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ABSTRACT

Score-based diffusion models have achieved remarkable empirical performance in
the field of machine learning and artificial intelligence for their ability to generate
high-quality new data instances from complex distributions. Improving our un-
derstanding of diffusion models, including mainly convergence analysis for such
models, has attracted a lot of interests. Despite a lot of theoretical attempts, there
still exists significant gap between theory and practice. Towards to close this gap,
we establish an iteration complexity at the order of d'/3¢~2/3, which is better than
d®/12c=1 | the best known complexity achieved before our work. This convergence
analysis is based on a randomized midpoint method, which is first proposed for
log-concave sampling (Shen & Lee, 2019), and then extended to diffusion models
by Gupta et al. (2024). Our theory accommodates e-accurate score estimates, and
does not require log-concavity on the target distribution. Moreover, the algorithm
can also be parallelized to run in only O(log?(d/c)) parallel rounds in a similar
way to prior works.

1 INTRODUCTION

Score-based diffusion models are a class of generative models that have gained prominence in the
field of machine learning and artificial intelligence for their ability to generate high-quality new data
instances from complex distributions (Dhariwal & Nichol, 2021; Ho et al., 2020; Sohl-Dickstein
etal., 2015; Song & Ermon, 2019; Song et al., 2021). These models operate by gradually transform-
ing noise into samples from the target distribution through a denoising process guided by pretrained
neural networks that approximate the score functions. In practice, score-based diffusion models
have demonstrated remarkable performance in generating realistic and diverse content across vari-
ous domains (Croitoru et al., 2023; Ramesh et al., 2022; Rombach et al., 2022; Saharia et al., 2022),
achieving state-of-the-art performance in generative Al

The development of score-based diffusion models is closely related to the theory of stochastic pro-
cesses. At a high level, we consider a forward process:
X, add_n>oise X add_n>oise add_n)oise X
0 1 e T
which draws a sample from the target data distribution (i.e., Xy ~ pdata), and then progressively
diffuses it to Gaussian noise over time. The key step of the diffusion model is to construct a reverse
process:

denoise denoise denoise
Yr = Yr1 = = Y,

satisfying Y; ,i X, for all ¢, which starts with pure Gaussian noise (i.e., Y ~ N(0,I;)) and
gradually converts it back to a new sample Y sharing a similar distribution to X,. Evidently,
the most crucial step of the diffusion model lies in effective design of the reverse process. To
accomplish this goal, Y;_; in each step is typically obtained from Y; with the aid of score functions
(s = Vlogpx,), which are pre-trained by means of score matching techniques (e.g., Hyvirinen
& Dayan (2005); Ho et al. (2020); Hyvirinen (2007); Vincent (2011); Song & Ermon (2019); Pang
et al. (2020)).

Due to the impressive empirical success, in the past few years, there have been a lot of works
exploring the convergence of diffusion models (De Bortoli, 2022; Gao et al., 2023; Lee et al., 2022;
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2023; Chen et al., 2022; Benton et al., 2023; Chen et al., 2023; Li et al., 2023; 2024b; Gupta et al.,
2024; Chen et al., 2024b; Li et al., 2024a; Li & Yan, 2024). They typically treat the score matching
stage as a blackbox and study how the sampling steps 7" and the score estimation error will affect
the sampling accuracy. Given the observation that there still exists a huge gap between prior theories
and practice, this paper is devoted to improving the convergence theory for diffusion models.

1.1 MOTIVATION

Following the most existing works, let’s focus on the total variation distance between distributions
of the target data and generated samples. Let d be the dimension, and ¢ denote the accuracy which
means the total variation is smaller than €. For the general target distribution, Benton et al. (2023)
provides first linear d-dependency rate with an iteration complexity d/c2. Later on, Li et al. (2024b)
achieves an improved complexity scaling as d/e, while with a burn-in cost d2.

However, such kind of result is still far away from practical observations. For example, for two
typical image datasets, CIFAR-10 with d = 32 x 32 x 3 = 3072 and ImageNet 256 x 256 with
d = 256 x 256 x 3 = 196608, it is sufficient to use about 50 steps to generate good samples (Song
et al., 2021; Nichol & Dhariwal, 2021), which is much smaller than the theoretical requirement. To
close this gap, people try to derive faster convergence rate through exploiting extra data distribution
properties, such as low-dimensional structure (Li & Yan, 2024) and smoothness of score functions
(Gupta et al., 2024; Chen et al., 2024b). Following this line of work, the scope of this paper lies
in establishing some convergence theory for diffusion models towards aligning more closely with
practical requirements.

1.2 OUR CONTRIBUTIONS

Focusing on the diffusion models with L-smooth score functions, this paper develops an improved
iteration complexity as following (up to some logarithmic factors):

Ld1/3€72/3’

which is inspired by the randomized mid-point design (Shen & Lee, 2019; Gupta et al., 2024). In
what follows, let us make a brief comparison between our results and the state-of-the-art results
about the convergence rate of score-based generative models.

* Comparison under smoothness condition. Similarly, Chen et al. (2024b) also studied the
convergence theory by assuming smooth score functions. Recently, the iteration complexity
is improved by Gupta et al. (2024); Chen et al. (2024b) in this setting, which, to ensure e-
accuracy, scales as O(L%/3d%/12¢=1). This means that our convergence rate improves prior
works by a factor of L?/3q/12=1/3,

» Comparison under general condition. Without the smoothness condition on score func-
tions, Benton et al. (2023) proved an iteration complexity at the order of dz 2, which first
exhibits linear dependency in the data dimension d. This bound is improved to O(d/ £)
by Li et al. (2024b) when the number of steps is larger than O(d?). In comparison, to
achieve e-accuracy, our theory improves these works provided that the Lipschitz condi-
tions of score functions satisfy

L<d*3e 43, fore>d'/? or L<d3 Y3 fore<d V2

Hopefully, such relations can be satisfied in most real cases, for example, considering Im-
ageNet 256 x 256, this requirement becomes L < 3381 for ¢ =~ 1 and L < 72845 for
e~ 0.1.

