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Graphon Estimation Graphon estimation aims to recover the underlying generative structure of24

observed networks. Classical approaches include methods based on histogram estimators by parti-25

tioning nodes according to degree or other structural properties [4, 13, 5], and fitting stochastic block26

models (SBMs) or their variants, which can be viewed as piecewise constant graphon estimators [1, 8].27

Universal singular value thresholding (USVT) [6] offers a non-parametric approach for estimating28

graphons from a single adjacency matrix, particularly effective for low-rank structures. However,29

many of these methods face challenges in terms of computational cost for large graphs, achieving30

resolution-free approximation, or may rely on specific structural assumptions (e.g., piecewise constant31

for SBMs).32
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More recently, scalable graphon estimation techniques have gained prominence. For example, some33

works aim at minimizing distances between graph representations but often involve computationally34

expensive metrics like the GW distance [15, 21, 20], which can be a bottleneck for large networks.35

The advent of INRs has opened new avenues for continuous, resolution-free graphon estimation. For36

instance, IGNR (Implicit Graphon Neural Representation) [19] proposed to directly model graphons37

using neural networks, enabling the representation of graphons up to arbitrary resolutions and efficient38

generation of arbitrary-sized graphs. IGNR also addresses unaligned input graphs of different sizes39

by incorporating the Gromov-Wasserstein distance in its learning framework, often within an auto-40

encoder setup for graphon learning. Subsequently, SIGL (Scalable Implicit Graphon Learning) [3]41

further advanced INR-based graphon estimation by combining INRs with Graph Neural Networks42

(GNNs). In SIGL, GNNs are utilized to improve graph alignment by determining appropriate node43

orderings, aiming to enhance scalability and learn a continuous graphon at arbitrary resolutions, with44

theoretical results supporting the consistency of its estimator. While these INR-based techniques45

offer significant advantages in terms of resolution-free representation and handling unaligned data,46

they still implicitly involve latent variable modeling or rely on GW-like objectives for alignment.47

Our proposed method builds upon the representational power of INRs but distinguishes itself by48

directly recovering the graphon via moment matching. This avoids the need for latent variables,49

complex metric computations like GW, and provides a theoretically grounded estimation framework50

that naturally handles multiple observed graphs by matching aggregated empirical moments.51

Data Augmentation for Graph Classification Data augmentation is crucial for improving the52

generalization of GNNs and other graph learning models, especially when labeled data is scarce.53

Mixup [23], which creates synthetic examples by linearly interpolating pairs of samples and their54

labels, has shown remarkable success in various domains. Its adaptation to graph data has been ex-55

plored through several avenues, addressing challenges such as varying node counts, lack of alignment,56

and the non-Euclidean nature of graphs. For instance, Wang et al. [18] proposed interpolating hidden57

states of GNNs. Particularly relevant to our work are G-Mixup [9] and GraphMAD Navarro and58

Segarra [14], which recognize the difficulties of direct graph interpolation and propose to augment59

graphs for graph classification by operating in the space of graphons. GraphMAD Navarro and60

Segarra [14] projects graphs into the latent space of graphons and implements nonlinear mixup61

strategies like convex clustering. G-Mixup [9] first estimates a graphon for each class of graphs62

from the training data. Then, instead of directly manipulating discrete graph structures, G-Mixup63

interpolates these estimated graphons of different classes in their continuous, Euclidean representation64

to obtain mixed graphons. Synthetic graphs for augmentation are subsequently generated by sampling65

from these mixed graphons. This technique has also been adopted as an augmentation strategy in the66

evaluation pipelines of some graphon estimation studies for downstream tasks [3].67

B Proof of Theorem 168

B.1 Supporting Lemmas69

We rely on the following established and derived results. Lemma 1 is an original contribution of this70

work, while Lemma 2 is Theorem 3.7 (b) in Borgs et al. [4] and it is included here for completeness.71

Lemma 1 (Concentration of Empirical Motifs). Let F be a simple graph with k = |VF | vertices. For72

P ≥ 1 graphs G1, . . . , GP , each sampled independently from Gn(W
∗), and for any error tolerance73

ϵs > 0, the probability that the empirical motif density t̄(F,W ∗) = 1
P

∑P
p=1 t(F,Gp) deviates from74

the true motif density t(F,W ∗) is bounded as75

P[|t̄(F,W ∗)− t(F,W ∗)| ≥ ϵs] ≤ 2 exp

(
−Pn

4k2

(
ϵs −

k(k − 1)

2n

)2
)
, (8)

for ϵs >
k(k−1)

