© © N O O A~ W N =

20

21
22
23
24
25
26
27
28
29
30
31
32
33
34

35
36

Refining Dual Spectral Sparsity in Transformed
Tensor Singular Values

Anonymous Author(s)
Affiliation
Address

email

Abstract

The Tensor Nuclear Norm (TNN), derived from the tensor Singular Value Decom-
position, is a central low-rank modeling tool that enforces element-wise sparsity
on frequency-domain singular values and has been widely used in multi-way data
recovery for machine learning and computer vision. However, as a direct extension
of the matrix nuclear norm, it inherits the assumption of single-level spectral spar-
sity, which strictly limits its ability to capture the multi-level spectral structures
inherent in real-world data—particularly the coexistence of low-rankness within
and sparsity across frequency components. To address this, we propose the tensor
£p-Schatten-¢ quasi-norm (p, ¢ € (0, 1]), a new metric that enables dual spectral
sparsity control by jointly regularizing both types of structure. While this formula-
tion generalizes TNN and unifies existing methods such as the tensor Schatten-p
norm and tensor average rank, it differs fundamentally in modeling principle by
coupling global frequency sparsity with local spectral low-rankness. This coupling
introduces significant theoretical and algorithmic challenges. To tackle these chal-
lenges, we provide a theoretical characterization by establishing the first minimax
error bounds under dual spectral sparsity, and an algorithmic solution by designing
an efficient reweighted optimization scheme tailored to the resulting nonconvex
structure. Numerical experiments demonstrate the effectiveness of our method in
modeling complex multi-way data.

1 Introduction

Modeling latent structural patterns in high-dimensional signals is a fundamental challenge across
domains such as machine learning and signal processing [28, 63, 30]. Real-world datasets are often
inherently multi-modal and high-dimensional (tensor-form), containing intricate dependencies that
cannot be adequately captured by naive modeling or vector/matrix-based representations [8]. A
common strategy to uncover these relationships is to impose a low-rank prior, which isolates essential
information and reduces the degrees of freedom, focusing on the principal components of the signal
[32, 2]. Traditional tensor decomposition methods, such as CANDECOMP/PARAFAC (CP) [7],
Tucker [47], and Tensor Train [34], have been widely used to model tensor signals [8, 27, 18, 59].
While effective in certain scenarios, these methods rely on the assumption of intrinsic low-rankness
in the original domain, which may fail to hold in complex, real-world applications. This limitation
has led to the development of transformed-domain modeling, where linear transformations like
the Discrete Fourier Transform (DFT) are applied to reveal more pronounced low-rank patterns.
Within this paradigm, the tensor Singular Value Decomposition (t-SVD) has emerged as a powerful
framework with notable success in applications such as image and video analysis [28, 63, 56, 52].

Building on the t-SVD framework, the Tensor Nuclear Norm (TNN) has become an extensively
adopted regularizer for low-rank tensor modeling [31, 63, 41, 14, 61, 29, 64]. By extending the
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Figure 1: Empirical illustration of dual spectral sparsity patterns in the transformed (DCT) domain
via t-SVD. (A) The t-SVD framework decomposes a tensor into frequency-domain singular structures.
(B)-Left: Singular value heatmap of the Salinas A dataset under t-SVD—each column represents
one frequency slice. Vertical decay reveals intra-frequency low-rankness, while horizontal variation
indicates sparsity across frequencies. (B)-Right, (C), (D): Cumulative energy curves for Salinas A,
Brain MRI, and Incisix datasets show that over 80% of total spectral energy is concentrated in the top
15%-30% frequency components, confirming frequency-wise sparsity. These observations support
the presence of a dual-level spectral structure and motivate regularization schemes that go beyond
uniform norms like TNN [63, 30] to jointly model frequency sparsity and low-rankness.

matrix nuclear norm to the tensor setting, TNN promotes low-rankness by enforcing element-wise
sparsity on singular values in the transformed domain [24, 63]. This formulation effectively captures
low-rank dependencies within individual frequency components.

However, a long-overlooked limitation of TNN lies in its assumption of uniform spectral regulariza-
tion, which treats all frequency components equally regardless of their relative importance. From a
signal processing perspective, this single-level sparsity design fails to account for the dual-level struc-
ture often observed in transformed tensor data. In particular, real-world tensors may exhibit strong
low-rankness within each frequency component along with sparsity across the frequency domain.
As illustrated in Fig.1 and further discussed in §3, empirical analyses of several datasets, including
hyperspectral images and medical imaging volumes, indicate that a small subset of frequency slices
contributes the majority of spectral energy. In addition, these dominant components often exhibit
pronounced low-rank structures within each frequency slice. These observations suggest the need
for a more flexible regularization framework that can separately characterize both intra-frequency
low-rankness and inter-frequency sparsity, instead of relying on a uniform scheme like TNN.

These limitations necessitate a new method capable of modeling both levels of sparsity. This raises
three interconnected questions:

RQ1 (Modeling): how to effectively model both intra-frequency and inter-frequency dependencies in
tensor data?

RQ2 (Theory): can we establish rigorous theoretical guarantees to validate such a framework, given
the challenges of analyzing coupled sparsity?

RQ3 (Algorithm): can efficient algorithms be designed to tackle the optimization challenges
introduced by the coupled sparsity structure?

To address these questions, we propose the tensor {,-Schatten-q quasi-norm, a novel framework
introducing dual spectral sparsity control to simultaneously model both within-frequency and across-
frequency dependencies. Specifically, parameter p governs sparsity among different frequency
components (RQ1), while parameter ¢ controls low-rankness within each frequency component. This
framework generalizes and extends TNN, unifying existing methods such as the tensor Schatten-p
quasi-norm [23] and tensor average rank [53] into a single, versatile framework.
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While our framework offers promising modeling capabilities, the coupled nature of this dual spectral
sparsity introduces significant theoretical and computational challenges. Our main contributions in
developing and validating this framework are as follows:

* Structural Modeling (RQ1): To the best of our knowledge, this work is the first to rigorously
formalize and explicitly model a coupled spectral structure within the t-SVD framework, where
inter-frequency sparsity coexists with intra-frequency low-rankness (Section 3). The proposed
£,-Schatten-g quasi-norm jointly models both inter-frequency sparsity and intra-frequency low-
rankness, while allowing separate control over each via parameters p and g. This formulation
captures hierarchical spectral structure beyond uniform regularizers such as TNN.

* Theoretical Guarantees (RQ2): We establish sharp minimax lower and upper bounds for tensor
estimation under dual spectral sparsity, covering both hard and soft regimes (Section 4). The
analysis introduces new techniques to characterize the complexity of coupled parameter spaces,
extending classical tools such as covering numbers and metric entropy to the tensor spectral setting.

» Optimization and Empirical Validation (RQ3): We develop a scalable proximal algorithm
tailored to the proposed quasi-norm (Section 5). It employs a reweighted ¢, /o approximation
and frequency-wise singular value updates in the transform domain, effectively handling the
nonconvexity and structural coupling induced by dual spectral sparsity. Experiments on real-world
tensor recovery tasks demonstrate the potential applicability of our method (Section 6).

The remainder of the paper is organized as follows. Section 2 reviews basic preliminaries. Section 3
introduces the proposed quasi-norm. Sections 4 and 5 present the theoretical analysis and optimization
algorithm, respectively. Experimental results are reported in Section 6, followed by the conclusion in
Section 7. Details on related work, proofs, algorithms, and experiments are provided in the appendix.

2 Notations and Preliminaries

Notations. For any positive integer d, let [d] := {1,...,d}. We denote vectors by lowercase
bold letters (e.g., a), matrices by uppercase bold letters (e.g., A), and 3-way tensors by underlined
uppercase letters (e.g., A). Constants, represented as ¢ and its variants (e.g., ¢, C), may vary in
value across contexts. For a 3-way tensor of size d; X da X m, we assume d; > do without loss of
generality.

For a matrix A € R% 92 we define o(A) as the vector of its singular values, arranged in descending
order. The spectral norm ||A|[spec and nuclear norm ||A||. of A are defined as the largest and the sum of
its singular values, respectively. For any tensor A, we define its £,,-norm as ||A||, := || vec(A)]|,, and
its Frobenius norm as ||A||r := || vec(A)||2, where vec(-) denotes the vectorization operation [22].
The inner product of two tensors A and B is given by (A, B) := vec(A) vec(B). For a tensor
A € REx%2Xm we denote its i-th frontal slice as A, , ; or simply A; when clear from context.

The t-SVD Framework. The t-SVD framework is based on the t-product operation, a generalization
of matrix multiplication to tensors, which operates under an invertible linear transform M [19].
By enhancing low-rank properties through specific linear transformations, this approach effectively
exploits intrinsic correlations within the data [61, 51]. This paper adopts the convention of using
orthogonal matrices for M due to their stability and computational advantages [29, 50]. Specifically,
for an orthogonal matrix M € R™*™_ we define the M -linear transform and its inverse on a tensor
T c Rdl Xda Xm as:

M(T):=Tx3M, and M YT):=TxsM ', (1)
where X3 denotes the mode-3 tensor-matrix product [19]. Using this transform, we introduce the
basic notions in the t-SVD framework.

Definition 2.1 (t-product [19]). The t-product of two tensors A € R%1Xd2Xm apnd B ¢ R2xdsxm
under the transform M in (1) is denoted by A #); B = C € R%1*d>xm where M(C) = M(A) ®
M (B) in the transformed domain, and ® denotes the frontal-slice-wise product of the tensors.
Definition 2.2 (M -block-diagonal matrix [50]). For a tensor T € R4 *2x™ its M -block-diagonal
matrix T € R4™xd2m g defined as

T := bdiag(M(T)) = diag (M(T)...1,- .., M(T):.m)

where M (T) is the mode-3 transform of T, and the operator bdiag(-) stacks the frontal slices as
diagonal blocks.
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We now formally introduce the t-SVD, as illustrated in Fig. 1-(A).

Definition 2.3 (t-SVD and tensor tubal rank [19]). The tensor Singular Value Decomposition (t-SVD)
of atensor T € R *d2Xm ypder the invertible linear transform M in (1) is:

T=UxyS*yV', 2)

where U € R4 X4xm and V € R%X92X™ are t-orthogonal tensors, and S € R%1X92X™ jg an
f-diagonal tensor. The tubal rank of T is defined as the number of non-zero tubes in S in the t-SVD,
i.e., T[b(I) = #{Z | Si,i,: 7& 0,’6 < min{dl,dg}}.