2 PRELIMINARY

In this section, we introduce some basics and notations of score-based generative models. The
diffusion generative model typically encompasses two processes: a forward process and a reverse
process, as described below.
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Forward process. Starting from X drawn from some target distribution pya,t,, the forward pro-
cess evolves as follows:

X=X 1 +V1I—-oW;, 1<t<T, (1)
where 0 < oy < 1, and {W; }1<;<7 is a sequence of independent noise vectors drawn from W, i
N (0, I;). In addition, let’s define
t
at::Halw 1§t§T7 (2)
k=1
which will be helpful in our following analysis. The diffusion models draw a lot of motivations
from the stochastic differential equations. Hence, let’s also introduce the continuous-time limit of
the forward diffusion process, which can be modeled as

1 1
dX; = ———X,;dr+ —=dB,, for0< 1, 3
31 =7) T+ — or T < 3)

where B, denotes some Brownian motion.

Reverse process. The core of diffusion models lies in constructing a reverse-time process with

d
nearly identical marginals as the forward process, namely, Y, ~ X,. Fortunately, it is shown that
there exists some probability flow ODE

1

2(1—17)
which can achieve our goal, such that if we start from Y, ~ p X, for any 0 < 79 < 1, it can

dy, = — (Y; + Vlogpx, (Y))dr, “4)

d
be ensured that Y, ~ X, for all 0 < 7 < 1. Then the design of reverse process is equivalent
to discretize the above ODE process (4), as well as estimate V log px,, which is also called score
function.

Score functions. The score functions are crucial for score-based generative modeling, and the
definition of score function is as follows.

Definition 1. The score function, denoted by s7 : RY — R%(1 <t < T)), is defined as

1
/pxo‘xt(:vo\x)(:c—\/l—atxo)dxo, 1<t<T. (5
o

1 —a

sy(z) == Vlogpx,(z) =

Following the same way as prior analysis, we assume access to faithful estimates of the score func-
tions s} across all intermediate steps ¢ as following.

Assumption 1. We assume access to an estimate si(-) for each s;(-) with the averaged {5 score
estimation error as

T T
1 . 1
852core = T ZE$~Qt [HSt(l‘) 5 ([L‘)H%] = T ZE? (6)
t=1

t=1
In addition, we mainly focus on the case with smooth score functions in this paper, which is stated
below.
Assumption 2. Assume that s} (x) and s;(x) are Lipschitz for all t such that
[[s (z1) = s (22)ll2 < Lllz1 — @2l|2; (7a)
[se(z1) = se(x2)ll2 < Lz — z2l|2. (7b)

Target data distribution. Following prior works, we also need the following assumption on the
target data distribution pyat, to establish our theory.

Assumption 3. We assume that the target distribution pqata has bounded second-order moment in
the sense that

R = E[| Xo[3] < T° ®)
for arbitrarily large constant cg > 0.

Here, this assumption requires the second-order moment of py.ta to be exceedingly large (given that
the exponent cr can be arbitrarily large), which is a mild assumption.
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3 MAIN RESULTS

In this section, we first introduce a new score-based sampler with randomized midpoints, which is
modified from Gupta et al. (2024) for ease of analysis. Then, we prove a faster convergence rate for
this sampler based on a new analysis framework, which might be useful for improving convergence
guarantees for other variations of samplers. Finally, we also provide a parallel sampling strategy for
our sampler following the similar idea from prior works (Gupta et al., 2024; Chen et al., 2024a).

3.1 ALGORITHM

This part is devoted to explaining the details of our score-based sampler with randomized midpoints.
Before proceeding, let’s first specify the choice of learning rates to be used in our sampler.

Randomized schedule. Similar to prior works, we adopt the following randomized learning rate
schedule

a; ~ Unif(ay,a4—1), fort=1,...,T+1, (9a)
where Unif denotes the uniform distribution, and

1 ol —ay)logT

aryl = Teo and Qi1 = Qg + T

(9b)

for some sufficiently large constants cg, ¢; > 0 obeying c¢; /¢y sufficiently large.

Moreover, for ease of presentation, we let K = co L logT for some constant co > 0 such that Z—f
sufficiently large, and N = 2L. Then define forn =0,...,N,andk =0,..., K — 1,

?k’,n =1- aT_%_n and Tk ‘= 1-— aT_%_nH, (9¢)

which satisfy the following lemma. The proof is postponed to Appendix B.1.

Lemma 1. Our choice of learning schedules (9) satisfies

2 N 1 Thn_1 — T} c1logT
Tko<1—a; < —, and — kn—1 Ak’n s .
’ Tco Trn—1(1 — Thn—1) T

(10)

1—7'0,0§54T§TCO,

Sampling procedure. With the learning schedule in hand, we are now ready to introduce the sam-
pling procedure. The algorithm is actually a discretization of the probability ODE flow incorporated
with some stochastic noise, which proceeds as follows. We start from Yy ~ A (0, I4), and then for
k=0,..., K —1, we keep updating Y}, through the formula:

1— 7341, [Thk41,0 — Th,N
Y1 = ﬁyk,NJr ﬂﬁzk, (11a)

where Zj, "K" A’(0, 1) and forn = 1,..., N, we compute

n—1
Yin Yy sp_en (V) R sp_sn i1 (Vi) ~
’ - + : Tk,0 = Tk,0) + g 2 Thyi—1 — Thi
\/1 — Tk,n \/1 — ko 2(1— Tk,o)?’/Q( k.0 ,0) 2(1 — 74.4)3/2 (Thyi-1 ki)

i=1

5T—%—n+2(Yk,n—1)
2(1— Tk,yn_l)?’/?

(?k,nfl - Tk,n)~ (llb)

Here, we let Y, o = Y}. Notice that for each step to calculate Y} ,,, only one additional score
evaluation for sp_xn _, +2(Ykn—1) is needed. This implies that the total iteration complexity is
KN =2T.
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3.2 CONVERGENCE ANALYSIS

We are now positioned to present the convergence guarantees — measured by the total variation
distance between the forward and the reverse processes — for the proposed sampler (11). The proof
is postponed to Section 4.

