|28, Proposition 4.3]). Given any N,L € N, and § € (0, 3%(} for K =

| N/4|2| L?/?|, there exists a o1-NN ¢ with the width AN + 5 and depth 4L + 4 such that

1
plz) =k,z e %7%—5'1«1@1 k=0,1,.... K — 1.

Proposition 3. /28] Proposition 4.4] Givenany N, L,s € Ny and §; € [0,1] fori = 0,1,... N>L?—
1, there exists a 01-NN ¢ with the width 16s(N + 1) log,(8N) and depth (5L + 2) log,(4L) such
that

1. ]|¢(i) — &| < N25L725 fori = 0,1,... N?L? — 1.
20<é(x) <1,z R

Proposition 4. Forany N,L € N, and a > 0, there is a 01-NN ¢ with the width 15N and depth 2L
such that |||l (—a,a)2) < 1207 and

l6(2,9) = 2yl ((—asay2) < 6a*N7E. (26)
Furthermore,
0¢(0,
00,9 = 200 — 0, y € (~a,0) @

Proof. We first need to construct a neural network to approximate x2 on (—1, 1), and the idea is
similar with [23] Lemma 3.2] and |28} Lemma 5.1]. The reason we do not use |23, Lemma 3.4] and
(28] Lemma 4.2] directly is that constructing ¢(z, y) by translating a neural network in W1>°[0, 1]
will lose the proposition of ¢(0.y) = 0. Here we need to define teeth functions 7; on Z € [—1,1]:

~ 2|z, 1Z| < 3,
Tl(l‘) Z{ ~ ~ 2
2(1—1z)), 7[> 3,
and
E:TifloTl, fori:2,3,~-~.
Define

J) =7- 3 o

22i 7
i=1
According to [23, Lemma 3.2] and [28, Lemma 5.1], we know ¢ is a neural network with the
width 5N and depth 2L such that [|{)(Z)|lw 1.0 ((—1,1)) < 2, [[¥(F) — Z%||wr.e((—1,1)) < N L and
¥(0) =0.

By setting © = aZ € (—a,a) for z € (—1, 1), we define

vi@) =a (2).

Note that 22 = a2 (%)2 we have
~ iz N\ 2
@) - (@)
a a
<a’N7F,
and ¢(0) = 0, which will be used to prove Eq. .

Then we can construct ¢(z, y) as

b () (D) (B e
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where ¢(x) is a neural network with the width 15N and depth 2L such that |||y 1.00 ((—q,0)2) < 12a*
and

||¢(l‘, y) - xyllwl,oo((,ava)z) < GGQN_L. (29)
For the last equation Eq. is due to ¢(z, y) in the proof can be read as Eq. with¢(0) =0. O

Proposition 5. For any N, L,s € N with s > 2, there exists a 01-NN ¢ with the width 9(N + 1) +
s — 1 and depth 14s(s — 1)L such that ||¢|| 1.0 ((0,1)+) < 18 and

lp(®) = 2122+~ sy 0,1y < 10(s = 1)(N +1)77E. (30)
Furthermore, forany i1 = 1,2,...,s, if x; = 0, we will have
0 e Ti—1,0, 2541, . -
¢(l‘1,x2,---7xi_1,0,$i+1,...,$s) — ¢(Z‘1,I‘2, 7:1:291.1.) s Lid+1, 7333) :O, 17&3 (31)
J

Proof. The proof of the first inequality Eq. @ can be found in |23} Lemma 3.5]. The proof of
Eq. (31) can be obtained via induction. For s = 2, based on Proposition we know there is a neural
network ¢ satisfied Eq. .

Now assume that for any ¢ < n — 1, there is a neural network ¢, satisfied Eq. . ¢n in [23] is
constructed as

On(X1, T2, .. xn) = Po(Pn—1(21, 22, ..., Tn_1),0(xn)), (32)
which satisfies Eq. . Then ¢, (x1,x2,...,2;-1,0,Tiy1,...,2,) = 0forany i = 1,2,...,n.
For 7 = n, we have

o(x1,x2,...,0) _ 0p2(pn—1(z1,22,...,2n-1),0) .3¢5n—1($179€2,-~-,$n—1)

=0. (33)
8(Ej 8¢)n,1($1,(£2,...,l’n,1) (9(Ej
=0, by the property of ¢.
For i < n and j < n, we have
¢(I1,£C27 ey Li—1, O,Ii_;,_l, e ,.’,En)
al'j
:8¢2(¢)n_1(.131,l‘2, cee s i1, 0,$i+1, e ,xn_l), O'(an)) ) 6¢n_1($1, cey 0, Lid1ye-- ,xn_l) -0
0bn_1(x1,...,0,m41,..., 00 1) Oz .
=0, via induction.
(34)
For i < n and j = n, we have
gb(,’El, L2yeoeyXfj_1, O,.’EiJrh . ,xn)
oz,
6¢2(¢n—1(1‘1’ L2y -0y Tj—1, 07 Liglyerny zn—1)7 U(xn)) dO’(Z‘")
= . =0. (35)
0o (xy,) dz,,
=0, by the property of ¢2.
Therefore, Eq. is valid. O

Proposition 6 ([23| Propositiion 3.6]). Forany N, L,s € N, and |a| < s, there is a o1-NN ¢ with
the width 9(N + 1) + s — 1 and depth 145> L such that ||§||yy1. ((0,1y4) < 18 and

[9(2) = ¥ [lyy1.00 (0,1)2y < 108(N + 1)~ 7. (36)

Proposition 7 (|39] Proposition 1]). Given a sequence of the neural network {pl}f\il and each p; is
a o1-NN from R — R with the width N and depth L;, then Zi\il p; is a o1-NN with the width N + 4
and depth Zf\il L;.

We present the proof of Proposition below.
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Proof of Proposition First, we construct g; and g, by neural networks in [0, 1]. Note that | L?/¢| <
L2/ < ([LY4] +1)". We first construct a o-NN in the small set [0, [ N1/¢]|L?/?]]. Itis easy to
check there is a neural network z/; with the width 4 and one layer such as

1, ( ) ) RS %}(, SZI’(%

- 4K (x — == T E |57, a7

O(x) = 8K /> 8K’ 8K (37)
—4K (- 5%). =€ [k, 5x]
0, Otherwise.

8K 8K 8K 8K (N[ L24]

Figure 2: ¢

Hence, we have a network v; with the width 4| N/ | and one layer such as

[N —1

ne= % w(—K)

Next, we construct v; for ¢ = 2, 3, 4 based on the symmetry and periodicity of g;. ¥ is the function

with period BE /de 277 in {0, ] Lzl/d ] }, and each period is a hat function with gradient 1. 3 is
LY 4] 41
[L2/4]

2(|LY4)+1) . LY/ 4] +1)?
( LL2/dJ ) 1mn |:O,( LLz/dJ )

the function with period [ Lf/ ] in [O, ] , and each period is a hat function with gradient 1.

)4 is the function with period ] , and each period is a hat function

with gradient 1. The schematic diagram is in Fig.(The diagram is shown the case for | N'/¢| and
| L'/4] 4 11is a even integer.).

. . . . 2 . (I_Ll/dj+1)2
Note that 2 o ¢3 o 14(x) is the function with period [~ peray it [0,1] C |0, A | and

each period is a hat function with gradient 1. Then function v o 15 o 93 o 1h4(x) is obtained by

: : . (1LY ) +1)° L .
repeating reflection %1 in |0, Ay | which is the function we want.