2n .76

Proof. Let Xp = t(F,Gp) for p = 1, . . . , P . The graphs Gp are independent samples from Gn(W
∗),77

so the random variables Xp are independent and identically distributed.78

We leverage concentration properties of t(F,Gn(W
∗)) in Borgs et al. [4, Lemma 4.4], stating that79

t(F,Gn(W
∗)) is concentrated around t(F,W ∗) with probability80

P[|t(F,Gn(W
∗))− t(F,W ∗)| > δ] ≤ 2 exp(−nδ2/(4k2)). (9)
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This implies that the variable Z = t(F,Gn(W
∗))− t(F,W ∗) behaves like a sub-Gaussian random81

variable [17]1. Comparing the exponent −nδ2

4k2 from (9) with the sub-Gaussian tail exponent − δ2

2σ2 ,82

we see that t(F,Gn(W
∗))− t(F,W ∗) is sub-Gaussian with parameter σ2

Z = 2k2

n .83

The variables we are averaging are Xp = t(F,Gp) with Gp ∼ Gn(W
∗). Let µn = E[Xp] =84

E[t(F,Gn(W
∗))]. The centered variables fulfill Xp−µn = (t(F,Gp)−t(F,W ∗))−(E[t(F,Gp)]−85

t(F,W ∗)). Subtracting a constant (the bias E[t(F,Gp)]− t(F,W ∗)) from a sub-Gaussian variable86

preserves its sub-Gaussian property with the same parameter. Thus, Xp − µn are independent,87

zero-mean, and σ2-sub-Gaussian with σ2 = σ2
Z = 2k2

n .88

The average of P independent σ2-sub-Gaussian random variables is (σ2/P )-sub-Gaussian [17]. Let89

Ȳ = 1
P

∑P
p=1(Xp − µn) = t̄(F,W ∗)− µn. Then Ȳ is

(
2k2

nP

)
-sub-Gaussian. The tail bound for Ȳ90

is91

P[|Ȳ | ≥ δ] ≤ 2 exp

(
− δ2

2 · 2k2

nP

)
= 2 exp

(
−δ2nP

4k2

)
. (10)

Substituting Ȳ = t̄(F,W ∗)− µn, we get the concentration bound for the empirical mean around the92

expected mean:93

P[|t̄(F,W ∗)− µn| ≥ δ] ≤ 2 exp

(
−δ2nP

4k2

)
. (11)

We are interested in the deviation of t̄(F,W ∗) from the true motif density t(F,W ∗). We use the94

triangle inequality to relate this deviation to the deviation from the mean µn95

|t̄(F,W ∗)− t(F,W ∗)| ≤ |t̄(F,W ∗)− µn|+ |µn − t(F,W ∗)|. (12)

Let Bn = |µn − t(F,W ∗)| be the bias of the empirical estimate. It is known from the theory of96

graph limits (e.g., related to Borgs et al. [4, Lemma 4.3]) that this bias is bounded by Bn ≤ k(k−1)
2n .97

If the deviation from the true density is at least ϵs, i.e., |t̄(F,W ∗)− t(F,W )| ≥ ϵs, then it must be98

that |t̄(F,W ∗)− µn| ≥ ϵs −Bn. This implication requires ϵs > Bn for the bound to be meaningful.99

Thus, for ϵs > Bn100

P[|t̄(F,W ∗)− t(F,W ∗)| ≥ ϵs] ≤ P[|t̄(F,W ∗)− µn| ≥ ϵs −Bn]. (13)

Using the inequality (11) with δ = ϵs −Bn101

P[|t̄(F,W ∗)− t(F,W ∗)| ≥ ϵs] ≤ 2 exp

(
− (ϵs −Bn)

2nP

4k2

)
. (14)

Introducing the upper bound for the bias, Bn ≤ k(k−1)
2n102

P[|t̄(F,W ∗)− t(F,W ∗)| ≥ ϵs] ≤ 2 exp

−
(
ϵs − k(k−1)

2n

)2
nP

4k2

 (15)

= 2 exp

(
−Pn

4k2

(
ϵs −

k(k − 1)

2n

)2
)
. (16)

This bound is valid when ϵs >
k(k−1)

2n , as required by the lemma statement.103

Lemma 2 (Motif Proximity Implies Cut Distance Proximity (Borgs et al. [4], Theorem 3.7 (b))).104

For any integer k ≥ 1, if the motif distance between two graphons W1 and W2 fulfills |t(F,W1)−105

t(F,W2)| < δM = 3−k2

for every simple graph F ∈ Fk, then the cut distance between W1 and W2106

is upper bounded by107

dcut(W1,W2) ≤ η =
22C√
log2 k

, (17)

where C = max{1, ∥W1∥∞, ∥W2∥∞}.108

1A random variable Y is σ2-sub-Gaussian if E[eλY ] ≤ eλ
2σ2/2 for all λ ∈ R, which implies the tail bound

