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A Details of Figures

A.1 Figure 2

&B-number experiment. In each panel, the two curves are projection of curves  : [0,27] —
S* and x_ : [0,27] — S3. We actually generate the curves as shown in the figure
(i.e., in a three-dimensional space), then map them to the sphere using the map (u,v,w) —
(u,v,w, /1 —u2 —v2 — w?). In this three-dimensional space, the top left panel’s blue curve (de-
noted & _ henceforth) and each panel’s red curve (denoted x; henceforth, and which is the same for
all panels) are defined by the parametric equations
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where § sets the separation between the manifolds and is set here to § = 0.05. We then rescale both
curves by a factor .01: the scale of the curves is chosen such that the curvature of the sphere has a
negligible effect on the curvature of the manifolds (since the chart mapping we use here distorts the
curves more nearer to the boundary of the unit disk {(u, v, w) | u? + v? + w? < 1}).!
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From here, we use an “unfolding” process to obtain the blue curves in the other three panels from

x_. To do this, points where |dz‘ 2| = |dz‘ 2| are found numerically. There are 8 such points in
total, and parts of the curve between pairs of these points are reflected across the line defined by such
a pair in the (25, x3) plane. This can be done for any number of pairs between 1 and 4, generating
the curves shown. This procedure ensures that aside from the set of 8 points, the curvature at every
point along the curve is preserved and there is no discontinuity in the first derivative, while making
the geometries loop back to the common center point more. For an additional visualization of the
geometry, see Figure 1.

Given these geometries, in order to compute the certificate norm for the experiment in the top-right
panel, we evaluate the resulting curves at 200 points each, chosen by picking equally spaced points in
[0, 27] and evaluating the parametric equations. The certificate itself is evaluated numerically as in
Appendix A.2.

Rotated MNIST digits. We rotate an MNIST image around its center by ¢ * 7/100 for integer 4
between 0 and 199. We then apply t-SNE [2] using the scikit-learn package with perplexity 20 to
generate the embeddings.

A.2 Figure3

We give full implementation details for this figure here, mixed with conceptual ideas that underlie the
1mplementat10n The manifolds M and M _ are defined by parametric equations = : [0,1] — S?
and z_ : [0,1] — S?; it is not practical to obtain unit-speed parameterizations of general curves,
SO we also have parametric equations for their derivatives &, : [0, 1] — R2. These are important in

! Although this adds a minor confounding effect to our experiments with certificate norm in the top-right
panel, it is suppressed by setting the scale sufficiently small, and it can be removed in principle by using an
isometric chart for the upper hemisphere instead of the map given above.

2For a three-dimensional interactive visualization, see https://colab.research.google.com/drive/
1xmpYeLK606DtX0kJEt_apAniEB9fARRv7usp=sharing.


https://colab.research.google.com/drive/1xmpYeLK606DtXOkJEt_apAniEB9fARRv?usp=sharing
https://colab.research.google.com/drive/1xmpYeLK606DtXOkJEt_apAniEB9fARRv?usp=sharing
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Figure 1: The two curve geometry described inyAppendix A.1. The different choices of M _ that

lead to different $3-number are overlapping. The legend indicates the &B-number of the two curves
problem obtained by considering the same M but a different M _ as indicated by the color.

our setting since for non-unit-speed curves, the chain rule gives for the integral of a function (say)
f : M+ —R
@de= [ (Fow.)es0)]ed
My [0,1]

In particular, in our experiments, we want to work with a uniform density p = (p4, p—) on the
manifolds, where the classes are balanced. To achieve this, use the previous equation to get that we

require
1= [ p@des [ p@)de
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A uniform density on M is not a constant value—rather, it is characterized by being translation-
invariant. It follows that p, should be defined by

1

Po © Lo (t) = S

2[|5 (t)]l2
For the experiment, we solve a discretization of the certificate problem, for which the above ideas will
be useful. Consider © in (3.1) for a fixed depth L (and n = 2, since width is essentially irrelevant
here). By the above discussion, the certificate problem in this setting is to solve for the certificate

9=1(9+,9-)

1
fo=3 (/[0’1] O, x4(t))g4 o x4 (t) dt + /[0,1] O, z_(t))g-cz_(1) dt) :

Here, we have eliminated the initial random neural network output fg, from the RHS. Aside from
making computation easier, this is motivated by fact that the network output is approximately
piecewise constant for large depth L, and we therefore expect it not to play much of a role here.
Let M € N denote the discretization size. Then a finite-dimensional approximation of the previous
integral equation is given by the linear system

M M
1
feomo(t) =57 > O(@s(ti), mi(t))gs 0y (t) + > O(@o(ti), 2 (t;))g- 0z (t;)
Jj=1 J=1
(A.1)
foralli € [M]and o € {£1}, and where t; = (i —1)/M. Of course, f,ox,(t) = o, so the equation
simplifies further, and because the kernel © and this target f, are smooth, there is a convergence



of the data in this linear system in a precise sense to the data in the original integral equation as
M — oo. In particular, define a matrix T by TZ‘;‘ = O(x4(t;), x4+ (t;)), define a matrix T~ by
T;; = O(x_(t;), z—(t;)), and define a matrix T+ by T; = O(z4(t;), z_(t;)), all of size M x M.
Then the 2M x 2M linear system

1 1 T+ T%) (g4

=i 7] a2
is equivalent to the discretization in (A.1). We implement and solve the system in (A.2) using the
definitions we have given above, using the pseudoinverse of the 2M x 2M matrix appearing in this
expression to obtain [g, g_]*, and plot the results in Figure 3, in particular interpreting (g, ); as
the sampled point g, o €, (t;) as in (A.1) when we plot in the left panel of Figure 3. Evidently, it
would be immediate to modify the experiment to replace the LHS of (A.1) by the error fg, — f.: the
same protocol given above would work, but there would be an element of randomness added to the
experiments.

Specifically, in Figure 3 we set M = 900. When plotting the solution to (A.2), i.e. the vector
[g+,9-]", we moreover scale the vector by a factor of 0.3 to facilitate visualization.

A.3 Kernel Decay Scale and Trainability of Realisting Networks: Empirical Evidence
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Figure 2: The decay properties of the NTK are predictive of trainability on a toy dataset. We
plot the log training error of networks of varying depth that are trained to classify two curves with
varying separation. The insets show a projection of the geometry onto the plane for separation values
0.3 and 0.9. For each depth L, the characteristic decay scale of the DC-subtracted NTK (¢°) is
computed numerically and plotted in green. We find that small training loss is only achievable if the
decay scale of the kernel is small compared to the inter-manifold distance, hence the decay scale is
predictive of trainability.

One of the main insights into the manifold classification problem that is utilized to obtain Theorem 3.2
is that (roughly speaking) the depth of a fully-connected network controls the decay properties of the



network’s NTK, and that fitting can be guaranteed once the decay occurs on a spatial scale that is
small relative to certain geometric properties of the data. Here we provide empirical evidence that
this phenomenon holds beyond the regime in which our main theorems hold, and in fact is relevant
for networks of moderate width and depth as well.

We draw 400 samples each from a uniform distribution over a union of two curves that are related
by a rotation by a geodesic angle that is varied from 0.2 to 1.0 in increments of 0.1. The curves
are not linearly separable even for large angle (see insets in Fig. 2). These curves are embedded in
Smo=1 for ng = 128 and subjected to a rotation drawn uniformly from the Haar measure. We then
train a fully-connected network to classify the curves using ¢2 loss. The network has width n = 256
and we vary the depth from L = 2 to L = 10, and train using full-batch gradient descent for 10°
iterations with learning rate 7 = 1/(4nL) (so that the total effective "training time" is independent
of depth). We plot the log training error after training as a function of depth and the inter-manifold
distance. For each depth L, we estimate an effective “decay scale” of the DC-subtracted skeleton /°
$°(0)

by determining the point s* such that 1)°(s*) = *5=.

The results are presented in Fig. 2. We observe that the network convergences to small training loss
only when the depth is large comparable to the inverse of the manifold separation. As the depth
represents the decay rate of the NTK, this indicates that a deeper network generates a localized NTK,
allowing faster decay of the training error and making the classification problem easy. Notice that
since the geometry of the dataset and network architecture do not satisfy all the assumptions of
Theorem 3.2, the experiment provides evidence that the underlying phenomena regarding the role of
the depth hold in greater generality. This preliminary result also suggests that the connection between
the network architecture and the data geometry, as expressed through the decay properties of the
NTK, can have a dramatic effect on the training process even for fully-connected networks.

B Notation

We use bold lowercase x for vectors and uppercase A for matrices and operators. We generally
use non-bold notation to represent scalars and scalar-valued functions. R, C,Z are used for the real
numbers, complex numbers and integers, respectively. Ny represents non-negative integers, and N
represents the natural numbers. R” represents n-dimensional Euclidean space, C™ represents the
space of complex n-tuples (as a n-dimensional vector space over C) and S"~! C R" represents the
n — 1 dimensional sphere centered at zero with unit radius. For a complex number z = x + iy (or a
complex-valued function), |z| = y/22 + y? denotes the complex modulus, and Z = = — iy denotes
the complex conjugate. For z,y € C”, we denote || x|, = (Z?Zl\xﬂp)l/p as the p-norm and
(x,y) = .., T;y; as the standard (second-argument-linear) inner product. We use z* and A* to
represent the conjugate transpose of vectors or matrices of complex numbers (so e.g. £*y = (@, y)).
We use Py to represent the orthogonal projection operator onto a closed subspace S of a normed
vector space (typically a Hilbert space).

For a Borel measure space (X, ) and any measurable function f : X — C, we use ||f|z =
(fweX|f(w)|pdu(w))1/p to represent the LP norm of f for 0 < p < co. We omit the measure
from the notation when it is clear from context. For p = oo, we use || f||r = inf{C > 0|
|f(x)|] < C for u-almost every ¢} to represent its essential supremum. We denote the L space
of (X, p) by LE(X) (or simply L7, when the space is clear from context), which is formed by
all complex-valued measurable functions with finite L?, norm. For another space (Y,7) and a
(linear) operator T" : L (X) — L (Y'), we represent its L§, — L{ operator norm as ||T||p» s =
SuPHfHLﬁ:l”T[f]”LZ‘ When X =Y, =v,and p = ¢ = 2 (and (X, p) is sufficiently regular),

we have a Hilbert space; we write (f, g) 12 = [x f()g(x) du(z) for the inner product, and T* to
denote the associated adjoint of an operator T (so e.g. f* = (f, - ) denotes the corresponding dual
element of a function f). Weuse Id : L% (X)) — LF (X) to denote the identity operator, i.e. Id[f] = f
for every f € LF. For S C X, we use 1 to represent the indicator function 1s(z) = 1,Vz € S
and 0 otherwise; we will write 1 to denote 1y. Foramap ¢ : X — X and i € N, we use ¢!” to
denote its i-th fold iterated composition of itself, i.e. ¢l!l(z) = ¢ (=Y (z)). Fori € N, £ is
normally used to represent a function of a real variable f’s i-th order derivatives. For example, when



the space is a two curve problem instance M, if h : M — C", we define its derivatives h@ in (C.5);
for a kernel © : M x M — R, we define its derivatives along the curve in Definition E.11.

For a Borel measure space (X, ), a kernel K is a mapping K : X x X — R. We use K for
its associated Fredholm integral operator. In other words, for measurable function f we have
K, lgl(x) = [, .x K(z,2') f(x') du(x’). When X is a Riemannian manifold, an omitted sub-
script/measure wﬁl always denote the Riemannian measure.

We use both lowercase and uppercase letters ¢, C' for absolute constants whose value are independent
of all parameters and c,, C; for numbers whose value only depend on some parameter 7. Throughout
the text, c is used to represent numbers whose value should be small while C' is for those whose value
should be large. We use C1, Cs, . .. for constants whose values are fixed within a proof while values
of C,C’,C", ... may change from line to line.

C Key Definitions

C.1 Problem Formulation

The contents of this section will mirror Section 2.1, but provide additional technical details that were
omitted there for the sake of concision and clarity of exposition. In this sense, we will focus on
a rigorous formulation of the problem here, rather than on intuition: we encourage the reader to
consult Section 2.1 for a more conceptually-oriented problem formulation. As in Section 2.1, we
acknowledge that much of this material follows the technical exposition of [6].

Adopting the model proposed in [6], we let M, M _, denote two class manifolds, each a smooth,
regular, simple closed curve in S™o—1 with ambient dimension ng > 3. We further assume M
precludes antipodal points by asking

(x,x') <m/2, Vx,x' € M. (C.1)

We denote M = M, U M_, and the data measure supported on M as p. We assume that 4 admits
a density p with respect to the Riemannian measure on M, and that this density is bounded from
below by some ppin > 0. We will also write prax = SUPge g p(x). For background on curves and
manifolds, we refer the reader to to [3, 4].

Given N i.i.d. samples (x1,--- ,xy) from p and their labels, given by the labeling function f, :
M — {£1} defined by

+1 zeM
fol@) = {—1 we./\/lt

we train a fully-connected network with ReLU activations and L hidden layers of width n and scalar
output. We will write @ = (W ... WZET1) to denote an abstract set of admissible parameters
for such a network; concretely, the features at layer ¢ € {1,2, ..., L} with parameters 8 and input
x are written as ay(z) = [Wéaf;fl(w)] ,» Where [z], = max{z,0} denotes the ReLU (and we
adopt in general the convention of writing [x] to denote application of the scalar function [ - |1
to each entry of the vector @), with boundary condition ay(z) = z, and the network output on an
input « is written fp(z) = WXtlak(z). We will also write (g(z) = fo(x) — f.(x) to denote
the fitting error. We use Gaussian initialization: if £ € {1,2,..., L}, the weights are initialized as
ij ~iid N(0, %), and the top level weights are initialized as WiLH ~iid. N(0,1) in order to
preserve the expected feature norm.? In the sequel, we will write 8 to denote the collection of these
initial random parameters, and therefore fg, to denote the initial random network.

We will employ a convenient “empirical measure” notation to concisely represent finite-sample

and population quantities in the analysis. Let uV = % Zfil d{e,) denote the empirical measure
associated to our i.i.d. random sample from the population measure y, where J,, denotes a Dirac

measure at a point p. We train on the square loss £,,~ (8) = (1/2) [, (Co())* du™ (z) (of course

3This initialization style is common in practice (it might be referred to as “fan-out initialization” in that
context), but less common in the theoretical literature on kernel regime training of deep neural networks, where
a less-natural “NTK parameterization” is typically employed. A detailed discussion of these differences, and
how to translate results for one parameterization into those for another, can be found (for example) in [6, §A.3].



one simply has £~ (8) = 1/(2N) Zfil (Co(w:))?), which we minimize using randomly-initialized
“gradient descent” starting at 8y with constant step size 7 > 0. We put gradient descent in quotations

here because the loss £~ is only almost-everywhere differentiable, due to the nondifferentiability

of the ReLU activation | - |;: in this sense our algorithm for minimization is ‘gradient-like’, in that
it corresponds to a gradient descent iteration at almost all values of the parameters. Concretely, we
define .

,Bg(sc) = (WL+1P[L(m)WLP[L71(w) N W£+2P114+1(m))

for/ =0,1,...,L — 1, where

={i€n]| <ei,a§(m)> > 0}, P,z = Z ee;
i€ly(x)

denotes the orthogonal projection onto the set of coordinates where the /-th activation at input x is
positive (above, e; denotes the i-th canonical basis vector, having its j-th entry equal to 1 if 7 = ¢ and
0 otherwise). Then we define ‘formal gradients’ of the network output with respect to the parameters

(denoted by an operator V) by

Ve fo(@) = By (@)ag ' (@)*
for £ € [L], and
Ve fo(x) = af(x)*.
As stated above, these expressions agree with the actual gradients at points of differentiability (to see
this, apply the chain rule). We then define a formal gradient of £,,~ by

TL,(0) = /M S fo(@)Co(@) di™ ().

Thus, our gradient-like algorithm we study here is given by the sequence of parameters 01 =
0r — TV L, ~ (0y), with 8, given by the Gaussian initialization we describe above.
Our study of this gradient-like iteration is facilitated by using kernel regime techniques, which we

will describe now. Formally, the gradient descent iteration implies the following “error dynamics”
equation:

Con. () = Cox (@) — 7 /M O (2, 2')Con (&) du (2'),

k+1

where O (z, x') fo Vng x'), §f957t7§£ N(B{V)(x» dt. For a proof of this claim, see [6,
N (0]

Lemma B.8]. As we describe in Section 2.1, under suitable conditions on the network width, depth,
and the number of samples, this error dynamics update is well-approximated by a “nominal dynamics”
update equation defined by (11 = (Id —7@} ") [¢;] with boundary condition (o = (g,. Where

ONTK (2, ') = (%’90 (x), 6]‘90 (z')) is the “neural tangent kernel”. The analysis of this nominal
evolution leads us to the certificate problem that we have posed in Section 2.1, and which we resolve
for the two curve problem in this work.

In the remainder of this section, we introduce several notations for quantities related to the certificate
problem which we will refer to throughout these appendices. We let © denote the following
approximation to the neural tangent kernel:

T ( z)
Z H (1 — > , (C.2)

=0 ¢'=

where ¥ denotes the (-fold composition of the angle evolution function o(t) =
cos ' ((1—L)cost + =2L). We let ¢ denote the following piecewise constant approximation
to (p:

((x) = —fu(= /feo ) dp(a’). (C.3)

-1 /
&) =11 (1 - @2@))

=L

‘We also use the notation



L—1
b(t) =5 Y &)
£=0

for convenience. We find it convenient in our analysis to consider % and its “DC component”, i.e.,
its value at 7, separately. To this end, we write )° = ¢ — (7). We also write the subtracted
approximate NTK as O°(x, ') = ¢°(L(x, x')). As a consequence, we have

v (L(x,2")) = O°(z,x') = O(x,2') — Y(n). (C.4)

We use ©, to represent the integral operator with

©,g)(x) = /M Oz, x')g(x') dpu(a’),

and similarly for ©}. An omitted subscript/measure will denote the Riemannian measure on M.

C.2 Geometric Properties

We assume our data manifold M = M U M_, where M, and M_ each is a smooth, regular,
simple closed curve on the unit sphere S™°~!. Because the curves are regular, it is without loss
of generality to assume they are unit-speed and parameterized with respect to arc length s, giving
parameterizations as maps from [0,len(M, )] to S"0~!, as we have defined them in Section 2.2
of the main body. Throughout the appendices, we will find it convenient to consider periodic
extensions of these arc-length parameterizations, which are smooth and well-defined by the fact that
our manifolds are smooth, closed curves: for o € {£}, we use z,(s) : R — S™~! to represent
these parameterizations of the two manifolds.* We require that the two curves are disjoint. Notice
that as the two curves do not self intersect, we have x,(s) = x,(s') if and only if 0 = ¢’ and
s = s+ klen(M,) for some k € Z. Precisely, our arguments will require our curves to have
‘five orders’ of smoothness, in other words x,, (s) must be five times continuously differentiable for
oe{+ -}

For a differentiable function h : M — CP with p € N, we define its derivative %h as

fohte) = | 1] nle.0)]

T, (s)=x

= {lim %(h(:cg(s +1)— h(wg(s)))] (C.5)

t—0

z,(s)=z

We call attention to the “restriction” bar used in this notation: it should be read as “let s and
o be such that x,(s) = x” in the definition’s context. This leads to a valid definition in (C.5)
because our curves are simple and disjoint, so for any choice s, s’ with ,(s) = x,(s') = x, we
have z,(s +t) = x, (s’ + t) for all t. We will use this notation systematically throughout these
appendices. We further denote its i-th order derivative by h(?) (x). For i € N, we use C*(M) to
represent the collection of real-valued functions h : M — R whose derivatives A1) ... h(?) exist
and are continuous.

In particular, consider the inclusion map ¢ : M — R", which is the identification ¢(z) = .
Following the definition as above, we have

L) (@) = | Tim 2 (09 (@, (s + 1)) — M(wa(s)))] (€6)

t—0 t

T, (s)=x

In the sequel, with abuse of notation we will use (") to represent ¢(*) (). For example, we will write
expressions such as sup,,c 1|z ||2 to denote the quantity sup,c r([|¢‘?)(z)]|2. This notation will

*We clarify an abuse of notation we will commit with these parameterizations throughout the analysis, which
stems from the fact that the curves are closed (i.e. topologically circles). That is, there is no preferred basepoint
(i.e. the points @ (0)) for the arc length parameterizations (the curves are only defined up to translation): because
our primary use for these parameterizations is in the analysis of extrinsic distances between points on the curves,
the basepoint will be irrelevant.



enable increased concision, and it is benign, in the sense that it is essentially an identification. We
call attention to it specifically to note a possible conflict with our notation for the parameterizations
and their derivatives :c((f ), which are maps from R to R™ (say), rather than maps defined on M.
In this context, we also use & and & to represent first and second derivatives ™M and @ for
brevity. We have ||| = ||2||2 = 1 from the fact that M C S™~! and that we have a unit-speed

parameterization. This and associated facts are collected in Lemma E.3.

For any real or complex-valued function h, the integral operator over manifold can be written as

/ h@)dp(z) = 3 e d
ICZCEDS / (@0 (5))plo (5))ds,

=0

len(M,)
/:CEM h(zx)dx = ;[/S_O h(z,(s))ds.

We have defined key geometric properties in the main body, in Section 2.2. Our arguments will
require slightly more technical definitions of these quantities, however. In the remainder of this

section, we introduce the same definition of angle injectivity radius and &B-number with a variable
scale, which helps us in proofs in Appendix E.

First, we give a precise definition for the intrinsic distance d 4 on the curves. To separate the notions
of “close over the sphere” and “close over the manifold”, we use the extrinsic distance (angle)
Z(x,x') = cos! (x,x) to measures closeness between two points &, =’ over the sphere. The
distance over the manifold is measured through the intrinsic distance d (2, '), which takes oo
when x and &’ reside on different components M and M _ and the length of the shortest curve on
the manifold connecting the two points when they belong to the same component. More formally, we

have
inf{|s — | : &, (s) =z, ,(s') =2’} filx) = fulz'),

400 otherwise,

dm(z,x') = { (C.7)
where the infimum is taken over all valid o € {4, —} and (s, s’) € R?. Notice that as the curves M,
do not intersect themselves, one has z,(s1) = x,(s2) if and only if s; = s9 + klen(M,,) for some
k € Z. Thus for any two points x, «’ that belong to the same component M, the above infimum is
attained: there exist s, s’ such that &, (s) = x, x,(s') = &, and dp (@, ') = |s — §'|.

Angle Injectivity Radius For ¢ € (0, 1) we define the angle injectivity radius of scale € as

dm(z,a') > ﬁ}}, (C.8)

K

A, = min {\@, inf {4(m,m’)

Kk x,x’'eM

which is the smallest extrinsic distance between two points whose intrinsic distance exceeds VE with

A = max {K, 2} . (C.9)
T

Observe that for any scale e, A, is smaller than inter manifold separation minge aq, zem_ Z(x, ).

P-number Fore € (0,1),6 € (0, (1 — &)], we define EB-number of scale ¢, § as

N VE N 0VE 1
dM(m7w)Zfandé<w7$)§ — }7m

R K
Here, Na((T,¢) is the size of a minimal e covering of T in the intrinsic distance on the manifold.

We call the set {w’ ‘ dpm(z, ') > %, Lz, x') < %} appearing in this definition the winding

B, 5(M) = sup Nay ({fv/

reM

) . (C.10)

piece of scale € and J: it contains points that are far away in intrinsic distance but close in extrinsic
distance. We will give it a formal definition in (E.6), where it will play a key role in our arguments.

In the sequel, we denote A, %@(M) to be the angle injectivity radius and &B-number with the specific
instantiations € = % and § = 1 — ¢. These are key geometric features used in Theorem 3.1 and
Theorem 3.2.



C.3 Subspace of Smooth Functions and Kernel Derivatives

As the behavior of the kernel and its approximation is easier to understand when constrained in a low
frequency subspace, we first introduce the notion of low-frequency subspace formed by the Fourier
basis on the two curves.

Fourier Basis and Subspace of Smooth Functions We define a Fourier basis of functions over
the manifold as

1 i2mks /
e , =
So (@00 () = 4 VienMo) P <1en<Mv>> 7= (C.11)
0, o #o
foreach £ = 0,1,..., and further define a subspace of low frequency functions
Sk, k- =spanc{oy 0,04, 1,041, Pp K Or K D05 O K} (C.12)

for Ky, K_ > 0. Using the fact that our curves are unit-speed, one can see that indeed (C.11) defines
an orthonormal basis for L? functions on M.