Similar with 1)1, 1 is a network with 4| N''/¢| width and one layer. Due to Proposition we know
that 13 and 14 is a network with 7 width and | L'/¢| 4 1 depth. Hence

Y(x) =11 092 093 0 Pa(x) (38)
is a network with 4| N'/¢] width and 2|L'/?] + 4 depth and g1 = ¢ (z+ g&) and g =
Y (z+ 8%)

Now we can construct g, form € {1, Z}d based on Proposition There is a neural network @prod
with the width 9(N + 1) + d — 1 and depth 14d(d — 1)nL such that || ¢prod|[ 1. ((0,1)¢) < 18 and

[ Pproa () = 2122 - Zall s, o0 0. 1y0) < 10(d = D)(N + 1)~TdnL,
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_
_

Uy

1 2 71/
[NVA] (L] | NVA] |12/ [L34]
; T I 3 ) - fLle
|L%4] [L2/4) [ L2/d) | L¥/d]
LLl/dJ+1 Q(LLl/dJJrl) (LLL/dJJrl)Z

[L2/4] [L2/4] [L2/4]
Figure 3: 4; forv = 2, 3,4

Then denote ¢pm, () := Pprod (G, » Gy - - - » Gmy, ) Which is a neural network with the width smaller
than (9 + d)(IV + 1) + d — 1 and depth smaller than 15d(d — 1)n L. Furthermore, due to Lemma
we have

16 (@) = g (@)l (0,1)) <7 | Sproa (@) = 2122 -+ Tall 1w 0,110
+d? | Pproa(®) — T172 - - - xd”WLOO((())]_)d) 9w 0,1)
<d310(d — 1)(N + 1)~k (1 + 4LN1/dJ2LL2/dJ>
<50d3 (N + 1)~ (39)
where the last inequality is due to

LNl/dJ2|_L2/dJ N2L2 - L2 - L2 -
(N+1)3dnL - (N+1)3dnL - (N+1)3dnL72 — 9dnL — L.

O

In the final of this subsection, we establish three lemmas for {2 }pme(1,234> {9m fmeq1,23¢ and

{®m}me(1,2y¢ defined in Subsection
Lemma 5. For {Q, }imeq1,2}¢ defined in Deﬁnition we have

U Qm=101"%

me{1,2}d

Proof. We prove this lemma via induction. d = 1 is valid due to 2; U Qs = [0, 1]. Assume that the
lemma is true for d — 1, then

U @m=01= | Qux%+ J Qmx
me{1,2}4 me{1,2}d-1 me{1,2}d-1
= ([Oa 1]d_1 X Ql) U ([0? 1]d_1 X QQ) = [07 1]d7 (40)
hence the case of d is valid, and we finish the proof of the lemma. O
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Lemma 6. {9y, }rmeq1,2)4 defined in Definition @satisﬁes:
(0): Y omeq1,2y2 9m (@) = 1 for every z € [0, 1]4.
(ii): SUpp gmm N [0, 1]¢ C Qun, where Qo is defined in Deﬁnition

(ii): For any m = (my,mao,... md) e {1,2} and ¢ = (w1,22,...,24) € [0,1]\Qpn, there

dgm,; (z5)
‘£J] 0

exists j such as gm;(x;) = 0 and

Proof. (i) can be proved via induction as Lemma and we leave it to readers.

As for (ii) and (iii), without loss of generality, we show the proof for m, := (1,1,...,1). For any
x € [0,1]\Qyp,,, there is z; € [0,1]\Q;. Then g1(z;) = 0 and gy, (z) = HJ 191(%) =0,
therefore Supp g, M [0, 1] C Q.. Furthermore, dg’g; (,mj ) — 0 for zj € [0,1] € ©; due to the
definition of ¢g; (Definition @, then we finish this proof. O

The following lemma demonstrates that ¢,,,, as defined in Proposition can restrict the Sobolev
norm of the entire space to {2,,,

Lemma 7. For any x(x) € W1>((0,1)%), denote
M= maX{||X||W1,oo((o,1)d)7 ||¢m||W1’°°((0,1)d)}a
then we have
[¢m (@) - X (@)W (0,1)) =[[dm(x) - X(2) Wi ()

[om () - x(2) = par(Pm (@), X (@) w1 ((0,1)2) =l Pm (@) - X () = dar(dm (@), x(®)) w1 (,n)
(41)

for any m € {1,2}%, where ¢, (x) and Qy,, is defined in Proposition Iand Definition. I 5| and ¢y is
from Proposmon. (choosing a = M in the proposition).

Proof. For the first equality, we only need to show that
[ () - X () [[Ww1.((0,1)4\20m) = O- (42)

According to the Proposition I we have ¢, () = ¢prod(gm1,gm2, ..y 9my), and for any =

(z1,22,...,3q) € (0,1)?\Qp,, there is m; such as g, (x;) = 0 and 2 IE ") — 0 due to Lemma
[6l Based on Eq. (31) in Proposition[3] we have
0
bm(x) = 99m(@) _ o 4 (0, 1)\ Q5 # j.
O,
Furthermore,
8¢m(a:) _ a(bprod(gmngmz’ s 7gmd) dgm]‘ (xj) 0. (43)
8$j agmj dxj
Hence we have
- ()]
[ () Z ’ =0 (44)

forall z € (0,1)"\Qy,

Similarly, for the second equality in this lemma, we have

e (donla 9 lpu(omiz). = m‘

d
—onr (0. (@ Z H ¢M o x ()] agi? . ]amfgﬁ; x())] a¢£iw> ]
=0, 45)
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for all € (0, 1)%\(2,, based on

0 0,
¢]W(07y) = W = 07 ye (_M7M)a
Y
and B%inm) = 0. Hence we finish our proof. O

7.2.2 An approximation of functions in Sobolev spaces based on the Bramble-Hilbert Lemma
[7) Lemma 4.3.8]

In this subsection, we establish { fx mn }me {1,234 as mentioned in Subsection|3.1} which is presented
in Theorem@ To prove this result, we build upon the work of [[18], which Téverages the average
Taylor polynomials and the Bramble-Hilbert Lemma to approximate functions in Sobolev spaces.

Before we show Theorem@ we define subsets of €2, for simplicity notations.

For any m € {1,2}%, we define

d . .

22'—1mj<2 3+4Z'—2'1mj<2

Qi = [Ovl]d”H[ BT } o
j=1

i = (i1,d2,...,ia) € {0,1..., K} and itis easy to check U;c o1 gy Qmii = Qem.
Theorem 6. Let K € N and n > 2. Then for any f € W™ ((0,1)%) with || f || yyn.cc((0,1y0) < 1
and m € {1,2}4, there exist piece-wise polynomials function fr m = Z\a\<n—1 9f,a,m(x)T™ on
Qm (Deﬁniti()n with the following properties:

If = frmllwie @, < Cy(n,d)K~ "1,

If = frmllLe @, < Ci(n, d)K™". 47)

Furthermore, gf. o m () : Qm — Ris a constant function with on each Qo 5 fori € {0,1.. ., K}

And
9f,a,m ()] < Ca(n, d) (48)

Jor all x € Q,, where Cy and Cs are constants independent with K.

This proof is similar to that of [18] Lemma C.4.], but we provide detailed proof as follows for
readability. Before the proof, we must introduce the partition of unity, average Taylor polynomials,
and a lemma.