P[|Y | ≥ δ] ≤ 2e−δ2/(2σ2).
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Assumption 1 (Neural Network Approximation Capability). Given a sufficiently expressive neural109

network architecture, it can be trained to find parameters θ such that for any set of empirical motif110

densities {t̄(F,W ∗)}F∈Fk
computed from data, and any desired approximation error ϵa > 0, the111

neural network’s MC motif estimates t̂θ(F, Ŵθ) satisfy112

|t̂θ(F, Ŵθ)− t̄(F,W ∗)| < ϵa, (18)

for all F ∈ Fk.113

This assumption is fundamentally supported by the Universal Approximation Theorem (UAT) [7,114

10, 12]. The UAT posits that a neural network with sufficient capacity (e.g., an adequate number of115

neurons in one or more hidden layers and appropriate non-linear activation functions) can approximate116

any continuous function to an arbitrary degree of accuracy on a compact domain. In our context,117

the INR fθ models the graphon W : [0, 1]2 → [0, 1]. The motif density t(F,W ) (as defined in118

Equation 1) is a continuous functional of W , meaning small changes in W lead to small changes119

in t(F,W ). Consequently, if the INR fθ can approximate any continuous graphon function, it can120

learn a specific fθ such that the motif densities of the graphon estimated by the INR t(F, fθ) are121

arbitrarily close to some target values. Given that our estimated motif densities t̂θ(F, Ŵθ) are Monte122

Carlo approximations of t(F, fθ), they too can approach these target values (the empirical densities123

t̄(F,W ∗)) as the approximation of the underlying function by fθ improves as the number of Monte124

Carlo samples L increases. The assumption thus relies on the INR’s capacity to learn a suitable125

graphon function fθ and the optimization process’s ability to find the parameters θ that make the126

resulting motif estimates t̂θ(F, Ŵθ) match the empirical observations t̄(F,W ∗).127

B.2 Proof of Theorem 1128

Proof of Theorem 1. Our goal is to bound the cut distance dcut(Ŵθ,W
∗) by η, which is achieved if129

we can show that |t̂(F, Ŵθ) − t(F,W ∗)| < δM for all simple graphs F with |VF | = k and where130

the values of both η and δM are provided in Lemma 2.131

Consider any graph F ∈ Fk. Using the triangle inequality, we can bound the difference between the132

neural network’s motif estimate and the true graphon motif133

|t̂θ(F, Ŵθ)− t(F,W ∗)| ≤ |t̂θ(F, Ŵθ)− t̄(F,W ∗)|+ |t̄(F,W ∗)− t(F,W ∗)|. (19)

By Assumption 1 on the neural network’s training performance, we guarantee134

|t̂θ(F, Ŵθ)− t̄(F,W ∗)| < ϵa =
δM
2

, (20)

for every F ∈ Fk.135

Now we need to bound the second term in the right-hand side of (19), the deviation of the empirical136

motif density from the true motif density |t̄(F,W ∗)− t(F,W ∗)|. We use Lemma 1 with the sampling137

error tolerance set to ϵs =
δM
2 . For this lemma to apply, we require ϵs >

k(k−1)
2n , which is equivalent138

to δM
2 > k(k−1)

2n , or n > k(k−1)
δM

. This condition is enforced in the theorem statement.139

For a specific graph F ∈ Fk, the probability that the sampling error is large is bounded by Lemma 1140

P
[
|t̄(F,W ∗)− t(F,W ∗)| ≥ δM

2

]
≤ 2 exp

(
−Pn

4k2

(
δM
2
− k(k − 1)

2n

)2
)
. (21)

Let Pfail,F denote this upper bound for a single graph F ∈ Fk. However, we require the sampling141

error |t̄(F,W ∗)− t(F,W ∗)| to be less than δM
2 for all graphs F ∈ Fk simultaneously. By the union142

bound, the probability that there exists at least one graph F ∈ Fk for which the sampling error is δM
2143

or more is at most the sum of the probabilities for each individual graph144

P[∃F ∈ Fk s.t. |t̄(F,W ∗)− t(F,W ∗)| ≥ δM
2

] ≤
∑

F∈Fk

Pfail,F . (22)

Since |VF | = k for all F ∈ Fk, the bound Pfail,F is identical for all these graphs. The sum is thus145

Nk · Pfail,F , where we recall that Nk = |Fk|. The condition (6) in the theorem is precisely set to146
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ensure that this total probability of failure is less than the desired confidence level ζ147

Nk · 2 exp

(
−Pn

4k2

(
δM
2
− k(k − 1)

2n

)2
)

< ζ. (23)

Therefore, with probability at least 1 − ζ (over the random graph samples Gp), the event that148

|t̄(F,W ∗)− t(F,W ∗)| < δM
2 holds for all F ∈ Fk occurs.149

Conditioned on this high-probability event, and using the neural network approximation in Assump-150

tion 1, we have for every F ∈ Fk151

|t̂θ(F, Ŵθ)− t(F,W ∗)| ≤ |t̂θ(F, Ŵθ)− t̄(F,W ∗)|+ |t̄(F,W ∗)− t(F,W ∗)| < δM
2

+
δM
2

= δM .