D Main Results

Theorem D.1 (Generalization). Let M be two disjoint smooth, regular, simple closed curves, satisfy-
ing Z(x,x') < /2 forall x,x' € M. Forany 0 < § < 1/e, choose L so that

1
(AL + 52) M)
n = K'L%log”(1/6) log"®(Lny)
N Z L107

L> Kmax{ Culog”(3) og** (Cyimo log(4)), ¢ *m{len(MWogW,P}

and fix T > 0 such that nC—L/; < 7 < 5. Then with probability at least 1 — 0, the parameters

obtained at iteration | L*%/** /(n7)| of gradient descent on the finite sample loss yield a classifier
that separates the two manifolds.

The constants ¢,C,C’,C",K,K' > 0 are absolute, and the constant C, is equal to

max{pply P A +oma) > 5 , L
(min (M) (M iz L 18 @ polynomial poly{Ms, My, M5,len(M), A~'} of degree at most
36, with degree at most 12 when viewed as a polynomial in M3, My, Ms and len(M), and of degree

at most 24 as a polynomial in A~

Proof. The proof is an application of Theorem G.1; we note that the conditions on n, L, §, IV, and 7
imply all hypotheses of this theorem, except for the certificate condition. We will complete the proof
by showing that the certificate condition is also satisfied, under the additional hypotheses on L and
with a suitable choice of gceyt.

First, we navigate a difference in the formulation of the two curves’ regularity properties between our
work and [6], from which Theorem G.1 is drawn. Theorem G.1 includes a condition L > Ck2 C\y
for some absolute constant C, where k2., = sup,c \¢||Z|3 is a bound on the extrinsic curvature (we
will discuss Cy momentarily). In our context, we have Ms = Ky, and following Lemma E.3 (using
that our curves are unit-speed spherical curves), we get that it suffices to require L > (1 + x2)Cl,
instead. In turn, we can pass to 4: since this constant is lower-bounded by a positive number and
is larger than &, it suffices to require L > #2C\. As for C), this is a constant related to the angle
injectivity radius A, and is defined by C, = K3 /c3, where these two constants satisfy

Vs € (0,cr/Kext] , (, @) € My x My, x € {+,—-} : Lz, 2') <s=dm(z,x') < Kys.
We will relate this constant to constants in our formulation. Consider any x, ' € M. If Z(x,x') <
£ then from the definition of A we have dpq(z, ') < % and hence by (E.31) we find dp(x, ') <
Z(x,z'). If on the other hand Z(z, ') > £, then a trivial bound gives
_ 2len(M) A - 2len(M)
A2 A

dm(z,x") < len(M) L(x,x). (D.1)

10



We can thus choose ¢y = 1,K, = max{l,zlenT(M)} to satisfy (D.1), giving C) =

1 4len?(M)

max{ , T}' Thus the requirement L > Cr?

2O of Theorem G.1 is automatically sat-

isfied if L > max{P, eC (M=} for a suitable exponent C, where P is the polynomial in the
hypotheses of our result, and so our hypotheses imply this condition.

Next, we establish the certificate claim. The proof will follow closely the argument of [6, Proposition
B.4]. Write ©NTK for the network’s neural tangent kernel, as defined in Appendix C.1, and @ETK
for the associated Fredholm integral operator on Li. In addition, write y = fg, — f for the initial
random network error. Because we have modified some exponents in the constant C),, and added
conditions on L, all hypotheses of Theorem D.2 are satisfied: invoking it, we have that there exists
g : M — R satistying

1<l z

min??

lgllzz < C

and

(|
1©4lg] ~ ez < 10
By these bounds, the triangle inequality, the Minkowski inequality, and the fact that  is a probability
measure, we have

1O37l6) — Goll .2 < 18 = O™l atnnliglias + 1©4lo] — Clliz + 1€ = ol

Il | el
N Pmin L

+ 1€ = Coll oo (Mm)-
(D.2)

< C)|© — OnTK || Lo (Mx M

An application of Theorem G.2 gives that on an event of probability at least 1 — e~¢¢

10 — O oo (M) < Cn/L

if d > K log(nnglen(M)) and n > K'd*L5. In translating this result from [6], we use that in
the context of the two curve problem, the covering constant C'y appearing in [6, Theorem B.2] is
bounded by a constant multiple of len(M) (this is how we obtain Theorem G.2 and some other
results in Appendix G). An application of Lemma G.3 gives

V2d _
P[<O_C||LW(M) s | =zt-e o

and
B{1Goll e ary < V| 21— e

as long as n > Kd*L® and d > K'log(nnglen(M)), where we use these conditions to simplify
the residual that appears in Lemma G.3. In particular, combining the previous two bounds with the
triangle inequality and a union bound and then rescaling d, which worsens the constant ¢ and the
absolute constants in the preceding conditions, gives

P{HCHLW(M) < \/ﬂ >1—2e

Combining these bounds using a union bound and substituting into (D.2), we get that under the
preceding conditions, on an event of probability at least 1 — 3e~°? we have

CVd
03761 -Gl < S (24 1)

Pmin

d
S %ﬁ max{pmina P;nln}, (D3)

where we worst-case the density constant in the second line, and in addition, on the same event, we
have by the norm bound on the certificate g

Vi
lollzy < O (D4)

min

11



To conclude, we simplify the preceding conditions on n and turn the parameter d into a parameter
0 > 0 in order to obtain the form of the result necessary to apply Theorem G.1. We have in this
one-dimensional setting

len(My) = len(M_) 2
1en(M)§ (ML) * wM-) = Pmin

where the second inequality here uses simply

pM) = /M pi(@)da > len(M.)puin

<2 maX{pmina pr;iln}7

(say). Because n > 1 and ng > 3 and max{pmin, p;liln} > 1, it therefore suffices to instead enforce
the condition on d as d > K log(nnoC),), where C|, is the constant defined in the lemma statement.
But note from our hypotheses here that we have n > L and L > C,;; so in particular it suffices to
enforce d > K log(nng) for an adjusted absolute constant. Choosing d > (1/¢) log(1/4), we obtain
that the previous two bounds (D.3) and (D.4) hold on an event of probability at least 1 — 35. When
d < 1/e, given that ng > 3 we have nng > e and max{log(1/4),log(nng)} < log(1/0) log(nng),
so that it suffices to enforce the requirement d > K log(1/0) log(nng) for a certain absolute constant
K > 0. We can then substitute this lower bound on d into the two certificate bounds above
to obtain the form claimed in (G.1) in Theorem G.1 with the instantiation g,y = 1, and this
setting of geer¢ matches the choice of C), that we have enforced in our hypotheses here. For
the hypothesis on n, we substitute this lower bound on d into the condition on n to obtain the
sufficient condition n > K’L?log*(1/5) log*(nng). Using a standard log-factor reduction (e.g. [6,
Lemma B.15]) and possibly worsening absolute constants, we then get that it suffices to enforce
n > K'L°log*(1/6) log*(Lng log(1/5)), which is redundant with the (much larger) condition on n
that we have enforced here. This completes the proof. [ ]

Theorem D.2 (Certificates). Let M be two disjoint smooth, regular, simple closed curves, satisfying
Lz, ") < /2 forall x,x’ € M. There exist constants C,C’,C",C"" and a polynomial

P = poly(Ms, My, Ms,len(M), A™1) of degree at most 36, with degree at most 12 in

(M3, My, Ms,len(M)) and degree at most 24 in A~*, such that when

1 C"B(M)
AV1 + k2 )
then for ( defined in (C.3), there exists a certificate g : M — R with

C
lollg < — el

L> max{exp(C" len(M)k), ( ,C" M0 P, pﬁax},

PminT? 10g L

such that )
1©ulg] = Cllzz < [ICllp=L™

Proof. This is a direct consequence of Lemma E.33. Notice that ¢ in (C.3) is a real, piecewise
constant function over the manifolds, and therefore has its higher order derivatives vanish. This makes
it directly belong to ®([|¢|| .2, 57) defined in Definition E.24 and satisfy the condition in Lemma E.33
with K = 1. ]

E Proof for the Certificate Problem

The goal of this section is to prove Lemma E.33, a generalized version of Theorem D.2. Instead
of showing the certificate exists for the particular piecewise constant function ¢ defined in (C.3),
as claimed in Theorem D.2, Lemma E.33 claims that for any reasonably { with bounded higher
order derivatives, there exists a small norm certificate g such that ®,[g] ~ (. There are two
main technical difficulties in establishing this result. First, ® contains a very large constant term:
® = ©° 44 (w)11*. This renders the operator @ somewhat ill-conditioned. Second, the eigenvalues
of ®° are not bounded away from zero: because the kernel is sufficiently regular, it is possible to
demonstrate high-frequency functions h for which ||@°[A]||r2 < [|h||z2.

12



Our proof handles these technical challenges sequentially: in Appendix E.1, we restrict attention to
the DC subtracted kernel ©° and a subspace S containing low-frequency functions, and show that the
restriction Pg®° Pg to S is stably invertible over S. In Appendix E.2, we argue that the solution g to
Ps®°[g] = ( is regularized enough that ®°[g] = (, i.e., the restriction to S can be dropped. Finally,
in Appendix E.3 we move from the DC subtracted kernel ®° without density to the full kernel
©,,. This move entails additional technical complexity; to maintain accuracy of approximation, we
develop an iterative construction that successively applies the results of Appendix E.1-Appendix E.2
to whittle away approximation errors, yielding a complete proof of Lemma E.33.

E.1 Invertibility Over a Subspace of Smooth Functions

Proof Sketch and Organization. In this section, we solve a restricted version of the certificate
problem for DC subtracted kernel ©°, over a subspace S of low-frequency functions defined in
(C.12). Namely, for ¢ € S, we demonstrate the existence of a small norm solution g € S to the
equation

Ps©°[g] = . (E.D)
This equation involves the integral operator ®°, which acts via
Olgle) = [ 6% (@a)gle)da’ €2)
x’'eM

We argue that this operator is invertible over S, by decomposing this integral into four pieces, which
we call the Local, Near, Far, and Winding components. The formal definitions of these four
components follow: for parameters 0 < ¢ < 1,7 > 0, and § > 0, we define

[Local] : L(z)={2 e M|dpm(z,z') <71}, (E.3)
[Near] : N, o(z) = {w’ eM|r <dm(z,z') < \l/f} , (E.4)
[Far] : F.5(x) = {w' e M|dp(z,z') > \f, /(x, ') > 5\5}, (E.5)
[Winding] : Wes(x) = {w’ e M|dpm(z,2') > %, L(x,2') < 5\,%/5} (E.6)

It is easy to verify that for any choice of these parameters and any & € M, these four pieces cover
M:ie., L.(x) UN, () UF; s(x) UW, 5(x) = M. Intuitively, the Local and Near pieces contain
points that are close to x, in the intrinsic distance on M. The Far component contains points that are
far from @ in intrinsic distance, and far in the extrinsic distance (angle). The Winding component
contains portions of M that are far in intrinsic distance, but close in extrinsic distance. Intuitively,
this component captures parts of M that “loop back” into the vicinity of .

Parameter choice. The specific parameters r, €, § will be chosen with an eye towards the properties
of both M and ®°. The parameter ¢ € (0, %) is a scale parameter, which controls = 7. such that

1. r is large enough to enable the local component L,.(x) to dominate the kernel’s behavior;
2. r is not too large, so the kernel stays sharp and localized over the local component L,.(x).
Specifically, we choose
a. = (1 —¢)*(1 —¢/12), (E.7)
e = 6L aeiT, (E.8)

Notice that when € \, 0, we have 7. ~ L~'/2. So with a smaller choice of ¢ we may get a larger
local component with the price of a larger constant dependence.

We further choose ¢ to ensure that the Near and Far components overlap. To see that this is possible,
note that at the boundary of the Near component, da¢(x, ') = \/¢/#; from Lemma E.4, we have

Z(CC, :E/) > d./\/l(ma CC/) - A2di/l(ma ZC/)7 (E9)
so at this point Z(x, ') > (1 — €)+/¢/k. Thus as long as § < 1 — ¢, Near and Far overlap.

13



Kernel as main and residual. The kernel ©°(x, «’) is a decreasing function of Z(x,2’): ©° is
largest over the Local component, smaller over the Near and Winding components, and smallest
over the Far component. By choosing the scale parameter r. as in (E.8), we define an operator M,
which captures the contribution of the Local component to the kernel:

M@ = [ e (€10

Because Z(x, x') is small over L,_(x) when r. is chosen to be small compared to inverse curvature
1/£, on this component, dq(x, ') =~ Z(x,2’) (which we formalize in Lemma E.4). We will use
this property to argue that M, can be approximated by a self-adjoint convolution operator, defined as

P s+re
ML[f) () = / (s — &) fl@o(s'))ds' . E1D)
s'=s—r. @y (s)=x

The restriction is valid because for any choice of o and s such that ¢, (s) = @, the RHS has the same
value. On the other hand, given that we require 0 < € < %, (E.7) and (E.8) show that when L is
chosen larger than a certain absolute constant, we have r. < 7, assuring |s’ — s| falls in the domain
of 1°, which makes this operator well-defined. We will always assume such a choice has been made
in the sequel, and in particular include it as a hypothesis in our results.

Notice that M. is an invariant operator: it commutes with the natural translation action on M. As
a result, it diagonalizes in the Fourier basis defined in (C.11) (i.e., each of these functions is an

eigenfunction of ﬁg). See Lemma E.6 and its proof for the precise formulation of these properties.
This enables us to study its spectrum on the subspace of smooth functions defined in (C.12) at the
specific scale ¢, defined as
Se = Sk. | K. _ (E.12)
/21en . . . — .
with K, , = {%&MU)J for o € {+,—}.° In this way, we will establish that M, is stably
invertible on S..

In the remainder of the section, we show the diagonalizability and restricted invertibility of M in
Lemma E.6, and control the L? to L? operator norm of all four components of ®° in Lemma E.7,
Lemma E.8, Lemma E.9 and Lemma E.10. Then we show ©° is stably invertible using these results
by a Neumann series construction (Lemma E.2) and finally prove the main theorem for this section in
Theorem E.1.

Theorem E.1. For any ¢ € (0, %) 6 € (0,1 — €], there exist an absolute constant C' and constants
C.,Cl 5,C depending only on the subscripted parameters such that if

1 CrB. 5(M) act1
L > max exp(C;’(; IGH(M)/%), <1 + W) ) (6_1/21271'/%) c L, C. o,
€

where a., - as in (E.7) and (E.8) and we set subspace S. and the invariant operator M\E as in (E.12)
and (E.11), we have Ps_M_ Ps_ is invertible over S, and

<1l-—=e.

o —1 —~
(PSE MEPS€> Ps. (@° - Mg) Ps.
L2—L2

Moreover, for any ¢ € S, the equation Pg_©°[g] = ( has a unique solution g.[(] € S. given by the
convergent Neumann series

[e%S) _ - 14 e _
g:[¢] =D (1) ((Psgﬁepsg) 1 Ps (©° — ME)PSE> (PssMspsg) 1 ¢, (EI13)
=0

3Notice that although © and ¢ are real objects, our subspace Se contains complex-valued functions. In the
remainder of Appendix E, we will work with complex objects for convenience, which means our constructed
certificate candidates can be complex-valued. This will not affect our result because (intuitively) the fact that @
and ( are real makes the imaginary component of the certificate is redundant, and removing it with a projection
onto the subspace of real-valued functions will give us the same norm and residual guarantees for the certificate
problem. We make this claim rigorous and guarantee the existence of a real certificate in Lemma E.33, which is
invoked in the proof of our main result on certificates, Theorem D.2.
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which satisfies

Clicl 2

< .
loelCllze < o

(E.14)

Proof. We construct g € S, satisfying Ps_©®°[g] = ¢ by equivalently writing
P5.©°[g] = (Ps. M.Ps. + Ps_ (©° ~ M. ) Ps.) [g].

Under our hypotheses, Lemma E.2 implies the invertibility of Pg_ ﬁEPSE with

1
1—c¢

Amin (PSE-Z/‘ZEPSE> Z HQO - ﬁs’ (EIS)

1212’

where A\pin <PSE ﬁEPSE) is the minimum eigenvalue of the self-adjoint operator Pg_ M\EPSE :

Se — 5S¢ as shown in Lemma E.6. In particular, Ps_ M, Ps_ is invertible, and the system we seek to
solve can be written equivalently as

(PSE]\//.TEPSE>_1 (= (IdSE T (PSEﬁEPSE)_l Ps. (@o B M) PSE> (4],

where the LHS of the last system is in S.. Next, we argue that the operator that remains on the RHS
of the last equation is invertible. Noting that

o —1 o~
H (PSE MEPSE) Ps. (@0 - ME) Ps.
L?2— L2
. 1 _
o], -y
12512 L2—L?

_— -1 —~

< N (P M.Ps.) @ - |
L2— L2

< 1-—¢ (E.16)

using both Lemma E.6 and (E.15), we have by the Neumann series that
— -1 — -
<1d55 + (PSE MgPSE> Ps. (®° - ME) PSE>

iu%@ﬁﬁg
=0

Thus we know g, [(] in (E.13) serves as the solution to the equation Ps_®°[g] = (.

' ps. (@° - 1\7) PSE)i.

Furthermore, from Lemma E.6 when L > C, we have

— -1
< Awin (Ps. M.Ps.) ¢l

1
~ cnlog L

— -1
H (Ps.M.Ps.) ¢

L2

1€1] 2

Combining this bound with (E.16) and the triangle inequality in the series representation (E.13), we
obtain the claimed norm bound in (E.14):

© — -1
loelclllze < Y21 — &) || (Ps.MLPs,) ¢
£=0

¢z
~ enlog L’

L2
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Lemma E.2. Lere € (0, %) 0 € (0,1 —¢], and let a,, J/\/zg and S; be as in (E.7), (E.11) and (E.12).
There are constants C,, Cé 5, CL depending only on the subscripted parameters such that if

1 ClB. s(M) act1
L > max exp(C;’(;len(M)f%),( ) 7(5—1/212771%) ° L Ce oy,

I
A1+ K2

we have Ps_M. Ps_ is invertible over S, with

1
1—¢

Awin (Ps. M.Ps,) > —— |©° - M|

L2— L2

where Apin (Pgs ]\//.78P55> is defined in Lemma E.6.

Proof. From triangle inequality for the L2 — L? operator norm, we have

for .

<©° — M.|,a, e + HME — M.

L2512 L2512

To bound the first term, we define
Me(ma ml) = ]]-dM(:c,w’)<r57/}o(l(m7 .’I}/))

Then it is a bounded symmetric kernel M x M — R, and following (E.10), M. is its associated
Fredholm integral operator. We can thus apply Lemma E.5 and get

1©° — M.||}0 0 < sup / 10° (e, 2') — M. (, ') da’
xzxeM Je'e M

= sup |©°(x, z')|dz’.
zeEM Jx'e M\L,_ ()

Because the Near, Far and Winding pieces cover M \ L,_(x), we have

/ 10°(x, ) |da! < / |@°(m,x/)|dm’+/ 10°(2, ') |da’
z’€M\ L, (x) x'EN,_ () z' €W, 5(x)

+/ |©°(z, ') |dz’
x’'€F, s(x)

From Lemma E.7, Lemma E.8, Lemma E.9 and Lemma E.10, we know that there exist con-
stants Cy, C'3,Cy and for any ¢’ < 1 exist numbers C.,C’, such that when L > C.~ and

ag+1

L> (5*1/2127#;)%, we have

< sup/ |©°(z, ) |dz’ + sup/ |©°(z, ) |dz’
L2—L? zEM Jx' €N, () zeM Jz'eW, s(x)

+ sup |©°(x, z')|dz’ + HM5 — M.

N

H@)o _ M.

weM JarcF, 5(x) L?—L2
< %(14—6”)1% (:‘%{i) + CLin
+ Oy len(/\/l)né\fk
+ C3 8@575(./\/1) nlog (1 + \/2'7)
+ Cy (1 — ) 2&%*nr?. (E.17)

Meanwhile, from Lemma E.6 there exists constant C., C'; such that when L > C.

2
7“5) —C1(1 —¢e)nre log® L. (E.18)
Y3

_ 3
(1 - &) Amin (PSEMEPSE) >(1- 5)2% log <1 +
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We will treat all named constants appearing in the previous two equations as fixed for the remainder
of the proof. We argue that the first term in this expression is large enough to dominate each of the
terms in (E.17) and the residual term in (E.18).

/

Set e’ = 57. We will choose e” = 15— < 1, so that both " and £” depend only on . Then, since
re = 677L7ﬁ, when L > 4, we have
L—-2 ac 1
5T = 2L - LT > Law, (E.19)
T

Since moreover a. = (1 —)3(1 — 5) = (1 — €)3(1 — 2¢’), we have a.e” = £'(1 — ¢)3, and
therefore (1 + ¢”)a. = (1 —€’)(1 — €)3. Thus

3 L—-2 3 L—2
(1= 1= P o (14 £20 ) = 31 oo (14 5

3mn

> m(l +¢&")log (Lm)
3mn 7 Ve
Zm(l-i-E )1Og(AT6); (E.20)

where in the last bound we use /z&~1 < 67, given that e < 1 and & < 7/2. The RHS at the end of
this chain of inequalities is the first term of the RHS of the last bound in (E.17). Since the LHS has a
leading coefficient of (1 — ¢’), we can conclude provided we can split the remaining " across the
remaining terms.

Next, we will cover the negative term in (E.18) and the second and fifth terms in (E.17). Using (E.19),
we have

e 3mn L—-2 e 3mm 1
—(1-e)=——1log|(1 > (1 —e)2— log(L). E.21
G- g (14 5200 ) 2 S0 - o). @2)
There exists a constant C. such that when L > C., we have for the RHS
g 3mn 1
Z(1—e)2== log(L) > (Cy + C4 + CL)n.
5 (1= 92— 10g(L) > (C1 + Cy + Cljn
In particular, we can take
Ci+Cy+C,
ngexp<5, L 42;; E1 >
3(1_6) TaEJrl

Next, there exists another constant C. > 0 such that when L > C., we have r. log2 L <1, whence
by the previous bound

3 1
€ 23

y—— log(L) > (Cyrelog® L 4+ Cy 4 CL.)n.

ac+1

Finally, notice that when L > (5’1/ 212wk) =, we have

re =6mwL™ G T < =,
25

B

so rek < y/€/2, and since € € (0,3/4), we have
(1 —-¢)Cinr, 1og2 L+ Cy(1 - 5)*2/%2717’? +Clin < (C’lrs log2 L+3C+ C’;N) n,
where we used that € — £(1 — )2 is increasing. Combining our previous bounds, this gives
<
3

as desired.

2
re) > (1—¢)Cinrclog® L+Cy(1—¢) " 2&*nr2 + ClLun, (E22)
s

(1 —E)QSTTnlog (1 +

For the remaining two terms, define

r_ (a8+1)C'2 .
T (1-e)2g3ma e T (1-e)2glm
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We will use the estimate (E.21) as our base. Then when

) CUB. (M)
L> max{ exp (Cé,(; len(M)@’ (1 + W) ,

we have
e’ 3mn R
§(1 — 5)27 log ( 7’5> > Cylen(M) nﬁ, (E.23)
g 3mn 1
—(1—-e)?—log(1 > 5B log 1+ ———nx ). E.24
3( E) 4 Og< TE) - 3 E,(S(M)n Og< + A€m> ( )
Combining (E.20), (E.22), (E.23), (E.24) completes the proof. |
Lemma E.3. For any x € M, we have
(x,2) = (&, &) = <m,w<3) —0, (E.25)
(z,8) = —1, (E.26)
(.20 = = (@,20) = &3,
1
5 23N — = s ()
(8,2) = =3 (3:2).
| Ppr 3 = [|l]15 — 1
My = /14 K2 < My, (E27)
M, < 2i, (E.28)
i < min{len(M_),len(My)}, (E.29)
i

where we use above the notation introduced near (C.6).
Proof. As our curve is defined over sphere and has unit speed, we have
lell3 = I3 = 1.
Taking derivatives on both sides, we get
(x, &) = (&, &) = 0.
Continuing to take higher derivatives, we get the following relationships:

||9'3||§ +(z, &) =0,

wwm+4< d3>

I3 +

3(&a0)+

which gives us by plugging in the previous constraints

&)+ (@
<
(2
(@

(@,d) = -1,
<sc,ac(3)> =0,
(@,2®) = |3,
(z,2®) = &3,
<:i,w(3)> = —% <:fc,w(4)> .