Definition 7 (The partition of unity). Let d, K € N, then
U={h;:i€{0,1,...,K}}
with hy : RY — R forall i € {0,1,..., K} is called the partition of unity [0, 1] if it satisfies
(i): 0 < hy(x) < 1 forevery h; € U.
(ii): 321, cq hi = 1 forevery x € [0, 1]4.

Definition 8. Letrn > 1 and f € W™>((0,1)4), o € ((0,1)?) and r > 0 such that for the ball
B(z) := B(®0)y,|.| which is a compact subset of ((0, 1)%). The corresponding Taylor polynomial
of order n of [ averaged over B is defined for

Q" f(z) = / T? f(2)br(y) dy (49)
B
where

Tpf@)= 3 D)

o] <n—1
2\ —1
by(x) == iei(li(‘mimol/r) VL -l <,
0, |z — xo| <,
. :/ o~ (1=(z—2ol/m?) ™" 4 (50)
Rd
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Lemma8. Letn > 1and f € W™*((0,1)%), g € Qand r > 0 such that for the ball B(z) :=
B,..|(xo) which is a compact subset of ((0,1)?). The corresponding Taylor polynomial of order n of
f averaged over B can be read as

Q" f(x) = Z Cf.a™.

lee|<n—1
Furthermore,
letal < Ca(n, d)|| fllwn-1.00(B).- (51)

where Co(n, d) = Z|a+,8|§n—1 a!lg!'

Proof. Based on [18] Lemma B.9.], Q™ f(x) can be read as

Q"f(@)= Y crax® (52)
la|<n—1
where )
Cla = g a / Dt f(x)yPb.(y) dy (53)
|a+ﬁ§|;n_1 B+ a) B

for agia < (f{ﬁﬁ!)!. Note that

/ DB f(2)yPb. (y) dy‘ < W llwn—r ) lor (@)1 8) = 1 flwn-recm). (54
B

Then
ler,al < Co(n, d)|| fllwn—1.o0 (B n)- (55)

where Ca(n,d) =344 g1<n—1 a!lﬁ!. O

The proof of Theorem@is based on average Taylor polynomials and the Bramble—Hilbert Lemma [7}
Lemma 4.3.8].

Definition 9. Let Q, B € RY. Then ) is called stared-shaped with respect to B if
comv ({x} UB C Q), forallx € Q.
Definition 10. Ler Q € R? be bounded, and define

Ro— {r S0 there exists xq € ) such that Q) is }

star-shaped with respect to B,. || (xo)

Then we define
di 9]
Thax :=SUpR andcall -~y := ML()

*
rmax

the chunkiness parameter of Q if R # .

Lemma 9 (Bramble-Hilbert Lemma [7] Lemma 4.3.8]). Let Q € R be open and bounded, x, € )

and r > 0 such that ) is the stared-shaped with respect to B := B, || (xo), and v > %rfnax.

Moreover, let n € N1, 1 < p < oo and denote by ~y by the chunkiness parameter of (). Then there is
a constant C'(n,d,~y) > 0 such that for all f € W™P(Q)

|f - an|Wka(Q) S C(’I’L,d7 ’Y)hn_k|f‘W”'p(Q) for k= 07 1) e, n

where Q™ f denotes the Taylor polynomial of order n of f averaged over B and h = diam(2).

Proof of Theorem@ Without loss of generalization, we prove the case form = (1,1,...,1) =: m,.

Denote £ : W™ ((0,1)%) — W™ (R%) be an extension operator [43] and set f := Ef and Cf is
the norm of the extension operator.
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Define py ; as the average Taylor polynomial Deﬁnitionin Bix =B (8£3) je.

Pfi = / T;Jz(f’:)bﬁ (y) dy. (56)
B; k
Based on Lemma Dy,; can be read as
Dfi = Z CfiaT™ (57)
la|<n—1
where
¢rial < Ca(n, d). (58)

The reason to define average Taylor polynomial on B; x is to use the Bramble—Hilbert Lemma@ on

. d . .
8’L+3 ’Lj 3+4Zj
Qm*,‘i = Bs%a”‘”foo ( 8K ) = H |:Ka AK :| .
j=1

Note that

1 .1 3 1 diam(Qy, 4)
- > - — = — * Q . Q )= ——" =2 d
1K = 2 8K 2Tmax( m*ﬂ>7 ’Y( m*,z) T;nax(ﬂm*,i) f

Therefore we can apply the Bramble—Hilbert Lemma@and have

If = prill L (@um. o) < Cou(n, d)K™"

\f = prilwis,.. ) < Cpr(n,d)K Y (59)
d
where Cpp(n,d) = [{|a] = n}| T 1(1 5T (2 + 4\/&) C'Eg by following the proof of
0T —lemim® T

Lemma [7) Lemma 4.3.8]. Therefore,
I = prillwre@m, ) < Ci(n,d) K~
where Cy(n,d) = 2Cpg(n,d).
Now we construct a partition of unity that we use in this theorem. First of all, given any integer K,
define {h; }X , from R — R:
, 1 lz| < 2
8143 ’ 2
hi(z) == h (4K (x - 18; )) , h(z) =40, 2] > 2 (60)
4-2z|, 3<|z[<2

Itis easy to check that {h; } X is a partition of unity of [0, 1] and h;(z) = 1 forz € [£, 23], Hence

we can define h;(x) for i = (iy,4s,...,iq) € {0,1,..., K} and x = (21,29, ...,24) € R%:

d
hi(z) = ] hi, (x;), (61)
j=1

and {h;:4€{0,1,...,K}%} is a partition of unity of [0,1]¢ and h;(x) = 1 for & €
I [ 3*‘“]} = Qs and i = (i1,4n,...,iq) € {0,1,..., K}.

j=1 | K’ 4K
Furthermore,
183 (f = pri)lLoe@m, o) < IIf = prille@m, ) < Coa(n,d) K" (62)
and
i (f = pra)lwres (@, o) <If = prilwi=@m.. ) < Cpu(n,d)K~ """ (63)
which is due to h; = 1 on Q.
Then

103 (F = pri) lwr (@, ) < Cu(n, d) K7D,
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Finally,

_ hipri < hi f - @ " A
f ‘ Z by, - ie{OI,Ill,E.l.).(,K}d [hi(f — pri)llwres(@um. 1)
i€{0,1,...,K}4 Whoo (Qm,, )
<0y (’I’L, d)K_(n_l), (64)
which is due to U;e 0.1, k}aQm. i = Qm, and supp h; N Qo = Q5.
Similarly,
= D> hipga <Ci(n, )K" 65)
i€{0,1,.... K }4 L>(,q)
Last of all,

Jrm. () = Z hipri = Z Z hicf i ax®

i€{0,1,...,K}d i€{0,1,..., K} |a|<n—1

Z Z hin’i,a:Ba

ol <n—14€{0,1,..., K }¢

=: Z 9f.am. (T)T™ (66)

ol <n—1

with |gf.a.m. (€)] < Ca(n,d) for x € Q. Note that g7 o m. () is a step function from Q,,,, —
R.