(24)
Since |t̂θ(F, Ŵθ)− t(F,W ∗)| < δM holds for all F ∈ Fk, Lemma 2 implies that the cut distance152

between the estimated graphon Ŵθ and the true graphon W ∗ is less than η153

dcut(Wθ,W ) < η, (25)

with probability at least 1− ζ, concluding the proof.154

C Unbiasedness of Monte Carlo Estimator for an INR-Based Graphon155

Moment Estimator156

Let F = (VF , EF ) be a graph, where VF is a set of k = |VF | vertices and EF is the set of edges. Let157

fθ : [0, 1]2 → [0, 1] be an Implicit Neural Representation (INR) parameterized by θ, which models158

the probability of an edge existing between two nodes based on their latent variables ηi, ηj ∈ [0, 1],159

and its estimated graphon is denoted by Ŵθ.160

The likelihood of observing the graph structure F given a specific set of latent variable assignments161

η = {ηv}v∈VF
and the INR model fθ is given by162

Pθ(η;F, Ŵθ) =
∏

(i,j)∈EF

Ŵθ(ηi, ηj)
∏

(i,j)/∈EF

(1− Ŵθ(ηi, ηj)). (26)

The quantity t′θ(F, Ŵθ) is defined as this likelihood integrated over all possible configurations of the163

latent variables in the k-dimensional unit hypercube164

t′θ(F, Ŵθ) =

∫
[0,1]k

Pθ(η;F, Ŵθ)dη, (27)

where dη =
∏

v∈VF
dηv .165

The L-sample Monte Carlo estimator for t′θ(F, Ŵθ) is given by166

t̂′θ(F, Ŵθ) =
1

L

L∑
l=1

P (η(l);F, Ŵθ). (28)

For this estimation, each sample η(l) = [η
(l)
v1 , . . . , η

(l)
vk ] is a vector where each component η(l)v (for167

v ∈ VF ) is drawn independently from the uniform distribution U [0, 1].168

C.1 Unbiasedness of the Estimator169

Theorem 1. The Monte Carlo estimator t̂′θ(F, Ŵθ) is an unbiased estimator of t′θ(F, Ŵθ).170

Proof. To show that the Monte Carlo estimation t̂′θ(F, Ŵθ) is an unbiased estimator of t′θ(F, Ŵθ),171

we need to prove that E[t̂′θ(F, Ŵθ)] = t′θ(F, Ŵθ).172
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The expectation of the estimator is:173

E[t̂′θ(F, Ŵθ)] = E

[
1

L

L∑
l=1

Pθ(η
(l);F, Ŵθ)

]

=
1

L

L∑
l=1

E[Pθ(η
(l);F, Ŵθ)] (by linearity of the expectation). (29)

Since each sample η(l) is drawn independently from the same uniform distribution, therefore its pdf174

is p(η) = 1 on [0, 1]k, the expectation E[Pθ(η
(l);F, Ŵθ)] is the same for all l. Let this common175

expectation be E[Pθ(η;F, Ŵθ)], whose value is176

E[Pθ(η;F, Ŵθ)] =

∫
[0,1]k

Pθ(η;F, Ŵθ)p(η)dη

=

∫
[0,1]k

Pθ(η;F, Ŵθ)) · 1 dη (since p(η) = 1 on [0, 1]k)

= t′θ(F, Ŵθ),

according to (27). Substituting this back into (29)177

E[t̂′θ(F, Ŵθ)] =
1

L

L∑
l=1

t′θ(F, Ŵθ)

=
1

L
(L · t′θ(F, Ŵθ))

= t′θ(F, Ŵθ).

Thus, E[t̂′θ(F, Ŵθ)] = t′θ(F, Ŵθ), which shows that the Monte Carlo estimator t̂′θ(F, Ŵθ) is an178

unbiased estimator of t′θ(F, Ŵθ). This means that, on average, the estimator will yield the true value179

of the integral defined by fθ and the graph structure F .180

D Time Complexity of MOMENTNET181

Stage 1: parallel motif–density extraction. For each graph Gp = (Vp, Ep) let np = |Vp|,182

ep = |Ep| and dp = maxv∈Vp
deg(v) be the number of nodes, number of edges, and maximum183

degree of the graph Gp. ORCA [11] counts all 2−4-node graphlets in184

TORCA(Gp) = O
(
epdp + npd

3
p

)
.

Because every graph can be processed independently, we dispatch the P graphs to M workers185

(M≤P ). Hence the wall-clock preprocessing time is186

Tstage 1 = O
(⌈

P
M

⌉
max

p

(
epdp + npd

3
p

))
.