To further model the low-rank structure of tensors in the transformed domain, the tensor nuclear norm
(TNN) is proposed as a key regularizer in low-rank tensor learning:

Definition 2.4 (Tensor nuclear norm [31]). The tensor nuclear norm (TNN) of a tensor T €
R % d2Xm ynder the transform M are defined as ||T||. := ||T||« = [|o(T)|/;.

In this definition, TNN captures the element-wise sparsity of the transformed spectrum o(T) €
Rmmin{di,d2} allowing it to promote low-rank characteristics in the spectral domain. This property
has made TNN a foundational tool in tensor analysis, particularly for low-rank tensor recovery in
various applications such as image inpainting [30].

3 Dual Spectral Sparsity in the t-SVD Framework

Effectively capturing both intra-frequency low-rankness and inter-frequency sparsity (RQ1) is es-
sential for modeling structured tensor data. While methods like TNN emphasize within-frequency
low-rankness, they overlook sparsity across frequencies, limiting their ability to represent hierar-
chical dependencies. To overcome this, we introduce the £,-Schatten-g quasi-norm, a dual-sparsity
regularization framework designed to capture both levels of structure in a unified way.

Limitations of TNN from a Group Sparsity Perspective. According to Definition 2.4, the tensor
nuclear norm (TNN) promotes low-rankness by enforcing element-wise sparsity on singular values in
the transformed domain, effectively capturing intra-frequency low-rank structures. However, it applies
uniform regularization across all frequency components, regardless of their spectral importance. This
design fails to exploit the potential sparsity across frequency slices that is often present in real-world
tensors. Fig. 1 presents empirical evidence from three representative datasets—Salinas A', Brain MRI
[57], and Incisix [10]—demonstrating that only a small portion of frequency components accounts
for the majority of spectral energy. Specifically, more than 80% of the energy is concentrated in the
top 15%—-30% of frequency bands. Meanwhile, the singular value heatmap (Fig. 1(B)-Left) reveals
pronounced horizontal sparsity, indicating that many frequency slices contribute minimally. Within
each active frequency slice, singular values decay rapidly, confirming low-rankness.

These observations suggest a dual-level structure comprising inter-frequency sparsity and intra-
frequency low-rankness. From a group sparsity perspective, the spectrum o (T) can be partitioned
into groups, where each group corresponds to the singular values o (M (T). . ;) of a specific frequency
slice. TNN enforces uniform regularization across these groups, overlooking their heterogeneous
importance. As a result, it may underperform when modeling data with hierarchical spectral structures.
These limitations motivate a more expressive framework that separately accounts for both levels of
structure.

Hard Dual Spectral Sparsity. To address the limitations of TNN, we first define a hard dual spectral
sparsity structure, where the tensor is assumed to satisfy exact sparsity constraints across and within
frequency components. This serves as an idealized formulation that captures the extreme case of dual
spectral sparsity and provides a clean theoretical foundation for later analysis.

Definition 3.1 (Hard Dual Spectral Sparsity). A tensor T € R%1*92X™ jg said to exhibit (s, 7)-dual
sparsity under a linear transform M if it satisfies two constraints:

L. Inter-frequency sparsity: The number of active frequency components is limited to at most s.
Specifically, only s out of the m frequency components can have non-zero singular value vectors:
St I(o(M(T)..;) #0) < s, where (M (T). . ;) denotes the singular value vector of the i-th
frontal slice in the transformed domain.

1https ://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
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I1. Intra-frequency low-rankness: Within each active frequency component, the number of non-zero
singular values is constrained to at most r. This condition ensures a low-rank structure for

each frequency slice (Vi € [m)): Z;.n:iri{dl"b} I(o;(M(T)..;) #0) < r, where o;(M(T)..;)
denotes the j-th singular value of the i-th frontal slice of M (T).

This definition captures a strict form of dual-level structure by simultaneously enforcing sparsity
across frequencies and low-rankness within each active frequency slice. While such hard constraints
may be too restrictive in practical scenarios, especially where spectral contributions decay grad-
ually, they provide a clear conceptual framework to motivate and analyze the more flexible soft
regularization.

Soft Dual Spectral Sparsity. While the hard dual spectral sparsity model provides a clean conceptual
foundation, its strict assumption of exact sparsity and fixed-rank constraints is often impractical in
real-world scenarios. In many cases, singular values decay gradually rather than drop abruptly to
zero, and the true number of active frequency components may be ambiguous or noise-sensitive. To
overcome these limitations, we introduce a soft relaxation that allows for approximate sparsity and
low-rankness in a continuous manner. Specifically, we propose the £,,-Schatten-g quasi-norm, which
relaxes the hard dual-sparsity constraints into a soft dual spectral sparsity framework.

Definition 3.2 (Tensor £,,-Schatten-q quasi-norm). For a tensor T € R4 xd2Xm e define its tensor
¢,-Schatten-q quasi-norm (abbreviated as £,(.S,)-norm) as:

Qfs
S

m dy Ado
ITlle,cs,) = | D | D oy (M(T)...)" : 3)
i=1 \ j=1

where the exponents (p, q) € (0, 1]°.

In this quasi-norm, p governs the inter-frequency sparsity by promoting a group-wise regularization
across frequency components, effectively highlighting significant groups while suppressing others.
Simultaneously, ¢ controls the intra-frequency low-rankness by encouraging sparsity in the singular
values within each frequency slice, thereby modeling the intrinsic low-rank structure of the data.
This soft dual spectral sparsity framework provides a unified yet versatile approach to address the
hierarchical complexity of tensor data.

The /,,-Schatten-g quasi-norm encompasses several existing regularization methods: it recovers TNN
when (p, q) = (1,1)[31], approximates the average rank as (p, q) — (1,0)[53], and reduces to the
tensor Schatten-q¢ norm when p = ¢ [23], thereby offering greater modeling flexibility. Despite
generalizing these regularizers, it fundamentally differs by jointly enforcing global frequency sparsity
and local spectral low-rankness.

While TNN applies uniform regularization across all singular values, the £,-Schatten-q quasi-norm
introduces dual spectral sparsity control, modeling both inter-frequency sparsity through the £,-quasi-
norm and intra-frequency low-rankness via the Schatten-g quasi-norm. This dual-level flexibility
makes the proposed framework particularly well-suited for hierarchical and multi-scale data, where
dependencies and sparsity exhibit layered structures. By bridging the gap between element-wise
sparsity (as in TNN) and structured group sparsity, the ¢,-Schatten-g quasi-norm offers a more
expressive and adaptable approach, enabling precise control over structural patterns in modern
tensor-based analysis and recovery tasks.

4 Theory of Dual Spectral Sparse Tensor Estimation

This section develops the theoretical foundations of tensor estimation with dual spectral sparsity
structures (RQ2).

Challenges. Dual spectral sparsity, combining inter-frequency sparsity with intra-frequency low-
rankness, leads to a globally coupled structure that fundamentally differs from classical decoupled
models like TNN. The £,,-Schatten-g quasi-norm imposes interdependent constraints across frequency
slices, resulting in a highly non-convex parameter space with nested sparsity patterns. This coupling
prohibits slice-wise decomposition and complicates the use of standard tools. Accurately characteriz-
ing the estimation complexity demands novel extensions of covering numbers and metric entropy
that jointly capture discrete sparsity and continuous low-rank structure.
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To understand the statistical limits of learning under dual spectral sparsity, we analyze a simplified
but representative model: the Gaussian location model, where the observed tensor is corrupted by
additive noise. This setting preserves the core structural properties—inter-frequency sparsity and
intra-frequency low-rankness—while avoiding complications unrelated to sparsity itself. Within this
framework, we define structured parameter spaces that capture hard and soft variants of dual spectral
sparsity, and establish sharp minimax lower and upper bounds under each. These results reveal how
the joint effects of frequency selection and within-slice spectral decay determine the fundamental
estimation limits, and provide theoretical justification for our proposed regularization.

4.1 Gaussian Location Model

Consider the Gaussian location model (GLM) [25], where n independent noisy realizations of the
target tensor L* € R% > 42X are observed as:

Y, = L* +E;, i€ [TL], 4
where Y, € Rd1xd2xm js the observed tensor, L* represents the ground truth tensor of interest, and
E, € R4*4Xm denotes the noise tensor with entries independently drawn from N'(0, 0%). The
parameter o characterizes the noise level. To simplify the analysis, we consider the sample mean of
observations Y =n~' 3" | Y, =L"+E,where E=n"'3Y"" | E, is the aggregated noise tensor
with entries independently distributed as A/'(0, 02 /n). The goal is to estimate the ground truth tensor
L based on the noisy observations {Y;}?_,. In particular, we aim to recover L under dual spectral
sparsity assumptions.

Remark 4.1. We adopt the Gaussian location model to isolate the core effects of dual spectral
sparsity and the £,-Schatten-q regularization, avoiding additional complications from design tensors
or sampling operators in tensor regression [60, 51, 35]. This simplified setting enables cleaner

analysis and yields insights that extend naturally to regression problems under standard conditions
such as RIP [60] or RSC [51, 35, 33].

Dual Spectral Sparsity Assumptions. We consider three distinct sparsity models for L*:

Al. Hard dual spectral sparsity: Let L™ belong to the parameter space
To,0(s,r) = {L : at most s active frequency slices, each of rank at most r} . ®)
This model enforces exact inter-frequency sparsity and intra-frequency low-rankness.

A2. Hard frequency sparsity and soft rank constraint (hard—soft sparsity): Let L™ lie in
Toq(s, R) = {L: |{i: M(L)..i #0} <5, [M(L)..a%, <R Viem]}.  ©

This space imposes hard inter-frequency sparsity and soft Schatten-q constraints within each active
slice.

A3. Soft dual spectral sparsity: Let L* belong to the parameter space
Toa(R) = {L+ LI s,) < B} ™

Here, p promotes inter-frequency sparsity and g controls intra-frequency low-rankness via spectral
decay; R specifies the quasi-norm ball radius.

These parameter spaces offer different views on structured tensor estimation: the hard sparsity model
enforces strict thresholds, the hard—soft model balances structure with adaptability, and the fully soft
model captures gradual spectral decay. Our goal is to estimate L* and derive minimax bounds under
these assumptions.

4.2 Minimax Risk over Dual-level Sparse Structures

A key theoretical question in high-dimensional tensor estimation is: What are the fundamental limits
for recovering a tensor with dual spectral sparsity from noisy observations? To address this, we
establish minimax lower and upper bounds that characterize the best possible estimation accuracy
achievable by any estimator under dual spectral sparsity assumptions.