Theorem 1. Suppose that Assumptions 1, 2, and 3 hold true. Then the sampling process (11) with

the learning rate schedule (9) satisfies

CL32d'/?10g*> T
T3/2

TV (pdata;pYK) S + C'5score 10g1/2 T (12)

for some constant C > 0 large enough.

We now take a moment to discuss the main implications of Theorem 1.

Iteration complexity. Let’s focus on the first term in (12), which corresponds to discretization
error, and ignore the score estimation error. To ensure TV (Pdata, Py ) < €, it is sufficient to choose

Ld'/3log"*T
~ 22/3

As far as we know, the existing iteration complexity guarantees (with sub-linear dependency on
d) are O(L%/3d%/*2¢=1) achieved in Gupta et al. (2024) and O(L?d*/?c1) derived in Chen et al.
(2024b). Our theory improves the prior results with at least O(L?/3d/12¢=1/3),

Dependency of score estimation error. Turning attention to the second term, the sampling ac-
curacy scales as €score logl/ iT, suggesting that our sampler is stable to imperfect score estimation.
In comparison, the existing results (with sub-linear dependency on d) scale as L'/2d'/12¢y o log T
and L'/ 2 ccore log T in Gupta et al. (2024) and Chen et al. (2024b), respectively. Our theory exhibits
a better dependency on score estimation error, which is similar to the results in Chen et al. (2022)
and Benton et al. (2023).

Lipschitz condition of score functions. It is noteworthy that our better iteration complexity holds
under the condition of Lipschitz continuity for score functions. Without this condition, the best
results are O(de~?) and O(de~! + d?), which are achieved in Benton et al. (2023) and Li et al.
(2024b), respectively. Our theory is better than such result when the Lipschitz constant for the score
functions satisfies L < d?/3c=%/3 fore > d=1/2, or L < d?/3¢=/3 fore < d~'/2, and it is still
unknown how to achieve sub-linear dependency on d in the general case.

3.3 PARALLEL SAMPLING

In this section, we provide a way to do parallel sampling for our proposed sampler that needs the
similar number of parallel rounds as prior works (Gupta et al., 2024), while the number of parallel
processors here is significantly reduced. In the following, we first introduce the parallel sampling
procedure, and then present the theoretical guarantee. The analysis is postponed to the appendix.

Details of parallel sampling procedure. In the parallel sampling, all procedures are the same
as the above sampler (11), except that we will update Y}, ,, forn = 1,--- , N at the same time.
Specifically, we first initialize

YO,k,n _ Yk
\/l—Tk’n \/1—7']6’0,

Then we update all Y}, ,, for M rounds simultaneously: at the m-th round, we update Y,;, ;. , for
n =1,..., N in the following way:

n=1,---,N. (13a)

Yo kn Yy St kN+1(Yk) ST_kN_iyq Ym—l,k,i) N R
ok, = + — 7 + Toiol — Thi
\/1_Tk,n \/1—7'];-,70 177}&0)3/2( kO Z 1*7k )3/2 (k7 1 k,)
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5T—%—n+2(ym—1,k7n—l)
21— 1)

(?k,nfl - Tk,n)~ (l3b)
Finally, we compute

1 —Try10 Tk+1,0 — Tk,N
77Y]W,k,N+ —r w7

13
1_ TN 1_ TEN ks ( C)

Yip1 =

and we complete the update from Y} to Yy in the parallel way. In this parallel setting, the total
number of parallel rounds to yield sample Y is M K, and N parallel processors are needed.

Theoretical guarantee of parallel sampling. The convergence guarantees for the above parallel
sampling is as follows, whose proof can be found in Section 5:

Theorem 2. With the same setting as Theorem 1, it is sufficient to choose

_ dPlog' T

T MK > LlogT, and g2 <ellog™'T (14)

score ~v

to achieve TV (Ddata, Pyy ) S € for the sampler (13).

Finally, let us briefly compare our theory with the prior works. This theorem states that the parallel
sampler achieves e-accuracy with respect to total variation distance through using O(log?(Ld/<))
parallel rounds, which is similar to Gupta et al. (2024); Chen et al. (2024a). In addition, we only

need O(d'/3=2/3) parallel processors, which improves their results significantly.

4  ANALYSIS

This section is devoted to establishing Theorem 1. Before proceeding, we find it helpful to introduce
the following notations. Without abuse of notations, we use X to denote the continuous process as
follows:

X, 2T —7Xo + /72, with Z ~ N(0,1), for0 < 7 < 1, (15)
and the corresponding score function is

1
si(z) :=Vlegpx. (z) = —;/ Px, | x, (zo|z)(z — V1 — Ta0)d0.

In addition, we rewrite the sampling process with the continuous index as following:

Yo . Yy S0 (Ya) S7, Yo,
’ = ' + : T Tho) + : 75 (7] Thi
VI=Ten /1= Tko 2(1_7'k)3/2(k0 ko) Z 1_Tk 3/2(’“1 i)
Sﬂc,nq(yﬂc 1) G i)
2(1 —Tkm_l)B/Q kn—1 — Tkmn)s
and
1—7p410 Tk+1,0 — Tk,N
Yigr = | =0V, 4 | R
1 Tk,N 1 Tk,N

where Yy ~ N(0,I) and Zj, N N(0,I). Here, Y}, corresponds to the Y}, in the discrete case.
In the following, it is enough to consider T > ¢3L log T for some constant ¢z > 0 large enough;
otherwise, the desired bound holds trivially. The proof can be divided into three steps.