With one worker per graph (M = P ) this shrinks to the single-graph cost that dominates (maxp).187

Stage 2: training the Moment network. Define:188

• L: number of Monte-Carlo samples per epoch;189

• Ne: number of training epochs;190

• CINR: cost of one forward/back-prop through the INR for a single edge probability;191

• |θ|: total number of trainable parameters.192

Each motif instance F of size |VF | ≤ 4 invokes the INR at most six times, a constant. One epoch193

therefore costs194

Tepoch = O
(
LCINR + |θ|

)
, Tstage 2 = O

(
Ne (LCINR + |θ|)

)
.

6



Overall wall-clock complexity.

TMomentNet = O
(⌈

P
M

⌉
max

p
(epdp + npd

3
p) +Ne (LCINR + |θ|)

)
.

Comparison with SIGL in Sparse vs. Dense Regimes195

SIGL [3] requires message-passing GNN training, histogram building and INR fitting; with Ne196

epochs its wall-clock cost is TSIGL = O(PNen
2
T ), where nT = maxp np.197

• Sparse regime (dmax = O(1)⇒ ep = O(np)):198

– MOMENTNET: T = O
(
⌈ PM ⌉nT +Ne (LCINR + |θ|)

)
;199

– SIGL: T = O(PNen
2
T ).200

Here MomentNet grows linearly in nT (plus the network-training term), whereas SIGL is201

quadratic. In practice we repeatedly observe MomentNet to be faster when graphs have202

ep = O(np) even for very large np.203

• Dense regime (Erdős–Rényi with pconn=0.5 implies dmax≈nT /2 and ep = Θ(n2
T )):204

– MOMENTNET: T = O
(
⌈ PM ⌉n

4
T +Ne (LCINR + |θ|)

)
;205

– SIGL: T = O(PNen
2
T ).206

Asymptotically, SIGL’s n2
T term is smaller than MomentNet’s n4

T . Yet empirical runs on207

dense ER graphs with pconn =0.5 still show MomentNet to be faster once (i) Stage 1 is208

fully parallelised and (ii) the constants behind GNN message passing and histogramming209

dominate SIGL’s quadratic term. Thus, the theoretical advantage of SIGL in dense graphs210

does not necessarily translate into shorter wall-clock times. Furthermore, MomentNet211

utilizes a two-stage process. The initial stage involves computing motif counts from the212

input graphs. Following this, the graphs are discarded. The second stage, which our213

experiments show to be the dominant phase of our method, then trains an Implicit Neural214

Representation (INR) using a vector of average moments derived from these counts. This215

design provides a significant reason for our method’s improved speed, particularly in dense216

scenarios. By isolating the computationally expensive motif counting to a preliminary step,217

this cost is bypassed during the subsequent, dominant INR learning phase.218

With graph-level parallelism, MOMENTNET is provably linear in the number of edges for sparse219

networks and remains competitive on dense networks because its constant factors are smaller and its220

training cost is independent of the graph size.221

E Proof of Proposition 1222

Let W1,W2 : [0, 1]
2 → [0, 1] be two graphons and fix α ∈ (0, 1). Denote their convex combination223

by224

Wα = αW1 + (1− α)W2.

Edge density (a linear functional). For the single–edge motif Fe on vertices VFe = {1, 2} and225

EFe
= {(1, 2)}, the induced density is226

t′(Fe,W ) =

∫
[0,1]2

W (η1, η2) dη1 dη2 = E[W (η1, η2)].

Because the integrand is linear in W , we immediately have227

t′(Fe,Wα) = α t′(Fe,W1) + (1− α) t′(Fe,W2),

so the edge density behaves affinely under convex combinations.228
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The V –shape motif. Let F be the V –shape (three-vertex path) on vertex set VF = {1, 2, 3} and229

edge set EF = {(1, 2), (1, 3)}. Its induced density is230

t′(F,W ) =

∫
[0,1]3

W (η1, η2)W (η1, η3)
[
1−W (η2, η3)

]
dη1dη2dη3. (30)

Plugging Wα into (30)231

t′(F,Wα) =E
[(
αW1 + (1− α)W2

)
12

(
αW1 + (1− α)W2

)
13

(
1− αW1 − (1− α)W2

)
23

]
=α3 E

[
(W1)12(W1)13(1− (W1)23)

]
+ (1− α)3 E

[
(W2)12(W2)13(1− (W2)23)

]
+ mixed terms, (31)

where, to simplify notation, we used (·)ij to denote that the graphon inside the parenthesis is evaluated232

on (ηi, ηj) and “mixed terms” contain products in which at least one factor comes from W1 and233

another from W2. Because these mixed terms generally do not cancel, the right-hand side of (31)234

does not reduce to the affine combination235

α t′(F,W1) + (1− α) t′(F,W2), (32)

except in degenerate cases (e.g. W1 = W2 or α ∈ {0, 1}).236

Concrete counter-example. Take constant graphons W1(ηi, ηj) = p1 and W2(ηi, ηj) = p2 with237

p1 and p2 being constants satisfying 0 < p1 ̸= p2 < 1. Then Wα(ηi, ηj) = pα = αp1 + (1− α)p2,238

and239

t′(F,Wi) = p 2
i (1− pi), t′(F,Wα) = p 2

α(1− pα),

for i ∈ {1, 2}. However,240

p 2
α(1− pα) ̸= αp 2

1 (1− p1) + (1− α) p 2
2 (1− p2)

whenever p1 ̸= p2 and α ∈ (0, 1), confirming that the V –shape moment is not affine in W .241