M(T) = inf sup B [JIL— L7 . ®)
L L*eT

where T is the parameter space. Following [29, 30], we consider d; = ds = d for simplicity.
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Theorem 4.2 (Minimax Bounds). The minimax risk under dual spectral sparsity satisfies the following
bounds under certain conditions®:

I. Hard constraints on both frequency sparsity and per-slice low-rankness:
2
M(To,0(s,7)) < T (s log oy srd) .
n s

II. Hard frequency sparsity with soft intra-slice Schatten-q constraints:

2 2 \1-3
M(Toq(s, R)) < U—slog MR <Jd> .
n s n
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p=2 p=2
R(22) " +R(Zm) " p>q
M(T,q(R)) << R> (UzTn)TJrR(lg;?n)T, p<q, m>d?,
q=2
R%("%")z : p<q,m<d

Theorem 4.2 establishes the fundamental limits of estimation accuracy under different dual spectral
sparsity structures. The minimax risk quantifies the worst-case squared Frobenius norm error that any
estimator must incur when recovering a structured tensor from noisy observations. The results reveal
the intricate balance between inter-frequency sparsity and intra-frequency low-rankness, showing
how these factors jointly govern estimation complexity:

L In the hard sparsity case, the estimation error consists of two terms: (i) slog(em/s), which
reflects the difficulty of selecting s active frequency components, and (ii) srd, which characterizes
the challenge of estimating rank-r matrices within each component.

IL In the hard-soft sparsity setting, the second term adapts to sR(n~'d)'~%/2, incorporating a
smoother spectral decay controlled by q. Smaller ¢ values impose stronger low-rank constraints,
effectively reducing estimation complexity by promoting more aggressive rank sparsity.

IIL. In the fully soft sparsity scenario, where both inter-frequency sparsity and intra-frequency rank
constraints are relaxed, the minimax risk follows distinct scaling behaviors across regimes. When
p > g, the error rate is dominated by ¢, sparsity, with .S; low-rankness playing a minor role. For
p < qgand m > d?, both the ¢p-ball and S,-ball influence the estimation error, demonstrating an
interplay between structured sparsity and low-rank regularization. When m < d?, the error rate is
dictated by S,, making it independent of m, emphasizing the fundamental role of rank constraints in
this regime.

5 Optimization for Dual Spectral Sparse Tensor Estimation

Efficiently solving tensor estimation problems with dual spectral sparsity (RQ3) is key to leveraging
the proposed ¢,,-Schatten-q quasi-norm in practice. However, this task presents substantial challenges
due to the non-convexity and coupled structure of this regularization.

Challenges. Even in the vector setting, optimizing dual-level sparse structures is notoriously difficult
due to the combination of non-convexity and structural coupling [15, 26]. In our tensor case, these
challenges are further compounded by the need to simultaneously enforce inter-frequency sparsity
and intra-frequency low-rankness. Most existing tensor optimization methods either treat frequency
components independently or impose low-rank constraints without spectral sparsity considerations,
making them ill-suited for the proposed dual-spectral regularization. The ¢,-Schatten-¢q quasi-norm
is non-convex whenever p,q € (0,1], ruling out standard convex optimization techniques and
necessitating a structure-aware, non-convex optimization strategy.

To address these difficulties, our approach is naturally motivated by the structural properties of
the problem. We adopt a proximal update scheme that takes advantage of the separability of the

2The conditions in each setting are provided in the appendix.
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transform-domain representation M (L), allowing frequency-wise updates, along with an iterative
reweighting strategy that facilitates optimization in the presence of non-convex regularization.

Proximal Operator Formulation. To handle the non-convex £,,-Schatten-q regularization, we adopt
a proximal update scheme that enforces dual spectral sparsity while remaining computationally
efficient. Specifically, at iteration ¢, the update is given by solving:

1 m

t+1 ; 2 p/q

L e angmin SIL—ZIF+ A" ML) ©)
where Z denotes the intermediate variable aggregating previous updates and gradient information.

Since the transform M (-) allows slice-wise decomposition [20], Problem (9) reduces to m subprob-
lems over frequency components k € [m]:

1
min o [[A — M(Z)..ill7 + AR (10)
k

is difficult due to the non-convexity and lack of smoothness of the Schatten-g quasi-norm, which
admits no closed-form or standard proximal solution in general.

where Ay, := M(L). . , denotes the k-th frontal slice of the transformed tensor M (L). Problem (10)

To efficiently approximate Problem (10), we adopt a reweighted £; /,-surrogate for || Ay, Hg{l ? based on
singular values:

d
>, wikoi(An)', (11)
. . o d q p/q—1 1/2 2q—1 . .
with weights defined as w; , = ( > i=1S), k+e) . (§1 & —|—e) , Where € is a small regularization

constant and g , := o;(M(L"). . ;) are the singular values from the previous iterate. The update for
each singular value then becomes a soft-thresholding step:

oI (M(L).or) = SV (0:(M(Z).,.1). (12)

- )\wiyk
where S%1/2 is the proximal operator for the £, s2-norm (see Appendix for closed-form expression).

After singular value shrinkage, we reconstruct each slice M (L'™). ., = Uy, - diag(e V) - V],

)

where Uy, and V, are from the SVD of M (Z). . .. Finally, applying the inverse transform yields the
updated tensor L' in the original domain.

6 Experiments

Having established the theoretical foundations and algorithmic framework, we now evaluate the
empirical performance of the proposed ¢,,-Schatten-¢q quasi-norm in tensor estimation tasks. We
conduct extensive experiments on three types of remote sensing data to demonstrate its effectiveness
in noisy tensor completion tasks.

Experimental Setup. We consider the noisy tensor completion which involves reconstructing a
tensor from noisy incomplete observations. Given a clean tensor L of size dy X da X d3, we introduce
i.i.d. Gaussian noise with standard deviation o = cog, where ¢ = 0.05 and oy = ||L|| /v d1dads.
A uniform sampling strategy is applied with sampling ratios p € {0.05,0.1,0.15}, meaning that
95%, 90%, and 85% of the entries are missing, respectively. Each setting is tested over 10 trials, and
the averaged PSNR (dB) and SSIM values are reported. To benchmark our method, we compare
the proposed £,,(S;)-quasi-norm against several low-rank regularizers, including matrix nuclear
norm (NN) [6], Tucker-based tensor nuclear norm (SNN) [27], TNN-DFT [62], TNN-DCT [31],
tensor k-Support norm (k-Supp) (k = 2) [51], tensor ¢1_o-norm (¢1_2) [42], tensor Schatten-p-norm
(p = 1/2) [23]. In our implementation, we set the sparsity parameters® to (p, q) = (0.8961,0.8966)
and employ the Discrete Cosine Transform (DCT) as the transform operator M (-). Details of the
experiments are given in the appendix.

3We first performed a coarse grid search over p, ¢ € {0.1,0.2,...,1.0} and observed consistent performance
peaks near p = ¢ = 0.9. We then manually fine-tuned within [0.88,0.92] based on PSNR, selecting (p, q) =
(0.8961, 0.8966) as the best-performing pair.
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Table 1: Results for noisy tensor completion on remote sensing datasets are shown below. The best
result in each case is highlighted in bold, while the second-best is underlined.

Dataset SR Metric NN SNN  TNN-DFT TNN-DCT k-Supp {;_»  Schatten-1/2 £,(S,) (proposed)
s PSNR 1521 2079 2255 26.52 258 2221 22.45 28.43
SSIM 02594 0.7547  0.5667 07384 05680 05524 04474 0.7374
SalimasA 105 PSNR 2062 2556 2572 29,61 7580  26.14 35.86 31.81
SSIM 04775 08384  0.7027 08403 07231 07197 06058 0.8484
s, PSNR 2309 2799 2806 3132 28.09  28.13 26.98 3323
SSIM 05643 08622  0.7804 08798 07810 07795  0.6505 0.8830
s PSNR 2044 2201 25.68 26.26 2570 253 24.68 27.05
SSIM 03895 0.6359  0.6293 06727 06280 06316 05361 0.6740
IndianPines  10g, FSNR 2223 2494 2745 28.40 2748 27.52 2572 28.92
SSIM 04836 07171  0.7226 07744 07219 07249 05991 07617
15 PSNR 2352 2661 2854 29.52 28.53  28.63 26.24 29.89
3% SSIM 05438 07668  0.7713 08177 07709 07741  0.6258 0.7997
s PSNR 2010 2095 2500 26.09 2508 25.09 24.96 26.99
* SSIM 03762 05096  0.6773 07283 06792 06793  0.6305 0.7422
Cloth 0 PSNR 2114 2272 2800 29.24 2812 28.14 7.98 30.63
SSIM 04341 05983 08132 08540 08143 08163  0.7668 0.8658
15 PSNR 2205 3418 3003 31.36 3008 30.11 39.50 3271
SSIM 04889 06783  0.8722 09054 08727 08733 08153 0.9090
s PSNR 2533 3009 3316 35.31 3319 3327 3343 36.95
SSIM 07147 0.8631  0.8917 09248 08921 08919  0.8240 0.9196
Hair 0% PSNR 2952 3335 3622 38.18 3617 3630 35.60 39.91
SSIM  0.8008 09122  0.9292 09535 09286 09296  0.8640 0.9517
15 PSNR 3112 3524 3800 39.88 37.91  38.07 36.46 41.52
SSIM  0.8364 09336  0.9449 09650 09442 09448  0.8735 0.9641
s PSNR 1633 182l 2543 26.47 2538 25.62 2539 27.91
* SSIM 02397 04942 06726 07223 06714 06733 05504 07115
JellyBeans 107 PSNR 812 2211 28.50 30.14 2847  28.67 28.41 31.95
SSIM 03169 0.6629  0.7900 08518 07902 07932  0.6905 0.8486
15 PSNR 1002 3467 3051 32.33 3052 30.61 29.96 33.97
SSIM 04053 07592  0.8489 0.9030  0.8504 08499  0.7516 0.8980
s PSNR 1319 1583 2806 27.99 2801  28.19 28.11 30.06
SSIM  0.1848 04759  0.8584 08707 08579 08603 07928 0.8759
PSNR 1467 1975  31.30 3162 3128 31.60 30.51 .67
OSUThermal = 10%  qgiM 02509 0.6504 09151 09326 09147 09168  0.8358 0.9272
15 PSNR 1627 225 3302 33.51 33.05 3311 30.99 35.09
SSIM 03273 07621 09315 09509 09321 09318  0.8373 0.9404

Datasets. We validate our approach on three categories of remote sensing data. First, for hyperspectral
images, we employ the corrected Indian Pines and Salinas A datasets from the AVIRIS sensor,
containing 200 and 204 spectral bands respectively. Due to computational considerations, we utilize
the first 30 bands in our experiments. Second, we evaluate on multispectral images from the Columbia
MSI Database, including Cloth, Hair, and Jelly Beans, each with dimensions 512 x 512 x 31 and
normalized intensity values in [0,1]. Finally, for thermal imaging, we use sequences from the
OSU Thermal Database, specifically the first 30 frames of Sequence 1, forming a tensor of size
320 x 240 x 30.