4.1 STEP l: INTRODUCE THE AUXILIARY SEQUENCE

Let ®;, -, (7) := 27, | 4, = defined through the following ODE

s sE(zr)

d- A, _2(1T_ 7)3/2 dr. (16)

Then, we have the following result, whose proof is postponed to Appendix B.2:
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Lemma 2. It can be shown that

d
(le—)Tz(XTl) :XTQ' (17)

Moreover, assume that )A(o 4 X Then we have for 0 < k < K,

70,0°

-~ 1-— Tk+1,0 S Tk+1,0 — Tk,N d
Xt =Ty Prommn (KD 4 [0 2 = X 19)

where Zy, K" N(0,1).

Given the definition of X &, we make the following decomposition:
TV (pdata7pYK) S Tv(pdata;p)?K) + Tv(p)?K 3 pYK) 9 (193)

and

1 1
TV (pg, pyvic) < 5KL(g, Pvec) < §KL(pXU 2 IPve,vie)

N

Z smns, (KL, s, Clon) v - l2)) .
- (19b)

l\.')\»—t

1
SKL(pg,llpvs) +

where we make use of Pinsker’s inequality and the data-processing inequality. In the next step,
we will bound the divergence between pg ¢ and py, |y, and the remaining terms can be

controlled easily, which is left to the final step.

4.2 STEP 2: CONTROL THE DIVERGENCE BETWEEN p¢ ¢ AND Dy, |y,

Based on the update rule for Y7, , we let
Yrin Yi0 Srio (Yri0) Srici (Yri ~
’ = - + 7] Th,0) + ) i
VI=Ten /1= Tko 1—7)3/2(k0 o) Z 2(1 = 7,1) 3/2(1”1 )
STk n— 1(y7'k n— 1)
4 sl :

2(1 = Tg,n-1)3/2 (ot = Thon)

forn = 1,..., N. Then notice that X ktl |)A(  and Yj11|Y} are both normal distributions with the

Tk+1,0—Tk,N . 1-7k+1,0 v 1-7k+1,0
same variance B e and different means |/ ~— n @Tk,oﬁTk_’N(Xk) and /4= Ton Y
respectively. This tells us that

1—7rt10
KL<p)A(k+l|)A(k ( |xk) Hka+1|Yk ( |xk)) = ) ”y‘rk,N - ka,N”%? (20)

2(Th41,0 — Tk, N
when we set Z,, ,,Yr, , = Tk, and x,,  is defined as z,, , = @, ,—r, . (Tk)-

Towards controlling the difference between y,, . and z,, , let’s consider the ODE trajectory be-
ginning from x,, , = x, and define

Ek ('Tk) — 'I"—k,n o ‘/'UTI@,O o STk,O (:er,O) (Tk- 0— 7/:]@ 0)
" VT 1=k 20— 70)320 T ’

_Z STkz kaz (7_ ? )_ STk n— l(ka n— 1) (5_\ . )
2 1_773 3/2 kyi—1 — Tk, 2(1_7'k,n—1)3/2 kn—1 " "7Tkmn),

21

which denotes the discretization and estimation error of the ODE process (16), and is controlled in
the following lemma. The proof is postponed to Appendix A.1.
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Lemma 3. For any k and n, it can be seen that with probability at least 1 — T 100,

n

L3dlog*T . Nlog T %
Ekap)?k |:||£k,n(xk)||§:| rg Z ( ~ (Tk,ifl - k,' Z Tk ’L ]- - Tk 7, ET kN —it1)

1 — - 2T3
i—1 Tk,i 1)

(22)

where 5?_%_i+1 is defined in (6).

With the above relation, we can bound the divergence as following. The proof is postponed to
Appendix A.2.

Lemma 4. According to Lemma 3, it can be shown that

L3dlog’ T logT =

Evimpg, [KL (P2, C120) [Pveam (Clan)] S S+ 2= 2 S oy,
=0

(23)

where € is defined in (6).

2
T—EN 41
4.3 STEP 3: PUTTING EVERYTHING TOGETHER

The remaining terms in (19) can be bounded through the following lemma, whose proof can be
found in Appendix B.3.

Lemma 5. Under our choice of learning schedule (9), we have

1 1
TV (paaa: P,) < 775 and KL(pg, Ipv) < 75 (24)
Inserting (24) and (23) into (19) leads to
1 1 L3dlog*T L32d'?1og® T
TV (pdata, Pvic) S 710 T\ 70 T Tig + ore l0g T < Tf/zg Escore log' T,

and we conclude the proof here.

5 ANALYSIS FOR PARALLELIZATION (THEOREM 2)

By comparing the update rules for Y ,, and Y, ., it is natural to control the difference of the
following two sequences:

Y7 m _ Y70 S1i.0 (yﬂc,o) Stp.s ka . N
\/177—,145.71,_ \/1ka0 2(]_*7']670)3/2(7%0 TkO +Z 1*Tk 3/2(Tkz 1 k:z)
STk n 1(y7-k n 1)
o a7 Pt = Thn),
and
Ymrem Y7i0 Sty oWrio) Sty (Ym—1 - BN R
VI=Thn /1= Tho 1—7—k0)3/2(ﬂ‘30 Ti0) +Z 201 — )2 (Thio1 — Th.i)

SThn— 1(ym 1,7 n— 1)
2(1 - Tk,n71)3/2

(Tk n—1 — Tk,n)-

The above update rules, together with the Lipschitz condition of score estimates, lead to

Hym,m,n - ka,'n.| 2

1= Ten

< LlogT Ti:l Hym—lﬂ'k,i ~ Yriillo
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Applying the above relation recursively gives

max HyM,mm - y‘rk,nuz < (NL logT)MInaX ||y0,7—k.,n - ka,n 2 < 1
n V3I=Ten B T n VI=Tkn 7 poly(T)’

provided that M 2 logT and T 2 N LlogT. Thus as long as N = m, which guarantees

22/3

1/3 15g4/3 . . . S .
that T > %, we can get the desired result immediately through just inserting the above
error boound into Lemma 4. We omit the details here due to the similarity.