As a consequence, the intrinsic curvature || P, &2 and extrinsic curvature ||&||2 are related by

2
1Py &2 = H (I - :cw)acH
2

= (z, &) + (#,8) — 2 (z,&)°

= [|&[|5 — 1.
Thus we know
My = sup ||&]|2
reM

= sup 1+HP:cL‘iH%
xreM

\/1 + sup {[|Ppri||2}?
xeM
=+/14 K2

T .\2 9
< (f/%) + K
- 2
< 2K.
Furthermore, the above shows that M5 > 1, so we have
My < M3 = sup ||&]3
reM

= sup <zc, :c(4)>
xeM

< M47
using one of our previously-derived relationships in the second line and Cauchy-Schwarz in the third.
Finally, for any point = x,(s), as €, (s + len(M,)) = x,(s), we have

s+len(M,)
0==x,(s+1len(M,)) — z,(s) = / . (s")ds'

s'=s

s+len(M,) s
=len(M,)x,(s) + / / Z,(s")ds"ds'

which leads to

len(M,) = |len(My )2, (s)],

stlen(My) ps’
= / / . (s")ds" ds’
s'=s s'=s

st+len(My)  ps’
< / Moyds” ds'

s'=s s'’'=s

2
= MMQ <len(M, )%k,

2

completing the proof, where the first line uses the unit-speed property, the second uses the previous
relation, the third uses Jensen’s inequality (given that || - ||2 is convex and 1-homogeneous), and the
last line comes from (E.28). |

Lemma E4. Let & = max {k, 2}. Foro € {+} and |s' — s| < %, we have

s — /| = /%|s — &P < L(xo(s), To(s)) < |s— | (E.30)

VE

As a consequence, for |s — s'| < A,
(1—e)ls — &'| < Z(®o(s), o () < |5 —&|. (E:31)
In particular, for any two points ©, ' € M, choosing s, s’ such that x,(s) = x, x,(s') = «’, and

|s — &'| = dpm(x, "), we have when dpq(x, ') < %

(1-e)dm(z, ') < L(z,z') < dm(z,x).
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Proof. We prove (E.30) first.

The upper bound is direct from the fact that M is a pair of paths in the sphere and Z(x, ') is the
length of a path in the sphere of minimum distance between points &, «’, and then using the fact that
the distance |8 — s| > dp (@5 (5), 2, (s")) from (C.7).

The lower bound requires some additional estimates. We fix s, s’ satisfying our assumptions; as both
|s — s’| and é(mg( ), s (s")) are symmetric functions of (s, s’), it sufﬁces to assume that s’ > s.
Define t = s’ — s, then by assumption we have 0 < t < 1 < 3. As cos! is strictly decreasing on
[—1, 1], we only need to show that

(s (s), (s + 1)) < cos(t — &*t3). (E.32)

Using the second order Taylor expansion at s, we have

s+t
To(s+t)= S) + &o(s / / Zq(b)dbda
b=s
and so

(wg(s),mg(s+t)>:<asg(s) §)+ du(s / /b kX dbda>

= a0 + {oo(6) 0l + (zots). [ [ autaraa)
—1+/:+t/b {o(s),,(8)) dbda (E.33)

where we use properties established in Lemma E.3, in particular (E.25) in the last line. Take second
order Taylor expansion at b for (), we have similarly

To(s) = x,(b) + &, (b / / o (d)dd dc.
c=s Jd=c

From (E.25) and (E.26), we have (x,(b), £,(b)) = —1 and (&, (b), &, (b)) = 0. Thus uniformly for
bels,s+1]

where in the third line we use Cauchy-Schwarz. Plugging this last bound into (E.33), it follows

(o(8), (s + 1)) < 1—|—/b+t /ba (=14 (M2/2)(b — 5)*)dbda

:1———&——/ / b—s) dbda
b=s

2 M2,
=1——+ =2t
ST
2 1+ K2
=l-5+— t4, (E.34)



with an application of Lemma E.3 in the final equality. To conclude, we derive a suitable estimate
for cos(t — &%t%). Because 0 < t < &~!, we have that t~1(t — #%t3) € [0, 1], and because
t < &~! < /2, we can apply concavity of cos on [0, /2] to obtain

t — A2t3 t— A2t3
cos(t — &*t3) > : cos(t) + (1 - :) cos(0).
Next, the estimate cos(z) > 1 — % + % — ’g—? for all x, a consequence of Taylor expansion, gives
2,2 2,2 2,2 2ttt 2,2
— R°t7) cos(t) + k°t° > — Rt —— 4+ — — = | + Rkt
1-k& A > (1—R& 1 TR %
_, t? N A e S S A

s tut e e T T
after distributing. Because & > k, we can split terms and write

1+ k2

4741 o n244
t/4l+ B2 > —

th /2t /4,
and then grouping terms in the preceding estimates gives
2 14 k2 I A =
~2,3 4 ~2.4

By way of (E.34) and (E.32), we will therefore be done if we can show that

1 1 1 t

-—= 2+ = >0.

1 (4! * 6!/%2> T

This is not hard to obtain: for example, we can prove the weaker but sufficient bound

1 ! 1+ ! 2 >0
3! 3042 -

by noticing that because ¢t < %1 it suffices to show

LRI
P2 302 =

and because the LHS of the previous line is an increasing function of #~! and moreover #~! < /2,
this bound follows by verifying that indeed (7/2)(1 + (1/30)(7/2)?) < 6. Because s, s’ were
arbitrary we have thus proved (E.30).

For the remaining claims, (E.31) follows naturally from the fact that when |s — s'| < %, we have

|s — 8’| — #2%|s — 8'|> > (1 —¢)|s — s/|. The final claim is a restatement of (E.31) under the additional
stated hypotheses. [ ]

Invertibility of M over S.

Lemma E.5 (Young’s inequality for Fredholm operators). Let K : M x M — R satisfy K (x,x’) =
K(z',z) for all (z,z') € M x M and sup 4 znepmxm| K (2, @')| < +00, and let K denote its
Fredholm integral operator (defined as g — Klg] = [, K (-, 2")g(z")dz'). For any 1 < p < +00,
we have

K |lLr—re < sup/ |K (, 2')|da’.
zeEM Jx'eM

Proof. The proof uses the M. Riesz convexity theorem for interpolation of operators [1, §V, Theorem
1.3], which we need here in the form of a special case: it states that for all 1 < p < +o00, one has

| Kllzooir < K2 e 1K (E35)
To proceed, we will bound the two operator norm terms on the RHS. We have

Kl spr = sup / / K(z,z')g(z')dz'| dx
ol p1=1 zeM [J2'eM
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sup / / K(z,z')||g(z")| dx’'dx
H9||L1 1 x’'eEM
= < (z w’)|dw> lg(x')| dz’
H‘]”Ll 1 meM
< sup <gL1 sup
x’' €

/ K(m,a:’)|da:>
gl Li=1 M| JSzem

= sup/ |K (z,z")| dz’. (E.36)
zeM Jz'e M

The first inequality above uses the triangle inequality for the integral. In the third line, we rearrange
the order of integration using Fubini’s theorem, given that g is integrable and K is bounded on
M x M. In the fourth line, we use L'-L> control of the integrand (i.e., Holder’s inequality), and in
the final line we use that ||g||,» = 1 along with symmetry of K and nonnegativity of the integrand to
to re-index and remove the outer absolute value. On the other hand, L'-L° control and the triangle
inequality give immediately

| K| = sup / K(z,z')g(z")dx'
zeM, ||gllLeo=1|Jx’eM

< sup/ |K (x,z')|dz’.
x’'eM

These two bounds are equal; plugging them into (E.35) thus proves the claim. [ ]

Lemma E.6. Let ¢ € (0, %) Te, Se and M\E be as defined in (E.8), (C.12) and (E.11). Then ﬁs
diagonalizes in the Fourier orthonormal basis (C.11). Write Amin (Pga ﬁEPSE) for the minimum

eigenvalue of the operator Ps_ M. Ps_ : S; — S.. Then there exist constants ¢, C and a constant
C. such that when L > C., we have

Y 3
)\min (PSEMEPSE) > (1 - E)%n log (1

> cnlog L.

7'5) — Cnr.log? L,

As a consequence, Ps_ M. Pg_ is invertible over S,, and

— L (PSEﬁEPSE>.

min

— -1
H (Ps. M.Ps,)

L2— L2

Proof. Choose L = 1 to guarantee that M. < is well-defined. We use 1)° to denote the DC subtracted
skeleton, as defined in (C.4), and (¢, 1 )0, the (intrinsic) Fourier basis on M, as defined in (C.11).
For any Fourier basis function ¢, 1, we have

_ S$+1e
N6 1] (0 (5)) = / (s — )bk (0 (")) ds’

'=8—1r¢

= [ e (i ) ¢ eestent)
—banlenle) [ wrlheos (2T ) o

e

which shows that each Fourier basis function is an eigenfunction of M_; because these functions

form an orthonormal basis for L2(M) (by classical results from Fourier analysis on the circle), M,
diagonalizes in this basis. Moreover, because S, is the span of Fourier basis functions, Pg_ also

diagonalizes in this basis, and hence so does Pg_ ﬁEPSE. Because M\E is self-adjoint and Pg_ is
an orthogonal projection, Ps. M. Pyg_ is self-adjoint; and because dim(S.) < o0, the operator
Ps_ M, Pg_ has finite rank, and therefore has a well-defined minimum eigenvalue, which we denote
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e'/2len(M,)

27re

i > omkys’ 5 2mky s’ 2 >1_¢
= o8 len(M,) ) — len(M,)/) — '

Then for o € {+, -} and |k| < K. 4,

as in the statement of the lemma. As K. , = |
|s"] < e,

|, we have for any |k, | < K. , and any

—

M. [¢o1)(%5(5)) = bok(xs(5)) /;i_r ¥°(]s']) cos (hei?(rjc\j;)) ds’'

e
Te

> (1 - )b k(@o(s) / 42 (|))ds’,

s'=—r.

and so .
Moin (Po.MLPs) = 2(1-2) [ 0(s)ds.
0

From Lemma F.7, we have if L > 1

e 3 L—-2
2 P°(s)ds > o log <1 + r6> — Cnr.log? L.
s=0 4 3

In particular, as r. = 67 L~ ae+1, there exists a constant C. such that when L > C’, we have

3 L—-2
Cnrelog? L < Z%log (1 + 3 7“5) ,

and thus

Ammin (PSE]\//LPSE> >(1-¢) (1 - Z) ?)?TTR log (1 n L3F2rg>

5¢\ 3mn ac
>(1-=) ==1 (Ll—am)

1
= (1 — 5€> st log L

4) 4 a.+1

5 3\ 3mn 1
> _ .2 ).z
(1 4 4) g glel
> cnlog L

>0,

where we used L 2 1 in the second inequality, and ¢ < 3/4 and a. < 1 in the third inequality. So
Ps_M, Pg_ is invertible over S, with

. ~1 Keo Te 2>k -1
(PSEMEPSE> =3 ( A_rs¢o(|5|)cos<M>d8) ok h.  (E37)

o=% k=0
The final claim is a consequence of the fact that Pg_ M < Ps_ is self-adjoint and finite-rank.

Lemma E.7. Let ¢ € (0, %), GeyTe, M, and J/\i€ be as defined in (E.7), (E.8), (E.10) and (E.11).

a

et1
There exist constants C, C’, such that when L > C and L > (6‘1/21271'/%) “c, we have

HME_ME

< (1 —¢e) 20 R*nr?.

L2—L?

Proof. We choose L 2 1 to guarantee that ﬁa is well-defined for all 0 < ¢ < 3/4. We would

like to use Lemma E.5 to bound || M, — ]T/I\E |2 12, and thus we define two (suggestively-named)
bounded symmetric kernels M x M — R:

Ms(ma CC/) = ]]-dM(a:,w')<rEwo(l(m7 .’1}’))
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and L
M, (CC, :13/) = ]]-dM (a:,ac’)<r5wo(d/\/l (ma ZC/))
From (E.10), M. is indeed M.’s associated Fredholm integral operator. To show that under our

constraints for L, M. is also M. ’s associated integral operator, we first notice that following (C.7),
for any @, &’ € M, dp(x, @) < r if and only if there exist o, s and s’ such that x = x,(s),
x' = x,(s') and |’ — s| < r.. This means for any fixed «, if we let o and s be chosen such that
ac+1
T = x,(s), then L, (z) = {z,(s')||s' — s| < r.}. Furthermore, as L > (¢~¥/2127%) = , by
(E.29) in Lemma E.3 we have r, < \2/—5 < min{len(M),len(M_)}/2. Under this condition, we
can unambiguously express the intrinsic distance d ¢ in terms of arc length at the local scale: for
any ' € L,_(x), there is a unigue s’ such that |s' — s| < r.. To see this, note that for any other
parameter choice that attains the infimum in (C.7) s” = s’ + klen(M,) with integer k& # 0, the
triangle inequality implies |s” — s| > |re — klen(M, )|, and one has |r. — klen(M,)| > r. for
every k # 0if 0 < r. < len(M,)/2. Then for ' € L,_(x) and any s’ € [s — r., s + r.] such that

x,(s') = x’, we have dpq(x, ') = |s — §'|. Combining all these points, M, ’s associated Fredholm
integral operator H can be written as:

HIfl(za(s) = [ V¥ (dan(o (s), @) (&)

dr(®s(s),@’)<re

- / 0 (dp(@o(s), 2)) f (') da!
z' c{xs(s)||s'—s|<rce}

S+7re
- / 0 (Aan (@ (5), To (5)) f (o (s'))ds’

s'=s—r.

S$+Te
- / (|5 — ') (@o(s'))ds’

= M. [f](zo(s)),
which means ME is indeed M\E’s associated integral kernel.

We can now apply Lemma E.5 and and get

IM. — M_||;2— 72 < sup M. (z,2') — M.(x,z')|dx’
xeEM Jx'eM
— sup / M. (2, ) — Vo (x,2)|da’
xcM mIELra(w)

s+re
sup/ h° (Z(:cc,(s), :c(,(s’))) —° (|s — §'])| ds’. (E.38)
Here, we recall that . < 7/4 (because & < 7/2), so there is no issue with these evaluations and the
domain of ¢° being [0, 7r]. Note that from (E.30), when |s — s'| < 7. < %, we have

Z(xo(s), 2o () 2 |s — 8’| = s — '
> (1—¢)|s—4. (E.39)

As 1° is nonnegtive, strictly decreasing and convex by Lemma G.5, we know both

1° and |’(/JO| are decreasing. Also, by the upper bound in Lemma E.4, we have that
P (L(xo (), xs(s"))) —°(]s — s’'|) > 0, so we can essentially ignore the absolute value in the
integrand in (E.38). We can then calculate

[ v (2@otmats) — v s - s as

s'=s—r.

S+1e
<[ (sl s = o) e (s - S’

s'=s8—re

- / et - A2R) — e (It dt

=—rc
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¥°(a) ‘ dadt

/TE /lt
t=—r. Ja=|t|-a2|t|3

Te .
<i [l - w2
t=—r

<i [ el - o]

=—r.

(I-e)re
=2(1 - g)—4/2;2/ t3[4°(t)] dt.
t=0

Above, the first line comes from (E.39) and the the fact that ¢)° is strictly decreasing, the fourth and
fifth line comes from the fact that [¢)°| is decreasing and (E.39). The last line uses symmetry and a
linear transformation. Note that from (E.39) we always have |t| — #2|t3| nonnegative when [t| < r.
and thus all above formulas are well defined. From Lemma F.10, we know that there exists C, C’
such that when L > C, we have

=3

(1—e)re .
/ 3| (t)]dt < C'n(1 — &)?r?
0
and plugging all bounds back to (E.38) we get

< (1—¢)2C"&*nr?

— €

HME_ﬁa

L2—L?

as claimed. ]

LemmaE.8. Let ¢ € (0, %), re and Ny, . as defined in (E.8) and (E.4). For any 0 < € < 1, there
exist numbers Cerr, C?,, such that when L > C.r, we have

3mn NG
sup v (2(w,a))ds' <~ (14 ¢ log( ) L Cln.
/mleNrs,e(m) ( ( )> 4(1_6)( )

reM RT¢

Proof. For x € M, assume the parameters are chosen such that the corresponding near piece is
nonempty, for otherwise the claim is immediate. Recalling (E.4), for any ' € N,_ .(x), we have
dam(x, ') < \/e/k. From Lemma E.4, this implies Z(x, ') > (1 — )dm(x, x’). Let o, s be such
that ¢, (s) = x. Notice by the discussion following the definition of the intrinsic distance in (C.7)
that the near component N, .(x) is contained in the set {z,(s") | |’ — s| € [re, v€/F]}. And from
Lemma G.5, ¢° is strictly decreasing, thus we have
s+£

R

/EIENTE)E(m) ° (g(x,w/»dsl < /S/_S+T€ ° (L(azg(s), xa(sl)))dsl

+ / y ° (4(%(3), asg(sf)))dsl

I=s— X%
"

s+%

sluﬁm¢%u—QW—ﬂ»w’

+ [ e-al s

NG

2/” ¥° ((1—e)t)dt

t=r¢

9 (lfz)x/g

= »° (t) dt,
1—¢ /t=(1—5)7'5

where in the last line we apply a linear change of variables. We also note that in the above integrals
|s" —s| < 71 < 7/2, so there are no issues above with the domain of 1)° being [0, ]. From
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Lemma F.9, for any 0 < &’ < 1, there exist numbers C., C’;// such that if L > C.~, then r, satisfies
the condition in (F.12) and we have

(A—e)vE

2
‘ (L(z,2') )ds' < / °(|t]) dt
;él’/\p/l /EIEN”E)E(m)w ( ( )> § ]- — & t:(l—E)Taw (| |)

_ 2 (1 N 5//) 3N b 1+ (L-3) (176)\25/(3#)
=1-¢ 8 B\1+ (T -3)1—-o)r/(3m)
+ C;//n
3mn NG
< . < ]. " 1 I// .
< 4(1_5)( +e") og<’%r8> +ClLin

Lemma E.9. Lete € (0, %), 9 € (0,1 —€]. Let W, 5 as in (E.6). There exist constants C, C" such
that when L > C, for any x € M,

1
/ ° (Z(m,m'))ds' < B s(M)C'nlog |14 L2 )
x' €W, s(x) A

Proof. To bound the integral, we rely on the observation that for each ‘curve segment’ inside the
winding component, the angle /(x, ') cannot stay small for the whole segment, and thus we can
avoid worst case control for the angle as we have employed for the far component in Lemma E.10.6
We will begin by constructing a specific finite cover of curve segments for the winding component,
then we will bound the integral over each curve segment by providing a lower bound for the angle
function.

As M is compact with bounded length, from the definition in (C.10) we know 8%675(/\/1) is a finite
number for any choice of €, . From the definition of the winding component (E.6), for any point

x € M, we can cover W, 5(x) by at most %6,5(/\/1) closed balls in the intrinsic distance on the
manifold with radii no larger than 1/4/1 + 2. Topologically, each ball in the intrinsic distance
of radii r is a curve segment of length 2r; thus, W, 5(x) can be covered by at most 2%675(/\/1)
curve segments, each with length no larger than 1/+/1 + k2. Formally, this implies that for each
@ € M, there exists a number N (z) < 28, 5(M) and for each i € {1,--- , N(x)}, there exist a
sign o;(x) € {£} and a nonempty interval I;(x) = [s1,;(x), s2,;(x)] with length no greater than

13_’# and strictly less than len(M,, () such that

Wes(z) € | Xi(z)
=1

where X;(z) = {xs,2)(s) | s € Li(x)} € M with X;(x) N W, s(x) # @. For the purpose
of minimum coverage, we can further assume without loss of generality that for each « and each
i, the boundary points x,,(z)(s1,:(%)) and @, (z)(s2,:(z)) belong to W, 5(x): we can always
set pri(x) = inf{s|s € [s1:(x),524(®)],Z0,2)(5) € Wes(x)} and po;(x) = sup{s|s €
[s1,i(x), 52,i(T)], 0, (2)(5) € We s5(x)}, then the curve segment associated with o;(x) and interval
[p1.i(x), p2.i(x)] still covers X;(x) N W, s(x). As W, s(x) is closed, we have the boundary points
To,(x)(P1,i(T)), To,(2) (P2,i(x)) € W s(x) and as X;(x) intersect with W, s5(x), the definition
above is well defined.

We will next increase the number of sets in these coverings, so that they are guaranteed not to fall into
any of the “local pieces” at : although by the definitions (E.3) and (E.6) the local and winding pieces
at any x are disjoint, it may be the case that when we pass to the covering sets (X;(Z))ie[n (a)]» We
overlap with the local piece. In particular, consider a “local piece” L /() defined as in (E.3),
which from the definition does not intersect with W, s5(x). For each 4, as the boundary points of

Within the lemma, a curve segment means {z.(s)|s € [s1,s2]} C M, for certain o, s; and s with
|s1 — s2| < len(M,), and we call |s; — s2| the length of the curve segment.
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Xi(z) fall in W, s(z), these boundary points do not belong to L /(). And as L s /4(x) is
topologically connected and one dimensional, if X;(z) intersects with L/ (), it must contains
the whole local piece. As X;(z) itself is a curve segment and one dimensional, and Lz () is
open, removing L /() would leave two curve segments with smaller length. Then these two
curve segments lie in M\ L /5 (), and cover X;(x) \ L sz, (). In other words, for any z € M,
there exists N’ () < 48, 5(M) and fori € {1,---, N’(x)}, there exist signs o(x) € {+} and

intervals I;(x) = [s} ;(x), s5 ;(x)] with length no greater than \/117 such that

N'(x)

C U X!(x)

where X{(z) = {Zo/(2)(s) | s € I[(z)} C M\ L z:(x) with X[(z) N W, s5(z) # 9. We
therefore have

/ ° (é(w,w’))ds’ <
z' €W, s(x)

We next derive additional properties of the pieces X/ () that will allow us to obtain suitable estimates
for the integrals on the RHS of (E.40). As each X ( ) is a compact set, we let

N (@)

Z /SEI{(a:) ¥ (4(1:,:1502(@(5)))(18. (E.40)

=1

si(x )Earg mln A(m Tor( m) )

and denote x} () = X, (z) (5] (x)). Below we will abbreviate x; (), s; (x) and o;(x) as x], s; and

199 1991

o; when the base point x is clear. We further abbreviate &} = &, () (] (z)). As X;(x) intersects
with the winding component, we have /(x, z}) < 6}? < 5. Andas X[(z) N L z/5(x) = 2, we
have dpq(x, ) > /¢/k. This means x; € W, s(x) from (E.6). As cos is strictly decreasing from
0 to 7 and s} minimizes Z(x, x5/ (s)), it also maximizes (z, z,/(s)). For any s € I/(x), from the
second order Taylor expansion of @, (s) around z; we have

(m,x]) > (T, 20(5))

— (m,2}) + (5 — 57 < // dbda>

> (w,2l) + (s — st o) — S

2
with the last line following from Cauchy-Schwarz. In the previous equations, we are of course using
the convention that for a real-valued function f and numbers a < b, the notation [," f(x) dz denotes

the integral — fa f(z) dz. We are going to use this bound to reprove a classical ﬁrst—order optimality
condition for interval-constrained problems. We split into cases depending on where the point s;
lies: if s} is not the right end point 3’271-, by taking s approaching s; from above, we would have
(@, &f) < 0. Similarly, if s is not the left end point S’M, by taking s approaching s; from below, we
would have (z, ;) > 0. This gives

<0 87 =582
(e, &])is < >0 sF=s1,
=0 0.w.
which implies
(s —s7) (x,x}) <0, Vs € I}(x). (E.41)

We use again the Taylor expansion at s; and get

s () — 5 — (s — 5115, = H [ [ o
a=s} Jb=s} °
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(s — 57)?
- 2

1
F 1+ K2)V2 (s — s¥)? (E.42)
with an application of (E.27) in the last line. Moreover, we have

M,

||:c—xf|2:2sin< 5

> %sin (%) £(x, x)
= &é(a:,mf)
™
> QT\EA& (E.43)

where the first line is a trigonometric identity, the first inequality uses Z(z, z}) < m/2 together
with the fact that sin function is concave from 0 to 7 and thus sin(at) > asin(¢) for a € [0, 1] and
t € [0, 7] (applied to a = Z(x, z})/(7/2) and t = 7/4), and the last line follows directly from the
definition of A, in (C.8). Making use of the preceding estimates, for any s € I/(x) we can finally
calculate

lzo; (s) — @3 = [laf — @ + (s = s7)&] + (Tor (s) — @] — (s — 57)&7) 13
> |lf —a + (s = )@ |13 — |@war (s) — @f — (s — s7)@] |13

> [y — |3+ [|(s — s7)af |5 — 2 (2, (s — s7);)
2
1
— (2(14—&2)1/2(5—5}‘)2)

> <2fA> o) = 204 R (s — )"

2
><2AE+‘/§S_S;> , (E.44)
™

Above, the second line uses the triangle inequality, the third line uses the parallelogram identity plus
Lemma E.3 (first term) and (E.42) (second term), the fourth line comes from (E.43) and (E.41), and
the fifth line comes from our construction that the length of each interval I(x) is no greater than

1/v/1 4+ k2 and therefore the same is true of |s — s7|. The last line is an application of inequality of
arithmetic and geometric means. Additionally, for any «, " of unit norm, one has

4 !
/(x,x') > 2sin ((mécc))
= [lz = 2'||2.