Results and Analysis. Table 1 summarizes the PSNR and SSIM results across different missing
rates. The proposed ¢, (S;)-quasi-norm achieves the highest PSNR, demonstrating its effectiveness
in preserving spectral information. Its SSIM results rank among the top two, indicating that our
approach better retains structural integrity compared to competing methods. These experimental
results demonstrate the effectiveness of the proposed ¢,,-Schatten-g quasi-norm in robust tensor
recovery, showing how characterizing dual spectral sparsity structures in transformed domains
benefits tensor reconstruction performance.

7 Conclusion

This paper identifies and formalizes a coupled spectral structure within the t-SVD framework, where
inter-frequency sparsity coexists with intra-frequency low-rankness. To capture this structure, we
propose a unified modeling approach based on the £,,-Schatten-g quasi-norm, which enables separate
control over spectral sparsity at different levels and generalizes existing tensor norms. We provide
sharp minimax guarantees under both hard and soft sparsity regimes, and develop an efficient proximal
algorithm tailored to this setting. Experimental results demonstrate the practical potential of the
proposed approach for structured tensor recovery.

Limitation. To highlight the fundamental properties of the proposed ¢,,-Schatten-g quasi-norm, our
analysis employs several simplifications, including Gaussian location model and idealized sparsity
patterns. While our optimization algorithm shows promising empirical performance, its theoretical
convergence properties remain to be established. These theoretical and algorithmic limitations suggest
important directions for future research.
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Appendix for
Refining Dual Spectral Sparsity in Transformed
Tensor Singular Values

This appendix offers a comprehensive supplement to the main paper, elaborating on the theoretical
foundations, algorithmic design, and empirical validation of our proposed framework. The materials
are organized to closely follow the development of our contributions, and are structured as follows:

¢ Related Work and Problem Context (Section A). We situate our formulation within the broader

landscape of tensor recovery and double sparsity literature. In particular, we highlight the
conceptual and technical departures from prior tensor nuclear norm (TNN) models and vector-
based ¢,,(¢,) regularization, emphasizing the unique challenges introduced by the coupled spectral
structure we study.

Notations and Technical Preliminaries (Section B). We formalize key notations under the
t-SVD framework and present supporting lemmas that underlie our entropy constructions and
minimax risk analysis.

Theoretical Results and Proofs (Section C). We provide detailed derivations of the minimax
lower and upper bounds for tensor estimation under dual spectral sparsity assumptions. These
results clarify how different regimes of (p,q) give rise to distinct statistical rates and phase
transitions.

Optimization and Experimental Details (Section D). We describe the implementation of the
ADMM-based optimization algorithm, including the reweighted /; /o-surrogate for handling

the nonconvex £,(S,) regularizer. We also report parameter tuning strategies, convergence
diagnostics, and additional performance metrics to support the empirical findings in the main text.
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A Comparison with Prior Work and Unique Technical Challenges
A.1 General Context and Related Work

Our work intersects with two major research areas: double sparse structures and tensor recovery
methods. We discuss each in turn and highlight how our work advances these fields.

Double Sparse Structures. Research on double sparse structures has demonstrated their effective-
ness in capturing hierarchical sparsity patterns across various domains. In genomics, these structures
model pathway-level and SNP-level sparsity in genome-wide association studies [39], while similar
hierarchical patterns appear in classification tasks [36, 17] and network analysis [48]. Methodolog-
ically, bi-level selection approaches [3] have dominated this field, evolving from the fundamental
group bridge method [16] to more sophisticated techniques like sparse group lasso [40], which
unified individual [44] and group-level [58] sparsity. Recent theoretical work by [45] has established
minimax bounds for double sparse regression, building on earlier investigations of general sparsity
structures [37]. [25] developed fundamental theoretical bounds for high-dimensional double sparse
structures by establishing novel metric entropy bounds over ¢,,(¢,)-balls using Gilbert-Varshamov
techniques, providing insights into the simultaneous estimation of group-wise and element-wise
sparsity. However, these approaches, while successful for vector and matrix data, cannot address the
fundamental challenge in transformed-domain tensor analysis: how to simultaneously model sparsity
across different frequency components and low-rank structures within each frequency component—a
gap our work bridges through the £,-Schatten-g framework.

Tensor Recovery Methods. Tensor recovery research has evolved along multiple methodological
paths, each addressing different aspects of multi-dimensional data analysis. Traditional approaches
utilize various decomposition frameworks: CP decomposition with techniques ranging from sum-of-
squares [1] to gradient descent [4], Tucker decomposition employing nuclear norm minimization [11]
and manifold optimization [55], and tensor train/ring decompositions using Riemannian methods
[5]. Recently, low-tubal-rank recovery has gained attention, with methods spanning both convex
approaches like tensor nuclear norm minimization [30] and non-convex alternatives such as Schatten-
p norm regularization [23]. However, existing tensor methods, particularly those based on tensor
nuclear norm (TNN), apply uniform regularization across all frequencies in the transformed domain.
While effective, this single-level sparsity treatment can be further enhanced to fully capture the
natural hierarchical patterns in real-world tensor data - for example, in hyperspectral images where
some frequency bands carry more information than others while each band itself exhibits low-
rank structure. Our £,,-Schatten-g framework extends TNN’s uniform regularization by introducing
separate parameters to control sparsity across frequencies (p) and low-rank structure within each
frequency (g).

A2 Why Our Framework Is Not a Direct Extension of TNN or /,,(¢,) Norms

While our formulation includes the Tensor Nuclear Norm (TNN) [31, 63] as a special case when
(p,q) = (1,1) and shares some similarities with ¢,,(¢,) norms [25] used in vector models, it is
structurally different from both. In particular, our framework captures a new interaction: sparsity
across frequency slices and low-rankness within each slice are jointly modeled and cannot be
separated. This type of coupling does not appear in previous models and leads to new technical
challenges in both theory and algorithm design. We explain the key differences below.

1. Comparison with TNN. The TNN penalizes the sum of all singular values across transformed
slices uniformly, assuming that each frontal slice contributes equally and independently. This
leads to a separable regularization structure, where each slice is processed in isolation.

In contrast, our proposed ¢,—Schatten-q quasi-norm:

* imposes sparsity across frequency slices via the outer £, term;
* induces per-slice low-rankness through the inner Schatten-q quasi-norm;

* couples these two effects non-separably, such that frequency selection and rank penalization
jointly influence the model.
This interdependence alters both the structure of the parameter space and the behavior of the
regularizer, breaking the assumptions underpinning existing theoretical and algorithmic analyses
of TNN.
2. Comparison with ¢,,(¢,) norms. The ¢, ({,) class has been studied extensively for vector-valued
and matrix-valued double sparse models, where group structures are known and fixed [25]. Our
setting differs fundamentally in both domain and geometry:
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 The group structure (i.e., frequency slices) is not fixed a priori, but emerges from a linear
transform applied to the third mode;

 Each group is a matrix with structured spectral decay, rather than a vector block;
* The regularization interacts with both the spectral geometry and the transform, which
invalidates direct use of existing entropy results.

These differences imply that established results for ¢, (¢, )-norm regularization do not extend to
our setting, and necessitate new techniques tailored to transform-domain tensor analysis.

This distinction in modeling leads to substantial new technical challenges, which we outline next.

A.3 New Technical Challenges

The coupled spectral structure in our framework introduces analytical and algorithmic challenges that
go beyond prior work. These arise across three key aspects:

1. Coupled parameter geometry and entropy analysis. The induced constraint set is no longer a
product of independent low-dimensional balls, but a hierarchically coupled space shaped by both
inter-group and intra-group constraints. To analyze its minimax complexity:

* We construct nonstandard packing sets that jointly encode group selection and low-rank
structure;

* We extend Gilbert—Varshamov-based arguments to spectral-domain tensor geometry (see
Lemmas C.9-C.15);

* Our bounds reveal multiple scaling regimes depending on (p, ¢) and tensor size, which are
not captured by standard sparsity or low-rank models.
2. Coupled structure complicates optimization design. Unlike models such as TNN, where the
regularizer decouples across frequency slices and admits closed-form proximal mappings, our
£,(S4) quasi-norm introduces two intertwined sources of difficulty:

* First, the nesting of £, and Schatten-g induces nonconvexity and nonseparability, for which
no closed-form proximal operator is available—even when one of the parameters is fixed;

* Second, the global ¢, term couples the optimization across slices, meaning that the reg-
ularization strength on one slice implicitly depends on the spectrum of others, breaking
slice-wise independence.

To address these challenges, we introduce a reweighted surrogate based on the ¢, /-norm, enabling
efficient frequency-wise updates that approximate the original regularization while preserving
its structural intent. These updates are embedded into an ADMM framework that maintains
computational tractability and spectral coherence across slices.

These challenges preclude the direct reuse of existing matrix or tensor tools, and motivate the new
statistical and optimization techniques developed in this work.
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B Additional Notations, Preliminaries and Lemmas

Additional Notations We use several asymptotic notations to describe the relationships between
functions. For the sake of clarity, we provide their definitions here:
* The notation f(n) < g(n) means that there exists a positive constant ¢ and a positive integer ng
such that for all n > ng, we have f(n) < c¢- g(n). This is equivalent to saying f(n) = O(g(n)).
* Similarly, f(n) 2 g(n) means that there exists a positive constant ¢ and a positive integer ng
such that for all n > ng, we have f(n) > c¢- g(n). This is equivalent to saying g(n) = O(f(n)).
* We write f(n) < g(n) if both f(n) < g(n) and f(n) 2 g(n) hold. This means that f(n) and
g(n) are of the same order.
* The notation f(n) = o(g(n)) means that for every positive constant ¢, there exists a positive
integer ng such that for all n > ng, we have |f(n)| < e - |g(n)].

These notations allow us to express the asymptotic behavior of functions concisely, which is particu-
larly useful in our analysis of algorithmic complexity and error bounds.