6 DISCUSSION

In this paper, we establish a faster convergence rate for diffusion probabilistic models, which scales
as Ld'/3¢=2/3 assuming smooth score functions. Our theory achieves at least L2/3d'/12¢=1/3 im-
provement over prior works (Gupta et al., 2024; Chen et al., 2024b), and thereby aligns more closely
with practical requirements. Recent researches (Benton et al., 2023; Li et al., 2024b) have shown
an O(de~1') dependence for diffusion models without the assumption of smoothness. However, it
remains unclear whether any algorithm can achieve a sub-linear dependence on d in the absence
of smoothness. We leave this as an open question for future research. Furthermore, estimating
the Lipschitz constant in real-world cases would be highly beneficial, potentially broadening the
applicability of our results.
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A PROOF OF KEY LEMMAS IN THEOREM 1

A.1 PROOF OF LEMMA 3

We first make the following decomposition

¢im=E1+E10—E — &3,

where

& - Ly m _ LTy 1 _ S:—kn 1(x7'k" 1> (7_ T )
1,1 - \/1 —— \/1 — ?k7n_1 2(1 _— 71)3/2 kn—1 — Tkn);

E10= m?k’i o Tme P o) (Th,0 = Th,0);

VI=Tko /1-=Teo 2(1—7ko )3/2

n—1 * S
e STk,i(ka L) R Thk,i—1 S:(xT)
&y 1= Z |:2(1_Tk)3/2(7'k1 1= Thyi) — _ de :

=1 ki
Sty (IT‘ )75* (ITICO) St 71(1:7% 71>7S: (‘TTk 71)
g — k,0 k,0 Tk,0 N = \m \n k,n—1 \n ~ -
3 2(L — 75.0)%2 (Th,0 — Tk,0) + 200 = T )72 (Tkn—1— Tkon)
n—1 1
- - o ~ -
' ; 2(1 — 71,,)3/2 (87 (@rs) 57k,i<x7k,i))(7—k}xl_1 Thi):

In the following, we will control these three terms separately.

* For the first term, recalling the ODE in (16) and the conclusion (17) in Lemma 2, we have

Tryn . O _ /?kml S:(aj‘r) dr
\/1 — Tkn \/1 - ?k,nfl Tk.n 2(1 - 7)3/2 ’

Inserting into the definition of &; 1, we have

Tein—1 F(zr) S ns (Tr )
g :/ < k,n—1 B dT
1,1 - )3/2 2(1 _ Tk,n—1)3/2

S
2(1 -

©_ ( ”“8 53(a7)
0

Tlc n

/Tknli s3(z7) (
. ool

Thon—1 ) S*(.%‘T) Thon-1 9 S*(.’L'-,-)
= - - n)a_ z —d n—1 — n)o_ z —d P
</T =) oy o e T+/? Fonor = Ten) 5o~y 47

kon kon—1

where (a) comes from the fact that

s () Sh (@) /T’ 0 st(zy)
T

B a7 2(1 —7)3/2

_ d
21— 7)372 201 — Thn_1)3/2 ’

k,n—1

and the 1(7" < 7) in (b) denotes an indicator. Thus we have

0 si(xr)

Th,n—1 Thyn—1
2 ' 2
Eovens, (1E00@17) 5 [ (0 = mnPatrte e | [ | 2o

Th,n kyn

o]

R N Tk,n—1 a S (x‘l')
=+ (Tk,nfl — Tk,n)2(7-k,n71 — Tk,nfl)Emﬂ.NXT |:/ 9(1 _ ~\3/2 dT:|
ey 0T 2(1—7)3P
Tk,n—1 8 S
<(Fan—1 = Ten)* (Tkin—1 = Thon) / Bors { 7“ }dT
o7 (1= )77
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We claim that

o1 —7)73/2s%( 1\ L%
= D<@t e
e i—7F =
The proof is postponed to the end of this section.
Then we have
1 L2d
2 2
Eareps, €101 7] SFhnt = Th)*(hins = ) (LV =) = s
1 L2d
<An7 -7 n2A n— -7 n2<L\/7)7
STen—-1—Tien)” Ten—2 — T,n) S R

% R L3dlog®T
S(Tk,n—l - Tk,n)m.
Here the last inequality comes from

1 L%d
~ ~ ~ ~ 2
n—1 = n n—2 n Lv/\i)/\i
(Tesn—1 = Thyn) (Thn—2 — Thyn) ( ) U= 22
(z)de(l _?k,n—l)g log3T LV Tkn 1
~ Tg(l - ?k,n72)5 Tk n
® L3dlog® T
S = T )T

where (a) is due to the facts that (Ty -1 — Tk.n) (L V =) < (17?“:;1) s (L v ?’;k”,': )

Tk,n
and (T n—2 — Tk, n)2 S 1O%zT((l —Tkm—2)2+ (1= Ten-1)%) < loizT(l — Tkn—1)2, (b)

~Y
comes from L > M

and

~ 5 5
<1Zk’n_1) S <1+6110gT> 51
1 —Thn—2 T
We remark that if n = 2, then it suffices to replace 7y ,,—2 in the proof with 7 N.
In addition, we could bound &;  similarly as

Tk B (xT) S:k O(ITk 0)
= T : ’ d
o / ((1—T>3/2 21 =m0 )

TkO Tko a s (-Tr)
— T dr )dr’
oo < ar2(1 —1)3/2 T) 7
RO 9 5:— :CT) Tk / /
fo 81_7_)3/2(/%%0 ]1(7’ <T)d7’>d7’

Tk() a *
/ (T — Fro)— sy(zr)

or 21— 732"
Moreover, for k > 1,

Buyrs, (1100 17] (o~ 7o)® [

Tk,0

Tk,0

Eornx: { 1—7'3/2H ]

N

3 e ~

log TT]?_L%_l(l — Tk_l,g—1>3 (L 1 ) L? d(Tk_l,%_l — Tk0)
T3 (I Ty 1)

LPdlog® T (7,0 — 7i1)

YT (1-Tko)?

where the last inequality comes from

Tk,0

Tho — To1  C1Tho(l1—Tro)logT  ¢1TyologT S Cl?k—l,%—l logT 1 — CII%T
(1 —Tr0)? T(1—Tko0)? T —=7ko) ~ T(1 - ,T\kflgfl) 1+ %
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~

Cl?k—1,%—1(1 - ?k,%—ﬂlogT 7A'k-1,%—1 — Tk,0
~ T(lf?k,%q)z ~ (1*?%71,%71)2

by invoking Lemma 1. For k& = 0, it suffices to define ?_17%_1 =1-—ary.