Conclusion. Edge moments are linear in the graphon, but higher-order induced moments involve242

non-linear (polynomial) combinations of W . Consequently, a convex combination of graphons243

preserves edge moments but fails to preserve the remaining components of the motif-moment244

vector.245

F Methods Details246

F.1 Latent Variable Invariance of MomentNet247

The graphon model and our proposed model to learn it exhibit invariance to the specific ordering248

or labeling of latent variables. This means that the estimated graphon is unchanged under measure249

preserving transformations [4]. In other words, if the underlying structure of a graphon is rearranged250

or relabeled, MomentNet can still accurately capture the essential underlying connectivity patterns.251

To illustrate this crucial property, we conduct an experiment using an SBM graphon, more precisely252

the one indexed by 12 in Table 2. For this experiment, we utilize the same dataset that was generated253

for the performance comparison of MomentNet discussed in Section (5). The learned graphons for254

three different realizations of this experiment are presented in Figure 3. It is evident that all three255

estimated graphons closely resemble the ground truth graphon, which is depicted in Figure 4. Also,256

the three estimated graphons reflect the same underlying structure, and all of them share a similar257

GW loss, which is a loss function invariant to measure preserving transformations. This essentially258

means that, no matter which of the three depicted graphons we sample graphs from, the underlying259

structure of all these graphs will be the same. This outcome strongly verifies that MomentNet’s260

primary mechanism involves matching the moments of the graph, without caring about the ordering261

of the latent variables. Consequently, and in contrast to other methodologies, its estimated graphon262

accurately reflects the ground truth structure, allowing for differences only up to a permutation of the263

latent variable locations.264
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(a) Estimated SBM graphon (Sample 1). (b) Estimated SBM graphon (Sample 2).

(c) Estimated SBM graphon (Sample 3).

Figure 3: Three samples of estimated graphons derived from a SBM.
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F.2 MomentMixup Pseudocode265

Algorithm 1 MomentMixup Augmentation

Input: αmix: float, mixing coefficient (0 ≤ αmix ≤ 1).
Gi,Gj : list of graphs, graph datasets for classes i and j.
yi, yj : integer, label for classes i and j.
Nsample: integer, number of graphs to sample from each class dataset to compute average

moments.
Nnodes: integer, number of nodes for each new graph.
Ngraphs: integer, number of augmented graphs to generate.

Output: Gaug: list of graphs and labels, newly generated augmented graphs.
1: ▷ Compute average moment vector for class i
2: Si ← Randomly select Nsample graphs from Gi
3: mi ← 1

Nsample

∑
G∈Si

ComputeGraphMoments(G)

4: ▷ Compute average moment vector for class j
5: Sj ← Randomly select Nsample graphs from Gj
6: mj ← 1

Nsample

∑
G∈Sj

ComputeGraphMoments(G)

7: mtarget ← αmix ·mi + (1− αmix) ·mj ▷ Compute target mixed moments
8: ytarget ← αmix · yi + (1− αmix) · yj ▷ Compute the label for the new samples
9: Waug ← MomentNet(mtarget) ▷ Trains MomentNet for mtarget

10: Gaug ← [] ▷ Initialize list for augmented samples
11: for k ← 1 to Ngraphs do
12: Gnew ← SampleGraph(Waug, Nnodes) ▷ Sample new graph
13: Add (Gnew, ytarget) to Gaug
14: end for
15: return Gaug

G List of Graphons266

Table 2: Table of Graphons

W (x, y)

1 xy

2 e(−(x0.7+y0.7))

3 1
4 (x

2 + y2 +
√
x+
√
y)

4 1
2 (x+ y)

5 (1 + e(−2(x2+y2)))−1

6 (1 + e(−max{x,y}2−min{x,y}4))−1

7 e(−max{x,y}0.75)

8 e(−
1
2 (min{x,y}+

√
x+

√
y))

9 log(1 + max{x, y})
10 |x− y|
11 1− |x− y|
12 0.8I2 ⊗ 1[0, 12 ]

2

13 0.8(1− I2)⊗ 1[0, 12 ]
2

The graphons are also visualized in Figure 4.267
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Figure 4: Representation of the graphons defined in Table 2.

H Selected Motifs268

F0 F1 F2 F3 F4 F5 F6 F7 F8

Figure 5: Motifs up to four nodes.