B.1 Preliminaries of t-Singular Value Decomposition

Due to space limitations, some concepts related to t-SVD were omitted in the main text. We provide
additional notions here.

Definition B.1 (Frontal-slice-wise product [30]). The frontal-slice-wise product of any two tensors
A € Rtixdaxm and B € R4 *42X™ denoted by A ® B, is defined as a tensor T such that

Iz,:,i = A:,:,i ‘B i€ [K]

10,00
where - denotes the standard matrix multiplication. The frontal-slice-wise product performs matrix
multiplication on each frontal slice of the tensors, resulting in a new tensor.

Definition B.2 (M -block-diagonal matrix). The M-block-diagonal matrix of any tensor T €

R xdz2xm " denoted by T, is the block diagonal matrix whose diagonal blocks are the frontal slices
of M(T):

T:.= bdiag(M(I)) = oo . c Rd1m><d2m.
M(T)")

This concept arranges the slices of a tensor in the frequency domain into a block diagonal matrix,
facilitating the theoretical analysis of t-SVD.
We further provide some definitions and properties related to t-SVD:

Definition B.3 ([19]). The t-transpose of a tensor T € R%1*92X™ ynder the M transform (as shown
in (1)), denoted by T, satisfies

M(TT)..0 = (M(D)...)", i € [K],
In other words, the t-transpose performs a transpose on each slice in the frequency domain and then

transforms back to the time domain. This operation is one of the foundations of t-SVD theory.

Definition B.4 ([19]). The t-identity tensor I € Ré4xdxm ynder the M transform satisfies that each
frontal slice of M (I) is an m X m identity matrix, i.e.,

It is easy to verify that T %), I = T and I x5, T = T hold for appropriate dimensions. The t-identity
tensor plays a role similar to the identity matrix in t-SVD.

Definition B.5 ([19]). A tensor Q € R?*4*™ ig called t-orthogonal under the M transform if it
satisfies

Q *wQ=QxnQ" =1

T-orthogonality is an important property of tensor transformations, ensuring that the inner product
and norm of tensors remain invariant before and after the transformation.
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Decomposability of Tensor Nuclear Norm Consider the reduced t-SVD of L* given by
L*=UxyS+y V'
where U € R4 X7 and V € R%X"X™ are orthogonal tensors, and S € R™*"*"™ is an f-diagonal
tensor. We define the projection operators P, (-) and P, . (-) as follows:
Pe(D) =Usnr U sar T+ Toar Vg VI = Uy Ul sy Ty Vi VO (13)
Por(T) = (L= Usnr U ) sar Ty (L= Vs V). (14)
These operators decompose the tensor T into components aligned with the sub-modules t-spanned by

U and V, and their orthogonal complements, respectively.
As shown in the appendix of [49], the following properties hold:

a). Any tensor T € R%1*2X™ can be uniquely decomposed as T = P, (T) + P, (T).

b). The inner product between the projections P,(X) and P,.(Y) is zero, ie.,
(P.(X),P,.(Y)) = 0, for all tensors X, Y € Rd1xdzxm,

¢). The tubal rank of the projected tensor P, (T) is at most twice the rank of L*, i.e., 71 (P4 (T)) <
2 - 1p(L*), for all T € R xd2xm,

Additionally, the following properties related to the tensor nuclear norm (TNN) can be established:
a). (Decomposability of TNN) For any tensors X, Y € R%*d2%m gatisfying X %, Y' = 0 and
XT x37 Y = 0, the tensor nuclear norm decomposes additively:
X+ Y[, = [[PX)l, + [P X)L, -

b). (Norm compatibility inequality) For any tensor T € R% *42X™ the tensor nuclear norm can
be related to the tensor Frobenius norm and the tensor rank as follows:

1T, < Vrw(T) - m - [|T]fg .
B.2 Additional Lemmas
The concept of covering and packing numbers play an important role in our remaining analysis.
Definition B.6 (Covering and Packing Numbers, [37]). Consider a compact metric space consisting

of aset S and ametric p: S x § — R*

* An e-covering of S with respect to the metric g is a collection {Ll, . ,LN } C & such that

for all L € S, there exists some L', i € {1,..., N} with o (L, L’) < e. The e-covering number
N(e; S, o) is the cardinality of the smallest e-covering.

* A J-packing of & with repsect to the metric g is a collection {Ll, LM } C & such that

0 (Li,Lj ) > ¢ for all distinct 4, j. The §-packing number M (§; S, o) is the cardinality of the
largest d-packing.

Covering and packing numbers provide essentially the same measure of the massiveness of a
set. In particular, the relation between covering number and packing number is described as
M(2¢;8,0) < N(&S,0) < M(e;S,0). These two quantities exhibit the same scaling behav-
ior as € — 0. Additionally, the logarithm of the covering number log N (¢; S, o) is known as the
metric entropy of S with respect to g.

Definition B.7 (entropy number). Consider a quasi-Banach space consisting a compact set S and a
quasi-metric o. N(¢; S, ) denotes the covering number with radius e. For k = 1,2, ... the dyadic
entropy number is defined as

er(S,0) =inf{e > 0: N(eS,0) <2871}

Lemma B.8 (Entropy number of Schatten-q ball [13]). Consider a d x d-dimensional vector space.
Suppose S is a Sy unit-ball and o is the metric induced by F-norm. Then, we have the following
theorem for q < 2:

1 forl1 <k<d (15a)

d d %_% 2
er(BS, (1), - 0) =4 § (7 ford<k<d (15b)
979 . d2a fork > d% (15¢)
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C Theoretical Results for Understanding of Dual-Level Sparsity for GLM

We now present a unified minimax analysis of our dual-level sparse framework. We begin by
establishing lower bounds on the Frobenius-norm loss for estimators operating over dual-level sparse
parameter spaces, showing the fundamental difficulty imposed by having to both identify nonzero
[frequency components and estimate each low-rank slice. Then, we turn to upper bounds by analyzing
constrained least squares estimators that match these lower limits. Finally, we extend our discussion
to more general £, (S, )-type parameter spaces, deriving analogous minimax rates and discussing how
the interplay between /,,-sparsity and Schatten-g low-rankness affects the overall error.

(I) Minimax lower bounds over ¢y-S; or {y-S,-balls. We first characterizes the worst-case error
any estimator must incur under two types of dual-level sparse constraints:

(a) £o-Sp case (¢ = 0), meaning we have at most s nonzero frequency components and each slice is
rank at most 7.

(b) £y-S, case with ¢ € (0, 1], meaning we again allow at most s active frequencies, but each slice’s
rank structure is relaxed into a Schatten-g-ball of radius R.

Theorem C.1. Consider the linear observation model Y, = L* + E, under dual-level sparse
spectrum, with n i.i.d. observations and noise variance o>. Then the following bounds hold:

(a) If g = 0and L* € T o(s,r), any measurable estimator L satisfies

2
inf sup  P(JL LI} > G 2 [s log(em) +57d]) >,
L LGT(},o(S,T) n

implying

(b) If g € (0,1] and L* € To (s, R), for any estimator L,

inf  sup P(IL-L} > {2 s log(22) + 5 R(%d) ) > &,
L LETU,(I(SVR)

which likewise implies
M(To (s, R)) = 3 Cof % slog(2) + s R (%d) 72 .

From the expressions in Theorem C.1, we see that the estimation complexity has two components:

(a) A term of order slog(“X*) captures the combinatorial cost of identifying which s out of m
frequency slices are nonzero.

(b) A second term quantifies the difficulty of estimating each slice, either in the rank-r case
q

(s7d) orin the Schatten-g case [s R (%-d) '~ %].

Hence, Theorem C.1 highlights a fundamental trade-off in learning dual-level sparse structures from
noisy observations.

(II) Minimax upper bounds over /y-Sj or {y-S,-balls. We next confirm that these lower bounds
are sharp by analyzing a constrained least-squares (CLS) estimator, defined for ¢ € [0, 1] via

L,e agmin |L- Y3, (16)
LeTo 4(s,R)

where Y = % Z:.l:l Y,. One shows that Lq attains an e-accurate solution with high probability as
soon as €2 is on the same order as the lower-bound terms in Theorem C.1.

Theorem C.2. Under the same dual-level sparse setups and i.i.d. noise model, the following hold:

(a) If ¢ = 0 and we form the estimator Lo by minimizing |L — Y||% over Too(s,r), then for any
e >0, ‘j—f [slog(2) + srd,

sup  ||Ly —L|% < €, (17)
LeToyo(S,T’)

with probability at least 1 — Cy exp(—Can €?).
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(b) If q € (0, 1] and we form Lq similarly over T 4(s, R), then for any €* > Cu{%2 S log(%) +
sR(Zd)'? }
LeTors (o) 1L, — LifE < < 49
holds with probability at least 1 — C exp(—Con €2).

These upper bounds match the lower bounds (Theorem C.1) up to constant factors, establishing the
£y-Sp or £o-S, rates as optimal. Consequently, we arrive at the minimax rates:

2 2 2 71
M(Too(s,7)) = 2 [s log( ) +srd| and IM(Toy(s, B)) = =[5 log(22)+5 R (2d) 2],

Thus, Theorem C.2 shows that the above CLS estimators are rate-optimal.

Remark C.3. As a corollary, the joint results of Theorems C.1 and C.2 show that the minimax rates
match up to constant factors in both the ¢y-S, and ¢y-5, scenarios. Specifically, for ¢ = 0:

0.2
M(To0(s, 7)) =< o {s log( <) + srd},

and for ¢ € (0,1]:
02 em 02 1_3
M(To,q(s. B)) = =[5 log( =) + s R (57d) ']

(ITT) Minimax rates over general /,,(S;)-balls. Finally, we move beyond the hard-sparsity con-
straints to the more flexible £,,(S,) spaces:

. P
Toa) = {L+ L} s, < R}
By combining similar lower/upper bound arguments (now requiring more subtle entropy and covering
results) we arrive at Theorem C.4: To avoid over-complicated scenarios, we assume
b
logm < R(ﬁ) 2 Splogm
logm < R(;z1057m)% < togom (19)

crd < R4 (2)# < Cyd.

Theorem C.4 (Minimax Rates for £,,(S,)-balls). Suppose p,q € (0, 1] and condition (19) holds to
avoid degenerate parameter ranges. Then the minimax risk over the {,,(S,)-ball is:

M(Tyq(R) =inf sup E[|L— L[]
L L €T, 4(R)

20\ 20\

R(z2) T +R(22) T, b

gm
S e (20)

a 2 2 p

= R (=) T R(es) T psam>
q—2
Ri(2e) 7 p<amsed

Examining (20) reveals three distinct regimes:

* p > q. The £,-type group sparsity dominates, rendering the Schatten-¢ penalties secondary.

e p < g, m > d? Both frequency-domain £,-grouping and intra-slice Schatten-g-norm jointly
control the risk, leading to a sum of two terms.

e p<gq, m<d? The S,-ball effectively saturates the error, making the risk independent of m.