* Next, we intend to bound &,. For any integer » > 0, considering that
Eopnpe [lI€2(xx)|13 | 7] is a random variable independent on z, we use 7 random in-
k
dependent variables m,(f) ~pg,.J =1, ,r and get
E[(Evimpg, [I1€2@01317) ] =E[E0_, [ TT 1&6I317]]
P 1K<

=B,y E] T 1eai31]] s
1<j<r

To control the above term, we first make the following observations about the expectation
().

57 (T i)
’“’7)3/2 conditioned on z;;

and bias of random variable 50

S:'k_i (mTk 1)

. a k,i—1 1
E| i TR o AAIE) (@) / _silar) . J——d
|:2(1 — Tk 1)3/2 (Tk b ' )‘xk :| Thi 2(1 —7—)3/2 (Tk t Tk )Tkl 1 — Tk g

Thyi—1 8*(33-,-)
= 7-7(1
/; 21— )32 T

k,i

where (a) comes from the fact that 7, ; is uniformly distributed within |7 ;, T ;—1], and

Thizt o gx () Sr(Tr) ~
dr — — i—1 — Thyi
L, s = g e )

Th,i

:/ o sp(zr) 5 (Prii) dr
w20 7)3/2 2(1 = 7)*2
/T’“ / 5@ g,
9T 2( - 7)3/2
Th,i—1 (ﬂfr) /
</ ./ L )f%QlﬂN“”“

B Tkz 1 s (xT)
_/?M (r— Tk1)872(1—7)3/2d7—

Furthermore, recalling that 73, ; > 7% ;, we have

Tk,i—1 3:(1'7—) S;k,i (J;Tk z) R
/5: 2(1 _7-)3/2dT_ 2(1_Tk )3/2 (Tkz 1— Tk z')

k,i

2
Thyi—1 N o sz,
S/A (Tkz 1 ) GTW dr
Tk,i
N N Tki-t] 9 s *(zr)
S(Tk,'_l —Tk7')/ — T | dr.
! Y Jrs or 2(1—1)3/2]|,

Then given a:,(cj ), according to Bernstein inequality, we have with probability at least 1 — ¢,

T — ~
”52( (J) loggz |:7'k,i—1 *Tkﬂ')/A

k,i

Th,i—1

Vi<ji<r.

87 1 —7) 3/ 2 H } ’
27)
For convenience, we introduce a temporary variable as below.

Thi=1 10 g
Ay = {(ml —?,m-)/ 7” dT} .
?k,i (97' (]. 77’ 5/2
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We bound Ay, ; as

9 a—\k,’i—l
A = (Thyiz1 — Thyi) [/A
Tk,i

aaus_Ts/zH dT}

(a) Tk,1—1
~ ~ \2/~ ~
< (Thyic1 — Thi) (Thyim1 — Thyi) /?k 87 1 — 7 3/2 H
?k,i—l 6 S
— (= . . _= 3 _oT\T)
= (Fhio1 = Thoi) /a - (1 - 3/2 H dr, (28)

where (a) uses the cauchy-schwarz inequality. For another, notice the relation that for
P(X >log ) < % and Y ~ Exp(1), the following inequality holds.

EX"] <E[Y"] =7l
Then the (27) implies that

n—1
B[ TT le@i3lef] < TT X Ave (29)

1<5<r 1<j<r i=1

Combining (28) and (29), we have that

) . n-1 Th,i—1
B[ [T eI laf] st T 3G -7 [
Tk,i

1<j<r 1<j<sr i=1

2 e
Inserting into (26), we have
) i, ”_1A S Th,io1 (x(Tj)) 2
E[Eavers, (€201 7 [T i —7* [ Buve, || s | am
1<j<r i=1 Thyi

which tells us that with probability at least 1 — 7199,

n—1

E 2171 <1 7 s [T E 0 _stlwn) |2
e, [||€2(xk)||2 |T] < ogTz;(Tk,i—l — Thk,i) P s e~ Xy 7@”2 T
i
* Finally we intend to bound the term £3. Recalling that 7, ;1 — Ti; = %ﬁc i—1(1 —

?k,i 1) TkOkao<cl ;gT?k 1N 1(1 Tk 1N 1)<011%gT 1+Cl]0gT)Tk0(17
Teo) S & ;gTTk o(1 =Tko), and Th 1 — Tkn < Thn—1 — Tk < 2 l(j)ng’?kn (1 —

Tk.n—1) in Lemma 1, we have that

s‘rk,()(x"'k,()) - S:k,o (ka‘vU) (T 7 )
(1= 70)372 R
logT
ST 0L = Fe0) 2 |35 (@) = 55, ()
sTk,n—l(ka,n—l) _s:k,, 1(kan 1)(7_ g )
2(1_7_’@’"71)3/2 kn—1 k,n ,
logT .. _
STt (L= Fon) ™2 300y () = 55 @)
1 ~ ~
W(S‘rk,i(ka,i) — S (@r)) (Frim1 — Tha) ,
10 T.. ~ _
N ?—v Tk?l 1(1 - Tk,ifl) 1/2 ‘ STk,i(ka,i) - s:;“(x?'kz) ‘2
logT

Tk 1(1 - Tk z) 1/2 ‘

STkL(kaL) - S:k,i(xﬂc,i) 9 )

NT
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which comes from the fact that (1 —74;)7%/2 < (1-7%;_1)"%/2 < (1

?kyi)igﬂ S (1 — ?ki)fg/z for 0 <11 < n- 1, and ?k,z'—l(l — ?k,i—l)il/Q <

—1/2

_ca I;gT)—3/2(1_

~

1
(1 + = I;gT) (1 — l%gT) Tiei(1=T,i) ™% < Ti(1=7r,i) "'/ due to Lemma 1.