Combining this and (E.44), for all s € I](x) we have
2 V3

L0y (5), @) 2 2oy (5) s > e+ s — i)

2v/2
1 1
> —=A.+ —|s—si|,
\/g € \/§| 1 |
where the last line just worst-cases constants for simplicity. From Lemma G.5, ¢° is nonnegative and
strictly decreasing, so

/seq(w)wo (4 C (3)))(18
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IN

/: Y° (4 @,z )ds—f—/si/m(m) P° (Z(w,wgg(s)))ds
w@

/ 1/JO< 3A5+7 8;()(18

‘ /Hh ”°<f )

m 1
<2 A—i——s ds

\/T 5+ -
_ 2\/§/ e G (t)dt
1

where again, the second to third line comes from the fact that our intervals has length at most

1//T+ #2. From (F.11) in Lemma F.9 and a summation over all N’(x) < 4383, 5(M) segments in
the covering, there exists constant C’ such that when L > C,

N'(z)

Z /seIf(fc)wO <é(w, ol (S))> ds

=1

1+ (L—3) (%AE - ﬁ) /(3m)
1+ (L—-3)2A./(37)

1
< PB. 5(M)C'nlog <1 + V“”) .

<. 5(M)C'nlog

A,

Recalling our bound (E.40), we can thus take a supremum over € M and conclude. [ ]

Lemma E.10. Lerec € (0,1), 6 € (0,1 — €. Let F. 5 as in (E.5). There exist constants C, C" such
that when L > C, we have for any x € M,

/w’eFE,J(m) Y° (A(zc T ))ds < Clen(M)néfﬁ'

Proof. We have the simple bound from Lemma F.8 and decreasingness of 1/° from Lemma G.5, that
there exists constant C’, with

[ ()i <t (55)
w/EFa,E(w) K/
! L _ 3
<len(M)C'n +(L - 3)5—\/5/(377)
< len(M)C/”%’

as claimed.

E.2 Certificates for the DC-Subtracted Kernel

Proof Sketch and Organization In Appendix E.1, we constructed a certificate for the DC sub-
tracted kernel ®° over the subspace S.. In this section, we show that the certificate g = g.[(] defined
in Theorem E.1 can also be viewed as the certificate without subspace constraints, satisfying

O°[g:[¢]] ~ <.
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As Ps,©°[g:[C]] = ¢, we only need Pg. ©°[g.[(]] to be small. The subspace S. is formed by all
Fourier basis with low frequency, and thus contains functions that do not oscillate rapidly, in the
sense that for any function & and integer k

k
el
~ dim(Se )*
This argument is made rigorous in Lemma E.23; by choosing £ = 3 and extracting the dimension

of the subspace from (E.12), we obtain the estimate we are looking for. This leaves us to show the
derivatives of ®°[g.[(]] are small compared to its norm.

| Ps1hll 2

The remainder of this subsection is organized as follows. We define a relevant notion of derivatives
for the kernel ©° in Definition E.11. These derivatives can be represented as a function of the higher
order derivatives of ¢ and that of the angle function (Lemma E.13). We bound the derivatives of
the angle by higher order curvatures in Lemmas E.15 to E.17, and borrow results in Lemmas F.10
to F.12 that ¢’s higher order derivatives decrease rapidly since 1) is localized when the network is
deep enough. These bounds together allow us to control the L? to L? operator norm of operators
corresponding to the i-th order derivatives of ©° in Lemmas E.18 to E.20 by geometric parameters of
the manifold M, including higher order regularity constants M; and the angle injectivity radius A..

In Lemma E.22, we show that the projection operator Pg_ and main invariant operator M, commute
with differential operators on functions on M, and thus the “low oscillation” property of the target
function ¢ can be transferred to the “low oscillation” of ¢.[(] and further down to that of @ [g.[(]].
To simplify the language, we introduce Definition E.24 to represent the required regularity property,
and prove that g.[¢] and ©°[g.[(]] satisfy such regularity in Lemmas E.25 and E.27. Finally, we get
control of Pg: ©°[g:[(]] in Lemma E.28.

Definition E.11. For any x,x’ € M, let 0,0’ € {£1} denote the class memberships of x and
x', let 5,5 € R be such that ©,(s) = x, x,(s') = x', and write 0 (z,z') = 0°(x,x') =
Y°(L(x, x')). We consider higher order derivatives of the kernel with respect to a “simultaneous
advance”. For i = 1,2, 3, define inductively

, d 4
0 (x,x') = [dt ‘O@(l_l) (o (s +t), T (s + t))}

z,(s)=x,x,/(s")=x’
Let ©%) denote the Fredholm integral operator associated to ©®
O [h)(x) = / 0 (z, 2 )h(2')dar'.
x’'eM
It is clear that these definitions do not depend on the choice of s, s’ € R among ‘equivalent’ points

(c.f. (C.5) and surrounding discussion).

Remark E.12. For the moment, we have elided the issue that due to differentiability issues with
the angle function (xz,x') — Z(x,x'), the kernels ©%) defined in Definition E.11 may not be
well-defined on all of M x M. This issue is resolved in Lemma E.13.

Lemma E.13. Let
M(z,2') = L(z,x')

M) = [ 5] Meals 4 005 +0)]

z,(s)=z,x, /(8 )=a’

~[(2+ ) ptootoh o))

denote derivatives of the angle function with respect to a “simultaneous advance”. Then when the
parameterizations x, are five times continuously differentiable (as required in Appendix C.1), these
functions are well-defined on M x M.

In addition, the kernels ©9) defined in Definition E.11 are well-defined on M x M and can be
expressed in terms of the derivatives of 1 and the functions \; as

0 (z,2') = v°(L(z,2))

,i=0,1,2.

zs(s)=x,x,/ (s")=a’
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6(1)(w>wl) = ¢(Z(w7w/)))\1(w7w/)

0 (z,2) = J(L(z, &) (@, @) + d(L(2,2)) do(, 2)

0 (z,a) = ) (L(z,2))\} (@, @) + 30(L(x, @) Ao (@, @)\ (m, @)
+ ¢(Z(:13, 3(3/))/\3(.’1}, 'JC/)7

where L/J ¥, 1 denote the first three derivatives of 1°.

Proof. Because the function ¢ — cos™!(¢) is infinitely differentiable except at {—1,1} C [—1, +1]
and v is 3 times continuously differentiable on [0, 7] (Lemma G.5), and given the differentiability
assumption on the curves and the fact that (C.1) precludes M from containing any antipodal points,
the claim follows immediately by the chain rule except on the diagonal {(x,x) | * € M}. Here,
suppose s, s’ are such that ¢, (s) = x,(s’). Then we have &, (s + t) = x, (s’ +t) forevery t € R.
In particular, Z(x,(s 4+ t), x,(s' +t)) = 0 for all t € R, which implies that A;(x, ) = 0 for all 4.
A similar argument implies well-definedness of ©(%) (z, x) for all 4, which establishes the claimed
formulas on all of M x M.

Lemma E.14. For points x,x’ € M and € € (0, 1) we have

A (z,x’
V11— (z*x')? > = ;cw : dpm(,
N EAE dM(QI,

™

/ 1
' Ve
K

(AVARVAN

Proof. When dp(z,x') > %, from definition of the angle injectivity radius in (C.8) we have
Z(x,2’") > A.. From (C.1) we also have Z(x, x') < 7/2, then

V1= (@ a')? = sin(£(z, ')
> sin(Ag)

2
> ZA,, (E.45)
™

where the first inequality comes from the monotonicity of sin(¢) from 0 to 7w /2. The second inequality
uses concavity of sin to get sin(¢) > (2/m)t for 0 < t < 7/2, and the fact that ¢ < 1 and hence
A < 7m/2.

When dy(z,@') < £ < I, assume x,a’ are parameterized by @,(s), @, (s') separately with
|s — §'| = dpm(, '), then |s' — s| < +. Assuming without loss of generality that s’ > s, using a
second-order Taylor expansion and properties from Lemma E.3 gives

20 (5) 2o (5') = 2o (5)" <wa<s>+<s—swa / /b R dbda)

—14 / iy (b)) dbda
b=s

[L
+/ /ba< 4 (s — b)ao (b / b/d o () dd e :c(,(b)> db da
:1_(5/_28)2+/a_5/b_s /C:b/d:bia(d)*d'zg(b)dddcdbda,

with a Taylor expansion at b used in the third line, and using the convention that for a real-valued
function f and numbers a < b, the notation f , J(x)dx denotes the integral — f: f(x)dz. As

R = max{k, ;} we can use the previous expressmn (w1th a bound of the integrand in the last line
by M>, and Lemma E.3 again) to obtain after an integration

(s' —s)4

a4

2o (5) @a(s') =1+ 5(s" = 5)%| <
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< (s' —8)% 1+ K?

- 4! R?
(s' —8)? =2
S =g Gt
(s = 5
6 )

and thus
V1= (2o (s) a, ("))
= \/1 + wg(s)*mg(s’)\/l — X (s)* T (5)

> ﬂl s (1- g g = 92)) (Gl -9 - gl o)
- \/<2 ~ 2~ s)2> HOR
| (-36)) 5

!

Lemma E.15. For any x,x’ € M, we have

7dM(w1w/)3 /!
A1z, )| < {2 oMy dm(z, ') <

)=

Ve, x' € M.

Proof. Let s,s’ be such that = x,(s) and ' = x,/(s'), with |s — 8’| = dpq(x, 2’) when in
addition 0 = o’. As /(x, z’) = cos™ (x*x'),
M@, 2) = 2 L(5(5), 200 (5)) + s (0 (5), 20 (5)
1 ’ Ds o y Lo ds’ o s Lo
e ey ) wEs
__rrtr e (E.46)
1— (iB*QZ/)Q

Notice that /1 — (z*x’)? = ||(I — xx*)x’'||2, and therefore by Lemma E.3 and Cauchy-Schwarz
_ *\ ol
_ ‘<x <Im>w>’ <1,
(T — @x*)a’||

When dpy(xz,z') < %, we have o = o, (as above) |s' — s| < +. By symmetry, we may assume
s’ > s. From Lemma E.3, we have #*x = #*% = 0, #*z = 1, &*x®) = —%:)’3*:1:(4). In the
remainder of the proof, with an abuse of notation we will write & = &,(s), ¢’ = &,(s’), and so on
for the higher derivatives to represent the specific points of interest concisely. Thus by a fourth-order

Taylor expansion (respectively, of ' = x,(s’) at s, and of = x,(s) at s’)

z*x’

1— (17*23/)2

and thus |\ (z, z’)| < 2 by symmetry.

|$.*£E/ +$B/*§B|

I o\2 I \3
w*<(l7+(8/—8)w+(s 8) :B+(s 3'8) :1:(3)

2
s’ a b c
+ / / / / x*) (d)dd dc db da
a=s Jb=s Jc=s Jd=s
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+ ' <:c’ — (s —s)z’ + 5 @ —

+/ / / / M (d)dd de db da
=s Jb=a Jc=bJd=c
s — s+t (S —5) / / / / ¥ (d) dd de db da
b=s Jc=s Jd=s
—(s’—s)+a':’*< =9 x'® / / / :cg4>(d)dddcdbda>|
a=s Jb=a Jc=b Jd=c

/ 3 /
< (s —s) ‘j:/*w/(s) 2(s 4—'5) M,

—a*x®)| +

I o\3 s’ '~ s)
Pt / ()2 (@) + (@) a @)lda+ 25y

2 I \4
*ibg(a)*wl(f)(a) da + %Mx}

7
< %Mm —s)* (E.47)
Above, the first inequality uses the triangle inequality and Cauchy-Schwarz; the second inequality
Taylor expands the first term in the difference at s (which leads to a cancellation with the second
term) and uses the triangle inequality to move the absolute value inside the integral; the following
line rewrites using Lemma E.3; and then the final line uses Cauchy-Schwarz, integrates and collects
constants. Using Lemma E.14, we obtain that when da(x, ') < %,

7d3(z, ')

A Nl <
Malw, 2] < 40

M,.
| ]

Lemma E.16. There exists an absolute constant C such that for any € € (0,1) and x, ' € M we
have
C(M§ + Ms)dpm(z, 2')?,  dm(z,z’)

<1
— A E.48
TAZY 4 2M, dp(z, ') > Y=~ (E.48)

Ao (e, 2)] < {
Proof. Let s,s’ be such that = x,(s) and ' = x,/(s'), with |s — 8’| = dp(x, 2’) when in
addition ¢ = ¢’. From (E.46),

Aoz, ') ‘ M(To(s+1), e (s + 1))

(e 2 )’ xrr  @td 4 @x + i+ 2 (E.49)
(1— (m*m’)2)3/2 1— (ax)? ’ )

First consider the case where d v (x, ') > % As /1 — (z*x')? = ||(I —xx™)x’
z*x’ B < (I —xxz*)x’ > Trrxr
1— (zra’)? I =)z |2/ (I — )|
. <ac (I — zx*)a’ > x !
T —zz)ally /(- wa*)z’||2

using Lemma E.3. Thus following (E.46) and (E.45) and Lemmas E.3, E.14 and E.15,

9, We can write

2¢*x — 2zt !

\/1 _ (:IU*.’I}’)Q

z*x’

\/1— x*x')?
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| r=m )|+ [ r=zmars)

-1
<(4+4) <72TA5> + 2M>

%A;l + 20y,

When dp(z, 2') < 1, we have 0 = o’ and | — s| < L. By symmetry, we may assume s’ > s.

Following Lemma E.3, we have £*& = 0, x*& = —1. In the remainder of the proof, with an abuse
of notation we will write & = &,(s), &' = &, (s’), and so on for the higher derivatives to represent
the specific points of interest concisely. We can calculate by Taylor expansion and Lemma E.3

(s' —s)° (s"— S)3w(3)

6

s’ a b c
- / / / / a:,(f)(d)dddcdbda)
a=s Jb=s Jc=s Jd=s
I )2 53 s’ a b c
:_Hi*((s 25) 54 0 68) w<3>+/ / / / mg‘l)(d)dddcdbda),
a=s Jb=s Jc=s Jd=s

(E.50)

T+

'z’ =" (:B + (s —s)z +

I Q)2 I Q)3
Prp = g (iL‘l—(S —8)1: +<3 S) g _(S 63) w/(3)

/ / / / d) dddcdbda
a=s Jb=a Jc=bJd=c
r 2 r 3 s’ s’ s s
PP (Gl APV Gl a:’<3>+/ / / / zM(d)dddedbda | |
2 6 a=s Jb=a Jc=b Jd=c

(E.51)

! 2 I 3
ds¢=¢*<¢+(3_s)m+(5 5) $(3>+(5 68) 2@

//// z(d dddcdbda)

a=s Jb=s Jc=s =

:1+¢*<(525)m<3>+(55 //// G)(d dddcdbda)
a=s Jb=s Jc=s Jd=s

(E.52)
! &)2 I Q)3 s’ s’ s’ s’
oy (B2 e o8 +/ / / / «()(d)dddedbda | .
2 6 a=s Jb=a Jc=b Jd=c
(E.53)
In addition
le* 2™ — x| = ‘—/ #(a) ™ (a) + @(a)* 2 (a)dal
S |S/ — S|<M2M4 + M5> (E54)

by Taylor expansion of the first term in the difference on the LHS at s’. From Lemma E.3, &*2(3) =
— L@@, i*@ = —a2*x®). Whence adding (E.50), (E.51), (E.52), (E.53) and applying (E.54) we
get

|&*x' + x*@' + 22*2| < 5

M(wx N zic*w(3)> n M(wwwf s /(3))‘
2
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3
+ (S, 7 S) 1 _ 1 ‘x*w(ﬁl) _ m'/*m/(ll)‘
6 3
2(s" — s)4
R

I \4
%(M2M4+M5>+

I \4
- % (MyMy + M) . (E.55)

From Lemma E.3, My < M,. Plugging (E.55) and (E.47) into the bound (E.49) and using
Lemma E.14, we obtain that when d v (z, ") < % <3

(MyMy + Ms)

(s~ )*

<
- 12

(MayMy + Ms)

3 \® /7Myls —s[*\° 3 T(MyMy+ Ms)
A AP I o4
Aol 2)] < (|s’—s|) ( 36 + |s" — s 36 |5 = sl
49 7
= @MZ‘S’ — 5|5 —+ E(M2M4 —+ M5)|5/ — S|3
< C(MF + Ms)dy(z, x')
for some absolute constant C' > 0. |

Lemma E.17. There exists an absolute constant C > 0 such that for any ¢ € (0,1) and x,x' € M
we have

C(Mf + M4M5 + .2\4‘3_]\44)d/\4(w7 $/)37 dM ((E,
SN2 4 9 Mo AZ! + 2M; + 8, dp(z,

-

5

A N < ') <
[As(z,z')| < z') >

=

Proof.
Let s, s’ be such that € = x,(s) and &’ = x,/(s'), with |s — §'| = da(a, ') when in addition
o = o’. Then from (E.49),

d
N, @) = | N2 (ol + 1), (5" + 1)

(z*x’ + & x) (&*z’ + &)’ (x*z)
(1— (x*x/)z)ff/? (1— (w*$/)2)5/2
*r’ + & x) crx’ (22 2’ + &' + & *x)
(1= (a2’
3&*d 4 3i*a + B + /Gl
1— (:1)*:13’)2

When dp(x, z') > %, as /1 — (x*x’)2 = ||(I — xx*)2'||2 and from Lemma E.3 (3)*x = 0,

23! _ <w(3), (I —xx*)x’ >

1— (z*x')? (I — zx*)x'||2

Thus from (E.46), (E.49), (E.45), Lemma E.14, Lemma E.15 and Lemma E.16,

3 2

(E.56)

3!

r*x’ 3z*E’ + 3&*x’
1— ()2 T 1— (z*z’)?
n ’<w<3> T mzatx’ \| |/ e L —a'zt)z
"I |l

I —xx*)x!||o (I —a'z")x|2

A3, @) < |Ai(z, @)% + |3A1 (@, @) Ao (2, @) (E.57)

-1 -1
2 2
<8+6 (A7 +20n) (AE> +6My (Ae) +2M;
™ i
32 -1
S TAE —|— 97T']\42A‘;5 + 2M3 —|— 8
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When dp(x, @') < 1, we have 0 = o/ and | — s| < +. By symmetry, we may assume s’ > s.
Following Lemma E.3, 2*& = 0 and *& = —2*2®)_ In the remainder of the proof, with an abuse
of notation we will write & = &, (s), &' = &,(s’), and so on for the higher derivatives to represent
the specific points of interest concisely. Because we can reuse bounds for lower-order \; terms to

bound the first three terms in (E.56), we will focus on controlling the last term. We can calculate by
Taylor expansion

3&*% + 3¢ & + 'z + 23

(5/ 5)° (s"— 3)3w(4)

6

//// ©)(d dddcdbda)
a=s Jb=s Jc=s Jd=s

+353/*<- (s—s)az+( —S) 23 _ (3—63) 1(4)

/ / / / ) (d dddcdbda)
a=s Jb=a Jc=b =

_ )3
+x® (:B—i—(s —s):c+ ) x+ (s~ 5) z®

= 3" (w—i—(s — S)& + x® +

6

//// S0 dddcdbda)
a=s Jb=s Jc=s Jd=s

+wl(3)*< (s — 8 +( 5)* i (s gs) ’(3)

////:1;(4) ) dd de db da
a=s Jb=a Jc=b Jd=c

=2(s' —s) (&% — &%) +2(s' — 5)? ( z® 4+ & ’(3))

3
L gs) <3 @ _ 3 | m(3)*m(3)—m’(3)*m’(3))

b c
+ 3&* / / / x®)(d) dd de dbda
a=s Jb=s Jc=s Jd=s

S S S S
4 2/®) / / / / xP (d) dd dedb da. (E.58)
a=s Jb=a Jc=b Jd=c

We expand the first term by successive Taylor expansion

(&% — &*3') + (s — s) ( z® 4 & ’<3))

s/
= —/ Qia(a)*wg?))(a)da_,r(sl_s) (:I: 23 + i /(3))

’

— /: Kw/*w/(:%) (a)*:,;gg)(a)) _ (;’i;a(a)*a:gii)(a) _{i*m(g))] da

— /5 s (ia(b)*mfﬁl)(b)+a:l(73)(b)*a:((73)(b)) dbda
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/ / m(, (b)+w<3>(b)*wg3)(b)) dbda).
a=s Jb=s

/ / G (b >(b)+m<3>(b)*m§,3>(b)) da db
b=s Ja=s

/ / m<4>(b)+mg3>(b)*m§,3>(b)) da db
b=s Ja=b

/ (0= 3) = (5" = 1)) (0 (0) 2L (0) + 2 (1) 2 (1) ) b
b=s

Above, in the fourth equality we rewrite the preceding integrals by switching the limits of integration;
the fifth equality then just integrates over a. As 2b — s — s’ stays positive when b > (s + s’)/2 and
negative otherwise, we divide the integral into two parts, change variables using b’ = s + s’ — b and
get

(@& — &"&") + (s — s) ( 2B 4 i '(3))

’
S

2b— s — &) (a;(,(b)*mg‘*)(b) + 20 >(b)*m§;°>>(b)) db

b=(s+s’)/2

(s+s")/
_ / (s + 5 —20) (&(0)'a) (0) + 2 (0)'2P (1)) b
b

=S

(s4+57)/2
/ (54 —20) (o(s + o' —V)'al (s + — )
b

/—g

+x®(s+5 — ) aP (s + 5 — b’)) av’

(s+5)/
—/ (s+ s — 2b) (:ba(b)*wf,‘*)(b) + w§3)(b)*w§,3)(b)) db
b

=S

(s+s")/2 s+s'—b
/ (s+ 5 — 2b) / (aag(c)*a:g@(c) + 32 (c)*a;5,4>(c)) de db
b c

=s =b

(s+)/
< / (s + " — 2b)° (MyMs + 3MsMy) dbda
b

=S

(s + s — 2b)3 |(s+s")/2

6

(s' — 5)3
= S (MaMs + 3M5My) (E.59)

We use Taylor expansion again for the second term of (E.58)

— (MyM5 + 3M3My)

b=s

s’
3@ ™ — 3@ '@ 4 g g/ (g3 — / [35&0 (a)*z) (a) + 5325,3)(66)89((74)(0,)} da.
a=s

(E.60)
Plug (E.59) and (E.60) back to (E.58) and we conclude that
3" & + 38" @& + o'z + O 2|
s’ —s)* s’ —s)*
< (T) (MyMs + 3M35My) + % (3MaMs + 5M3My)
s’ —s)*
+ % (6M3Ms + 2M3My)
(s' —s)4
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As from Lemma E.3 My < My, when |s' — 5| < % < 7. plugging (E.47), (E.55), (E.61), and
Lemma E.14 into (E.56), we have

no (8= sNT T Y e sNT(T a)
Az(z,2’) < 3 %M4|s — 5] +3 3 %Mﬂs — 5]

s —s\\ /7 7|s" — s|*
+3(| 3 I) (%M4|S/—S|4> (|36|(M2M4+M5))

o -1, .4
+(|S S') |5 1;' (13My My + 23M; M)

343

= ({7381
1

+ Z|5' — s[3(13My M3 + 23 M3 M,)

343 49
— 5%+ ap’ —s|)M3 + EM4(M2M4 + Ms)|s' — s|®

f/ (]\4;5j + M4M5 + M3M4)d?/)vl($, .’I}/),
where the last line uses the fact that we can adjust constants to keep only the lowest-order term
involving the distance, given that the distance is bounded. ]
Lemma E.18. Fore € (0, %), there exist positive constants C, Cy such that when L > C, we have
1©W| 2y p2 < Py(My,len(M), A7 ) n,
where Py (My,len(M), AZ") = Cy (My + len(M)AZ?) is a polynomial in My, len(M) and A"

Proof. From Lemma E.5 and Lemma E.13 we have

||@(1)||L2_)L2 < sup |@(1)(w,:13')|d:1}/
zeM Jx'e M
s [ (e (e a)lde’
reEM Jx'eM
< sup (L@, "))\ (2, @) |da!
xeM Jx'eM

Lemmas E.15 and F.10 provide us the control for w and \;. From Lemma F.10, there exist constants

C, C4, such that when L > C, we have
. Cln
< —.
max|y(t)] < -5

From Lemma E.15, we have

Tdpm(z,x’)? ’
A1 (z,z')| < 7 M dm(z, @) <
2 Ve, x' € M.