9fam.(®) = Ctia (67)
forz € Hj=1 {Z?]’ 31;4;]} and @ = (i1, 42, .. .,4q) since hi(x) = Oforx € Qm*\l_[?:1 [%, 31}‘?]}
and h;(x) = 1forx € H;l:l {%J, 31}‘?]_ -

7.2.3 Approximation of functions in W™ with 11> norm by ReL.U neural networks in the
whole space except a small set

Theorem 7. For any f € W™>((0,1)%) with [ fllwn.oe(0,1)s) < 1, any N,L € Ny, and m =

(m1,ma,...,mg) € {1,2}% there is a neural network 1., with the width 2501 (N + 1) log, (8N
and depth 27n*(L + 2)log,(4L) such that

1 (@) = ¥m(@)|wies 0, < Co(n,d)N—2n=D/dL=20=1/d
1 (@) = Y (@) ]| L= (2 < Co(n, d)N 2/ AL720/1, (68)
where Cg is the constant independent with N, L.
Proof. Without loss of the generalization, we consider the case for m, = (1,1,...,1). Due to
Theorem |§Iand setting K = | N'/4]2| L?/4|, we have
If = frm. Wi (@) < Ci(n,d) K~ "1 < Cy(n,d)N—2n=D/dp=2(=1)/d
= frm. L=, ) < Ci(n,d)K~" < Cy(n,d)N—2/d[=2n/d, (69)
) (Qm.,)
where frm. = 3 jaj<n—19fam.(®)T for z € Q. Note that g.am. (%) is a constant
function for x € H;l:l {%’ 31}4{1‘:‘] and i = (iy,42,...,iq) € {0,1,..., K — 1}%. The remaining

part is to approximate f ,,,. by neural networks.

The way to approximate g¢ o m. () is similar with [23| Theorem 3.1]. First of all, due to Proposition
there is a neural network ¢, (x) with the width 4N + 5 and depth 4L + 4 such that
E k+1 1

¢(x):k,xe[K,K_M},k=o71,...7f{—1. (70)
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Note that we choose § = ;= < LK in Proposition Then define

() = {9171;?1)7 ¢1;§2)’m7 ¢1§?d)r_

Foreachp =0,1,..., K% — 1, there is a bijection
n) = [n,n2,...,n4) € {0,1,..., K —1}¢

such that Z‘;:l n; K7~ = p. Then define

9f,a,m. (%) + 02(n7 d)
202(77,, d)

ga,p = € [Oa 1]7

where C(n, d) is the bounded of gy o m, defined in Theorem@ Therefore, based on Proposition
there is a neural network ¢ () with the width 16n(N + 1) log,(8N) and depth (5L + 2) log,(4L)
such that |¢o (p) — ap| < N72"L72" forp=0,1,... K¢ — 1. Denote

¢a( )* 202 n d ZI]KJ CQ TL d)

and obtain that

o (") < gpcam. ("2 )| = 20200 0fdal0) ~ €y < 2Ca( N

|

Then we obtain that

[¢a (P2(x)) = gf,0m. (®) Wi, ) =l¢a (P2(2)) = gf.am. (®) =@, )
<2C5(n,d)N 2L —" (71)

which is due to ¢o (P2()) — gf,0,m. (@) is a step function, and the first order weak derivative is 0
in Qp,, .

Due to Proposition|6| there is a neural network ¢3 o with the width 9(N + 1) + n — 1 and depth
14n2 L such that ||¢3’a||W1,oo((071)d) < 18 and

163,0(2) = 2% [[yy1.0 (0.1y0) < 100(N + 1)~ (72)

Due to Proposmon there is a neural network ¢4 with the width 15(N + 1) and depth 4n(L + 1)
such that || @410 (—cy,05)2 < 12(Ca(n,d))? and

||¢4(.’I;,y) — xy”Wl’m((fC:;,Cg,)Q) S 6(02(n7d))2(N + 1)_27’L(L+1). (73)

where C3(n, d) = max{3C2(n, d), 18}.

Now we define the neural network ¢,,,, (z) to approximate fx ., (€) in Q,,:

Ym. (@)= D daldalB2(x)), ds.a(@)]. (74)

la|<n—-1
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The remaining question is to find the error &:

&= Z ¢4 [Pa(P2(x)), P3,0(T)] — fEm. (T)

|a|<n-—1 W10 (Qm, )
< S 164 [Bal®2(@)). 95.0(@)] — gram. @2 yie o
o <n—1
S Z ||¢4 [¢a(¢2(m))a ¢3,a(w)] - ¢a(¢2(m))¢3,a(m)||W1,oc(9m*)
laf<n—1
=&
+ Z H(ba(¢2(m))¢3,a(w) — 9f,oe,m, (m)¢3,a(m)HW1,oo(Qm*)
lal<n—1
=:&5
+ Z 19f,0,m. (T)¢3,a(T) — gf,a,m*(w)wauwl,oo(gm*) . (75)
o <n—1
=:£3

As for £1, due to Lemma@ we have

&1 < Z 2\/&111&}({ [pa(z,y) — Iy“Loc((_cS,CS)z) Nea(z,y) — IZJHWLoo((_CS,cBy)

lo|<n—1
max {6 (2@l @ 1650 (@) 0,001}
< Z 2\/&max{||¢4(9€,y) = Y|l Lo ((—5,04)2) - C3(n, d) [ Pa(z, ) — xy”Wl'oo((—C:;,Cg)z)}
lo|<n—1
< Z 12\/&[C3(n7d) +1] (Cg(n,d))Q(N + 1)72n(L+1)
la|<n—1

§C4(n,d)(N + 1)—2n(L+1) (76)

where Cy(n,d) = 12v/dn® [Cs(n, d) + 1] (Ca(n, d))?.
As for &, due to Lemma we have
& < Z 2[¢a(P2(x)) — gf,a,m. (m)HWl,OO(Qm*) : H¢3,a(33)||wlyoc(9m*)
lae|<n—1
<72n%Cy(n,d) N~ L=2" (77)
The estimation of &5 is similar with that of £ which is
&< > lgram.
|| <n—1

< 10nCy(n, d)n(N +1)"™L, (78)

WL (@) * 103.0(T) = 2%y q,, )

Therefore, using
(N+ 1)—77’LL S (N+1)—2n(L+1) S N—QnL—Qn

the total error is
E<E +E+E <Cs(n,d) K *"L~2", (79)
where Cs(n,d) = Cy(n,d) + 72n?Cs(n, d) + 10n¢Cq(n, d)n.

At last, we finish the proof by estimating the network’s width and depth, implementing ¢, ().
From Eq. , we know that 1, () consists of the following subnetworks:

1. ¢3 o () with the width 9(N + 1) + n — 1 and depth 14n?L.
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2. ¢o(x) with the width 4N + 5 and depth 4L + 4.
3. ¢ with the width 16n(N + 1) log,(8N) and depth (5L + 2) log,(4L).
4. ¢p4(x,y) with the width 15(N + 1) and depth 4n(L + 1).

Therefore ¢(x) is a neural network with the width 2509+ (N + 1) log,(8N) and depth 27n?(L +
2)log,(4L).