Hence, ¢,(S,) quasi-norms admit richer, soft sparsity structures beyond the hard ¢,-Sy or ¢y-S,
constraints, but yield analogous minimax phenomena once careful covering-entropy or packing
arguments are applied.

In conclusion, these results unify the lower and upper bounds for dual-level sparse tensor estimation
under both hard-sparsity (¢y-Sp or £y-S,) and soft-sparsity (¢, (S,)) constraints. The key takeaway
is that the minimax error always balances identifying relevant frequencies with estimating each
slice’s rank structure. Hard- and soft-sparsity assumptions shift how these two aspects interact, but
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the big-picture story remains consistent: multi-frequency, low-rank modeling carries a fundamental
combinatorial cost (for frequency selection) plus a continuous cost (for matrix parameter estimation).
These findings rigorously justify the dual-level sparsity approach and characterize the fundamental
limits of any estimator hoping to learn such structured tensors from noisy observations.

Remark C.5 (On the Practical Validation and Use of Theorem 4.2). While Theorem 4.2 establishes
minimax lower bounds for dual-sparse tensor recovery under the ¢,—Schatten-g prior, directly
validating these rates through simulation is inherently difficult. This is because minimax guarantees
are defined over worst-case estimators, which are often inaccessible—especially under nonconvex
regularization. Even for vector-valued estimators with £,,(¢,) sparsity, constructing such minimax-
optimal procedures remains an open challenge when (p, ¢) are general.

C.1 Sketch of Minimax Proofs under Dual-Level Sparsity

Our proofs of the minimax bounds proceed by considering three successively more general forms
of dual-level sparsity, each requiring distinct technical arguments due to their underlying structural
assumptions.

(1) Hard-Hard Dual-Level Sparsity T o(s,r). When both the number of active frequency
components and the rank of each active slice are bounded by s and r, respectively, we construct a
packing set that simultaneously encodes frequency sparsity and low-rankness:

1. Support selection: First, choose which s frequency slices (out of m) can be nonzero, ensuring
a combinatorial factor (’:)

2. Within-slice low-rank matrices: Next, for each chosen frequency slice, define a family of
low rank < r matrices whose entries are set to a suitable scale ¢, ensuring the separation
properties

L —L7||Z > cosrdé® and |L' —L7|2 <2srdd?,

while also achieving large enough cardinality for the packing set.

Applying Fano’s inequality to this well-separated set establishes a lower bound by appropriately

choosing § \/ %2 [s log(“%) + sr d] . For the matching upper bound, we employ a constrained

least squares estimator and use covering number arguments (based on matrix rank< r covers and
frequency-support combinatorics) to show it achieves the same rate.

(2) Hard-Soft Dual-Level Sparsity Ty (s, R). When the frequency sparsity is still hard-
constrained by s, but each slice now belongs to a soft low-rank Schatten-q ball of radius R, the proof
becomes more intricate:

. . . . . . . 0'2 em
We decompose into (i) tensors with different frequency supports, incurring a cost of Z- s log(<™),

and (ii) tensors with the same support but different within-slice Schatten-g structures, contributing

2 =S
sR(Zd)'"2
* By ca?efully combining these two cases (through union bounds and entropy number estimates
for Schatten-g sets), we derive matching lower and upper bounds, again establishing minimax
optimality.

(3) Soft-Soft Dual-Level Sparsity T, ,(R). Finally, in the most general setting, both frequency
sparsity and low-rankness are relaxed into an ¢, (S,) quasi-norm. Here, the analysis must carefully
track how p and ¢ govern group-level versus within-group regularity:

* When p > g, the ¢, penalty dominates, so the rates follow primarily from frequency-sparsity
arguments.

« If p < ¢, we observe a phase transition depending on whether m exceeds d?. For m > d2, the
two penalties are both active, summing their respective complexities; for m < d2, the Schatten-¢q
term saturates the error, rendering it independent of m.

Technically, this requires sophisticated entropy tools, in particular Schiitt’s theorem on entropy
numbers for vector-valued sequence spaces, and a careful chaining analysis that tracks interactions
across frequencies and singular values in each slice.

Unified Upper Bound Approach. Although the detailed proofs vary, the estimation upper bounds
all follow a similar template via empirical process theory:

* For Ty (s, ), we rely on discrete packing/covering of finite-support rank< r matrices.
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* For Ty 4(s, R), we combine discrete frequency selection with known entropy results for Schatten-
q balls.

e For T, ,(R), we perform a chaining argument on ¢,(S,) quasi-norms, applying Schiitt-type
entropy estimates.

In each case, bounding the least squares estimator’s risk at the matching lower-bound rate confirms it
is optimal up to constants.

Across these three regimes of hard—hard, hard—soft, and soft—soft dual-level sparsity, the main
technical challenge is to precisely quantify the geometric complexity imposed by the interplay of
frequency sparsity and low-rankness (whether hard or soft). Once we derive suitable packing/covering
or entropy bounds, standard empirical process arguments transform that complexity into matching
lower and upper rates. Consequently, the minimax results show a consistent story: learning multi-
frequency structures involves a combinatorial cost from selecting active frequencies plus a continuous
cost from estimating each low-rank (or Schatten-q) slice, culminating in the optimal rates detailed in
our main theorems.

C.2 Proof of Theorem C.1
C.2.1 Proof of case (a)

Proof. For case (a), consider the srd

32 n
Lemma C.9, where N is its cardinality. We set all nonzero entries of each L' € T (s, 7) to
be 1, and define ¥* = L' 6, with § a parameter to be determined. Since each M (L') has at most s d
nonzero elements, for any 9" # 97, it follows that

19" = 7|2 = |M(9") = M()||f = 6% M (L") - M(LY) || < 2srdé?,  Vije[N]. @D

-packing set 'T'070(s,r) = {L',... ,LN} constructed in

On the other hand, from the construction of -T'o,o (s,r), we also have
[9° = 07|} > & srds®, Vi, je[N]. (22)
Using standard mutual information arguments [54] gives
_ 1 o
(Y5 ¥) < 5 Y KL || 97)
2) i#]
1 n i )
=D 55z 19 =l (23)
(2) =

n
—28rd52,
o

A

where KL(- || -) is the Kullback-Leibler divergence, and the last step uses (21). By applying Fano’s
inequality [43], we obtain
Zzsrd 6% +log 2

PO #9) 21— 28

where ¢ is uniformly distributed over the packing set '?070(3, 7). To ensure P( # 1)) > 1, it suffices

to choose
1 em 02
=1 [(Clrsal)+<C2SlOg(T))}srdn'

Substituting this choice into (22) and invoking Lemma C.9 completes the proof, showing that

inf  sup IP’[HLfLH% > 022 (rsd+ s log %)} > 1
L LeTo0(s,r) )

Finally, a Markov’s inequality argument yields the same lower bound in expectation. O

C.2.2 Theoretical Tools: Gilbert-Varshamov Theorems

The proof of case (a) requires a 537«2(1 -packing set T¢ o(s, 7). Before proceeding with the construction
of this packing set, we first introduce several versions of the Gilbert-Varshamov theorem that will be
crucial for our analysis. These results provide guarantees on the existence of well-separated binary
and K -ary codes.

The first version deals with binary codes containing the zero vector:
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Lemma C.6 (Gilbert-Varshamov Theorem for Binary Codes [46]). Consider a length-m code with
binary symbols (2-ary coding). There exists a subset Q3 = {wo, ...,wn} of the code book where
w; € {0,1}™ that satisfies:

* The zero vector is included: wy = (0, .. .,0).

* The minimum Hamming distance is bounded: dg(w;,w;) > m/8 forall0 <i < j < N.

* The set size is exponential: N > 2/8,

This lemma guarantees the existence of a large set of well-separated binary vectors, which will be
used to construct the low-rank matrices M (L). . ,, within the k-th (k € [m]) frequency component of

L € R%1xd2Xm ip the transformed domain defined by M in (1).
Then, for more general alphabets beyond {0, 1}, we have:

Lemma C.7 (Gilbert-Varshamov Theorem for K-ary Codes). For a length-m code with K-ary
symbols, there exists a p-separated set whose cardinality is at least:

K™
> 1 /m ;
Zig;() (i)(K_ 1)

where o denotes the minimum Hamming distance between any two codewords.

NK(mv Q)

Further, for codes restricted to a Hamming sphere, we have:

Lemma C.8 (Gilbert-Varshamov Theorem for Bounded-Weight Codes, [54]). Consider the Hamming
sphere of radius s for a length-m code with K-ary symbols. There exists a p-separated set within
this sphere with cardinality at least:

(™) (K~ 1)°
N m,s, e 1 :
w600 2 ok oy (g 1

A particularly useful special case occurs when ¢ = ¢y s and we consider binary coding (K = 2):

NQ(m7 S, Q) > (em/S)CQS (25)

(24)

where ¢; and cg are absolute constants.

Lemma C.9 (Existence of a Packing Set). There exists a packing set %070(8,7“) C Too(s,T)
satisfying the following properties:

1. Frequency sparsity constraint: Each tensor in T o(s,r) has at most s nonzero frequency
components.
2. Low-rank structure: Each frequency component is represented by a matrix of rank at most r.

3. Separation property: Any two distinct tensors L', L? € '7'070(5, ) satisfy:

d
L2 > T4 2
e 29
4. Cardinality: The packing set has size at least:
\'T'070(5,r)\ > (em/s)®’ L grsdi/32 > exp(crsdy + caslog(em/s)). 27

Proof. We now construct our packing set To o(s,7) C T o(s,r) through a sequence of carefully
designed steps. This packing set must be sufficiently rich to capture the essential complexity of
To,0(s, ). The construction must simultaneously enforce frequency sparsity bounded by s, maintain
the low-rank structure within each frequency component characterized by r, and ensure good
separation properties across all constructed sub-sets at each step.

Step 1: Selection of Non-zero Frequencies First, we determine a subset I' C I of the support of the
m frequency components. This step establishes the frequency sparsity pattern of our tensors L in the
transformed domain defined by M (-). We proceed as follows:

1) Ensure frequency sparsity: First, we use a 2-ary code of length m on the Hamming sphere of radius
s to represent possible support patterns.