)=

In order to get a lower bound for the angle Z(x, '), for a fixed point € M, we decompose the
integral into nearby piece N'(x) = {&’ € M |dm(z,z’) < %} and faraway piece F(x) = {z’ €
Mldm(z, ') > %} and have

1©W]| L2, p2 < sup (/ (L@, 2"))l|M (@, 2")|da’
reM x'eN(x)

+/ |1/}(4(a:,:B’))||)\1(:c,ac')|d:c’> ) (E.62)
x' €F(x)

Then for any point ¢’ in faraway piece F (), dp(x, ') > ‘,/f, we have Z(x, ') > A, from (C.8)
with A, < % < g From Lemmas E.15 and F.10 we get

: Cin
[ itcen@eie < [ Q2
x' € F(x) z' €F(x) €
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< len(M) <2 %g)

< C'A7%len(M)n (E.63)
for some constant C’.

For the integral over nearby piece, let s, o be such that * = x,(s). Follow Lemma E.4 we have
L(xs(s),2,(s")) > (1 —e)|s — &'| when |s — §'| < % As d(z,z,(s") < |s — §|, from
Lemmas E.15 and F.10 we get

s— V=
/ [0 (@, @)\ (, @) da’ S/ (L (@, 20 (s")))]| M (2, 24 (5"))|ds’
z'eN(x) s’:57§
Ve
TR Cln , ,
= T e -(s")|d
B /S’—s—\f (1—¢e)?|s’ — s|2| 1z, 24(s"))|ds
Ve
s— % Cin 7|S/ _ 8|3 )
< My\d
N /S’:s—ﬁ (1 — 6)2‘3/ — S|2 12 4|as
s— &
SCIIMLLTL/ |8/_S|dsl
2
S C”M4n (\{g>
K
< C"Man (E.64)

for some constant C”’, where the fourth line comes from ¢ < % and the last line comes from & > %
from definition. Plugging (E.63) and (E.64) back in (E.62) proves the claim. |

Lemma E.19. Fore € (0, %) there exist positive constants C, Co such that when L > C, we have

||®(2)||L2—)L2 < PQ(M27 My, M, len(./\/l), Ail)n

€
where
Py(Ma, My, M5, len(M),AZ") = Co (M7 + Ms + len(M) (AZ3 + MaAZ?))
is a polynomial in My, My, Ms,len(M) and AL,

Proof. From Lemma E.5 we have

1©@) L2y z2 = sup 0 (x, ') |dar’.
rzeM Jx'e M

From Lemma E.13, we know
0@ (@, 2))| = [Y(L(@, ')A (z, @) + ) (L(x, @) \a (a0, 2')|
< (L, )|\ (@, 2)] + [ (L(m,2)]| Mo (@, 2).

Lemmas F.10 and F.11 provide bounds for derivatives of 1(t): there exist constants C, Cy, Cs, such
that when L > C, we have

. Cln
< -
I?Zarij(t” - 72

and
. Can
< —.
max|y(t)] < -5
To utilize the bound above, we need to get a lower bound for the angle Z(x, «’). For a fixed point
x € M, we decompose the integral into nearby piece N'(z) = {x’ € M |dp(z, ') < %} and
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JE

faraway piece F(x) = {&’ € M |dm(z,z’) > %} Then for ' € F(x), dp(x, ') > %, and
we have Z(x,x’) > A, with A, < % < 5. From Lemmas E.15 and E.16 we get
0277‘ 2 / Cln / ’
102 (2, ') |da’ g/ N2, 7)) + D2 s (, 2) | dao
/m’e]:(m) z'eF(x) Ag’ ! Ag
Con Cin/m,_4
< e, (L
<len(M) (4 A? + A2 (4AE —|—2M2))
< C' (A + MaAZ?) len(M)n (E.65)

for some constant C’.

For nearby piece, let o, s be such that & = x,(s). Follow Lemma E.4 we have Z(x, z,(s")) >
(1—¢)|s—s'| when|s— | < % From Lemmas E.15, E.16, F.10 and F.11 there exists constant
¢, C" such that

/ |@(2) (z,z")|dx’
z’'eN(x)

Ve

< [T 0@ (@2, (s))ds’
< [ e ()l
VE
e Can 2 / Cin , )
< — |\ (x, x, Nz, T d
_/5/:5—‘5 (1—5)3‘3'7S|3‘ 1(33 T (5 ))|+ (1*6)2|S’78|2| 2(:1: T (S ))‘ S
_ 9
E L om e Con ey
= (M2 4 M)l — s|?|d
< T M|+ e+ M~ o
4
<c” (1+ (*f) ) (M3 + Ms) n
< C" (M3 + Ms) n. (E.66)
combining (E.65) and (E.66) directly proves the claim. -

Lemma E.20. Fore € (0, %) there exist positive constants C, Cs such that when L > C, we have
0@ 2y 2 < Py(My, M3, My, Ms,len(M), AZ )n
where
P3(Ma, M3, My, Ms,len(M), AZ1)
= C5 (M3 + M3My + MyMs + len(M) (AZ* + MaAZ? + M3AZ?))
is a polynomial in My, M3, My, Ms,len(M) and AZ*.

Proof. From Lemma E.5 we have

1O oy 12 = sup / 09 (@, ')|d.
xeM Jx'e M

From Lemma E.13, we know
0¥ (z,2')|
= [0(L(, 2)A (2, 2) + 30 (L(@, @) do(z, 2 )M (2, ) + P(L(2,2") A3 (2, )|
<[P, @) [N (@, 2)| + 30 (L(z, @) Ao (@, @) || M (m, )]

+ [ (L(x,2")|[As (@, 2)|

From Lemmas F.10 to F.12, there exist constants C', 'y, C5, C3, such that when L > C, we have

. C’ln
< —
max|y(t)] < =3
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Can
<2

max|i(t)|
Cg?’L
max|i(t)] < <7

To get lower bound for the angle Z(x, '), for a fixed point € M, we decompose the integral
into a nearby piece N (z) = {&’ € M|dm(z,z’) < %} and a faraway piece F(x) = {a'
M| dp(z, ) > %} When dpy(x, ') > %, we have Z(x,x’) > A, with A, < % < 3.
From Lemmas E.15 to E.17, there exist constants ¢, C’ such that

/ 100 (z, /)| da’
x’' € F(x)

m

Con Cn Cin
: /w'ef(m) AN @2+ T Dot ) (e, @) + Fyo(a o)’
C3’}’L 202’[1 1
Cin (3%  _, )
A2 (4Ae + 9T MyAZ" +2M3 + 8
<A+ MLAZ + MyA7) len(M)n (E.67)

for some constant C".
For the nearby piece, let o, s be such that * = x,(s). From Lemma E.4, when |s — s'| < % we
have Z(x,x,(s")) > (1 — €)|s — s'|. From Lemmas E.15 to E.17 there exists constant ¢, ¢/, C"’

such that
Ve

[ ol < [ joeaas
z'eN (x §'=s—%=
VE
TR an
< /,_ mp\i’(wa%(sl))\
an
T Ao o 2@ e (DI (2o (s))]
Cin ’ ’
T (1—¢e)2|s' — s [As(, @0 (s"))] ds
- /s—‘ég CQTL 7‘8/ _5|3M 3
T Jyez =o' —s[f] 12 T
CQTL / 2 / 3 7|S
el 0+ e =l | T
C’ln 7" 3 , 34
+ mc (M3 + MyMs + M3My)|s" — s|]°ds
< C" (M3 + M3My + MyMs) n. (E.68)
where the last line comes from the fact that f |s —§'|tds’ < 2&71 < 2(2/7)7 L. Com-

bining (E.67) and (E.68) directly proves the clalm |

Lemma E.21. Fori =0, 1,2 and any differentiable h : M — C, we have

£500(@) =00 | £4] (@) + 00+ 1]a),

where we recall the notation defined in (C.5).
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Proof. Let s be such that x,(s) = x. We have

d . B 0 . / / /

£®( )h](z4(s)) = ol O/a:'e/\/[ 0 (x, (s + t), 2 )h(z)dz
0 , ,
ol OZ/ (o (s + ), 2o (s))) Mo (5") ) ds

o

T2y [/ O (4 (s + 1), Tor (5') (o (57))ds’
- [ (o) (e <s’>>ds']
=Sl [/ O (2o (5 + ), @or (5 + ) h(@or (5 +1))ds’

~ [ 00 a9 (Dt ()|

=3 fim © //@@( (54 1), @or (5 + ) h(@or (5 +£))ds’

- t—0 t

o

_ / 00 (s), o (s )l (5 + 1))
+ / / O (@, (), Ty (5))h(@ o (5" + t))ds’

/ O (o (5), @or (') (o (5 >>ds’]

0 /{9(”( o(s+1)x (S’+t))—@(”(wo(S)ww(S’))] h(@or (5" +1))ds'

/ 09 (x4 (s), s (5")) [M(xe (s + 1)) — Wz (5))] ds’} .

Above, the domain of each of the s integrals is a fundamental domain for the circles R/(len(M,)-Z)
(by periodicity of the parameterizations, the specific fundamental domain is irrelevant). Fori = 0, 1, 2
we have by the mean value theorem

() s (s’ -0 s (s’
S0+ O )= OOl 20 1)

- ]@@H)(mg(s F o), Tor (8 + to))h(@or (s + t))‘

< sup @(i+1)(:131,:v2)
x,x2EM
dm(z1,@2)=dpm (z,2")

sup |h(xs3)]
x3EM

for some [to| < [t]. As M is closed with bounded length and A is differentiable, sup,, < h(23) is

bounded. By the formulas in Lemma E.13, the fact that ¢ is C> by Lemma G.5, and Lemmas E.15

to E.17, it follows that the former supremum is finite as well. From the dominated convergence
theorem, we then have

1&“1 / (00 (o (54 1), 2or (5 + 1)) = O (w4 (5), wor(5))| Wlaor (' + 1))’

-2 / i 1 [0 @ (5 4 1), o (5 + 1) — O (2 (), @ ()] Plmor (5 + 1))

-y / O (@, (5), 2o () (o (1) s (E.69)
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Similarly, as ess sup,c a4 | %h(wﬂ is finite and M is compact, from the dominated convergence
theorem we also have

hm / @( (o (8), 2o (")) [(@or (8" + 1)) — h(zor (s'))] ds

t—0 t

—Z / lim O @, (5), 2 () [1(or (5' + 1)) — bl ()] ds’

= Z/ 0 (x4(s), mg(s’))dih(a;a,(s’))ds’ (E.70)
SI S
Summing (E.69) and (E.70) shows the claim. |

Lemma E.22. There is an absolute constant C > 0 such that for all L > C, any differentiable
h: M — Candanye € (0, ) if the operator M and the subspace S¢ are as defined in (E.11)
and (E.12), then we have

d d
- p - P -
ds’ o [h] Se [ds h} ’
d

_ - d
— M_Ps_[h] = M. Ps, {h] .
ds

ds

Also, suppose the hypotheses of Lemma E.6 are satisfied, so that Pg, ﬁEPga is invertible over S..
Then one has in particular

% (PsgﬁgPsE)_1 [h] = (PSEM\SPSE>_1 [éih} )

Proof. The condition on L implies that ﬁe is well-defined. For any operator T' that diagonalizes in
the Fourier basis for S., i.e. for any h € L?(M), T satisfies

K. »
Z Z Mo ko kP kP (E.71)

oe{t} h=—FK.,,

for some coefficients m,,, € C independent of h,” we have

KE.U
d : d
dST[h] - Z Z Mok |:ds¢a,k:| (b:,kh

ae{i}k:—KE -

3 }: 4325545¢0k¢0kh

0’6{:‘:} k__KE =

where we recall the definition of the Fourier basis functions from (C.11) for the second equality. Now
fix 1 differentiable as in the statement of the lemma. On the other hand, since ¢ , h is simply some
complex number, which does not depend on s, we have

d * d
5 Yo h 9
(ds¢,k) Fouan=0
and so

KEU

P D DD ST}

ce{t} k=—K.

"Here and in the sequel, we recall that we are using the notation b rh = (P51, h) = fM bo.x(x)h(x) dx
for the standard inner product on complex-valued functions on M.

43



K o d *
- mo’,k¢a7k 7¢a7k h
ds

ve{t} k=—K. o

ey i2rk -
- Z Z mo’,k¢a7k <1en( )(ba k:)

ce{t} k=—K. ,
_a
E

The operators M\E and Ps_ both diagonalize in the Fourier basis for S, following the arguments in

the proof of Lemma E.6. By the same token, (Pg, M - Ps_)~! also diagonalizes in the Fourier basis
for S; when it is well defined (recall (E.37)), which concludes the proof. |

T[h.

Lemma E.23. There is an absolute constant C' > 0 such that if L > C, and for any € € (0, %) if
G, e, Se defined as in (E.7), (E.8), and (E.12), respectively, then when in addition

_ae+t1

L> (61/2 Inill{len(/\/l+),len(./\/l,)}/(127r2)) o

we have for any differentiable function f : M — C

d VE
_ <M p
Pt < IRl

2
s 1], < 22

d
—P
ds SéfHL?

Proof. The condition on L guarantees that M < is well-defined. From (E.12), S. = Sk, , k. _ with
K., = {MJ for o € {4, —}, then by orthonormality of the Fourier basis functions (C.11),

27re
we have

KE(T
d d : §
HdSPsz = %Z Z Pokbof
L2 o=t k=—K. , 2
e 2k
=1> Z i Ten(v,) ok 0o f
en
o=% k=— L2
1/2

| /\

Z Z b f1I32

o=t k=—K. ,

€
= *\[HPSEJCHL%
Te

Above, the inequality follows because |k| < K. , implies 27|k|/len(M,) < \/e/r., and because

the Fourier basis functions are mutually orthogonal (and || f||2. = (f, f)). This establishes the first
claim.

For the second claim, we have

Poif=> > ¢ertiil-

o=% |k|>K: o

a1
When L > (e'/2min{len(M),len(M_)}/(1272)) *=, we have K., =
\‘MLG +1J Z 1 and thus st: — \‘ I/QIQH(Mi)J > l/zlen(Mi), whence

1272 27re 4mre

I ( m) ot

o=+ |k|>K.,o L2

d
ds
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“|E X et

o= i‘k‘ KEU L2

1/2

N 2
len(./\/lg)‘ (05 xf)

\Y
S5
1[~]
N
e
=

= 275 HPSE*fHL?’

as claimed. Above, the first equality entails an interchange of limit processes—a formal justification
for the validity of this interchange follows from the assumed differentiability of f (which implies that
its coefficients ¢ ; f have a faster rate of decay o(|k|=3/?)) and a dominated convergence argument,
where the difference quotient involving ¢, is bounded by O(|k|), which together with the extra
smoothness of f leads to an integrable upper bound. [ ]

Definition E24. For any ¢ ¢ (0,3) let P, = Pl(M4,1en(M)7Ag1),P2 -
P (M4,M57len(M),A€_1),P3 = P3 (Mg,M4,M5,len(M),AE_1> as defined in Lemmas E.18

to E.20. We let ®(C¢, €) for some constant C; > 0 denote the set of all functions ¢ € C*(M) which
satisfy

¢l < C
P,
(1) < 1
I zs < ot
P. p?
(2) <C 2 1
HC HL2 =~ ¢ <IOgL + 10g2 L)

P PP, P}
@ <C < LA o >
HC ”L2 >~ U¢ IOgL 10g2L 10g3L

Furthermore, for ¢ > & > 0, one has A;l < A;l. As Py, P», P3 have positive coefficients,
¢ € ®(C¢,e) implies € D(C¢, ), e, D(Ce,e’) C P(C¢, ).

Lemma E.25. Forany ¢ € (0, 4) there exist numbers C., CL > 0 such that when the conditions of
Theorem E.1 are in force, for any ( € S; N ®(C¢,¢), the certlﬁcate 9:[C] defined in Theorem E.1

satisfies
C.C,
e P(——.¢). E.72
sl o (e ) ©72)

Proof. Following Lemma E.22 and Lemma E.21, we have that
gtV [¢]

-1

e} l e 1 e a . .
=> (=1 ((PSEMEPSE) Py (©° - ME)PSE) (PSEMEPSE) Ps.©W Py
=1 a=0

- 1 - l—a—1 . 1
x ((PSE MEPSE) Ps.(©° — ME)PSE> (PSEMEPSE) ¢
+ ge [C(l)]'

As ¢ € S., we have ¢((V) = d—d’SC = %PSEC = Pg, dSC € Se, and thus following Theorem E.1, there
exists constant ¢ such that

< KWl

1)
Hg&‘[C Hl — €Cn10gL
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From Lemma E.6, there exists C, ¢’ > 0 such that when L > C,

Amin(PsM.Ps_) > cnlog L.

Under the conditions of Theorem E.1, we have

‘ (PSEMEPSE) PSE (@O — ﬁg)P’SE < 1—e.

L2— L2
Let P, — Pl(M4,1en(M),A;1), P, = PQ(M4,M57len(M),A;1), and Py =

Ps (Mg, My, Ms,len(M), A;l) be the polynomials in Lemmas E.18 to E.20. From Lemma E.18 ,
we have

oo £—1

(1) » < z M,y .y ||C||L2
llge™ (<l ;;‘; (SR [N (nlog L
[[SRIPE
ecnlog L
_ 10 g2 LZHCHLZZE HC( |2
(cnlog L) €cn log L
_ 19Wlz2r2I¢] 22 ||C(1)HL2
e2 (cnlog L) ecnlog L
L Pl 1Ol )
~ e2¢2plog? L ecnlogL’ :
From the fact that ( € ®(Cy¢, ), we further obtain
PC C P
lllze < oy
e2c2nlog® L ecnlog Llog L
PC
<Co——
nlog” L
For the second derivative, we have
0o £—1 - 1 - a
010 =3 Y ((Pedrs) Poer - D))
(=1 a=0

_— —1
X (PSMEPSE) Ps.©? P

x ((PSM\EPSE>_1 P (©° — ]T/[\)PSE)Zal (PSEJ\//LPSE)_l ¢

e} -2 -2

—&—22(—1)[ ((Psﬁapsg)lpsg((ao —ﬁ)PSE>

=1 a=0a'=a

a

x (PSM\gPSE) Ps, @V Py

_ -1 _ f—a’~ _
x ((PSMEPSE) Ps.(©° — M)PSE) (PSEMEPSE) ¢
g

+ 2D -
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From (E.73), as (1, ¢(2) € S we have

Prll¢™M ez 11€® 22

W)
llge ¢ ]l 2 e22nlog? L ecnlogL’

IN

(2)
@, < 1€z r2
e[l < ecnlog L
which leads to
||g(2)[ 22 ||®(2)||L2%L2||C||L2 +Z£ )Z 2||®(1)||L2 L2H<HL2
= &2 (cnlogL)’ (enlog L)®

+ 20g Wl + ||ga[C(2)]||L2
_ 10PNz r2C]l 22 n 2O Z2, g€l 2
€2 (cnlog L) &3 (cnlog L)®
Pl (2) (2)
b oL | Kl K

e2¢2nlog? L ecnlogL eenlog L

Pali¢]l 2 2P7|[¢Cllz> | 2P[I¢)] Jr3||C(2)||L2
e2c2nlog® L e3c3nlog® L e2c2nlog?’ L ecnlogL’

IN

(E.74)

Again as ( € ®(C;,¢) we have

PC 2P2C,
(2) 5 < 2v¢ 1“¢
lo="Lclllze < e2¢2nlog? L €3¢3nlog® L
2PC P G P P
e2¢2nlog? Llog L ecnlogL \logL = log? L

pP? P.
<c€c<< L+ — >
nlog® L  nlog” L

For third derivative, we have

9P = i(—l)e § ((PSM\EPSE)_l Ps (©° — ﬁ)Psa>a
=1 a=0

- —1
x (PSMEPSE) Ps. 06 pg.

. 1 - l—a—1 e _1
x ((PSMEPSE) PSE((BO—M)PSE> (PSEMEPSE> ¢

[eS) -2 -2 _ a
+33 ()Y Y ((PSMEPSE) ' ps.(©° - M)PSE)
/=1 a=0a’'=a

+3i(f1>f§ KZ <(PSM6PS ) Ps.(0° - M)Ps )
(=1 a=0a'=a

— —1
PSMsPSE) Ps. @ Py

X
—~
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o) -2 -2 (-2 1 e a
+6y (-1)Y > ((PSMEPS) Ps (@"—M)P&)
=1 a=0a'=aa’"=a’
1

X
T~
/N
N
S
&
| N—
. |
N
B
|
S
®
~——

+3gP[CW] - 3gW[¢P] + g.[¢B)).

Similarly, as ¢V, ¢(®) and ¢(®) € S., plug in results in (E.73) and (E.74) we can control

||9(3)[C]||L2 < ||®(3)HL2%L2H<HL2
: = 22 (enlogL)?
L 310 L2 2|©M [ L2 r2IC] 22
&3 (cnlog L)*

IOVl
(cnlog L)*
<P2||C(l)|L2 2P2(|¢M Lz | 2P1]|¢™) 2 3||C(3)|L2)
e22nlog? L e3c3nlog® L e2c2nlog? L ecnlogL
43 Pr|¢P]| 2 +||C(3)HL2 N IS
e2¢2nlog®? L ecnlog L ecnlog L
182 r2llClze | 3102 lzzsr2 [0 L2ms 2 [I€]l 22
€2 (enlog L) &3 (enlog L)*
610172, LalIClL
et (cnlog L)*
0L (O ) R 1)
e2¢2nlog? L \log L e22nlog? L ecnlog L
Py[clle:, 3PaPi|[¢lle | 6PP(IC]|re
T e2¢2plog? L 3¢3nlog® L eetnlogt L
1<V 2 (6Pf +3P2) L[Sl RN R E IS
e2c2nlog® L \log L e2¢?nlog? L ecnlogL’

NE

S D -1 - 1)1 —¢)

~
I
—

w

+
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Plug in bounds for norms of ¢(V), ¢(2) and ¢(®) we get
p? PP, Py )
2 5, T 27 |-
nlog®L nlog”L nlog®L

L[l < CoCc (

Combined with zero’s order condition of g.[(], which follows directly from Theorem E.1, and we

know that there exists C. such that g € ®( 7?150 :‘L ,E). [ |

Lemma E.26. For e € (0, %) when L satisfies conditions in Theorem E.I, there exists positive
constant C' such that

[©°[| 222 < Cnlog(L).

Proof. As M. in (E.11) is invariant in Fourier basis as shown in Lemma E.6, we have
[Ps. M. Ps_||r2-12 < ||Mc||r2— 2. From Lemma E.2,

HG)OHLZ—>L2 = ”Ms +0° — MEHL2—>L2
< ||MEHL2—>L2 + ||®o — M||L2—>L2
< |[[Mc|lr2—r2 + (1 — €)Amin(Ps. M:Ps,)

< 2||M.||p2_1e.

qe

As when L > (5_1/26771%)% we have r, < %, where a., r. are defined in (E.7) and (E.8), and
following Lemma E.4 we have

L(xo(s), o (s) 2 (L—e)|s — |

for any x,(s) and |s — §’| < r.. Then follow Lemma E.5 and (F.11)Lemma F.9 and monotonicity of
1° in Lemma G.5, we have

- S+1e
|M.||12r2 < max VO (Lxy(s), s (s"))ds
Ts(s)EM s'=s—7r¢
S$+1e
< max (1 —¢)|s’ — s|)ds’

zs(s)EM s'=s—re

(1—e)t.
— (1) / e (1)t
t=—(1—¢)re

<(1—¢)"'Clog (1 + (L—B)(l—s)rg)

3
< C'nlogL

for some constant C, which concludes the claim. ]

Lemma E.27. Foranye € (0,3), there exists constant C > 0 such that for any g € ®(Cy, €), under
the conditions of Theorem E. 1, we have

0°[g] € ®(CCynlog L, ¢)

As a consequence, for ¢ € S.N®(C;, €) letting g [C] be the certificate in the statement of Theorem E. 1,
there exists number C. > 0 such that

©°[g.[¢]] - ¢ € o(C.Cye).