Combining Eqs. and (79), we have that there is a neural network t,,,, with the width 25091 (N +
1)log,(8N) and depth 27n*(L + 2) log,(4L) such that

1 (@) = ¥m. (@)llw1. (@, < Co(n, N0/ =200/

1 (®) = b, (@)1 (@) < Coln, d)N=2/IL7204, (80)
where Cg = C1 + Cj is the constant independent with N, L.
Similarly, we can construct a neural network 1,,, with the width 2529+ (N + 1) log, (8 N) and depth
27n2(L + 2) log,(4L) which can approximate f on §2,,, with same order of Eq. (80). O

7.2.4 Proof of Theorem
Now we can prove Theorem [3]based on Theorem[7]and Proposition][T]
Proof of Theorem Based on Theorem there is a sequence of the neural network
{wm(m)}me{lﬁg}d such that
1 (@) = Yo (@) w10 (0,) < Co(n, d)N 2=/ d 720D/
1F(®) = Y (@) L= (@) < Co(n, )N~ IL=20/, @81)

where Cg = C + Cj is the constant independent with N, L, and each 1), is a neural network with
the width 2509+ (N + 1) log,(8N) and depth 27n?(L + 2) log,(4L). According to Proposition
there is a sequence of the neural network { @y, () } ;e 1,234 such that

[¢m (2) = gm (2)[[wr.00((0,1)2) < SOd%(N + 1) ddnl

where {grm }me (1,2} is defined in Deﬁnition@with > me{1,2y¢ 9m(x) = 1 and supp gm N[0, 1)¢ =
Q. For each ¢y, it is a neural network with the width smaller than (9 4+ d)(N + 1) +d — 1 and
depth smaller than 15d(d — 1)nL.

Due to Proposition there is a neural network 5 with the width 15(N + 1) and depth 14n%L such
that [|¢||y1.(—cy,cy2 < 12(Cr(n, d))? and

[EEEE < 6(Cr)(N + 1), (2)

Weo(—Cr,Cr)?
where C; = Cg + 50d% + 1.

Now we define

sa)= > o(om(x), Ym()). (83)

me{1,2}4

Note that

R =|f(x) — ¢(@)llwre(oyy =| D, gm-f(x@)—o(x)

me{1,2}4 W1.00((0,1)4)

<l Y lgm F(@) — bml@) - (@)

meil 2} W= ((0,1)%)
| X 9@ Ym(@) — $(6m (@), Ym(@)) : (84)
mell2pe W ((0,1)4)
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As for the first part,

me{l 2} Wes ((0,1)9)
< Z ||gm : f(w) - ¢m(w) ’ 1Z)Tn(w)”Wl’“’((o,l)d)
me{1,2}4
< Z [”(Qm — Om(x)) - f(m)||wl,oc((o,1)d) + [[(fm = Ym(2)) - ¢m(37)||wlvoo((o,1)d)]
me{1,2}¢
= 3 [10m = Om@) F@ oy + 1 Fm = Gm(®) S (@l <y |
me{1,2}4

(85)
where the last equality is due to Lemma Based on Lemmaand [ w0 (0,1)4) < 1, we have

[(gm — dm (@) - f(@)|ly1.5 ((0,1)2) < [1(gm — dm (@) [ly1. ((0,1)2) < 50d% (N + 1)~k
(86)
And
[(frm = Ym(x)) - dm (@)l yy1. (0,
< H(fm - ¢m($))||wl»oo(9m) ) ||¢m||L°°(Qm) + H(fm - wm(m))”Lw(Qm) ’ H(bmHWl*“’(Qm)
<Cy(n, d)N-2n-D/d[~2n=1)/d (1 + 50d%) + Coln, d)N=2r/dL=2n/d _54q% | V42| [2/4)
écv’?(n’d)]\/'72(nf1)/(1[/72(7171)/d7 (87)
where the second inequality is due to
5
[pmllLoc (@) < PmllLe (0,119 < NgmllLo=(f0,1)2) + |ém — gmllLo=([0,172) < 1+ 50d2
[ pmllw. (@) < N Pmllwioe(o,119) < llgmllwo(0,174) + |Pm — gmllwr.o (0,119

< A|NY2| LY 4 50d3 . (88)
Therefore
S g F(@) — dm(®) - Y (@) < 24(Cy(n, d) + 5043 )N 2D/ 2(n-1)/d
me{1,2}4 Wi.eo((0,1)4)
(89)

due to (N + 1)~4dnl < N=2n[ =20,
For the second part, due to Lemma we have

> [om(@) (@) = G6m (@), Yim(@))]

me(1,2) W= ((0,1)%)
< Y om@) (@) = (@) @),
me{1,2}4 ’
= Y [tml@) vm(@) = m@) Ym@))|| - 90)
me{1,2}4 ()
Similarly with the estimation of £ {76), we have that
[om(@) - vm(@) = S6m(@) vm@)|
<Cs(n,d)(N + 1)+ < Cg(n, d)N—2=D/df—2(n=1)/d (91)
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Combining (89) and (91), we have that there is a o1-NN ¢ with the width (34 + d)29nd*+! (N +
1) log,(8N) and depth 56d*n?(L + 1) logy(4L) such that

I1f(z) — 6(2) [ ((0,1)2) < Coln, d)N~2n=D/d=2n=1)/d
where Cy is the constant independent with N, L.
O

The method proposed in [28![23]]39}38}|37] may not be applied to prove Theorems These
works approximate the target function f using a deep neural network ¢ in the unit cube except
for an arbitrarily small region (s, as per [36! Lemma 2.2]. Since |[¢|| (o) can be bounded and
is independent of the size of Q6, || f — &) can be well estimated across the entire space for
p € [1,+00). For approximations measured in the L°°(2) norm, [28] translates the deep neural
network ¢, while [39] constructs different neural networks in the unit cube away from various
negligible regions. Both methods aim to find neural networks {¢;(x)}i = 1V that approximate the
target function f well in different regions. They then observe that the middle value of {¢;(z)}; is
close to f(x) for all z* € 2, and construct the middle-value function using a ReLU neural network.
However, these methods may not be generalized to prove the theorems presented in this paper.

Neither of the methods previously proposed can be applied to the approximation measured in Sobolev
space. In the first method, ||¢||y1,0 () depends on the length of 4, and the derivative is substantial

in the negligible region, as shown in [36| Lemma 2.2]. Thus, || f — ¢||w1.»(q) Will be excessively
large. In the second method, median value functions can only identify the median values, not the
median values of functions and their derivatives simultaneously. In this paper, we overcome this
difficulty using a partition of unity. We construct a partition of unity of {2 and approximate them
using ReLU DNNs denoted as { ¢y, }e {1,234 For each ¢m, its support set is the unit cube away
from a small region, and we can construct a deep neural network ,,, that approximates the target
function f well on supp ¢,,,. We then combine {¢.m } me (1,234 and {¥m }rme 1,234 to obtain a deep
neural network that can approximate the target function f well across the entire space. This approach
resolves the issue of simultaneous approximation of both functions and their derivatives in Sobolev
spaces.

7.3 Proofs of Corollaries[IJand

7.3.1 Preliminaries

First, we list a few basic lemmas of o5 neural networks repeatedly applied in our main analysis.
Lemma 10 ([23) Lemma 3.7]). The following basic lemmas of o2 neural networks hold:

(i) o1 neural networks are oo neural networks.

(ii) Any identity map in R? can be realized exactly by a oo neural network with one hidden layer and
2d neurons.

(iii) f(x) = 22 can be realized exactly by a oo neural network with one hidden layer and two neurons.
(iv) f(z,y) = ay = @ -Gy
layer and four neurons.

(v) Assume & = 2§ x5? - - - 15 for o € N% For any N, L € N7 such that NL + 2llosa NI > |,
there exists a oo neural network ¢(x) with the width 4N + 2d and depth L + [logy, N'| such that

p(x) = o

can be realized exactly by a oo neural network with one hidden

for any x € R%.