Thus we have that

log T < .

€3]l S
1=0

Putting everything together, we have

Z ?k,z(l - ?k,i)71/2|}87'k,i (kab) - S:—k,i (ITkz)

L3d(?k,n_1 — ?kﬂ’b) log3 T L3d(7/'\k,0 — ?fml) 10g3 T

Eving, [I6kn(o0)[3] £

T3(1 — Tip—1)? T3(1 — T p)?
n Thi—1
+ logTZ(?kyi_l — ’?kl):z[\ EITNX,. |:
=1 Tk,

Nlog T < - 2
ZT’C i Tk,i) 1”‘97%,1‘(3:7%,1‘) - S:k)i(ka,i)

According to (25), we have that

7’:19,171
(Th,im1 — ?k,i)?’/ Ee ~x. [

0 sk
3/2H }dT
“210%3 T?Ig,i—l(l — Thio1)? (L L) L2d(Thi—1 — ki)
~ T3 Thi (1—Tki-1)®
L3d10g T(T}Cz 1 — Tkz)
S T3 (1 — Tk,z 1)2 ’

Th,i

1<1<n,

1—7'3/2H}

where (a) comes from Lemma 1, and the fact that 7% ;_1/7%; S (1 + ¢1log T/T) < 1. In addition,

the definition E||s,, ,(zr, ) — s, . (r, ) m e2

T— lsN

Proof of Claim (25). We first make the following decomposition
Ol —7)732s%(x,) 01 —1)"3/2s5(\/T—72)

1 leads to our desired result.

N o1 —1)73/2s* (/1 — 1)

or or o= or
where
H o1 —71)732s* (V1= 12) H <(1-n"'L
Oz - ’
and

ExTNXT{ axT/\/ﬁH } <Ep~x, {

Then it is sufficient to control the first term.

Denote

_ {O 1—7'}
T := max T —
b 2L b

which satisfies that
1-—7 1—7 1

— =2LV <LV -— and 1-Tx<1-—1.
T—T T T

Then according to the relation

15

3/2H} 1—7'3'

T

rT=1i=

Oz /V1=T
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the score function can also be expressed as

r(/T=70) = ~YED0ED [ V) (VT =y
\/E/px,p(, (y| V1 —12)Viog px_(y)dy,

(1—T)Hv1—m—y|\2)
2(r —7)

where

x| x, (Y| V1 —7z) o< px-(y) exp ( -
This gives us
(1 —7)732x(\/1 =72 2/1 -7
( ) 87-T( ): a-r g/px?|x,(y|\/ﬁ$)(\/ﬁ$—y)dy
L VI=T

1—7'

/a px-x, (Y| V1 —72)Viegpx-(y)dy

In addition, with basic calculations, it can be shown that

1-7 2 d
B i—e~x, [ P x, (W V1= Tx)VlongT(y)dyHQ] < =
y
and
L*(1—7)%d
e | [ rex oVImT v | < 2

where the latter relation can be derived in a similar way to Lemma 1 in Chen et al. (2024b), and it is
omitted here for simplicity. Putting everything together leads to
o1 —7)73/2sx (VT —72) |12 d L2(1—7)%d 1\ L%
)= + <(2v3)
or 2 T1-7)5% A-7)(r—-7)" (

Ei=ranx, [

A.2 PROOF OF LEMMA 4

According to (20), we have that

1—7r410
2(Th+1,0 — TE,N)
(i)
0T
~ NTkJ\/ IOgT

KL(p)A(kJrl‘)?k ( | xk) ||ka+1\Yk ( ‘xk)) = Hka,N - xT}c,NH%

||ka,N _mTk,N”%’ (30)

where y,,  and x, ,, are defined as

N-1
y"’k,N _ y"’k,u sTk U(kao) STKZ y‘rkz ~
(Tk,0 — Tk,0) +

- + 17— 7
JI—Ten  I—Tho 20— m)3? 22 31— 114 30 = g )37 k=1~ Tht)

STIcN l(kaN 1) (? T )
AL — oy _1)372 TEN=1 7 TN,

Lrp N _ Ly 0 n /Tk'(J s¥(xr) dr,
Vi-mn /1= Tko ren 2(1—7)3/2

according to (21) and (16), with x,, , = y,, , = . Here the inequality (i) holds because

+

k,N

Th+1,0 = Th,N =Qp_kN_ Ny —Qp kN N,y 2 Qp kN N3 — Qp kN N

2

¥+1 ~
2 R NaT EN %(1—04T_%_N+1)10gT
= Z Qpr_kN_Ni; — Qp_kN_Nijp1 ) T

V
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N(l — 7/:k+1,0)?k,N logT > N(l — Tk+1,0)?k,N 10gT
T ~ T '
Combining the above definitions, we have

n—1

Yre, — Try 1 7 G
R0 M= eV BT YRR
7

i=1

STk,O(ka,O) - STk,O (ka,o) STk,nfl (ka,na) STk n—1 (ka n— 1)

+ 2(1 — 74.0)3/2 (Tk,0 — Tk,0) + 201 — ron 1) (Thn—1 — Thyn)-
According to Lemma 3, we have
n—1 n—1
1 _ N LlogT
7(‘9 » (y 7) - S 1(1. ,.i))(Tk,'*l - Tk,') < T, i T Ly )
; 2(1 777@,1‘)3/2 T, \ Yk, Th Tk, i i , ; T Thi || Yy, i |2
||S7'k70 (ka,o) ~ S7r0 (mTk,o)”? (7_ 7 ) —0
2(1 — 7 0)3/2 k,0 k,0 )
HSTk,nfl(ka,nfl) STh n— 1('1:71 n— 1)”2( - ) Llo—gT Hy . ||
2(1 — Thn—1 )3/2 Tkyn=1 7 Tk,n) T /1 Thm1 Th,n—1 Tk,n—1[[27
due to the L-Lipschitz property of s and the relation
?k,ifl — ?k,i < (1 — ?kyifl) IOgT < IOgT
1— T]gﬂ‘ ~ T(l — Tk,i) ~ T ’
Thn—1 — Thon < (1 —=Tgm—1)logT < logT 9

