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AutoDrop: Training Deep Learning Models with
Automatic Learning Rate Drop
(Supplementary Material)

A PROOFS

A.l1 PROOF FOR THEOREM[I]

Proof for Theorem([l] First note that if the learning rate is chosen as specified, then each of the
trajectories is a contraction map. By Banach’s fixed point theorem, they each have a unique fixed

point. Clearly
Esap = fli)rgoIE[xt] =0.

For the variance we can solve for the fixed points directly. Define V., = limy_, o V{zy],
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where o? is the i-th diagonal element of the variance matrix ¥ of a gaussian noise c;. Because
* I T T _ _ T
Vigp = lim V[z,] = lim E [(z; — Elz:])(ze — E[z])"]

= lim E[z,z]]

t—o00
— i ; 2 : 21 ... 01 2
- dzag(tliglo]E[xt,l]v tlgrolo [xt,2]7 ’tli{ch[xt,n])?
we have
2.2 2
] 2 — —a ai Ui ) — P
tlgg}]E[:c“] 1= (1 - aa;)? p=loee,n

Since ¢; ~ N(0, ),
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The update formula with learning rate « is
Tip1 = ¢ — aVL(xy) = 2y — @Az — ), ¢~ N(0,%).
For the next iteration, the update formula can be written as

Tep2 = Ty — aVL(Te41)
= Tpp1 — @A(Tp1 — cip1), 1 ~ N(0,X)
=241 — @Az — @Az — ), ¢, c01 ~ N(0,X)

= T¢41 — O[A(.’L't - Ct+1) + OtQAz(CEt — Ct)7 Cty Ct41 ™ N(O, E)

(14)

5)

(16)
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Define the step at iteration t as s; = x4+1 — ¢, then the inner product of two consecutive steps can

be written as

< Sty Sp1 >= < —aA(zy — 1), —aA(xy — cpy1) + a2A2(xt —c) >

:ozZ(:ct — ct)TAz(ast —Cir1) — oz3(xt — ct)TAB(xt —c)

(18)

=a? [fozxt —x?AQCt+1 - cfAth +cfAzct+1 —am?ASxt +2ax: A3 — achgct} .

13



Under review as a conference paper at ICLR 2022

Therefore, the trajectory of the expectation of the inner product converges to

I* thm E[< st, 8¢41 >] =« {lim E[z] A*(I — aA)]z; — a lim E[ctTA?’ct]} (19)
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The norm of step s, at iteration t is written as
lIsell” = lleA(ze = )] (20)
=a?(zy — c))T A% (2 — &)
= a?(zl A%z, — 22T A%¢c, + ¢! A%cy).
Therefore the trajectory of the expectation of the norm of s, converges to
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Here, in order to draw meaningful conclusions we make certain simplifications and proceed by
approximating E[cos(Z£(st, st+1))] = E[< s¢, st+1 >]/E[|ls¢ll | st+1l]-

<St,5¢41>

Because COS(l(St, St+1)) m

and ||s||, converges when t is large enough, then

| . E[< st,8¢41 >]
tllglo Elcos(£(s¢, st+1))] ~ tlif{.lo W

(22)

Since I* = limy_, o E[cos(£(st, s¢4+1))] and N* = limy_, E[||St||2] are both bounded and not
equal to 0,

li oo E ,

lim E[cos(Z(s¢, 5:41))] ~ imy o0 E[< s¢, 5141 >]

RS limy o0 E[|15]]

(23)

By combining formula (23), (I9) and (ZT)), we obtain that the expectation of cosine value converges
to

I* Dy 2a§af e v ;30? amax; a;
C*=1lim Elcos(Z(ss, s N——=— S ST s max e 20— t
Pl [ ( (tv t+1))] N* 2 ‘1?0«;2 =9 C—— aZo? 2
Zi=1 2—aa; Zi:l 2—aa;
(24)

Since I — aA > 0 implies ava; < 1 for arbitrary 7, then C* € [—1,0] and the angle is between 90
degree to 120 degrees. O
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A.2 PROOF FOR THEOREM [2]

Proof in this section in inspired by |Yang et al.| (2016).