I Centrality Measures269

In real-world graph statistical analysis, centrality measures are of significant interest to researchers.270

Building upon the work of Avella-Medina et al. [2], who demonstrated the computability of these271

measures on graphons, we use several centrality metrics to further evaluate the quality of the estimated272

graphons. Specifically, we employ:273
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• Degree Centrality: This measure quantifies the number of direct connections a node possesses.274

– High Value: Indicates a node with many direct connections, often acting as a local hub with275

numerous immediate interactions. Such a node is highly active in its local neighborhood.276

– Low Value: Suggests a node with few direct connections, implying less immediate activity or277

influence within its local vicinity.278

• Eigenvector Centrality: This identifies influential nodes by considering that connections to other279

highly-connected (and thus influential) nodes contribute more significantly to a node’s score. It280

measures how well-connected a node is to other well-connected nodes.281

– High Value: A node with high eigenvector centrality is connected to other nodes that are282

themselves influential. This node is likely a key player within an influential cluster or a leader283

among leaders.284

– Low Value: A node with low eigenvector centrality is typically connected to less influential285

nodes or has relatively few connections overall. Its influence is not strongly amplified by the286

influence of its neighbors.287

• Katz Centrality: This measure considers all paths in the graph, assigning exponentially more288

weight to shorter paths while still accounting for longer ones. It uses an attenuation factor α, which289

determines the weight given to longer paths: smaller values of α emphasize shorter paths, while290

larger values give more importance to longer paths, up to a theoretical limit to ensure convergence.291

– High Value: Indicates a node that is reachable by many other nodes through numerous paths,292

with shorter paths contributing more. This node is generally well-connected throughout the293

network, both directly and indirectly, and can efficiently disseminate or receive information.294

– Low Value: Suggests a node that is not easily reachable by many other nodes or is primarily295

connected via very long paths. Its overall influence or accessibility within the network is limited.296

• PageRank Centrality: Originally developed for web pages, PageRank assesses a node’s importance297

based on the number and quality of its incoming links. A link from an important node carries more298

weight than a link from a less important one. It uses a damping factor β, representing the probability299

that a random walker will follow a link to an adjacent node, while (1 − β) is the probability they300

will jump to a random node in the graph, ensuring that all nodes receive some rank and preventing301

rank-sinking in disconnected components.302

– High Value: A node with high PageRank centrality receives many “votes” (incoming connections)303

from other important nodes. This indicates that significant entities within the network consider304

this node to be important or authoritative.305

– Low Value: A node with low PageRank centrality receives few incoming connections or is306

primarily linked by less important nodes. It is not widely recognized as important by other307

influential nodes in the network.308

The mathematical formulations for these graphon-based centrality measures are adopted directly from309

Avella-Medina et al. [2], corresponding to equations (7), (8), (9), and (10) in their paper, respectively.310

For a detailed analysis, we focus on graphons 1 and 2, as specified in Table 2. We compute both311

analytical and sample-based centrality measures, establishing these as baselines for comparison312

with our results. The analytical computations directly apply the aforementioned formulas from313

Avella-Medina et al. [2]. For the sample-based approach, we generate discrete graph instances by314

drawing samples from the ground truth graphon and subsequently compute the centrality measures315

within this discrete domain. Further details regarding each graphon are presented in the subsequent316

subsections.317

I.1 Graphon 1: The (xy) Model318

The analytical centrality measures formulas for this graphon are as follows:319

• Degree Centrality:
Cd(x) =

x

2

• Eigenvector Centrality:
Ce(x) =

√
3x
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• Katz Centrality:
Ck

α(x) = (6− 2α) + 3αx

• PageRank Centrality:
Cpr

β (x) = (1− β) + 2βx

These measures are for the given latent variable x ∈ [0, 1], after computing its centrality vector, we320

normalize it before comparison with discrete graph centralities [2]. Since the ordering for these321

experiments is important, we create a new dataset of 20 graphs with 100 nodes each, preserving the322

latent variables for all the nodes. The experiment results are illustrated in Figure 6. Our results show323

that centrality measures from the MomentNet-predicted graphon (blue lines in the figure) are close to324

the analytical computations (ground truth, black dashed lines). Furthermore, these graphon-based325

centralities by MomentNet also provide a good approximation for centrality measures computed over326

discrete graph samples (red dots).327

Figure 6: Centrality measures: MomentNet vs. analytic computation for the xy graphon.