1-— Thkyn—1 ~ T(l — ?k}nfz) ~ T’ -

If n = 1, then the above inequality holds by replacing 74 n—2 With 7, _; x_; and7_; v _, is defined
as 1 — ar41. Combining the above inequalities gives us

Y = @rnll, - LlogT ”i [
1

~Y
V31— Tkn T = — Thyi

Applying the above relation recursively leads to

Iy =2l o LlogT =
- 2 < T D Ik

1 =Ten P

provided that 7' > N Llog T' For convenience, denote the upper bound of By, ~p [I|€k,n (21)]|3]
k

+ 1€k nll2-

in Lemma 3 as gfcn(xk) Recall that ffzn(xk) increases with n, and T' 2 N LlogT. Then we have

E

2
I~ 7on SN T8N

Te™~Px,
i=1

N2L%log® T
S (1 + T2> gzk,N S &,N

Y — xTANHi] NL? log TR Z o

Inserting into (30), we have

T —7k,N) 2
KL(p)?kJrlpA(k ( ‘xk) ||ka+1|Yk (|Ik)) 5 N?]q,N logT k,N
<a>T(1—TkN) al L3dlog4T L Nlog T X s

€1y
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where (a) uses Lemma 3. The first term is bounded by

N N . ~
TkN Z L3dlog T (? ‘_? ) )< L3dlog3T(1—Tk,N)Z(7';”—77”_1)
NTk NlogT — (1 = Tp,i—1)?T? ot T i NT?7y, N — (1= Thi-1)
L3dlog T(1 — 74 n) i\’: Thyi—1
~ NT37, N — (1= Thi-1)

< L3dlog*T Tro(l — kN
~ T3 (1 — ?}9,0)?]97]\/' '

To further bound the above terms, we claim that provided T' 2 N log T
(32)

Tro(l — Tin) <1

(1—Tko0)Ten ~

the proof of which is postponed to the end of this section. Then recalling that 73, y < 7%, we have
L3dlog T

L3dlog*T .
g i~ Thi-1) S~ 73

T(1—T N_l
— Tk,N)
NTk NlogT Z (1 —73,4)2T3 (Ths

Next, the second term in (31) is bounded by
2 logT (1 — T,N)Tk,0 =
Z Er_kN it

T(1—7enN) NlogT -1
% 1_ z =
NTkNIOgT T2 ZTk Tk, T_%_H_l T TkN 177‘]60 Pt
“)logT

/\J E T—M i+1?

where (a) uses (32).

Combining these relations gives
L3dlog* T logT
Z ET_y i1

Evimpg, [KL (P22, C20) [Pveam Clan)] S =5

According to the definition of 7 ;, we have that

Proof of Claim (32).
1-Fy  Qp sy y (144 log T\ ™
1— 7/:7%0 B aT_M - T ’
and
Tk,0 _ 1_an% <(1_ cilogT
Te N 1-— an EN _ N T

2NcylogT

N
~ ~ cilogT
(1= 7k, N)Tko _ (1 + =7 ) < exp (T) <1

7 = — cilogT — cilogT ~
(1 = Tk,0) Tk, N 1—a2ed 1—azes

Thus we have

B PROOF OF AUXILIARY LEMMAS IN THEOREM 1

B.1 PROOF OF LEMMA 1

The first relation is immediately obtained by noticing that
1 =700 =07r41 < ar < 20741,

provided that % < 1.
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Regarding the second inequality, for 7y = (1 — %)T + 1 and ¢; > 3co, we claim that g, > 1;
otherwise, we have

aglogT log T
10t 10g >>at(l+01 0g )’

-
Ai-1 O‘t<+ T oT

and then

ci log T)T*To+1

~ ~ 1
ar, > Qryq (1 + 5T > 5

Then if ¢; > 5¢g, we have

TKﬁozl—algl—alg(l—aTo) (1—

where we make use of the observation that for ¢t < Ty,

1= @1 =(1 fat)(1 - Claf#) <@ fat)(1 - Cl;%T).
The third equation follows immediately from the definition of 7, ,, that
Tont — Tk QrsN_, = Qp sN_ g cilogT
Ten-1(1—Trm1) (1 —ap%,nﬂ)ap%fm T

B.2 PROOF OF LEMMA 2

Notice that the map ® in (17) is just the integral form of (16), which is equivalent to

dz, = — (27 + s3(z,))dr.

2(1—1)

This is the well-known probability ODE flow, which comes from Song et al. (2021) and is also used
in Li et al. (2023).

the
d

The proof of (18) can be completed by using mathematical induction. Recalling that X 0 4x

T0,0°

(18) holds for k+1 = 0. Assume that (18) holds for k+1 = h. We have &, | 7, | ()A(h,l)
X,y n- According to (15), we could immediately get that (18) holds for k = h.

B.3 PROOF OF LEMMA 5

According to Lemma 2, we know that )?0 4 X o = /1 —70,0X0 + \/T0,0Z for some standard
Gaussian variable Z. Then we have

KL(pg, IPve) SKL(px,, %0 [PYoPxo) = Extompa [KL(P2, x, 1PY0)]

1
=5 [0 = 100 Exompan, 10> = dlog(mo,0) + droo — d]
1 _ (]. — 70 0)2 1 _ d 1
<7TCR Co d 2 < 7TCR Co < -
-2 + 27’070 - 2 * T2co — T107

as long as ¢y > max{cg + 10,10}, and T > d/1°. In addition, the analysis of TV (Pdata, Pz, ) can
be found in the proof of Theorem 2 in (Chen et al., 2024b).
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