Proof for Theorem[2] We denote G(z4;&) = G(z:) = G;. The update formula (7) implies the
following recursions:

o
Ti41 + Pey1 =T + P — ﬁg(mt) (25)

Vi1 =P + (1 = B)s — )G (), (26)

where v; = %pt and p, is given by

1-p . (27)

by — b (xr — i1+ sa—1G(zi—1)), k>1
=
0, k=0

Define §; = G, — Of(z) and let 2* be the optimal point. From the above recursions we have

) 1Gu]?
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N 20,
e+ e — 22— 22 (o + e — 2 )Tgt+(
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2
_ ‘(sf‘f“tﬁ)lﬁ(tst 1+ 0f(x— 1)) (0¢ + Of (xy)) + (10‘tﬁ) ||5t+3f(xt)H . (28)

Note that
E[(z, — 2*)" (6¢ + 0f (21))] = E[(ze — )"0 f (1))
E[(z¢ — 24-1)" (6: + 0f (21))] = E[(ws — x4-1)" 0f (24)]
E[(6¢t—1 4 0f (xe-1))" (6: + 0f (¢))] = E[(6:—1 + Of (x1-1))"0f (2¢)] = EIG] 1 0f ()]
E[[|6: + 0 (@o)|*] = ElI6:|"] + E[|0f (zo) %]

Taking the expectation on both sides gives the following

* (12
Efl|zt41 + pes1 — z7[|7]

~Ello -+ py = ") = Bl — 2")TOf o)) - sl — 1) 0 o)
2500 — 15 oy 2 2 9
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Moreover, since f is convex,E [||G(z; &) — E[G(z; €)]||] < 62, and ||V f(2)|| < G, then for any

flae) = f(a*) < (@ —2*)T0f (zy)
fl@e) = flze) < (m —20-1)"Of (1)

2
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2
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Therefore, (29) can be rewritten as

Blleess + piss = ") Bl +pi =] = 5Bl (@) = f(a") (30)

2
- Bl ) — o)+ PO (@ g,

Since & is decreasing, it implies that ¢ is non-increasing. Thus, (30) could be upper-bounded as

* « 2a
Elllzes1 + per1 — @ |°] <E[[|zs +pe — 2%))*] = —

T BE[f(wt) — f(z")] 31)
2048 (258 + Va1, 5 . o
Taking ¢t =0, ...,7 — 1 and x_; = x, and then summing all the inequalities gives
> — fe 2
> Ellevtpiaa—a |7 < 3 Bller +pe =2l = Y 1Bl (er) — £(o)
t=0 P s
T-1 203 (2 5+1)(G2+52) T-1
oot (16%)2 E[f(x)— f(2i—1)]+ S - 2 o Qi_1.
Therefore,
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Moreover, oy = & (t; <t < tiy1) implies that
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Since E[f(x,) — f(4,,,)] is always upper-bounded by f(zo) — f(z*), we have
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After simplification, we have
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Because &; < (i+2)"1, kit > k1 (i42) 7%, kidy@i_q < ko(i+1)"3,¥i =0,1,...,n—1(n > 1),
1

n—1 n— n—1
& <Y (i+2)7F :/ (i42)7% =3[(n+1)5 — 23] 33)
i=0 i=0 0
T-1 n—lk n—1 ( 2) L nfl( 2) N 3%1 [( 1)2 22] (34)
ap = Qi >y K1+ 7:%:1/ i+2)72 = —[(n+1)5 —23
t=0 ; ; 0 2
T-1 n—1 n—1 n—1
Z QO —1 S kldzd171 S %) Z(Z + 1)_1 = I{Q/ (Z + 1)_1 = R2 logn (35)
t=0 i=0 i=0 0

Substituting (33}33) into inequality (32) gives

o 28(f(x0) — f(@))[(n+1)5 —23] (1= B) e —a*|”
ot (L () = 7)) < 261 (1 — B)[(n +1)5 — 23] +3m[(n+1)%—2%}

(258 + 1)(G? + 62) kg logn

2

3(1 = B)ril(n+1)5 —25]

A.3 PROOF FOR THEOREM [3]

First, we introduce Lemma [I| which will be used in the proof for Theorem 3] We prove this lemma
later in this section.

Lemma 1. If sequences {&;}7~", € (0,1) and {k;}}_, C N satisfy:

K K
=(i+2)78, =<k <=,
(67 (67

where k1, Ko are constants, then

di < (Z—|—2)7%7 kiéti Zlil(’b'—FZ)i%, kzélzézl_l < 52(i+1)717 Vi:O,l,...,n—l.

(36)
Moreover, suppose T’ = 2?701 k;. If n > 1 the following holds
3 5 5 3K2 5 5
T+ 13 -28 <7< P+ 1) - 28], 37
Proof for Theorem[3| The derivative of the angular velocity model is:
, (1l + ea)
t) = ————
UOA( ) 27752

Define the gaps of partition IT : 0 = tg < t; < ... < t,, = T derived from the Algorithm 2]as
k/’iztprl—ti, ViZO,...,n—l.