2) Ensure sufficient separation: Second, by requiring the code to be s/4-separated, we can guarantee

the existence of a set I' with a minimum number of frequency patterns by Lemma C.8:
Na(m, s,s/4) > (em/s)* > exp(cslog(em/s)) (28)

where c is an absolute constant.
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gs1  Step 2: Construction of Low-rank Matrices We then consider constructing appropriate low-rank
gs2  matrices. Without loss of generality, assume d; > ds. Motivated by [21], we first construct the set of
883 matrices Ajgw-rank as follows:

ss4 For positions (¢, j) of a matrix A € Ajgy.rank With ¢ < 7 and j € [da], we set A; ; € {0, 1}, and for
ss5  all other positions (i.e., 7 > ), we set A; ; = 0.

sss Then, we can ensure that rank(A) < 7, VA € Ajow.rank. Further by Lemma C.6, this construction
ss7 yields a {0, 1}-code of length rd,, for which we can find a subset {0,A', ... A"} satisfying:

sss 1) Sufficiently many low-rank patterns: Ny > ordi/8,

ss9 i) Sufficient separation: The Hamming distance dz7 (A*, A7) > rd; /8 forall 0 < i < j < Np.

890 In sumamry, by construction, we can find the matrix set Alow_rank = {Al7 - ,AN °} that satisfy:

> le /8

|Alow-rank| > 2rd1/8’ rank(Ai) <r, HAl < le, |

HF>rd1/8 and HA’

Iz Iz

so1  Step 3: Assign Low-rank Patterns for a Fixed Frequency Pattern Now have founded the s-sparsity
892 frequency support patterns in I and the r-low-rank frequency matrices in Alow_rank. We then need to
893 assign appropriate low-rank patterns to each selected frequency v € I. This step requires careful
g4 consideration of both the separation properties and the cardinality of our construction.

sos  Motivated by the proof of Lemma 3 in [25], we consider the following analysis:

ges 1) From Step 2, we know that each frequency component can take |A1OW rank| > 2rdi/8 different
897 low-rank patterns. This gives us a large alphabet size for coding each frequency component.

ses  2) We can view this as a \Alow_mnk|-ary coding problem for each selected frequency, where we also
seo  need to ensure the resulting codes are s/2-separated in Hamming distance.

o0 3) For a fixed frequency sparsity pattern v € I', we can lower bound the cardinality of the resulting
901 set T, according to Lemma C.7 as follows:

(2rd1/8)5
RG]

(2rd1/8)s
= Ej/% 1 ( )(2rd1/8)9/2 1

rd 30
N (2rdi/8)s (30)
— 9s. (2rd1/8)s/271
(27'd1/8)s/2+1

25
_ 27'sd1/16—s > 2rsd1/32

N\l\luwmnkl (s,8/2) >

902 The inequalities above are derived through the following steps. The first inequality follows from the
903 application of the Gilbert-Varshamov theorem for K -ary codes. The second inequality is obtained by
904 upper bounding (27%/8)? — 1 with (2791/8)s/2=1  The third inequality results from bounding the
905 sum of binomial coefficients by 2°. Finally, the last inequality holds under the assumption that rd; is
906 sufficiently large, specifically rd; > 32.
907 Step 4: Integration of Frequency Sparsity and Low-rankness Now, for each v € I, we have
908 found a set of tensors 'f7 specified by <. Then, we totally found a set T of at least \f| . grsd1/32
o0 tensors. Next, we will show that T the ideal packing set 'T'o,o(s, ) of To,0(s,r) we are looking for.
910 We consider two cases:
Case 4.1: Different Frequency Sparszty Patterns When any two tensors L' L? ¢ T in our construction
have dlfferent frequency supports y!,~v? € I, then according to the construction of I, the frequency
supports ! and 42 are s/2-separated. That means the tensors L 1 L? have at least s /4 different
frequency positions, thus the distance

. o s rd srd
L LA = ) -z T =

911
Case 4.2: Same Frequency Sparsity Pattern When any two tensors L', L? € T in our construction
have the same frequency support v € I, then according to the construction of T.,, there are at least
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s/2 different low-rank patterns of Ll , LQ. That means the tensors Ll,L2 have at least s/2 frequency
positions that are rd; /8 separated, thus the distance

- =5 T =
2 8 16

Combining both cases, we can conclude that the cardinality of our constructed set is at least:

IT| = H IT,| > (em/s)° - 251 /32 > oxp(errsdy + caslog(em/s)),
~erl

3D

which completes the proof. O

C.2.3 Proof of case (b)

Proof. Here, we assume the tensor L has hard frequency sparsity (at most s nonzero frequency
components) but a soft low-rank constraint on each active slice, enforced by a Schatten-q ball of
radius R. Proving a minimax lower bound under this mixed constraint is more subtle than in case (a).
Specifically, we split the argument into two complementary subcases:

* Subcase 1: The location of the s nonzero frequency slices varies among tensors, but within each
active slice we use the same low-rank matrix (scaled by some ¢). This isolates the combinatorial
complexity of deciding which frequency slices are nonzero.

* Subcase 2: The set of active frequency slices is fixed, but the matrix in each slice can differ (still
subject to the Schatten-q ball). This reveals the complexity arising from “soft” rank variations
within each frequency component.

By analyzing each subcase and then applying a union bound, we show that any estimator must fail on
at least one scenario with nontrivial probability, yielding the desired lower bound of order

2 [slog(2) + s R (22 a) 2],

Step 1: Constructing a suitable matrix family A. Before detailing subcases, we define a set of
rank-< r matrices A that, when properly scaled by J, remain inside the Schatten-¢ ball of radius R.
Concretely,

A:={A:Acsx {01} |Allp < rd,rank(A) < 7},
where J satisfies:
> o}(A)<d*rd and Y ol(A) <R
i=1 i=1
From a simple calculation, letting
1 1
6= (R/r)id 2
ensures each A € A actually lies in the Schatten-q ball of radius R. This “reference family” A will
be used in subcase 1 to examine which frequency slices are activated.

Subcase 1: Different frequency supports but the same slice matrix. In this subcase, we focus on
“which s slices are nonzero?” while fixing the same rank-< r matrix across those slices.

(i) Fix a baseline matrix A € A. Since ||A||s, < R under our choice of §, we can replicate A
across active slices without violating the soft rank constraint.
(ii) Choose different frequency supports. By a combinatorial argument similar to Lemma C.9,

we know there exists a family I' of cardinality at least

c1s log(%)
that enumerates possible subsets v C [m] of size s. Define
Toq(s,R,A) = {y®A:yel}
Each tensor in this set places the same A (scaled by ¢) in different positions =y, capturing up

to s activated slices.
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(iii) Packing separation. If two different supports v and 47 differ in at least s/4 coordinates,
the corresponding tensors L, L7 differ by at least ¢y s d 62 in Frobenius norm (for some
constant ¢ > 0), while they differ by at most 2 s 7 d 62 if the supports overlap substantially.
Thus, To4(s, R, A) forms a (co s r d §2)-packing set.

(iv) Mutual information & Fano. As in case (a), using KL(L||L?) ~ 5oz |L’ — L7||% and ap-
plying Fano’s inequality, we show no estimator can distinguish all elements of 'T'07q(s, R,A)

with probability above 1/2if § ~ % log (). This step isolates the combinatorial cost
slog(“2*) in the final bound.
Subcase 2: A fixed frequency set but different slice entries. Now we fix which s slices are
nonzero (i.e., fix some v € I'), but allow different matrices in each of these slices. Since the slices are
constrained by ||B;||s, < R, we consider a large packing of s-tuples (By, ..., B;), each B; rank-< r,
lying in the Schatten-q ball. Formally,

'T'g,q(s,R, v):={L:M(L)..; =B, fori € [s], M(L). ., = 0 otherwise; B € (B‘éq(R))s}.

Repeating the packing-based argument (analogous to steps 2—4 in Lemma C.9), we build a family

in which every pair L*, L7 differs by at least s srdé*in|| - || p. An information-theoretic (Fano)
calculation then shows no estimator can identify all such slice-tuples simultaneously with high
q

1_7

probability (e.g. above 7/8). This yields a second component in the lower bound tied to s R (%Zd) 2,
reflecting the intra-slice degrees of freedom from the Schatten-g ball.

Combining the two subcases via a union bound. An intuitive way to see the final bound is to

note that any estimator L. must work both when the s nonzero slices vary in location (subcase 1) and
when they are fixed but each slice can vary in a Schatten-g manner (subcase 2). By a union bound,
the probability of success in both subcases is at most the sum of success probabilities, ensuring that
some scenario fails with positive probability. Thus we obtain a probability statement of the form

~ 2 9
inf sup P[|L—-L|% > c(slog(®) +sR(Zd)' " 2)] >0
L LGTqu(S.’R)

for some constant ¢ > 0. A final Markov or Chebyshev step then converts this probability bound to
an expectation form, concluding the lower bound in the minimax sense.

Detailed union-bound argument. More explicitly, one shows that subcase 1 alone forces a risk at
least

0_2

q
2 [slog(“™)], and subcase 2 alone forces arisk of at least s R (%Qd)l_ 2

So the event of “L having small error on both subcases” is bounded by the sum of their separate
probabilities (i.e. a union bound), leading to the conclusion that any estimator must fail on at least
one scenario with probability at least a fixed positive constant. From this, we deduce

inf  swp  E[JL-LJ}] 2 2 [s log(<) + sR(2d) ],

L L€T07Q(S,R)
which completes the proof for case (b). O]
C.3 Proofs of Theorem C.2

Before formally providing the proof of upper bounds, we provide some useful technical lemmas.

C.3.1 Technical Lemmas for upper bounds
We first prove the upper bounds for the covering number of the parameter spaces.

Lemma C.10 (Upper bounds for the covering number). Denote N(T,|| - ||r, €) as the e-covering
number of parameter set T.

(a) Forq=0ande € (0,1], let Smd*~1 . {L € R¥*dxm . |L||p = 1}, then we have

log N(g; Too(s, )N s#m-1, [ -[lF) < slog oy 2srdlog
s

1
e/Vs
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(b) Forq € (0,1] and for all £ € [cq\/SR7d3 7, cq\/sR1),
}{2
em SIv? | _q
log N(;To (s, R), || - IF) Sq slog e + s(C'q—E2 )Tad.

Proof. Case (a): Any tensor L € Ty (s, ) has at most s nonzero frontal slices in the transformed
domain M (+). Denote the nonzero slice indices by

I'L)={ie[m]: M(L)..; # 0}.