Proof. From Lemma E.26 we have ||©°||r2_, 12 < Cnlog(L) for some constant C. Let Py, Py, P3
be the polynomials in Lemmas E.18 to E.20. Following Lemmas E.18 to E.21 and the fact that
g € ®(Cy, ), we have following control for derivatives of ®°[g]:
d o (o]
’d@ lg] = 0°[g" ]+ ©Wg]l| 212
S L2512
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pPC,
log L
= (C =+ 1)P1n097

< CnlogL + PinCy,

d2 (o) o
el =10+ 20 4 O i
L2—L
PC, P P.C
< CnlogL g oL 9 )4 p  + PynC,
< Cnlog (logL + 1og2L) + mlogL + nly
_ P{C,
= (C+2) (PQCg + 1OgL) n,
d3 3 1 2 2 1 3
‘ 739l = |©°[g®] + 30 [g*)] + 30 [g] + P [g][| 12, 2
L2—L?

PSC PQC PQC
< Cnlog L g 3P, g L9
< Cnlog <10gL)+ 1n<10gL+log2L

P C
3P 9+ PinC,
+ 2nlogL +Hnly

= (C+3) (chg +

PPC, P3C, )

¢ 29 ) n
log L log® L

which leads to ®°[g] € ®((C + 3)Cynlog L, ¢) and finish the claim. The other part of the claim

follows directly from Lemma E.25 as g.[¢] € @ (nclf)gi , 5). [ |

Lemma E.28. Ler ¢ € (0, %) G, Te, Se be as in (E.7), (E.8) and (E.12). There exist numbers

_astl
C., CL such that when L > (¢*/? min{len(M,),len(M_)}/(127%)) = and the conditions of
Theorem E.1 are in force, for any w € ®(C,,, €), we have

’l°3 P1P2 P3
P <C.Cp——= | P3+ —= 1 .
I Sflw”Lz - log L ( st log L + log2L)

where Py, Py, P3 are the polynomials from Lemmas E.18 to E.20 respectively.

As a consequence, for ( € S: N ®(C;,¢), letting g [C] be as in Theorem E.1, we have

3 P P p3
— e <O —— [Py + 22 T
1©[ge[C]] — ¢l < CECClogL ( s+ on L n s

for some CL > 0.
_agtl
Proof. When L > (¢'/? min{len(M.),len(M_)}/(127%)) =, from Lemma E.23 we have

3
2
) TG

<2r>3 < Py PP PP >
Y\ Ve logL  log®L log®L)’
As ¢ € ®(C¢,¢e), from Lemma E.27 we get ®°[g] — ( € ®(CLC¢,¢) for some C. > 0. The rest

follows from the fact that Ps_[©°[g] — ¢] = 0 and thus [[©[g:[(]] — (|2 = | P51 [©°[g] — (]| 2-
|
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E.3 Certificates with Density and DC

Proof Sketch and Organization. In this section, we leverage the calculations in the previous
sections to prove Theorem D.2, which gives a near solution to the equation

0,ls)(@) = [ Bla.a)gla)pla)de’ = (@)
To accomplish this, we need to account for two factors: the presence of a constant (DC) term in
O(x,z’') = ©°(x,x’) + ¢ (7), and the presence of the data density p in ©,,.

Our approach is conceptually straightforward: since @ = ©° + (7)1 1*, we produce near solutions
to two equations

©°[gl(z) = ((z),

O°[n](z) =1,
and then combine them to nearly solve ®[h]| = (, by setting h = g + a,g1 for an appropriate choice
of v,
1
Y(m)1[gi] + 1

Here and in the rest of this section, we write 1[g] to denote 1*g.

The statement of Theorem D.2 makes two demands on h: small approximation error |@[h]—(|| .z and
small size ||h| 2. These demands introduce a tension, which forces us to work with DC subtracted
solutions ¢¢[¢] defined in (E.13) at multiple scales €. We will set g = g.,[¢] with g small, which
ensures that both ||©°[g] — (|| 2 and ||g|| 2 are small. We would like to similarly set g; = g, [(1],
with (; = 1. In order to ensure that h is small, we need to ensure that the coefficient a defined in
(E.75) is also small, which in turn requires a lower bound on 1[g;]. This is straightforward if ¢ is
(pointwise) nonnegative, but challenging if g; can take on arbitrary signs. The function g; is defined
by the Neumann series

g1 = ge; [Cl]

oo

S (=1)f ((Pssl J\ZlPsEl)
£=0

1 . ¢ - -1
PSE1 ((—)O _ M61) P551> (P551M51P551> Cl.

Although this expression is complicated, the first (/ = 0) summand is always nonnegative. If we
choose €7 large, this expression will be dominated by the first term, providing the necessary control
on 1[g1]. So, we will use two different scales, £g < £; in constructing g and g1, respectively.

The issue introduced by the use of a large scale €7 is that the approximation error ||@°[g1] — (1| L2 is
not sufficiently small for our purposes. To address this issue, we introduce an iterative construction,
which produces a sequence of increasingly accurate solutions h;y, each of which removes some
portion of the approximation error in the previous solution. This sequence converges to our promised
certificate h.

More concretely, we will set £g = 55 and e1 = 5. For parameters a., 7 defined in (E.7) and (E.8),
these choices of ¢ ensure that a., > % and a., > %, and so
_4
Teg < 6L 9,

We further choose 69 = 1 —€g and §; = dg/g0/+/21 < 1—e1. This setting satisfies dg\/eg = 01,/€1
and thus allows

%(M) = %50,50 (M) 2 %51’51 (M) (E.76)

In the remainder of this section, we carry out the argument described above. Lemma E.29 constructs
the aforementioned certificate g; for the constant function ;. Lemma E.31 combines this construction
with a certificate g for ( to give a (loose) approximate certificate, for the kernel ®. Theorem E.32
amplifies this construction to reduce the approximation error to an appropriate level. Finally, we
finish by incorporating the density p(x) to prove our main result on certificates, Theorem D.2.
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Lemma E.29. Let (1 = 1 denote the constant function over M. When L > C' and the conditions of
Theorem E.1 are satisfied fore = e, = %, then g1 = ge, [(1] satisfies

C/
d
g1 € (nlogL”Cl||L2’€1>

©°[g1] — 1 € 2(C”|[C1ll 22, €1) -

and

We also have

1 Gl
L[g:] > (2 - 51) Cmos(D)’ (E.77)

where C,C",C"" and C"" are positive numerical constants.

Proof. Applying Theorem E.1, as conditions of Theorem E.1 for ¢ = ¢; is satisfied, we know
Ps. M., Ps_ isinvertible over S, . Noting that (; is a constant function and thus ¢; € S, , we set

g1 = gey [Cl]

- i(q)z ((PsalﬁslPsq)

£=0

-1

' Ps.. (@o , 1\7) PSEI>Z (PSEIJ/\/IElPSEI> G

Since (; is a constant function, all its derivatives are zero and thus ¢; € @ (||(1]/2,£1). Applying

Lemma E.25, we have that
C
d c1
new (il

for certain C;, > 0. The condition ®°[g;] — (1 € ®(C”||(1]|L2,€1) follows from Lemma E.27
directly.

To control 1[g;], notice that because Ps_ M., Ps_  is an invariant operator stably invertible in S, ,
€1 €1
and ¢; € S.,, we can set

Te

g = (Ps, M.Ps) G= ( |

S=—Tey

-1
w°(|8|)d8> G

which is also a positive constant function. We have

[ L _1 - 4
0= Y0 (P, M) P, (@0 = AP, )
£=0

&S] Y 1 e 4
=g+ (1) ((PSEI M. Ps.) Ps, (©°-M,) PSEI) g,
{=1

and from Lemma E.2, we have

o~ —1
’(PSH MﬂPSEl) Ps

eq €1

and so

g1 = G1llzr < Vl1en(M)[lgr — G1ll>
< Vlen(M) Z(l —e1)")[g1 2

{=1

~ Vi) (£ -1) 1auls

1 ~
=|—-1) gz
€1
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:(;—J)M@}

The first inequality comes from the equivalence of norms, and the last two lines come from the fact
that g; is a positive constant function. Thus, following Lemma F.9, there exist constants C, C’ such

that
L[g1] > 1[g1] — [lg1 — G122
1 .
> (2- 1)1
€1
1
1 e
—(2-2) ( [ <s>ds> 161l
€1 s=—T¢;
(2-2) Gl
Z 3mn vy 1
30 og (14 5= (L — 3)7e,)
(2 - é) Gl
>N sy T
—  Cnlog(L)
as claimed.

Lemma E.30. Suppose that the conditions of Theorem E.1 are satisfied for bothe = gy =

£ =¢e1 = 155, and let g1, (1 be as in Lemma E.29. Let ¢ € Se,, and g = g, [C]. Then

Y(m)1[g]
Y(m)1g] + 17

a=—
satisfies

Clicll
IGillze

laf <

where C'is a numerical constant.

Proof. Set

again, we have

[e's) e _1 - l
9= (1) ((PSEOMEOPSEO) Ps.. (@" - Mgo) PSE(]) .
£=0

Then there exist constants ¢, C' > 0 that

lgllzr < Vlen(M)]g]|
< Vien(M) Y (1 - &0)"|[g]l >

£=0

- \/leH(M)%H?HL?
< /len(M) L )ncnw

€o )\min (Pseo MEOPSEO

< \/m ”C”L2

eocnlog L

Clicllz>

< Vlen(M) nlogL’
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where in the penultimate inequality, we have used Lemma E.6. Applying the previous lemma, we
obtain

o] < UL

Y(m)1{g1]

Cnlog(L)|lgllz:
T 2= Dl
< Cylen(M)[[¢]|r2
- ¢l
_ Clicllee

1Cell=

where in the final equation we have used that the constant function ¢; satisfies ||(1/z:

Vien(M)[[¢i e u

Lemma E.31. Suppose that the conditions of Theorem E.l are satisfied for both ¢ = ¢y = 2—10
_act1
ande = 1 = 2, and L > (/> min{len(M. ), len(M_)}/(127%)) " *< for both ¢ = g and

¢ = e1. There exist numerical constants C,C" > 0, such that for every ¢ € Se, N ®(C¢,e1), there
exists h such that

Bl < iﬂf (E.78)
P(MS,M4,M5,1en(M),A;}) x 13

[©h] —(ll: < CC: gL , (E.79)

|Pss, (O]~ Clllze < CCP(Ms, M, My, len(M), AL ) x L8, (E:80)

where P is a polynomial poly{Ms, My, Ms,len(M), AZ1} of degree < 9, with degree < 3 in
M3, My, Ms len(M), and degree < 6 in AZ*. Furthermore, we have

Ps. [©[h] — (] € @ (C'|¢]|z2,20) - (E.81)

€0

Proof. Recall that ® = ©° + (7)1, and let g; denote the solution for (; = 1 as in Lemma E.29.
Set h = g + agi, where g = g.,[¢], and

_ Y1yl

P(m)1g:] +1

Using Theorem E.1 to control the norms of ¢ and g1, and using Lemma E.30 to control |«/|, we have

o= —

1Bllz2 < llglle> + lalllga 2

Cli¢l CliGullee
< ——=+|a| ——"=
nlog L nlog L
_ Clicl:.
~ nlogL

establishing (E.78).

From our choice of «,
O[h] — ¢ = O°[g] = ¢+ a®°[g1] + () L[g] + agp(m) L[g1]
=0°[g] =+ a(O°%[g1] - C1). (E.82)
Using Lemma E.28 and the fact that (; € ®(||(1]|,£1) we have
1©[h] = Cllee < 1©°[g] = CllLz + |o][[©°[g1] — Gl 2

7"3 P1P2 ]D3
< = (P 1
= CE(JCCIOgL < 3+1OgL +10g2L)
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.3 PP, P
o o (p, 42182 — |-
HalCeullGllzz 7 < Tlgr * 1og2L)

Further using Lemma E.30 to bound «||¢1 |2 < C'||¢]|z2 < C'C¢ and 7o, < r¢,, we have

r3 PP P
O[n — <C'Ce—L (P34 222 1 E.83
011 = iz < C'Ceprety (Pt e + by E89)
for some absolute constant C’ > 0. Notice that from Lemma E.3 M> < 24 < 2A_ 2 and thus
PP P}
P+ —=
3 log L ]og2 L

<P3+ PP+ P}
= C3(M} + M3My + MyMs +len(M) (AZ* + Mo AZ? + M3AZ?))
+ Co(MF + Ms +len(M) (A7 + MaAZ?))Cy (Mg + len(M)AZ?)
+ O} (My + len(M)AZ?)3
< C(M3? + MsMy + MyM;
+len(M)3AZC +len(M)? (AP + Mo AZ?)
+len(M)(AZ* + MaAZ3 + M3zAZ?
+ MZAZ2 + MsAZ% 4+ MyAZ3 + My MyAZ?))
< C(M3 + MsMy + MyMs +len(M)3AZ6 + AZC
+len(M)AZ? (M + Ms))
“;fp<M3,M4,M5,1en(M) A—l) (E.84)

) €0

where P(Mg7 My, M5, len(M), Agol) is a polynomial of Mz, My, Ms,len(M), A-1 of degree

< 9, with degree < 3 in M3, My, M5 len(M), and degree < 6 in AZ!. Here P, P, and P are
polynomials defined in Lemma E.18, Lemma E.19 and Lemma E.20. This together with (E.83) give
us (E.79).

To obtain the tighter bound (E.80) on Ps. (®[h] — (), we begin by applying Lemma E.27 with
€0
¢ € ®(Ce,e0) and (1 € ©(||¢1]|z2,€1), we have

©°lg] — ¢ € #(CL,Cc.e0).

O°lp) — G € ®(CLGillner) € @(CLIGH <o) (E.85)
for certain C. , CL, > 0. Using ©[h] — { = ©°[g] — ¢ + a(O°[g1] — (1), we have
C’ 2
cr, e+ Wl s o s < cree.
1¢allze
for some constant C”” > 0 and thus
@[h} —( e (I)(C//Cc,!;‘o). (E.86)

Applying Lemma E.28 with w = ©[h] — ¢ and simplifying with (E.84) we obtain
P(M3,M4,M5,len(/\/l),A;01) X3
log L '

(E.80) follows from r., < 6wL~*/%, which implies that r2 /log L < L~%/3 when L is larger than
an appropriate numerical constant.

Finally, since Ps, ©°[g] = Ps, (,
Ps_ [Oh] —(¢] = aPs, [©°[g1] —(]. (E.87)

|1Pss (©[h] = Q)2 < C"C¢
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From Lemma E.22, PSE0 commutes with differentiation, and so for any ¢-times differentiable w,
[(Ps,,w) P2 < [0 .

Applying this with i = 0, 1,2, 3, we see that for any w € ®(Cl, ¢), Ps, w € ®(Cy, ). Applying
this observation to (E.85), we have

Ps. (©°[g1] — 1) € ‘P<Cé1 H<1||L2750)~

Combining with (E.87), we have
Py, (©[1] = ) € ®(lalCL, [Gill12.20) € (C'CL 121 0),

which is (E.81). Here, we have used the bound on « from the previous lemma. This completes the
proof. |

Theorem E.32 (Certificates for DC kernel). Suppose that the conditions of Theorem E.1 are satisfied

_aetl
forbothe =gy = 5 and e = &1 = 2% and L > (¢*/? min{len(M, ),len(M_)}/(1272)) =
for both e = €y and € = €. There exist constants C, C" such that for any number K > 0, when

4
L> CK4P(M3,M4,M5,1en(M),A;}) , (E.88)
then for any ¢ € S, N O(K||C]| 2, €0) there exists a certificate h satisfying
1©[h] = ¢lle < I¢llz=L™, (E.89)
with o
e < SNl
nlog L

In (E.88), P is the polynomial defined in Lemma E.31.

Proof. Let () = ¢, and iteratively define
Sy = —Ps., (Olhei)] = Ci)) € Seo-

where h;) is the approximate certificate of ((;) € S¢, constructed in Lemma E.31. From (E.81), we
have

Cirn) € @(Cullcn 12, 0),

where C is a numerical constant. Hence, for 7 > 1, from Lemma E.31 we have

(L) = (nlOgL) e lz2,

3

P
18R] = ¢l 2 < CoCulICu—n) Nl 1 ;L (E.90)

HPsg Oh() - C()]H L < G|y ll2 PLTY2.

Fori =0, as (o) € <I)(K||C||L2, 50), this simplifies to

C
ol < (g ) Il

P 3
[©[h0)] = ¢yl[ 2 < C2K||<||L2$7 (E.91)

| P, (O] — <o), < CoRICHPL?.

We use these relationships to control 1€yl 2. As e, < 67rL*1/ 10 there exists a constant C' such

that when L > CK*P*, Co K 51 <Tt=3 and 02011 el 2y < 72. We argue by induction that

||C(i)||L2 < 7¢Il Vi>0.
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This is true by construction for ¢ = 0, while for ¢ = 1 it follows from (E.91). Finally, for ¢ > 2, using
(E.90) and inductive hypothesis, we have

1€y lIz2 < [1®fhii—1)] — (-1l z2

< CaCh[Ci-2)ll 2 Pre, ;
log L
< 72| Cinyll 2
< 7l ee,
as claimed.
We set
k
h= E% hiys

where k will be specified below. By construction,

k
IRl <> || 2
1=0

C
nlog L Z Hc(i)HL"’
1=0

2C4
nlog L

IN

1€l »

as claimed.

We next verify that @[h] is an accurate approximation to (:

|©] = ¢l < [P, (O] = Co)l 2 + || Py O]

L2

k
< |Ps., [®hu] =Sl + > HPsgo@[h(iﬂ

1=0

‘L2

k
< 5|0y || o + C2CLPL™/3 Z [¢¢i-1)ll 2

1=1
+  CoKPL ™3| e
< T |¢o) || o + C2PL™Y3(20) + K¢l 2

Choosing k appropriately, and ensuring that C2(2C, + K)PL~%/3 < 1 L=1, establishes (E.89). The
latter condition follows immediately, from L > C K*P* for appropriately large C. [ ]

Lemma E.33. There exist constants C,C’,C",C"" and a polynomial
P = poly{Ms, My, Ms,len(M), A=} of degree < 36, with degree < 12 in Mz, My, M5 len(M),
and degree < 24 in A~ such that for any number K > 0, when

max

AV1+ K2
then for any real { € ®(K||(]| Lz, %) there exists a real certificate g : M — R with

_ Ol
~ Pminnlog L

1 ) C"B(M)

L> max{exp(C'/ len(M)R), ( ,C" RO KAP, pl2 }

llgllrs

such that
1©,.[9] = Cllzz < lI¢ll=L™!
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Proof. We first show that there exists constants C, C’, C”, C""" that under condition of the lemma,
conditions of Theorem E.32 are satisfied. From definition, A = A, < A.,, as we choose
do = 1—&9,61 = do\/E0//E1 < 1—e1, wehave 0g\/eg = 01,/€1 and thus 8%(./\/1) = 8850750 (M) >
%861,51 (M) as in (E.76). Thus conditions of Theorem E.1 for € = €1 can be absorbed into conditions
for ¢ = ¢ with a change of constant factors.

Furthermore, as A < ‘/:T’ < ﬁ, we can alter the condition in Theorem E.1 by
)C”SB(M) )20/'$(M)

1 .
(1 + AATE < (W and thus reduce to the form in the statement.

We then notice that from Lemma E.3 min{len(M.),len(M_)} > 4, and we can choose C” such
that exp(C’ len(M)#) > exp(C’) > C.,. Similarly, by choosing C"” appropriately, L > C"' 0
implies both L > (¢~ V/2674) ‘% and L > (¢~ /21272 min{len(M ), len(M,)}) "5 for both
e=¢pande =¢;1 as ac, > % and a, > %.

From Theorem E.32, we know there exists g such that

1©0g] = Cllz2 < I¢llpeL™ (E.92)
i ol
2 < L2 E.
lgllz> < nlog L (E.93)

We can further require this g to be a real function over the manifold. To see this, notice that for any
x,x’ € M, both the kernel O(z, x’) and {(z) are real, thus if we take the real component of g as
g = (g + g)/2, then we have ||g]|12 < ||g||2 and further by the triangle inequality

Ol ~c(a)| = | [ elw.a)ia)ds’ ~((a)

|

2) 1/2
/ Oz, z')g(x')dz’ — ((x)
x’'eM

The last line comes from the fact that [, . O(z,2')g(z')de’ — ((x) and
Jorerm O, @')(1/2)(g — g)(x')dx’ are the pure real and imaginary part of
S ©(x, 2" )g(x")dax" — ((). Thus g is real and also satisfies (E.92) and (E.93).

2

/ Oz, z)5(x')dz’ — ((x)
x’'eM

+

/ Oz, z')(1/2)(g — 7)(’)da’
x’'eM

To include the density, define g,,() = g(x)/p(x). We get
lanlt; = [ lou@Pol@)ia
reM
— [ Js@)lr @)
reM

< . —1 / 2d
< min o~} (@) / _Jo@)Pde

= PrainllgllZ2

Then for ¢, we have
K3 = [ [¢@)Pp(a)de
rzeM

> pmin[I€I72-
This gives

—1/2
lgllzz < pomitllgllz2
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12 €l
— T nlogL

Cli¢llze
= pminnlog L’

On the other hand, we have

o ¢t = [ ([ el @pean’ - @) pleyiz

2
Inax p(x) /we./\/( (/ac’eM O(x,z')g(x')dx' — ((:1:)) dz
= pmaXHG[g] - C”%Z

Notice that P’ = CP + len(M)3 is still a polynomial of degree 3 in len(M). Then when L >
max{ P pl2 1, we get

_4
1©,:19] = €l < priaxCPL™5[¢]| 2

max

IN

R cP prln/fx len(M)
=L HCHLOOL1/4L1/24 1/24

< LH¢pe-
As P in Lemma E.31 is a polynomial poly{Ms, My, Ms,len(M), A=} of degree < 9, with degree

< 3in My, My, M5 len(M), and degree < 6 in A~!, we have P’* is of the right degree requirement
as in the statement of the theorem. [ |

F Bounds for the Skeleton Function

In this section, we are going to provide sharp bounds on the “skeleton” function 1) and its higher-order
derivatives. We recall that the angle evolution function is defined as

t 1
(t) = arccos ((1 - > cost + sint> , telo,m].
T ™

Define ¢ = 1d, ¢l as ¢’s ¢-fold composition with itself (which will be referred to as the iterated
angle evolution function). Then the skeleton is defined as

L—1
HORED A0
=0
where

L-1
1 ’
t) = 1-=ll®)), ¢=0,---,L—1.
=TT (10
To analyze the function 1, we will establish in this section several “sharp-modulo-constants” estimates
that connect ¥ to a much simpler function, derived using the local behavior of ¢ at 0 and its

consequences for the iterated compositions ¢!¢! that appear in the definition of v. In particular, let us
define ¢ : [0, 7] — [0, 7] by p(t) =t/(1 +¢/(3)), so that

i ¢
pl(t) = T4 0t/ (3r)

and moreover define
N L—1 A[Z/] ¢ R n L—1 R
an =11 (1— ) G =23 a.
0=

We will prove that 3! provides a sharp approximation to ¢!¥! (Lemmas F.2 and F.3), and then work
out a corresponding sharp approximation of ¢ to 1 (Lemmas F.7 and F.9). We will then derive
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estimates for the low-order derivatives of ¢ in Appendix F.4. Unfortunately, it is impossible to obtain
L' estimates for 1 in terms of 1 that are sharp enough to facilitate operator norm bounds for ©,,,

which would let us construct certificates for an operator with kernel zZ rather than the NTK ©,; but
the estimates we derive in this section will be nonetheless sufficient to enable our localization and
certificate construction arguments in Appendix E.

We note that bounds similar to a subset of the bounds in this section have been developed in an
L-asymptotic, large-angle setting by [5]. The bounds we develop here are non-asymptotic and hold
for all angles, and are established using elementary arguments that we believe are slightly more
transparent. We reuse (and restate in Appendix G) some estimates from [6, Section C] here, but the
majority of our estimates will be fundamentally improved (a representative example is Lemma F.3).

Lemma G.5 for basic regularity assertions for this function and its iterated compositions) and likewise
for € and ). In particular, for example, in our notation the function @[ refers to the derivative of !4,
not the ¢-fold iterated composition of ¢. Although this leads to an abuse of notation, the concision it
enables in our proofs will be of use.

F.1 Sharp Lower Bound for the Iterated Angle Evolution Function

Lemma F.1. One has

plt) < —

,m, tE[O,W].