(vi) Assume P(x) = Zj:l cjx® for aj € N. For any N,L,a,b € Ntsuch that ab > J
and (L — 2b —blog, N) N > bmax; ||, there exists a oo neural network ¢(x) with the width
4Na + 2d + 2 and depth L such that

o(x) = P(x) for any = € RY.

Next, we define a function which will be repeatly used in the proof of Corollary in this section.
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Definition 11. Define s(x) from R — [0,1] as

22, T € [O, %]
2@ -1)%4+1, ze€l31]
1, z€ll,2]
= 2
W= o921, we 23] ©2)
2(z - 3)%, v € [3,3]
0, Otherwise.
Figure 4: s(x) in R.
Definition 12. Given K € N, then we define two functions in R:
i 1
s1(z) =) s(AKx+1—4i), so(x) =51 <az—|— 2K> 93)
i=0
Then for any m = (my, ma, ..., mq) € {1,2}9, we define
d
Sm(x) = H Sm, (24) (94)
j=1
forany x = (x1,22,...,24) € RL

Proposition 8. Given N, L,d € N, with NL + 2U°%2 N1 > d and L > [log, N, and setting
K = [NY4]|L¥?], {51 (%)} me(1,2}4 defined in Definition satisﬁes:

Sm(m)le,oc((O,l)d) S 8K and Hsm(w)”Wl,oo((O,l)d) S 64K2f0r

(0): |[sm(®)|| Lo (0,1)2) < L,
any m € {1,2}.

(ii): {S$m (%)} me(1,2)4 is a partition of the unity [0, 1]% with supp sm () N [0,1]* = Qu, defined in
Definition[3]

(iii):For any m € {1,2}% there is a oo neural network Ay, () with the width 16N + 2d and depth
4L + 5 such as

d
Am(@) =[] sm, (25) = sm (@), @ € [0,1]".

Proof. (i) and (ii) are proved by direct calculation. The proof of (iii) follows:

First, we architect s(z) by a o neural network. The is a o1 neural network g(z) with 3 the width
and one layer such that:

T, T€E [0, %]
g(z) = %7 T E [%,—i—oo) (95)
0,  Otherwise.

Based on (iii) in Lemma g2(x) is a 0 neural network with 3 the width and two layers. Then by
direct calculation, we notice that

$(2) = 20%(@) — 202~ + 1) + 20 B - 2) 207 (2 + ) + 3, 96)
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which is a o9 neural network with 12 the width and two layers. The g(«) defined as

[NV/d]-1

gla)y= Y s (4Kx —4i— ;) (97)

=0
is a op neural network with 12(| N'/¢]) the width and two layers.

Similar with Lemma[T} we know that
g =gohzots0a(x)
is a op neural network with 12(| N'/¢]) the width and 5 4 2| L'/¢|, and

sl(x):g(x—&-;{), sa(x) = 1 (w—i—Q‘lK), x € [0,1]. (98)

Based on (v) in Lemrna we have there is a o9 neural network A, () with the width 16N + 2d
and depth 4L + 5 such as

d
Am(x) = H Sm, (77) = sm(x), z € [0,1]%
j=1

7.3.2 Proof of Corollaries[I]and[2]

The proof is comprised of three parts, which include Theorem and@ followed by the combination
of these results. Theorem @is to apply the Bramble—Hilbert Lemma@measured in the norm of
W2,
Theorem 8. Let K € N, and n > 2. Then for any f € W™ ((0,1)%) with || f ||y ((0,12) < 1
and m € {1,2}4, there exist piece-wise polynomials function fr¢ m = Z\a\gnq 9f.a,m(T)T™ on
Qm (Deﬁnition with the following properties:

I = frmllwzo (@, < Ci(n, d)K~72,

If = frmllwroo @) < Ci(n,d)K~ 1),

1f = femllLe(@,,) < Ci(n,d)K™". 99)

Furthermore, gt o.m/ () : Qm — R is a constant function with on each Qum, ; fori € {0,1..., K }%.
And

|9f,0,m ()] < Ca(n, d) (100)
for all x € Qy,, where Cy and Cs are constants independent with K.
The proof is the same as that of TheoremlEl Note that { f K,m}me{172}d will be same in two theorems
if f € W™°((0,1)¢) in two theorem are same.

Theoremlﬂis to establish o5 neural networks {~,,, } {1,2y4, and each 7, can approximate f well on
Q-

Theorem 9. For any f € W™>°((0,1)%) with || f|lwn.((0,10) < L, any N,L € Ny with NL +
2Uoga NI >y and L > [logy N, and m = (m1,ma,...,mq) € {1,2}% there is a oy neural
network ~p, with the width 28nt* (N + d) log,(8N) and depth 11n?(L + 2) logy(4L) such that
1 (@) = (@) llwzx (@) < Cro(n,d) N2 =D/ dL=20=2)/d
1 (@) = ym (@) llwr.= (@) < Cro(n, N2 D/dL=2n=D/d
£ () = Ym ()| L= (0,n) < Cro(n, d)N—2"/4L=21/2, (101)

where Cg is the constant independent with N, L.
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Proof. The proof is similar to that of Theorem the difference is that xy and & can be architected
precisely by o2 neural networks.

Without loss of the generalization, we consider the case for m, = (1,1,...,1). Due to Theorem
and setting K = | N'/¢|2| L?/4], we have
If = frm. w2 @) < Ci(n,d) K~ "™ < Cy(n,d)N—2(n=2/d=2(n=2)/d
If — frm. Wios (@) < Ci(n, d)K*(nfl) < Ci(n, d)N72(n71)/dL72(n71)/d
= frm.||lL= <Ci(n,d)K™" < C’l(n, d)N_Qn/dL_Qn/d, (102)
El * ( m*)
where fx m, = _19f.am,(@)x* for z € Q,, . Note that g¢ o m, (x) is a constant
) |a|§n1faa* * fro,m,
function for x € H;l:l {%’ 31;?3'] and i = (iy,42,...,iq) € {0,1,..., K — 1}%. The remaining

part is to approximate f ,,,. by neural networks.

The way to approximate gs.a m. (&) is same with Theorem and we have that

[P (#2(2)) = 91.am. (@) w2 (@) =[|0a (P2(2)) = gr.0.m. (&) Wi (@)
=[0a (P2(®)) = g.0m. (&) [[Lo ()
<2C5(n,d)N 2"~ (103)
which is due to ¢ (¢2(x)) — gf,a,m. () is a step function, and the first order weak derivative is 0
in Qp,, .

Due to (v) in Lemma there is a o3 neural network ¢5 o () with the width 4N + 2d and depth
L + [logy N such that

b5.0(x) = 2%, x € R™ (104)
Due to (iv) in Lemma there is a o neural network ¢g () with the width 4 and depth 1 such that
(bG(mvy) =Y, T,Y e R. (105)

Now we define the neural network 7, () to approximate fx ., (€) in Qp,,:

Yo (@) = D b6 [dalP2(T)), d5.a(@)]. (106)

ol <n—1

The remaining question is to find the error &:

E=|l Y ¢6lpald2(z)), d5.a(@)] = fKm.(T)

jal<n—1

W22 (Qm,)

< D 46 ba(@2(@) ¢5.a(@)] - gram. (@2 |y,

loe|<n—1
= > lbal@:@)a® = gram. @) |y, )

le|<n—1
<n® Y |lda(d2(@) — gram. @)y, )

le|<n—1

<2n@*2Cy(n,d)N 2" L~2", (107)

At last, we finish the proof by estimating the network’s the width and depth, implementing ., ().
From Eq. (106), we know that v, (x) consists of the following subnetworks:

1. ¢5,q () with the width 4N + 2d and depth L + [log, N.