Since we drop the learning rate every time the derivative of the angular velocity is smaller that §, we
have

Since € € (0,1/3ép), we have

2
T <<y ——. (38)
2yTdy; 3yTéy
Define k1 =, /27% and Ko = MT By Lemma L we have

di < (Z+2)7§, klOAzl 2/431(’@4—2)7%, kzdléél,l < K)Q(i""l)717 Vi:O,l,...,n—l.
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Then, by combining (39) with Theoremlwe could conclude that the sequence {xt}t o ! generated
by the Algorithm [2]satisfies

o < 28(f(@0) = fl@)[(n+1)5 —25] (1= B)|lzo —a”||”
=0 {E[( )= faly < 261(1 = B)[(n+1)3 — 23] 3k1[(n+1)5 — 23]

(258 + 1)(G? + 62) ko logn

5 o (40)
3(1 = B)ri[(n+1)5 — 23]
By Equation (37) in Lemma [T] we have that
-1 < 41T 28 <7< 224 1)F 28] < X2t
Therefore
(;Z;)%flgng(;i)%+1. 1)
Combining (1)) with (#0) gives
o 2B(f (o) = Fl@D((ZZ)F +141)5 — 23] (1—8)[lzo —=
E x ! 2 = 3 2
=0, (L) = Sl < 261 (1= B)((FZ)% — 1+ 1)F — 23] +3m[((§§;)3—1+1)3—2§]
. (258 + 1)(G? + 62k log((2L )3 + 1)
31— B)ka((£2)3 — 14 1)5 — 23]
_ 280 (o) ~ J@NGD? +28 =28 (1 - 5) oo — |
2r1(1 - B)[(3Z)% — 28] 3r1[(2Z)% — 28]
(258 + 1)(G? + 62)rz log((2L)F +1)
3(1 - B)rl(5 )5—2%}

—o(1°%).

A.4 PROOF FOR LEMMA[T
Proof for Lemmall] First, we show bounds from (36) one by one:
) a;=(i+2)73 <(i+2)°3.

i) kit = kv = k1(i4+2)73 > ke(i +2)75.

o=

2

iii) k;Gii—1 < Ko/ Qb1 = Kg(i + 2)_é(2 + 1) 3 (’L + 1)

Secondly, we compute T' = 2?2—01 k; according to the definition of k;. Because n > 1, the sum of
the sequence could be treated as an integral:

nl K2 5 5
T = Zk<n22\/7—ngz +2)3 =5 / (i+2)%:%[(n+1)3723],

and

n—1 K1
T= Zk >le\/7mz +2%fm/ (z‘+2)%:37[( +1)

1=0 =0

wlen
[\.’)
wlu
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B EXPERIMENTAL DETAILS

B.1 DATA SETS AND MODELS

The CIFAR-10 and CIFAR-100 data sets (Krizhevsky et al.| [ 2009)) consist of 50 K training images,
with 10 and 100 different classes respectively. For CIFAR-10 experiments we used a ResNet-18
(He et al.l 2016) and a WRN-28x10 (Zagoruyko & Komodakis, |2016) models. For CIFAR-100
experiments we used a ResNet-34 (He et al.,|2016) and a WRN-40x10 (Zagoruyko & Komodakis|
2016)) models. We do not use the dropout (Srivastava et al., 2014)) layers for WRN models in our
experiments. The implementation involving WRN architecture and CIFAR data set relies on publicly
available code<]

The ImageNet (ILSVRC-2012) data set (Deng et al., | 2009) consists of 1.2 M images divided into
1 K categories. We train a ResNet-18 (He et al., 2016)) model. We use model implementation from
PyTorch official model zod]

B.2 TRAINING SETUP

For CIFAR-10 and CIFAR-100 experiments we refer to (Zhang et al., 2019b) and (Zagoruyko &
Komodakis| [2016) for ResNet and WRN models respectively. For ImageNet experiments we follow
the training procedure proposed by (He et al.l 2016).

In all our experiments, for the baseline we use the same setting of hyperparameters (including the
learning rate schedule) as recommended in the referenced literature.

3https://github.com/meliketoy/wide-resnet.pytorch
*https://pytorch.org/vision/stable/models.html
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B.3 ADDITIONAL RESULTS
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Figure 8: Experimental curves for ResNet-18 model and CIFAR-10 data set. Top (from left to right):
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Figure 9: Experimental curves for WRN-28x10 model and CIFAR-10 data set. Top (from left to
right): learning rate and train loss. Bottom (from left to right): test error and zoomed test error.
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Figure 10: Experimental curves for ResNet-34 model and CIFAR-100 data set. Top (from left to
right): learning rate and train loss. Bottom (from left to right): test error and zoomed test error.
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Figure 11: Experimental curves for WRN-40x10 model and CIFAR-100 data set. Top (from left to
right): learning rate and train loss. Bottom (from left to right): test error and zoomed test error.
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Figure 12: Experimental curves for ResNet-18 model and ImageNet data set. Top (from left to right):
learning rate and train loss. Bottom (from left to right): test error and zoomed test error.
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