Proof. As cos is monotonically decreasing in [0, 7), it is the same as proving

t sint t
1—— t)+ — —
( )cos() cos

>0

We have the gradient as
1
(141t/(3m))2

)

1
(1+t/(3m))3

t, . . t
-(1- ;)smt—l—sm(l_i_t/(?m)

t
> —(1— —)sint +sint
™

>(-(1-=)+

Dt Ao

>0
For the first inequality, we use the estimate
sin(az) > xsina; 0<z <1, 0<a<m, (F.1)

which is easily established using concavity of sin on [0, 7] and the secant line characterization, and

for the final inequality, we use the estimate 1 — 3a < TTae for any a > —1, which follows from

convexity of @ — (1 4 a)~3 on this domain and the tangent line characterization (at a = 0). Since at
t = 0, we have the inequality holds, we know it holds for the whole interval [0, 7] by the mean value
theorem. u

Lemma F.2 (Corollary of [6, Lemma C.12]). If ¢ € Ny, one has the "fluid" estimate for the iterated
angle evolution function

t
SDV] (t) < W

Proof. Follow the argument of [6, Lemma C.12], but use Lemma F.1 as the basis for the argument
instead of Lemma G .4. |

Lemma F.3. There exists an absolute constant Cy > 0 such that for all { € N

log(1+¢)

P — ol <y PR

(F2)
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As a consequence, there exist absolute constants C,C’,C" > 0 such that for any 0 < ¢ < 1/2, if
L > Ce™? then for every t € [0,C'e?] one has

) 1+e

S e
and for every t € [0, 7] one has
C//
5L -
20 S T nene
Finally, we have for £ > 0
&) < (1+ e‘“’Ow)&(t), (F3)

andif L >3
Y(t) < h(t) + 4ne®Co log® L.

Proof. Fix L € N arbitrary. We prove (F.2) first, then use it to derive the remaining estimates. The
main tool is an inductive decomposition: start by writing

() — () = B0 @1 (t) — ot H(1)
pof

and then use the definition of @ to simplify the first term on the RHS of the final equation (via direct
algebraic manipulation) to

() — plE=1(1) .
(14 Zpll-1(1) (1+ £ pl-1(1)

This gives an expression for the difference G!*l(t) — L1 (t) as an affine function of the previous
difference pIE—1 (1) — plE—1(¢):

(1) — ll=1(t)
1+ s=lE=1(t) (1+ =plE-1(t)

and unraveling inductively, we obtain

R L—-1 L-1 1 R
S OREIOEDY ( 11 (11 L31(0) (1 + Lol] (t))> (& —¢) opll(t),

(=0 \{'=l+1

Po@t (1) —poplt~l(t) =

() — (1) = ( ) +@opllmH(@) — popltml(e),

where for concision we write (g — ¢)(t) = @(t) — (t). Note that all the product coefficients in

this expression are nonnegative numbers. Denoting by C the constant attached to ¢* in the result

Lemma F.13 and defining C; = max {él, 1}, Lemma F.13 gives

R L—1 L—1 1 3
P -t <y ( 11 11 La07(0) (1+ ;,rapw(t))> (¢m)" @&

=0 \0/'=¢+1 37

To prove (F.2), we will use a two-stage approach:

1. (First pass) First, we will control only the first factor in the product term in (F.4) using
Lemma F.13, given that ¢ > 0 allows us to upper bound by the product term without the
second factor. The resulting bound on the LHS of (F.4) will be weaker (in terms of its
dependence on L) than (F.2).

2. (Second pass) After completing this control, we will have obtained a lower bound on ([
we can then return to (F.4) and use this lower bound to get control of both factors in the
product term, which will allow us to sharpen our previous analysis and establish the claimed
bound (F.2).
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First pass. We have

Hooon et
1~ - L
Pttt (14 =2(1)) 1+ £

Tossing the product term involving cp[‘)/] and applying Lemma F.2 in (F.4), we thus have a bound

L—-1 L—-1
C t3 C1t/(3n) t3
G (1) — o (¢ 1 1
PH(t) —ptH(t) < LtE: 7 T It §: 3
T+5 = L+ 5h) I+5 = (1+5%)

For the first term in this expression we calculate using an estimate from the integral test

- 3 L t3
Z S <t +/ — v
1+“ 0 (

1+ 4)
3 2 1
1+
Lt3
=+ ——7)
1+
and for the second term, we calculate similarly
L-1 L
t3 t3
Z 0t 3§t3+/ 0t 3d£
£=0 (1+3n) 0 (1+37)
t2 1
:t3+37; (1— — 2)
(1+37)
Lt
=t* + Lt? -
i 2
(1+57)
43
<3+ —
L+ 57
Combining these results gives
N CltS ClLt3 C1t4 37T ClLt4 37T
P) — g (r) < M A At/ [(5m)
I+3)  (1+L) (1+5) (1+ £
3rCit 1
<A (4ot —£2). (F5)
L 3T

This bound gives us a nontrivial estimate as far out as ¢ = 7, but the result is weaker there than what
we need. We can proceed with a bootstrapping approach to improve our result for large angles. To
begin, we have shown via (F.5)

R 16720yt
A1) 2 gH(1) - ———.

Let us write tg = C'/ V'L, where C > ( is a constant we will optimize below, and define

B.(0) = @[L] (t) — 160L17r2t 0<t<t,
L) = P (o) — % to <t<m.

The notation here is justified by noticing that ¢! is concave and nondecreasing, so that our previous
estimates imply X > 3, . It follows

P — gl < Bl 5,

Our previous bound (F.5) is an increasing function of ¢, and sufficient for 0 < ¢ < ty. Fort > tg, we
have

160171'2to

gH(t) L (t) < + (1) — g (o),
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and we can calculate using increasingness of Gl*]

C
Sl (¢ Sl (¢ 4l
L o R T
B VL —C
(1+L/3)(vL+CL/(3r))
< 972
= o
whence the bound
~[L L
gt — !t < L3/2 (167T'Clc+ C)
2477'2 Cl

valid on the entire interval [0, 7]; the final inequality corresponds to the choice C' = 4\/3&.

Second pass. To start, with an eye toward the unused product term in (F.4), we have from (F.6)

1 1 8myv/C
L owigy s 10 Loy 8mva

Using the numerical inequality e 2* < 1 — z, valid for 0 < < 1 /2 at least, we have if L >

(25677201)1/ 3
1 16m+/C
(L] 1 (L]
1+37Tg0 (t)>exp< —TaE ) (1+37T<p (t)).

Applying this bound to terms in the second product term in (F.4) with index ¢ > [(256#201) 1/ 3—‘

r(C1), we therefore have

T

1 3 L-1

1
AL 4y _ AL [€]
Pt) — () < Cy (1) = ,
( ) W:Inax{l;lcl)y@-i-l} ( + %90[ ]( )) (1 + %‘p[e](t))

3 -1 1
Cq (gom( ) exp [ 16m/Cy Z

N3/2
0 ¢'=max{r(Cy),0+1} (f )

IN
~ ~ ~
Il | Il
)

L-1

1
x H 1 (g 2

¢ =max{r(C1),t4+1} (1+ 5:01(1))
L-1 3 (1 + max{r(?;),e-‘rl}t > 2

— 0yl OTVEE2) 3 (wm (t))

Lt
s 1+ 5
’I‘(Cl)—2
C,e167VCi(3/2) (r(Cy) — 1)t 3
_ 1 At
(1+g)2 <+ 3 ) ZZ:% (‘p ())
3 (1)t
g (+1)
- Z (<p (t)) <1+ - ))
= T‘(Cl
Now, since ¢ < @, we have
T(Cl)72
(r(Cy) —1)t ? 4] 3 2,3
R e g <
(R > (#0) <ree

8 Although it has a different meaning in our argument at large, here and in some subsequent bounds {(z) =

> o2, n~? denotes the Riemann zeta function. In this setting, we have ((3/2) < e.
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and
L—1

> (@m (zf))3 (1 G +7T1 ) < o3 Z o

EIT(Cl)

L
1
§2t3+2t3/ —
0

= 2t* 4+ 67t* log(1 + Lt/3m),
whence
R O e167VTIC(3/2)
(t) — (1) < leﬁ ((2+7(C1)*)t* + 67t log(1 + Lt /3))
(1+37)
972C, e167VTIC(3/2)
< e +7(Cy)?)t + 6 log(1 + Lt/37))

L2 (2
- log(1+ L
< 547301 (2 + r(Ch)?)ett m<(3/2)7g<L2 )

In the final line, we are simply shuffling constants using ¢ < 7. This completes the proof of (F.2).

Derived estimates. The remaining claims can be derived from the main claim we have just estab-

lished; we will do so now. Below, we write Cy = 5473C} (2 4 (C1)?)e07VC1(/2) We will also
assume ¢ > 1.

We prove the claim about &, first. First, notice that for nonnegative numbers a, b, one has 1 —a+b <
25(1 — a) provided a < 1/2. Since ¢ < /2, we have for each £ > 0

H Colog(1+ ¢
< [T (1- 204 el

0=/

Jog(1+ ) ~

< exp (200 > gEg,)2)> Ee(t).
o=¢

By the integral test estimate, we have for £ > 0

L—-1 / L /
Zlog(1+€)<log(1+€)+/ log(l—ﬁ-é)dé/
¢

Lo e 7
log(1 + ¢ 144
Sl 40 ( r ) +log(1+ /¢ — log(1 + L)/L
/ 14+
< w

where we applied log(1 + =) < z for all x > —1, whence for ¢ > 0
€Z(t) < £6C0 lOg(H_Z)/eEZ(t)-

In particular, using the fact that log(1 + ¢)/¢ < 1 and the estimate e“* < 1 + xe® for z € [0, 1] (by
convexity of the exponential function), we obtain

&(t) < (1 + e‘*“’log(lﬂ) &(t), (E7)

as claimed. The proof of the second inequality is very similar: first, repeated application of the chain
rule gives
L—1
gb[L] — H po @V]
£=0

(1 —t/m)sint
sin ()

Using the expression

p(t) =

)
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we can exploit a telescopic cancellation in the preceding expression for ¢!-l, obtaining

-1

. L
plr = Sint I L M)
sin plL1(¢) T '

£=0

As the form of this upper bound is identical to the one we controlled for &, only with a different
constant factor, we can now apply the first part of that argument to the present setting, obtaining a

bound
Sint L [Z] [Z] 1 L t
L) P Sl _ _ -
Y =i Pl (t) P Z v L e Z 1+ £t/(3m)

=1 £=0

where in simplifying we also used that p[% = 3G9, To proceed, we split the first sum, obtaining for
anyindex 1 < /¢, <L -1

L—-1 l,—1 L—1
Al = 37 (@ - ) 4 3 (1 — l)
=1 =1 0=,
= log(1 + £,)
<Ot S S 430, BT
I A
/=1
log(1 + ¢
< Ctlog(t,) + 3Cy Og(; )
1
< Clog(1+¢4) (t+ ) ,
N

where in the second line the bound on the first sum used (F.5), and the second used the estimate we
proved in the previous section and the integral test estimate above; in the third line we estimated the
harmonic series with the integral test; and in the fourth line we worst-cased. Next, for any ¢ < 1/¢,,
we have by the above

L—1
> — ol < Clog(1+ 4,) /1.,
/=1

and because the RHS approaches 0 as ¢, — oo, for any 0 < ¢ < 1 there is an integer N (¢) > 0 such

that for all /, > NN we have
L—1

Z P — ol <log(1 +¢).

=1
In particular, obtaining a lower bound for the RHS by concavity of log, it is sufficient to take
¢, > Ce~2 for a suitably large absolute constant C' > 0. To ensure there exists such a value of /£, it
suffices to choose L > Ce~2 and therefore t < C’e2. In particular, plugging this estimate into our
previous bound, we have shown that for any € > 0, if L > C’ €72 then for all all £ < Ce? we have

. L—-1
[L] <1 sint _l t .
o s (o) gy P w; 1+ t/(3m)

We then calculate by an estimate from the integral test

L-1

Zt>/Ltdﬁ—3 log(1+ Lt/(3m))
1 0t/(3m) T Sy 1H0t/(3m) mlog 7)),

which establishes under the previous conditions on L and ¢ that
L) sint 1+e¢
~ sinpE(t) (1 + Lt/(3m))3"

To conclude, we need to simplify the sin ratio term. Using Lemma F.4, for any 0 < &’ < 1/2, we
have for 0 < t < C¢’ that

Sb[

sint

gy < (120 + Lt/ (Bm),
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which suffices to prove the claim for small ¢ after noting (1 4+ 2&')(1 4+ ¢) = 1 4 2¢’ + ¢ + 2¢’¢,
choosing whichever is smaller, and adjusting the preceding conditions on ¢ and L (i.e. the absolute
constants in the previous bounds may grow/shrink as necessary). To show the claimed bound on
the entire interval [0, 7], we can follow exactly the argument above, but instead of partitioning the
sum of errors 3l — ol as above we simply use bound the sum of errors as in the bound on Eg
previously to obtain a large constant in the numerator; the sin ratio is controlled in this case using the
first conclusion in Lemma F.4, which is valid on the whole interval [0, ].

Finally, we obtain the estimate on v by calculating using the estimate involving &, and Eg that we
proved earlier. First, we note that although we required £ > 0 above, the fact that 3l% = [ implies
that we have an estimate &, < (1 + log(2)e®“?)&,. We therefore have

L—-1 L—-1
OEEDIIOEEDY (1 L 50 Jog U:”) &)
=0 £=0
L—-1
<B(D) + (n/2)e <log<2>éo<t> £y bg“j%(t)) .
(=1
It is easy to see that @ < 1. Hence
L—-1
$(1) < B0) + (n/2)e5 <log<2> £y “"‘“j")
(=1

L1
< () + neb (log(2) + Z 10&’2(@)
=2

L—-1
< (t) + ne®o (2 log(2) + / 1og£(£) d€>
=2

< O(t) + e’ (210g(2) — (1/2)log? 2 + (1/2) log*(L — 1))
P

where the final bound requires L > 3.

Lemma F4. For ¢ € Ny, one has for t € [0, 7]
sin(¢)
sin(1(2))
and there exists an absolute constant C' > 0 such that for any 0 < € < 1/2, if 0 < t < Ce one has
sin(t)
sin( (1))

< 3(1+ £t/(3m))

< (1+2)(1+ £¢/(3m)).

Proof. We prove the bound on [0, 7] first. Because ¢ — ¢~ ! sint is decreasing on [0, 7], we apply
Lemma G.6 to get

sin(t) <t
sin(l(t)) ~ lf(2)
<—
1+et/(m)

=1+ 0t/(x) < 3(1 + £¢/(3m)).

Now fix 0 < € < 1/2. We claim that there is an absolute constant C' > 0 such that if ¢ < Ce, we
have

Pl(t) = (1 - e"(1).
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Assuming this claim, we have for ¢t < Ce
sin(t) t

sn(el1(0) = S0
t

= T—020)
(1 +£t/(3m))
(14 2¢)(1 4 ¢t/(3m)),

which is enough to conclude after rescaling. Now we want to show the claim. Let Cy = max {1,C; }
where C; denotes the constant on 3 in Lemma F.13. We first notice that

p(t) = @(t) — Cot?
t

IN

IN

_ _ 3

“Txyen O

B t B t é 9

T 1+t/(3m) 1+7T/(37r)300t
4Cy 5.t

>(1- 22—

= (=G

We are going to proceed with an induction-like approach. Put ¢; = 4Cyt2/3, and choose t <

\/3/(4C) so that 1 — €; > 0. Supposing that it holds !~ > (1 — e, 1)@l H(¢) for a positive
€¢r—1 such that 1 — ¢,—; > 0 (we have shown there is such €; and controlled it), we have by some
applications of the induction hypothesis, Lemma F.1, and the previous small-¢ estimate (we use below

that ¢ < +/3/(4Cy))
Q) > (1- 552 (7 100) ) pe )

t
_ (1 _ 4G (w[zfﬂ (t))2) (1 — 1) mayen
- _ t
3 1+ @3m) " 1 = &) om0

4Gy 2 (1—e1)t
> <1 T3 1+ (E _ 1)t/(377))2> 1 —‘,—ft/(?)ﬂ') - Gl—lt/(Sﬂ-)

4C, t2 {1
= (1 R 1>t/<3w>>2> (1= c0)2()

4Cy t? R
- <1 3 (I (—1t/Bm))2 E“) 0.

This shows that we can take ¢, = €1 + (4Co/3)t? /(1 + (£ — 1)t/(3))? as long as this term is not
larger than 1. Unraveling inductively to check, we get

a0, 12

= 2:: T3 (1t 0t/3m)2

4Cy /f—1 1 ,
2 (1 SR ST
3 ( T oo W 01)(3m))2

3 (1 L (58—1;/(3@)

<4CO n 1 y
i U
- 3 3

16’/TCO
—t.
3
In particular, the induction is consistent as long as ¢t < 3/(167Cy). Note as well that since Cy > 1

we have 1/3/(4Cy) > 3/(16mwCp). Thus by induction, we know that when 0 < € < 1 and ¢ < 31%”3:’

IN

IN
~+
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we have

oty > (1— )@l t)

as claimed. ]

F.2 Sharp Lower Bound for v

Lemma F.5. There is an absolute constant Coy > 0 such that
n(L —1)

3 + 6mnet0 log? L

P(m) <

Proof. Following Lemma F.3 (worsening constants slightly for convenience), we directly have
() < () + 6mne’° log? L.

n (t) has a closed form expression, by notice that

=11 (1- 73
t/m
=11 (1 - 1+m/(37r)>

_ A+ (=3)t/3m)) (1 + (£ =2)t/(3m)) (1 + (£ = 1)t/(3)) (E8)
(1+ (L —=3)t/(3m)) (1 + (L —2)t/(3m)) (L —1)t/(3m)) '
and
() =5 > &)
0=0

n Y B+ (L=3))(3r + (L — 213 + (L — 1)t)
2 Br+(L-3)t)Br+(L—-2)t)(3r+ (L —1)t)
n 1 S0 (3w + (€= 3)t)(3m + (£ — 2)t) (37 + (£ — 1)t)(37 + £t)
24t (37 4 (L — 3)t)(37 + (L — 2)t)(37 + (L — 1)1)

) B+ (=D Br + (= 3)) (BT + (L — 2B + (L 1)t)

Br+ (L-3))Br+ (L-2)H)Br+ (L — 1))
n (31 + (L — 1) (3 + (L = 3)) (3 + (L — 2)1) (37 + (L — 1)t)
8t Br+ (L=3)t)3r+ (L —2)t)(37 + (L — 1)t)
(3w — 4t)(37 — 3t)(3m — 2t)(3w — 1)
B+ (L—-3)t)(3m+ (L —2)t)(3m + (L — 1)t)

n (3w — 4t)(3m — 3t)(3m — 2t) (37 — 1)

8t (37 + (L —3)0)(37 + (L — 2)t)(37 + (L — 1)¢)
_n(L—4) n (3m — 4t)(37 — 3t)(3m — 2t)(37 — t)
“ T8 Tw ( T Brr (L —3))Br+ (L —2)t)3r + (L — 1)t)) E9)

From the second to the fourth line above, we used a telescopic series cancellation trick to sum. Then
we get the claim as

- %(:ﬁ + (L —4))

P(m) < () + 6mne log? L

L—-4 3
= n( S ) + % + 67nebe 10g2L
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L—-1
= 771( 3 ) + 6rnefCo log2 L.

Lemma F.6. When L > 2, we have for any r > 0

/Zﬂmﬁz”@_4)
0

3™ L—-2
——r+ —log(1

g " +3 og(1+ - r)
Proof. From Lemma F.2, we have [ (t) <

t
T+0t/(37)
L—-1

&) = [0 - 2o(0)

Thus we get

(§
I
~
3

Br+ (€ —3)t)(3m+ (£ — 2)t) (37 + (£ — 1)t)
As a result, we have

L—-1
WD) =5 D &)
£=0

L iy (B4 (E= 3B + (£~ 2))(3r + (L~ 1)b)
=2 Br+(L-3)t)B3n+ (L—2)t)(3n+ (L —1)t)
T 24t

10 (B4 (6= 3))(3m + (£ — 2)t) (37 + (£ — 1)t) (3w + £t)
Br+ (L -3)H)B7+ (L —2)0)(37 + (L — 1))

S (B4 (£ — ) (3 + (£ — 3)t) (3w + (£ — 2)t) (37 + (£ — 1)¢)
a (37 + (L —3)t)(37 + (L — 2)t)(37 + (L — 1)¢)

0 B3r 4 (L— 4037+ (L —3)t) (37 + (L — 2)t) (37 + (L — 1)t)

st (31 + (L —3)t) (37 + (L — 2)t) (37 + (L — 1)t)

(3w — 4t)(37 — 3t) (3w — 2t)(3w — t)
Br+(L—3)t)3r+ (L —2)t)(3r + (L — 1)t)

- %(&w (L—4)t) - 2

n (3 —4t)(3m — 3t)(3m — 2t)(37w — 1)
8 (37 + (L —3)t)(37w + (L — 2)t)(3m + (L — 1)t)
(3m — 4t) (37 — 3t)(3m — 2t) (3w — )
3 + g (371' - (

3m+ (L —3)t)(37+ (L —2)t)(3n + (L — 1)t)>
s Tar (1 (14 (

(1—-4t)(1-3t")(1-2t")1-t) )
L=3)t)(1+(L-2)t)1+ (L—1)t)
n(L—4) n (1-=3t)(1—-2t)(1—t)
=735 Tw (1 -

L+ (L =2 )
n A (1 — 3t (1 — 2¢)(1 — t')
TR 31+ (L2t + (L)
- n(L —4)

P PR B

8 8t/ (1+ (L —2)t)3

L'=r—2 n(L —4) Ln 3L + 3L2t' + L/3¢2
= < n

8 (1+ L't")3
_n(L—4)+n r N L
o 8 8 \ 1+ L't

L/
(14 L't')? + 1+ L’t’)3> '
In the third and fourth lines above, we used a splitting and cancellation trick to sum similar to

what we used in Lemma F.5. In moving from the seventh to the eighth line, we used the inequality
(x — 1)(z + 1) < 22 after splitting off a term that can be negative for large ¢’. In moving from
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the eighth to the ninth line, we used nonnegativity of the third summand and upper bounded the
numerator of the term in the second summand. (In both of the previous simplifications, we are using
that ¢’ < 1/3.) The remaining simplifications obtain a common denominator in the second term and
then cancel. Integrating, we thus find

" n(L —4) 3mn r 1 1 1
tdt > == e+ T2 (log(1+ L' o)+ (1 - — | + 5 [1 - — s
Jj v 2R a 5 (Og( 3 ( 1+é;“> 2( <1+é;">2>>

when L'>0 ([, — 4 3 L—29
> ur + I log(1 + r).
8 8 3T

Lemma F.7. There exists an absolute constant C' > 0 such that when L > 2, we have for any r > 0

2
) — Cnrlog® L

" 3mn L —
/O (Y(t) — b(m))dt > o log(1 + —

Proof. Following Lemma F.6 and Lemma F.5, we directly get

" " L-1
/ (p(t) — p(m))dt > / W»(t)dt — (TL(8) + 67neC° log? L) r
0 0
3mn L—-2 6C, 2 3n
> 220 - 0 2
2= log(1 + 37 r) — 6mne”~° log” Lr g
3 L—-2 3
> 2T log(1 + r) — (6meSC + = ) nrlog? L
8 3m 8

F.3 Nearly-Matching Upper Bound

Lemma E.8. There exist absolute constants C,C' > 0 and absolute constants K, K' > 0 such that
forany 0 < e < 1,if L > Ke =3 then for any 0 < t < K'e® one has

18 Clog*(L)\ n L-3
Y(t) = p(m) < (1+e) (1 L A Ty S ) 81+ (L —3)t/(3m)

and for any 0 < t < 7 one has

L-3

V() = v(m) < O G

Proof. We try to control the DC subtracted skeleton 1(¢) — ¢ () by its derivative v (t), which would
require us to control the derivatives &,(t) and further (¥ (¢). Fix 0 < ¢ < 1/2. When L > Cye 2
for some constant Cy > 0, Lemma F.3 provides sharp bound for (!l (t) with

14¢

QO[Z] (t) S m te [070/62]
) C
o) < m t € [0, ]

with absolute constants C’, C; > 0 and ¢ = 1/(3). For notation convenience, define t; = C’e? and

write
1+e 05t
M, = ==
’ {Cl otherwise.

We can compactly write the previous two bounds together as
M,

Sl 4y « 78
70 = G
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This allows us to separate 1(t) — ¢ () into two components ¢ (t) — ¥ (¢1) and ¥ (1) — ¢ (), where
we get the correct constant 1 + € in the first component and control the second component by the fact
that ¢) becomes sharp when L is large, making the difference between v(¢1) and () negligible

Now, for ¢ > 4, with ¢ = 37r we have
L—1 /
: o(t) ol
1€e(t)| = ;
7r Wz::z 1—ltl/m
L—1 . [el]

= fig-t) Z t/m

=l — Hem
L—-1

o g[(t) 1 + Cz/t . [Z/]

oo Z,z:;l+c(£’—3)t@

R0 Lz‘l 1+ cl't M,

- o7 (0 =3)t (14 cl't)?