2. ¢o(a) with the width 4N + 5 and depth AL + 4.

3. ¢ with the width 16n(N + 1) log,(8N) and depth (5L + 2) log,(4L).
4. ¢g(x,y) with the width 4 and depth 1.

31



Therefore ¢(x) is a neural network with the width 28n9T1(N + d) log,(8N) and depth 11n?(L +
2)log,(4L).

Combining Egs. (102) and (107), we have that there is a neural network ~y,,, with the width

28n9TL(N + d) log,(8N) and depth 11n%(L + 2) logy(4L) such that
||f(iB) ¢m ( )HW2 19 () < Cl()(’n, d)N 2(n— 2)/dL—2(n—2)/d
£ () = Ym. (@) [lw. 0 (U, ) S Cio(n,d)N —2(n—1)/d —2(n—-1)/d

1£(@) = Ym. (@)l (0, ) < Cro(n, d)N—2/4L=2174, (108)
where C1o = C 4 2n9t2(C} is the constant independent with N, L.

Similarly, we can construct a neural network 7,,, with the width 28n9+1 (N + d) log, (8 N) and depth
11n2(L + 2) log,(4L) which can approximate f on §,,, with same order of Eq. (108). O

The last part is to combine {Am }meq1,2p2 and {Ym }meqi,23¢ in [0,1]% and obtain a o neural
network to approximate f measured in the norm of 2.

Proof of Corollary[I] Based on Theorem [9} there is a sequence of the neural network
{Vm(x )}me{l 21d such that

£ () — Y (@) w2 (0,.) < Cro(n, d)N—2n=2/dp=2n=2)/d
() = Ym (@) | wiee () < Cro(n, d)N—2n=D/dp=2n=1)/d
() = Ym (@) L= () < Cro(n, d)N~21/4L=21/4, (109)

where C1 is the constant independent with IV, L, and each -, is a neural network with the width
28n9*1(N + d) log,(8N) and depth 11n?(L + 2) logy(4L). According to Proposition there is a
sequence of the neural network {s,m, () }me 1,23« satisfies:

(1) Hsm(:c)||Loo((071)d) <1, “Sm($)||wl,m((o’1)d) < 8K and ||Sm($)HW1.oo((071)d) < 64K? for
any m € {1,2}9.

(i): {sm(x Iﬁ}me{l 1234 is a partition of the unity [0, 1] with supp sm () N [0, 1] = Q,, defined in
Definition

For each sy, it is a 09 neural network with the width 16V + 2d and depth 4L + 5.
Due to (iv) in Lemma there is a o5 neural network ¢g(x) with the width 4 and depth 1 such that

d6(z,y) =2y, z,y € R. (110)
Now we define
@)= > f6(sm(T), Ym(T)). (111)
meq{1,2}4
Note that
Ri=[f@) = @) lwzwonn < Y. lsm(@) - F(@) = $m (@) Ym (@)l w2 (0.1)0)
me{1,2}4
= Y lsm(@) - f(@) = sm(@)1m (@) w2 (q,,) (112)
me{1,2}d

where the last equality is due to supp s, (z) N [0, 1]¢ = Qpp,.

Then due to chain rule, for each m € {1,2}4, we have

[sm(2) - f(@) = $m(®)Vm(®)|ly2.(q,,)
< Ism (@) Iy, () I () — %n(m)HLoo(om) +2 Hsm(x)HWLOO(Qm) 1f(z) — ’Ym(f‘?)HWl»oo(om)
F 15m (@)l o () 1 (@) = Y (@) lyr2.00 (02, ) T 15m (@) [y1.00 () 1 (@) = Ym (@) Lo @)
F [sm (@)l oo () 1/ (@) = Ym (@) [ly1.0(,.0) F I5m (@) Lo (0,0 1 (2) = Ym (@) | Lo (2.,
<91C1o(n, d)N~2=2)/d = <" 2)/d, (113)
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Hence
rj‘é S 2d+7010(n’ d)N72(n72)/dL72(n72)/d.

At last, we finish the proof by estimating the network’s width and depth, implementing v(x). From
Eq. , we know that () consists of the following subnetworks:

1. Yom () with the width 28041 (N + d) log,(8N) and depth 11n2(L + 2) log, (4L).

2. Sy () with the width 16 N 4 2d and depth 4L + 5.

3. ¢¢(z,y) with the width 4 and depth 1.

Therefore v(x) is a neural network with the width 2¢+6n4+1(N 4 d) log, (8N) and depth 15n2(L +
2)log,(4L).

O
Our method can easily extend to approximations measured by the norm of W""°°. The primary

difference in the proof lies in the need to establish a differential {5, ()} 1,234, Which can be

achieved by constructing architected s,,,(x) as piece-wise m-degree polynomial functions. By
extanding this approach, we can obtain Corollaryusing our method.

7.4 Proof of Theorem[d]
Proof. The Theorem will be proved by contradiction. The idea of the proof is inspired by Ref. [28].

Claim 1. There exist p,Cy,C2,Cs, Jy > 0 and s,d € Nt such that, for any f € F,, a4, we have

inf ¢ — flwie((0.1)a) < CaL 2= D/dmp y=2(n=1)/d=p, (114)
PeED

forall NL > Jy, where

P = {¢ : ReLU FNNs ¢ with the width < C1N log N and depth < CsLlog L}.

The remaining question is to show Claimis invalid.

Denote R R
D@ = {ww:Dl¢7¢€¢,Z:1,.,d}7

Due to Theorem[1] we obtain

VCDim(D®) < C4N?L?log, Llogy N =: b,. (115)

Now we will use Claim[I]to estimate a lower bound
b= [(NL)a*tm |4

of VCDim(D®). In other words, we will construct {Ys(x) : Yg(x) € D®, 3 € B} to scatter b
points. B will be defined later.

First, fix i = 1,...,d, and there exists § € C*° (0,1)? such that % = 1 and g(x) = 0 for
lz]]2 > 1/3. And we can find a constant Cs > 0 such that g := g/C5 € F,, 4.

Denote M = [(NL)3*2#=1 |. Divide [0,1]¢ into M¢ non-overlapping sub-cubes {Qg}, as
follows:

0, —1 6,
-— o . T d. . v iCh ) — . e
Qo = {w— [1, 29, ,xq] €10,1]%: 2; € { i ’M] =12, ,d},

for any index vector @ = [0y, 65, - - ,Gd]T € {1,2,---, M} Denote the center of Qg by ¢ for all
0 c{1,2,---, M}? Define

B .= {ﬁ:ﬁisamapfrom{1,2,~-- ,M}dto{—Ll}}-
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For each 5 € B, we define, for any « € R4,
hs(x) := > M TB(0)ge(x), where go(x) =g (M - (x — z0)).
0c{1,2,--- ,M}d
Due to [suppg(z)| < 2 and [D%hg(x)| < M ~"F1||g|lyn.e < 1, we obtain that
D fs(x)| < 1
for any || < n Therefore, fz € F,, 4. And it is easy to check {D;hg = hg : 8 € B} can scatters b;

points since 8g(0) = 1l and g(x) = 0 for |||z > 1/3.