I.2 Graphon 2: The (e(−(x0.7+y0.7))) Model328

To test the generalizability and consistent performance of our method across varying complexities, we329

replicated the experiment on a more complex graphon. The analytical centrality measures formulas330

for this graphon are as follows:331

• Degree Centrality:
Cd(x) = 0.7492 e−x0.7

• Eigenvector Centrality:

Ce(x) =
e−x0.7

√
0.473

• Katz Centrality:

Ck
α(x) = 1 +

0.7492α e−x0.7

1− 0.473α
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• PageRank Centrality:

Cpr
β (x, β) = (1− β) +

β

0.7492
e−x0.7

The experiment results are illustrated in Figure 7. Similar to the previous experiment, after computing332

the centrality measures on the graphon and analytically, we normalize them to compare them with333

the discrete graph measurement. As the plots show, similar to the previous graphon, our estimation is334

very close to the ground truth results obtained by analytical calculation.335

Figure 7: Centrality measures: MomentNet vs. analytic computation for the e(−(x0.7+y0.7)) graphon.

J Extra Scalability Evaluations336

We conducted an additional experiment to evaluate the scalability of SIGL and MomentNet. For337

this assessment, rather than focusing on SIGL’s known weaknesses in latent variable estimation, we338

selected graphon number 5 from Table 2, a model that both methods accurately estimate. We generate339

10 graphs for each node size n ∈ {10, 20, . . . , 810}.340

Figure 8 illustrates the scalability of MomentNet and SIGL in terms of both performance, measured341

by GW loss, and average runtime, as a function of the number of nodes. Subfigure (a) of Figure 8342

reveals that MomentNet (blue line) maintains a consistently low GW loss across the tested range343

of node sizes, indicating stable performance. In contrast, SIGL’s (red line) GW loss starts notably344

higher for smaller networks but decreases substantially as the number of nodes increases, eventually345

matching or even slightly outperforming MomentNet’s loss for larger networks.346

However, subfigure (b) of Figure 8 highlights a significant difference in computational efficiency:347

MomentNet’s average runtime exhibits only a modest and gradual increase with the number of nodes.348

Conversely, SIGL’s runtime escalates sharply, demonstrating significantly poorer scalability.349

Consequently, while SIGL might offer a marginal advantage in GW Loss for very large graphs,350

MomentNet’s vastly superior runtime scalability makes it a more practical and favorable approach,351

particularly for applications involving large-scale networks where computational resources and time352

are critical factors.353
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(a) Comparison of performance scalability of Moment-
Net with SIGL.

(b) Comparison of runtime scalability of MomentNet
with SIGL.

Figure 8: Scalability Comparison of MomentNet and SIGL

K MomentMixup Evaluation Details354

Our experimental evaluation is conducted on four diverse benchmark datasets widely used in graph355

classification research. Table 3 provides a detailed overview of these datasets, outlining their specific356

characteristics and the nature of their respective classification tasks.357

Table 3: Description of the benchmark datasets used for evaluation. Each dataset represents a different
type of graph structure and classification task.

Dataset Description Classification Task Citation
IMDB-B Movie collaboration graphs; nodes represent ac-

tors/actresses, and an edge connects two ac-
tors/actresses if they appear in the same movie.

Binary genre classi-
fication.

[22]

IMDB-M A multi-class version of IMDB-B, representing
movie collaborations with similar graph construc-
tion.

Multi-class genre
classification.

[22]

REDD-B Social network graphs from Reddit; nodes repre-
sent users, and an edge indicates an interaction
(e.g., one user commented on another’s post).

Binary community
(subreddit) classifi-
cation.

[22]

AIDS Bioinformatics graphs representing molecules;
nodes are atoms, and edges are covalent bonds
between them.

Binary classifi-
cation based on
anti-HIV activity
(active vs. inactive).

[16]

L Social impacts358

The methods presented for graphon estimation via moment-matching INRs and data augmentation359

through MomentMixup, while offering powerful tools for understanding network structures and360

enhancing graph-based machine learning, are not without potential societal risks if deployed without361

careful consideration. For instance, in social network analysis, if the empirical moments used for362

graphon estimation are derived from graphs reflecting existing societal biases (e.g., in representation363

or connectivity), both the estimated graphons and synthetic graphs generated via MomentMixup364

could inadvertently perpetuate or even amplify these biases. This could lead to inequitable outcomes365

when models trained on such data are used for applications like resource allocation, recommendation366

systems, or public policy modeling. Similarly, in critical domains such as epidemiology or finan-367

cial systems, inaccuracies in graphon estimation or the generation of unrepresentative augmented368

data could lead to flawed predictions, potentially resulting in misguided interventions or financial369

instability. While graphon estimation offers a level of abstraction, careful attention must also be paid370

to ensure that the process does not inadvertently leak sensitive information from the original graph371

data, especially when dealing with networks containing personal or confidential details. Therefore,372

15



it is crucial for practitioners to be acutely aware of these potential pitfalls. This includes critically373

examining input data and chosen moments for biases, rigorously validating the fidelity and repre-374

sentativeness of estimated graphons and generated graphs, and thoughtfully considering the ethical375

implications of their application, particularly in domains with direct and significant societal impact.376
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