Letcyp =1+ €50 w. (F.3) and (F.8) provide control for £,(¢) and we have

: cie M4ce(l=3))1+c(l =21 +c(l—1)t) &= 1+cl't M,
€e®l = = (1+c(L=3)) 1+ (L —2)t)(1 + (L — 1)2) Z,Z_euc(ef—?,)t (1+cl't)?
ccneMy (L+c(l=3)t)(1+c(t = 2)t)(1 + (¢ — 1)t) /L—l 1 v
= (4L =30+ c(L —2)t) A+ (L — 1)t) Jo_oq (1 + (€' —2)t)2
_eneMy (Lt e(¢ = 3)0)(1+e(t = )1 + o — L)1) L—1¢
T o1 (4L -3)t) A+ c(L-2)t) A+ c(L— 1)) (14 (L —3)t)(1+ c(£ —3)1)
M, (I+cl—2)t)(1+c(t—1

)t

T o1 (I4+e(L=3)t)2(1+ (L —2)t)(1+¢(L
Clog(1+1¢)/¢ L

* - I+ L3012
In moving from the fifth to the sixth line, we used that (1 + ¢(£ — 3)t)(1 + c¢(€)t) = 1 4 (20 —
3t + (0 —3)t2 > 1+ (20 — 4t + 2 (02 — 4 + 4)t? = (1 + (¢ — 2)t)? provided ¢ > 4 and
subsequently the integral test. In the splitting in the last line, we used that M, is always bounded by a

(very large) absolute constant, and worst-cased (as this term will be sub-leading in L).

To control derivatives of 1/, we need to control sums of the derivatives above. We will derive some
further estimates for this purpose. First, we calculate

L—-1
D L+t =2)t) (1 + e = 1)t)(L - 0)
=1
L—-1
=Y ((L—=0)+ (L—10)(20—3)ct+ (L—0)(—1)(¢—2)ct?)
(=1
_ L(L; 1) n L(L - 1?))(L - %)Ct n L(L— 1)(L1; 2)(L=3) 2

L(L 1) i L(L— 1;(L—%)Ct L(L - 3)
< (L(L 3)<1+ (LD Q)t)H) o (L e(L = D)L+ (L - 2)t)

1
62=L + det(L — 1)
(I4+c¢(L—-1)t) 1+ (L —2)1)
If L > 4, we can simplify a term in the last line of the previous expression as
6% +4ct(L —1) - 18
(I+c(L—1)t)A+c(L—2)t) — 14+ce(L—1)¢

+ 1) L(L12_ 3) (14 c(L — 1D)t)(1 + e(L — 2)t).
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and under L > 4 we also have

L-1 L-1

log(1 1
E M < log(L)/ - <log®L.
= ¢ =1 ¢

Applying the upper bound from before and adding some terms to the sum (because all terms are
nonnegative), we get

L—1 2
: 18 L(L—3 M, CLlog? L
™y ‘&(t)‘ < <1+ T > (L =3) t n o8 . (E10)
(=4

L-1t) 12 (Q+cL-3)0)2  (I+cL-3))?2

From Lemma G.9, for ¢ = {0,1, 2,3}, we can bound &(t) < llj:ﬁ//fr Using that &, is decreasing

for all £ > 0 and nonnegative, for t,t' € [0, 7], t' > ¢, we are now able to control the DC subtracted
skeleton as

b(t) — ()
nd+O0+1+2+43)t/r ns= [ .
=3 1+ Lt/x ) ; /U:t Se(v)dv
2 43t/
=1t Lt/

n [* 18 M,L(L - 3)/12 CLlog’ L
+ 0= 1+ S+ 5 | dv
27 Sy 1+e(L-1w) (1+c¢(L—-3)) (I4+c¢(L—-3))
, M,/ (L—3 2
213t/ m [ L<(1+ rey) =2 4 Clog L)
S11nt/n o), 1+ (L — 3)v)2
2+3t/7rn
~ 1+ Lt/m

n 18 My (L — 3) , /’f 1
Tort ((1 TTrar = 1)t) o Tels L) | A =™

From the second to the third line, we use the fact that M, is nondecreasing in v. Thus we have

M, (L—3 2
o) — iy < 28T L((+ i) 457 + Clog®(L)) v
_ 243t/7 0
~ 14 Lt/m 27 14+ ¢(L—-3)v

M, (L—3 2
. on Ln L <(1 + Tretee) 52+ Clog (L))
“ 14+ Lt/m 2 (I4+c¢(L—3)t) 1+ e(L — 3)m)

dv

™

v=t

18 12C log? (L)
5n L-3 Myn L (1 + Fez—me Long )

STt Tl —3)r 24 L+ (L -3
n_ LMy ( N 18 12C log? L) 5n

~ 81+c¢(L—3)t 1+c¢(L—1) L-3 1+ Lt/w
nMy  L—3 (1 N 18 N C’logQ(L)>

8 1+4c¢(L—-3)t 1+e(L—1)t L—-3
nMy  L—3 (1 N 18 01og2(L)) .

- 8 1+c¢(L-3) 1+¢(L—3)t L

In moving from the second to the third line, we simplified/rearranged and used that C; > 1. In

moving from the fourth to the fifth line, we replace the numerator of L in the leading term with
L — 3 + 3, then expand and simplify. In particular we have

nCp 1 C'log*(L)
= - (1 Z75 \H
8 Ctl ( o L

P(t) —(m) <
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_ G019+ 0)

- 8ce?
and
n(l+e) 1 18 C'log?(L)
v —vlt) < = ct(l +el—31¢ " I >
n(l+¢ L—3 18 C'log*(L)
8 1+C(L—3)t<1+1+C(L—3)t+ L )

This inequality holds for all ¢ because when ¢ > ¢4, the left hand side is negative. Notice that when
t < e3/(2C,C"(19+C)) and L — 3 > C1C’ (19 + C) /(ce3), we would have

C,C'(194C)  n L-3
Scez Eg 2¢(L — 3)3/(20,C"(19 + O))
-, L-3
= 81—|—c(L 3)63/(2C,C'(19 + O))
ne L-3
= 8 1+¢(L-3)t

Thus when L > C1C' (19 + C)/(c€®) + 3, for t < 3/(2C1C'(19 + C)),
P(t) = (m) = P(t) — ¢(tr) + 9 (tr) — ¥(7)
n(l+2) L—-3 18 C'log?(L)
=T8I+l -3) ( L T )
Combining the results and notice that we can absorb the factor of 2 into constants by defining ¢’ = 2¢
would give us the claim.

Lemma K.9. There exist absolute constants C,C" > 0and K, K' > 0 such that for any 0 < € < 1,
if L > Ke™3, forany 0 < a < b < m, one has

b
[ wte) ~ wtman < catos (
And if v > 0 satisfies 7 < K'e3, one further has

b — Yiu
[t~ vt < o o (=T

Proof. (F.11) follows directly from Lemma F.8 and integration. To achieve an upper bound for
integral from 7 to b, we cut the integral at t; = K’ and apply bounds from Lemma F.8 separately.
Specifically, set ¥’ = min{b, t; }, from Lemma F.8 and (F.11) we would have

b

b b
[ w0 - sna= [ @i - vimnar+ [ i - vmy

’

Clog*(L)\ 3mn 14+ (L —3)v/(3m)
§(1+5)<1+ I )81 <1+(L—3)r/(37r)>

+/Tb18n(1+6) L-3 2dt+C’nlog< (( 3)b/(3n ))
In

1+ (L —3)b/(3n)
15 (L- 3)a/(37r)> | (=10

) + C'nlog(r/(K'e®)). (F12)

8 ( (L—3)t/(37f)) 3)b'/(3m)

)
<(1+¢) (” L +<L—3>r/(37r))+ 2(3m)*

s %Y
<(+ 5)3%”1 ( " gb;f’”;) + 201%@)3%” log (1 + (L — 3)7/(3m))
+ 2—2 + C'nlog(m/t1)
n — s og® .
< (0070 (T gom )+ O ()
(F.12) then follows by setting L > Ke~3 for some K > 0. [ |

73



F.4 Higher Order Derivatives of i

Lemma F.10. There exist absolute constants C, C' such that when L > C, we have for any r € [0, 7],

. C'n
<
P o] < 52 "1
and we can control the integration
/ t3’¢(t)‘dt < C'nr? (F.14)
t=0

Proof. From (F.10) (we control M; < C for an absolute constant C' > 0 in this context, so that we
do not need to deal with the conditions on ¢ that appear there) and Lemma G.10, we have

o] < 5 2Jeco

L Cn 18 LL>3) Llog? L
e <<1 T 1>t/<37r>> AT L= 9GIP 1+ (- 3>t/<3w>>2>
n 121
< =7
T 214 Lt/w

Cn 18 LL3) Llog® L
i) <<1 Y- 1>t/<37r>> A+ (L 3)/Bm2 1+ (L - 3)t/(3m)?

6mn  Cn [ L(L —3) Llog® L
< — 4+ — +
t 2 \(L-3)2t2 (L-3)%2
Cn
= tT
This directly get us (F.13) and (F.14). [ |

Lemma F.11. There exist absolute constants C,C’ such that when L > C, we have for any r > 0

max
t>r

b <o (F.15)
and

/7r tG‘zl}(t)’dt < C'n.
t=0

Proof. Following Lemmas G.8, G.10 and G.11, we have
¢[f']

_ F.16
=y (F.16)

¢ =max{1,0}
and

L—1 YRR
S

S & - ¢[€’] &
fl=—% X emEta X Geama— A

'=max{1,0} ¢ 0" =max{1,0}
€/¢£//
251 Qe
—5 Li=o Z 7
U= 1 QD[
L—-1 <[€']
= % 2. 1—iwuw
¢'=max{1,0}
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L-1

& ]
=1 DY 1= o1 /x

¢'=max{1,0}

I

251
]LZ 0 Z SD[Z,]/W

where the diagonal is added to obtain the upper bound on the second term for the inequality. We
compute ¢l (t) as

2
Gl = (¢[€—1]) @ o lt=1 1 le=1g o 1]

and thus
G 3le—1]
-yl ey P
EURR AT Ry
-1 %
=S 126,
=0 ¥

which gives

‘@[5]‘ =

£—1 .
Pl S PE o ).
¢'=0 .

From Lemma F.14, we have |¢| < ¢; =4 ont € [0,7] and ¢ > ¢co = 1 on [0, Z]. As when ¢ > 0,

we have gpm t) < g, we separate the case when £ = 0. From Lemma F.16 we get

[e'e] o C
Z Hlf ](t) <=
=0

Using the chain rule to get the expression for ¢!, and concavity of ¢ to get that p(t) > t/2, and
decreasingness of ¢, we have

-1 -1
. . . ' C1 . e
[6190)] < 1201 ] ¢ 010 + 2e10) 3 ¢
=1 2 =1

—1
<a [Jeoel)+ Zso[“

=1 =1

-2 C
<a [[éoeont) + el

=0

-2 C
< e [T g0 (t/2)+ S60)

é/

-1 C
<2 [T 6o (1/2)+ S 60/2)
0'=0

. C .

< 8p(1/2) + < 41(1/2)
C

< ?pW (t/2). (E.17)

From Lemma G.5, we know &, is monotonically decreasing, so &(t) < &(¢/2). Thus (proceeding
from our previous bound)

&(t) Z P (t) Clét/2) Z pl“1(t/2)
T ¢'=max{1,0} 1= (p[zl](t)/ﬂ' t T ¢'=max{1,0} 1= SDV’] (t)/’]r

IN

e UL S )
ot T ¢'=max{1,0} 1= 4,0[0](15/2)/7( ,
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where in the second line we used that 1/2 < 1 — o) (¢)/7 < 1 and the /2 term is no smaller
Similarly, applying Lemma F.16 again, we get

—— Lo

< %51@/2)

and

&(t) L S (2) C 1 2
w2 2 1—l(t)/m S&(t)( (37T)>

140t/

< Cftg(t) (14 0/ (37)) 2

Combining all these bounds and applying Lemma G.9, we have obtained
c’ 1
t2 1+ Lt/m
1. 1
<L) + L
S gléewr2)|+

Note this holds forall ¢ = 0, - - - , L — 1, so we directly get [¢)(t)| < %|1/)(t/2)| + %% Thus from
Lemma F.10, there exists constant C, C'|, Cy, when L > C, we have

&m] < S feersa| +

- c’y. nL C’
< - R,
max W\—f?;f(t 90/ + 5 Lts)
o ,n
< =
- 1“(7"/2)2714_07“37

which provides the bound for L> control. For L' control, we have
T - T c; nL C’
t6‘ t‘dt</ t0 7‘ t’ ——dt
| eliolas [ o (To]+ 5
< c/ tg‘u}(t/Q)’dt+C’n
t=r
< Cn,

which finishes the proof. n

Lemma F.12. There exist absolute constants C, C’ such that when L > C we have for any r > 0

max
t>r

o4
w(t)‘ < rf (F.18)

and
/Tr tg‘iﬁ(t)’dt < C'n.
t=0

Proof. We calculate with the chain rule starting from the representation in Lemma G.8 (and use the
triangle inequality)

L-1

ez L-1 VAT
e e & G151
€ <X Y s S
— o 2 — ol — ol
T gy LT L e Gl VA Gl L)
e/;éel/
L—1 YRR AR YR
& Sl "]
HETDY

NI N N
gy A= AR = G m) (L= o7 /)
2/#e//,£/#£l//’e//#£///
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ell]

51 plgl 351
=1
+ =0 Z 1_<p[1z/7r(1_<p[4”/7T "021_ 1"]/7r

ZI ZII Z/ 1
e #E’l
L—1 /
& gl
D S B
— _ é/
T ¢'=max{1,0} 1 SD[ ]/ﬂ—
- A e, — "
_ e/ _ e//
m? {'=max{1,0} 1 (P[ ]/7'(' £""=max{1,0} 1 (P[ ]/7'('
L1 [e'] ’
& — !
3 Z Z
T ¢'=max{1,0} 1= SD[ ]/ﬂ—
3 6]z e 36 1 gl
+ 7]]-£=0 ’ 77 ]lé—O 7 (F 19)
3 Zz:l — ol /ﬂzl_v[e]/w 2 EZ::ll oleT)
Following (F.17) and Lemma F.16, we have
L—1 L—1 ‘@V]( )‘ o0 L=
> [60] < X e < Z (t/2)] < O/, (F20)
=1 =1 =1

which leaves the main unresolved term in (F.19) to be (5. On the other hand, we have from the chain
rule

PO = 3ol UGl (50 -1 4 (@H])g (w ° SD[H]) 41l (¢ o QP[HJ) ,

Using the product expression ¢l = 4= o plf~1] and the triangle inequality, we have

[Z] 2 .o "[Z*l]
$ [e— 1]<P [571] -1\ P 1] 4
o <3’ 5 @ 5°7 | T
-1 . 2|
< 5% (ol 1201 4 (60 2 o1]) 4]
= ¢ ¢ ¢

where the second line uses induction. From Lemmas F.14 and F.15, we have |¢| < ¢; = 4 5] < eq
ont € [0,mand ¢ > co = %, 3 < —c3 on [0, 3], Again, for £ > 0, we have ol¥l(t) < Z. Applying
(F.20) and Lemma F.16, we get

“P[Z ‘ Z’ ]

<C/t +

</>(t) '
Multiplying both side with ¢!, we get the bound

-1
C . ) ,
#90)] < e + e [T ¢o @)
=1

IN

C . — /
20 +es [T eoe oo
=0

c .
S89(0) + 2040 1/2)

IA

IN

.
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where the justifications for this argument are very similar to those used in the proof of Lemma F.14.

Plugging bounds we have here back to (F.19). From Lemma F.16 and monotonicity of & in
Lemma G.5, we get

£'=max{1,0} B @M’] (t)/TF
R0k Lz‘l P &) (0)2 Lz‘l l(t)
2 2 _ J4 3 _ J4
T t ¢'=max{1,0} 1 (P[ ](t)/ﬂ- T t {'=max{1,0} 1 (P[ ](t)/ﬂ-
L— . L—1
£1(t) 1, c Zl (1) MESIC Z R0
7T3 =0 L — QO[ZI](t)/ 7T =0 g0[@/
Cla <~ #e/2) | ca
< <5 |—= ; + 1=
B 0|
_ C|&t/2) Z P | caw/2),
= 2 N 2 =
t T manLe) 1—l?(t/2) /7 t
_.
= S [éte/2)|

where from the second to third line we also use the fact that 1/2 < 1 — ¢l¥(t) /7 < 1forall £ > 1
and the last line follows from the formula of &, in (F.16).

From our bounds of ¢)() in (F.13), this leads to

éﬁ(t)‘ < max—‘l/} t/2) ’

t>r
o c
=P
_Cn

ra

/ t9’1/1 ‘dt</t Ot g’z[;(t/m‘dt

< Cn,

max
t>r

and

as claimed.

F.5 Additional Proofs for Some Bounds

Lemma F.13. There exists an absolute constant Cy > 0 such that
G(t) — p(t) < Cut®,

Proof. From Lemma G.4, ¢ is 3 times continuously differentiable on (0, 7), and

2
0)=0, ¢0)=1 0)=——.
p(0)=0, $(0)=1, ¢(0)=—o
It is easy to check that
. 2
2(0)=0, @0)=1, @0)=——.
pO)=0, 20)=1, &(0)=—5-



Since the Taylor expansions of these two functions around 0 agree to third order, and both are 3
times continuously differentiable on (0, 7r), we obtain by Lagrange’s remainder theorem that for any
t € 0,m),
¢
~ = 52 3
) — o) = [ (Bls) = #ls)) Fds < Cut

0
B(t) — gb‘(t)‘. Att = 1 we have $(m) (1) = 35— 5 <0

for some finite constant C; = sup
telo,m)
hence the same bound holds for ¢ € [0, 7].

Lemma F.14. One has

T
) 5]
t e [0,

1
B < 4,
Proof. We know ¢ is monotonically increasing and concave on [0, 7], thus for ¢ € [0, 7/2],
T

olt) 2 $(3)
1/2

> —.
-2

Thus since ¢ < 7/2
costsin p(t) — sint cos p(t)
—sin(t — ¢(1)),
and in particular, using the expression for ¢ from Lemma G.4
t . costsinp(t) — @(t)sint cos p(t) sin ¢
B ;) sin? o(t) msin(p(t))
t.sin(t —p(t)) 2
1’ sin? o(t) N T
<L _,2
sin“(t/2) w
t2/m 2

costsin p(t) — ¢(t) sint cos p(t) >
>

<

t/m2 "
<4.

Lemma F.15. There exist constants c3,cq > 0 such that $(t) < —cs fort € [0, 5] and |3| < cq4 for
t € 0,m].

Proof. The existence of c3 follows from Lemma G.4 directly. The existence of ¢, follows from
smoothness of ¢ on (0, 7) and the fact that 5(0) = — 315, H(m) = 2 both exist. [ |
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Lemma F.16. There exists an absolute constant C' > 0 such that for any 0 < t < wand { € Ny, one
has

= .1 c 1
Yy < 2 =
;_:Z‘p O = T w6

Proof. Using Lemma F.3, we have
C
() < ———
N0 = TGz
We can then calculate

> > 1 1 oo 1 ,
W;W 0 <> T aEe < <1 m T /H L+ 0t/(3m)2 de)

=L

1 3/t
s¢ <1 TG0 Tt ét/(37r)>
<LC_ 1
R TNk

as claimed.

G Auxiliary Results

Results in this section are reproduced from the literature for self-containedness, and for the most part
are presented without proofs.

G.1 Certificates Imply Generalization

Theorem G.1 ([6, Theorem B.1], specialized slightly). Let M be a two curve problem instance. For
any 0 < 0 < 1/e, choose L so that

L > Cymax{C,, log”(1/4) log®* (C,,ng log(1/9)) ,K2Cx},

let N > L', set n. = Co L% log” (1/68) log'®(Lny), and fix T > 0 such that
Cs Cy
— <7< —.
nl? = = nL

Then if there exists a function g € Lﬁoo (M) such that

V/log(1/6) log(nno)

Gcert —qcert } ; HgHLﬁoo (M) S 06

min 7 Pmin

V/1og(1/9) log(nno)
MPmin' ’
(G.1)
with probability at least 1 — & over the random initialization of the network and the i.i.d. sample from
1, the parameters obtained at iteration | L>°/** /(nt) | of gradient descent on the finite sample loss
L~ yield a classifier that separates the two manifolds.

1€ 1) = oll s . = 7 it

The constants C1, . ..,Cy > 0 depend only on the constants qcert, Cs,Cg > 0, the constants k, C),
are respectively the extrinsic curvature constant and the global regularity constant defined in [6, §2.1],
and the constant C), is defined as max{p%. ., p—? }(1 + pmax)® (min (ML), p(M )P,

where ¢ = 11 + 8qcert.

G.2 Concentration of the Initial Random Network and Its Gradients

Theorem G.2 (Corollary of [6, Theorem B.2, Lemma C.11]). Let M be a two curve problem
instance. For any d > K log(nnglen(M)), if n > K'd*L® then one has on an event of probability
at least 1 — e~ ¢

1© = O | oo (M) < Cn/L,

where ¢, C, K, K' > 0 are absolute constants.
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Lemma G.3 ([6, Lemma D.11]). There are absolute constants K, K' > 0 such that if d >
Klog(nnglen(M)) and n > K'd*L, then

Define

B [ fonll e < V] 21—,
P [lGoll e < V] 21— e

(@) = —fi(w /fog (e

Then under the same assumptions

160 = ¢l <

for some numerical constant c.

G.3 Basic Estimates for the Infinite-Width Neural Tangent Kernel

Lemma G.4 ([6, Lemma E.5]). One has

1. ¢ € C=(0,7), and , ¢, and {§ extend to continuous functions on [0, ;
2. ¢(0) = 0and o(m) = 7/2; $(0) = 1, $(0) = —2/(37), and H(0) = —1/(37?); and
¢(m) = ¢(m) = 0;

3. @ is concave and strictly increasing on [0, 7| (strictly concave in the interior);

4. ¢ < —c < 0 for an absolute constant ¢ > 0 on [0, 7/2];

5.0<9<1land0> > —C on(0,7) for some absolute constant C > 0;

6. v(1 — Cv) < p(v) <v(l — c1v) on [0, ] for some absolute constants Cy, ¢y > 0.
Proof. Combine the results in [6, Lemma E.5] with Lemma F.15 to obtain the conclusion. |

Lemma G.5 (Corollaries of Lemma G.4, stated in [6, Lemma C.10]). One has:

1.
2.

The function « is smooth on (0, ), and (at least) C3 on [0, 7).

For each { = 0,1,--- , L, the functions ¥} are nonnegative, strictly increasing, and
concave (positive and strictly concave on (0, )).

If0 < 0 < L, the functions &, are nonnegative, strictly decreasing, and convex (positive and
strictly convex on (0, 7)).

The function v is smooth on (0,7), C* on [0, ), and is nonnegative, strictly decreasing,
and convex.

Lemma G.6 ([6, Lemma C.13]). If¢ € Ny, the iterated angle evolution function satisfies the estimate

t
e
PRl 2 1+ 0t/m
Lemma G.7 ([6, Lemma C.17]). One has for every ¢ € {0,1,--- L}
. . 20
A0 =0, g =1 $0) = -,

and for £ € [L),

pl(r) = @l (r) = 0.

Finally, we have ¢[°)(1) = 1 and $°)(z) = 0.



Lemma G.8 ([6, Lemma C.18]). For first and second derivatives of &, one has

and

&

L—-1

b= r 30 T (176
o=y 0 —p
é”#é,

L-1

= _—1 Pl H ol _Wflgb[f’] Lz:_l Sl H (1 — Ll )|

é/ e le_e Z//:e 51//28
Z//¢Z/ 21/7&@/ Z”’;ﬁf’,f”/;ﬁf”

where empty sums are interpreted as zero, and empty products as 1. In particular, one calculates

&(0)=1;  &0)=—-="—  &(0)

L—¢ sy LoD -1 | LEL-1) (1)

s T2 3772 ’

fm) =0 Gl =&y Elm)=0.

Lemma G.9 ([6, Lemma C.20]). Forall ¢ € {0,1,...,L — 1}, one has

1+ 40t/m
)< ————
&lt) < 1+ Lt/7
Lemma G.10 ([6, Lemma C.21]). One has
L—7
e(t)] < m
Lemma G.11 ([6, Lemma C.23]). There are absolute constants c¢,C' > 0 such that for all { €
{0,...,L — 1}, one has
‘5) L(L—¢)(1+ tv/m) o (L —10)?
b= (14 cLv)? (1+cLv)(1+cly)
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