—2(n—1)

Note that for any hg € F, 4, there is a ¢g € ® such that C5(NL)— @ % > |D;hg(xe) —
D;¢ps(xg)| for any Jz < NL due to Claim Denote J; = maxgep{Js}. There is a constant

Jo such that M_C:+1 > C’g(NL);z(Zﬂ)—P for Jo < NL. Define J := max{J;, J»}, then for any

J < NL, we have

M—n+l “a(n-1)
= > C3(NL)™ @ 77> |D;hg(xe) — Dipp(xo)|-

Cs
(116)

n+1 39(-’”9)
al’i

Dihp ()| = ]M-

In other words, for any 8 € Band 0 € {1,2,--- ,M}% D, fz (xp) and D; ¢ (z4) have the same
sign. Then {D;¢g : 8 € B} shatters {xy: 0 € {1,2,--- ,M}?} since {D;hg : 8 € B} shatters
{xg:6c{1,2,---,M}"} as discussed above. Hence,
VCDim ({¢s : 8 € B}) > M? = by, (117)

for N, L € N with NL > J.
By Egs. (115]117), for any N,L € N with NL > .J, we have b; < VCDim ({¢g: § € B}) <
VCDim(D®) < b, implying that

|(NL)atzw D |4 < CyN2L*log, Llog, N (118)
which is a contradiction for sufficiently large N, L € N. So we finish the proof of Theorem O

Based on the proof of Theorem we can easily check that the estimation of VC-dimension of
DNN derivatives (Theorem 1) is nearly optimal and prove Corollary Assume VCDim(D@) <
b, = O(N2=5L2¢) in Eq. (118} for ¢ > 0, and b, must be larger than [ (N L) | according the
construction in the proof of Theorem and Theorem |3| Hence we still obtain a contradiction in
Eq. (T18), and the estimation in Theorem([I]is nearly optimal.

7.5 Proof of Theorem 5]

7.5.1 Bounding generalization error by Rademacher complexity

Definition 13 (Rademacher complexity [3]). Given a sample set S = {z1, 22, ..., 2y} on a domain
Z, and a class F of real-valued functions defined on Z, the empirical Rademacher complexity of F
in S is defined as

M
1
Rs(F) := —Egx,, |sup » oif(z)],
M M fe]—' ;
where ¥y = {01,02,...,05:} are independent random variables drawn from the Rademacher
distribution, i.e., P(oc; = +1) = P(0; = —1) = %for i = 1,2,..., M. For simplicity, if S =
{21, 22,..., 20} is an independent random variable set with the uniform distribution, denote

Ry (F) := EgRg(F).

The following lemma will be used to bounded generalization error by Rademacher complexities:
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Lemma 11 ([47], Proposition 4.11). Let F be a set of functions. Then
M
Ex SUp |37 ;U(Ij) — Eg pou(z)| < 2Ry (F),

where X := {x1,...,xp} is an independent random variable set with the uniform distribution.

Now we can show that generalization error can be bounded by Rademacher complexities of two
function sets.

Lemma 12. Let d, N,L,M € N,, B,C;,Cy € Ry. For any f € WH>((0,1)%) with
[ fllweo(0,1y0) < 1, set

d = {¢ : ¢ with the width < C1 N log N and depth < CaL1og L, ||§|lw1.0 ((0,12) < B}

DO :={¢:¢=Dip,i=1,...,d}. (119)
We have _ ~
2 sup  [E(Rs(8)) — Ro(8)] < 4(B + 1)(dRur(DF) + Ras (),
0,¢(x;0)ed
where E is expected responding to X, and X = {x1,...,xp} is an independent random variables

set uniformly distributed on (0,1).

Proof. For any ¢(z;6) € ®, we have
[E(Rs(0)) — Rp(6)|

O(f(xi) — p(x;0))
8l‘j

2

O(f(z) — ¢(x;6))
8xj

2
— / dx
(0,1)¢

=1 M =1 8xj
M
# (BB 3 S (f(e) —olai0) — [ (@)~ o(a:0) da
=1 0,1
<2(B 4 1)(dRp (D®) + Ry (®)) (120)
where the last inequality is due to Lemma O

7.5.2 Bounding the Rademacher complexity and the proof of Theorem

In this subsection, we aim to estimate the Rademacher complexity using the covering number. We
then estimate the covering number using the pseudo-dimension.

Definition 14 (covering number [3]). Let (V, || -||) be a normed space, and © € V. {V1,Va,...,V,}
is an e-covering of © if © C Uj_ B, ;| (V;). The covering number N (€,0,|| - ||) is defined as

N(e,0,] ) := min{n : Je-covering over © of size n}.

Definition 15 (Uniform covering number [3])). Suppose the F is a class of functions from F to R.
Given n samples Z,, = (z1,...,2zn) € X", define

Flz, ={(u(z1),...,u(zy)) :u € F}.
The uniform covering number N (e, F,n) is defined as

Nle, Fin) = max N (e, Flz, || ll)

where N (¢, F|z,, || - |lo) denotes the e-covering number of F|z, w.r.t the Loo-norm.
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Then we use a lemma to estimate the Rademacher complexity using the covering number.

Lemma 13 (Dudley’s theorem [3]). Let F be a function class such that sup ;¢ r || f||co < B. Then
the Rademacher complexity R, (F) satisfies that

R.(F) < inf { 5—1——/ V1og 2N (e, F,n) de}

0<6<B

To bound the Rademacher complexity, we employ Lemma which bounds it by the uniform
covering number. We estimate the uniform covering number by the pseudo-dimension based on the
following lemma.

Lemma 14 ([3]). Let F be a class of functions from X to |[—B, B]. For any ¢ > 0, we have

2enB Pdim(F)
)

N(E,]:7n) S (W

forn > Pdim(F).

The remaining problem is to bound Pdim(®) and Pdim(D®). Based on [4], Pdim(®) =
O(L2N?log, Llog, N). For the Pdim(D®), we can estimate it by Theorem|2

Now we can estimate generalization error based on Lemma|[I2]

Proof of Theorem|3] Let J = max{Pdim(D®), Pdim(®)}. Due to Lemma and Theorem
for any M > J, we have

Ry (D®) <46+—/ \/10g2/\/ D®, M) de

12 B 2 MB Pdlm(D@)
<46+ — / log 2 ¢
VM Js ePdlm D<I>

12B Pdim(D®) D<I> 2eM B
<454 128 4 o ( Pdim( ¢ de.  (121)
vM €Pdlm D@)
By the direct calculation for the integral, we have
B 2¢M B _ 2eMB
log | —————— log
5 ePdim(D®) SPdim(D®)
(D) *
Then choosing § = B (%MD@) < B, we have
1
~ Pdim(D®) \ ° 2eM
Ry (D®) < 28B Pdim(D®) log [ —22 ). (122)
M Pdim(D®)
Therefore, due to Theorem there is a constant Cy independent with L, N, M such as
~ NL(log, Llog, N)=
Ry (D®) < C log M. 123
m(D®) < Cy Nl g (123)

Ry (®) can be estimate in the similar way. Due to Lemma. we have that there is a constant
Cs = C5(B,d, Cy,C5) such that
NL(log, Llog, N)z

ERs(OD) — RD(OD) + ERD(Os) — ERs(OS) < Cs \/M

log M. (124)

O
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