Since |T'(L)| < s, the total number of ways to pick these supports is bounded by (). Therefore,

log (7:) <s log(%).

This accounts for selecting which frequency slices are potentially nonzero.
For each fixed support v C [m] with |y| < s, we need to cover the set of matrices {A € R**? :

[|AllF < 1, rank(A) < r} in the || - || metric by balls of radius e/,/s. It is a standard fact

(see, e.g., [38]) that the d-covering number for rank-< r matrices of Frobenius norm at most 1 is
upper-bounded by

N(&; (A ||A]lF < 1, rank(A) < 7}, |- ||F) < exp(Crd log(%)),
for some constant C' > 0. Substituting § = £/4/s < 1 gives a covering number of order
exp( Crd 1og(§)>.
Taking logarithms yields
log N (2 {A: Allp < 1,rank(A) <7}, ||+ || S rd log*£).

Given s nonzero frequency slices, each can be approximated by a matrix in the covering set with
radius £/+/s. Since there are at most s active slices, the total squared error in Frobenius norm sums
up to at most s - (¢/+/s)? = 2. Hence,

(Total covering number) < <1?> X [exp(C’ rd log(é))} S-

Taking logarithms and using log (7:) < slog(“™) completes the argument:

1ogN(5; To.o(s, r)nS™ 1, H”F) < slog(%)Jrs [rd log(é)} =5 log(%>+2srd log(T{/g),

possibly absorbing constants into the notation. This completes the proof of Case (a).
Case (b): We now analyze the covering number of Ty ,(s, R) by leveraging the entropy properties
of Sy-balls.

To construct an e-covering of Ty 4(s, R), we first define a covering set ]E‘éq (R) of IB%dSq (R) with
respect to the Frobenius norm, where each covering element approximates a matrix within ]Bdsq (R)
with an error at most %

Forany L € Ty 4(s, R), its j-th frequency component satisfies M (L)..; € ng (R). By the definition
of a covering set, there exists a matrix A’ € qu (R) such that: |A7 — M(L)..;||2 < %

This guarantees that any element in T ,(s, R) can be approximated using a combination of s selected
frequency components from m total frequencies, each of which is covered by ﬁgq (R). Using this,
the covering number of Tg 4(s, R) satisfies:

NG Toals B 1) < () (W88, (R )

Here, the first term accounts for the number of ways to select s active frequency components, while
the second term reflects the covering number for each selected frequency component.
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Next, we employ entropy estimates for S,-balls. From (15b), the entropy number of ng (1) satisfies:

ex(BE (1) = % S (Z)

Inverting this relation to express & in terms of €, we set:

Q=
N

€
b= ton ¥ (S B, (000 )
which, after allowing for a ball radius RY 9, leads to:

q
3

J _ sRa\> "
log N (\/E,BSQ(R%H : ||F> = (Cq 2 ) d.

The constraint on ¢ ensures that k € [d, d?], keeping the bounds valid.
Combining these results, we obtain:

em 3
1 N Tog (5,0, ) g s1ow 2+ stog N (=588, (). I )

Rz 23(1
em Siva

<, slog — C,—— d.
Nq50g5+8<q52>

This bound quantifies how the covering number of Ty ,(s, R) depends on the sparsity level s, the
dimensionality d, and the spectral decay parameter q. O

Refined Statement and Explanation. We begin by defining a function f(T;X) for a tensor
T € R¥¥4X™ and some data structure (or random tensor) X'. We consider a constrained supremum

sup  f(T; &),

o) <vTeT

where o : R?*4X™ _ R¥ is an increasing constraint function and T is any nonempty collection of
tensors. Let v > 0 be a fixed threshold, and define the event

PARES {X : 3T € T such that f(T; X) > 2g(g(1))},

where g : R — R™ is strictly increasing. Our aim is to bound P(£), i.e. the probability that there is
some tensor T with constraint o(T) < v for which f(T; X) exceeds 2 g(o(T)). This setup is quite
general: for example, f might be a residual or cost function in an empirical process framework, o(T)
might measure the size or norm of T, and g could be a nondecreasing penalty or bound we wish to
enforce.

Lemma C.11 (Peeling Bound). Lemma 9 of [37], reproduced below, gives a powerful “peeling”-type
argument. It says that if we can control

P sup S(02) > g(0)] <2 exp—can g(v)
T:o(T)<v

for some constants ¢ > 0 and a,, > 0, then one can derive a stronger tail bound for P(£). Formally:

Lemma C.11 (Peeling, Lemma 9 of [37]). Suppose that for all v > 0, we have g(v) > . Then
there exists a constant ¢ > 0 such that for all v > 0,

}P’{ sup  f(T; &) > g(V)} < 2 exp(—cay g(v)).
TET, o(T)<v

Hence,

- . . 2 exp(—4cay p)
P(€) =B(3TeT: f(I:X) > 29(e(1)) < i s
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Why “peeling” is useful. This lemma effectively “peels” off the largest values of o(T) in layers
and bounds the supremum in each layer by g(v). One then aggregates or unions over these layers to
control the probability that f(T; X’) can exceed 2 g(o(T)) for any T. Such arguments often appear in
minimax or empirical process proofs, where one partitions the parameter space according to o(T).

Additional Lemmas for Dual-Level Sparse Spectra. In our dual-level sparse setting, we require
more specialized versions of standard covering or chaining arguments. For instance, Lemma C.12
below extends Lemma 6 of [37] to handle an £y-type frequency-sparsity set with max(s) active slices
and max(r) rank constraints:

To,0(s,7)(2s,2r) = {L: #{nonzero freq. slices} < 2s, rank(M(L):M«) < Qr}.
We also define
S(Too(s,7)(25,2r). p) = [Too(s,m)(2s,20)| 0 {L+ LIk < p}.

Lemma C.12. There exist positive constants C1,Co > 0 such that for any p > 0,

= 1
sup <E,L>‘<C ap\/ {slog(e )—l—srd]
Leg (Tgyo(S,T)(28,27'), p)
with probability at least 1 — Cy exp(—Cy [slog(2) + srd]), where E is the (scaled) noise tensor.

Sketch of proof. This follows from Lemma 6 of [37] if we replace the covering number for a naive
£y-ball by the more specific covering number of T o(s,7)(2s,2r). The detailed estimate of that
covering number is provided by part (a) of Lemma C.10. Essentially, one shows that among all
frequency-sparse and rank-limited tensors of Frobenius norm up to p, the uniform covering can
be done with cardinality roughly exp|[s log(£2) + s dlog(1)], and then translates that into a tail

bound on supy, (E, L).

A chaining argument (Lemma C.13) for the hard-soft setting. When frequency sparsity is still
“hard” but the rank constraint is “soft” via a Schatten-g ball, we adapt the standard chaining approach
to Ty 4(s, R)(2s,2R), i.e. the set of tensors with up fo 2s active frequency slices and each slice
having Schatten-q norm up to 2R. Let

S(Toq(s, R)(25,2R), p) = To4(s, R)(25,2R) N {L: |L]|r < p}.
We would like to show a tail bound of the form
— slog( d %7%
sup (& L) < ( L VsR(4)21)
LeS(To.4(5.R)(25,2R) )

with high probability. The chaining lemma from [12] is invoked, requiring a delicate construction of
small ¢ and an integral bound on the covering number N (¢; S(To 4(s, R)(2s,2R), p), || - | r)-

Lemma C.13 (Chaining bound). Assume

log(€m) < CQan. (32)

Then there exist constants C's, Cy > O such that for any

em 1l g
ch( SI%(S)+,/SR(%)2 4)7

sup \<E,L>|s(\/K+F( )

LeS(To,4(s.R)(25,2R), )

we have

l\’)\»—l

q
4)p

with probability at least

1-Cs exp{ Cy n(SlL(T) +sR (%)17%)}
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Proof. Following the approach of Lemma 7 in [37], we aim to construct a constant § that satisfies the

conditions
Vné > Cip, (33)
and

Cov/id > / Jlor N (18T (25,2R), 1. 1)t = J(p.9), (34)

where N (t; S(To,4(2s,2R),p), | - ||F) denotes the ¢-covering number of FSV(Tqu(237 2R), p).
Applying Lemma 3.2 in [12], we obtain that for |[E||Z < 16,

né>

P L sup [(E,L)| >4, |[E|f <16| < Csexp(— 047)
L

€S(To,4(25,2R),p)

Since each entry of E is drawn from N (0, ”—:), applying standard tail bounds for 2 random variables
[37] yields ~

P[|E[f > 16] < C5 exp(~Con).
Consequently, we obtain the bound

2
P l sup (E,L)| > 3| < C3 eXp(—C4npiz) + Cs exp(—Cgn).
LeS(

S(To,4(25,2R),p)

Next, we construct § to satisfy conditions (33) and (34). Define

/slog €2
6 =p (i 4444§§T45L* + Lu:) 5

where w > 0 is a constant to be determined later. This choice immediately satisfies (33). For (34),
using condition (32), we set

1 em 1
p:sz< e VAR Z)/\\/ERq.

It follows that (=% 15> p) lies within the valid range of ¢ in Lemma C.10. By applying part (b) of Lemma

C.10, we obtain
/ \/logN S(To.q(25,2R), )) dt

g/ \/231ogm+25(82R3)2‘“ddt
0 S t
< y/2slog ?p+ \/i(sR)ﬁ\/gplfﬁ.

Dividing both sides by \/nd gives

< 2slog <* p—l—\stzq\fp =
N p,/slog%—i—p\fw

Setting w = \/ﬁ(sR)fq \/%pl_%q ensures that

Thus, condition (34) holds.
Finally, we conclude that
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Substituting into our probability bound, we obtain

PL sup KEUD( “gs+¢ﬁdﬁz>4

€8(T0,4(25,2R),p)

slog <2 A
< (:23 exp (:C747l (: - S+ sR (:71:) :) :) y

which completes the proof of Lemma C.13. O

C.3.2 Proof of C.2
We analyze the constrained MLE estimator in (16). Since for any ¢ € [0, 1], the estimator satisfies

1Y — L[} < ¥ - L*[,

rearranging terms gives
IL, — L[| < 2|(E,L, — L")|. (35)

Proof of Case (a)

Proof. For case (a), since both Lo and L* belong to To,0(s, ), their difference satisfies
LO —L* € To,0(2s,2r).

Applying Lemma C.12, for any p > 0, we obtain

™ 1
sup (E,L)| < Cuap\/(s log T 4+ srd)
Leg(To)U(QS,QT)7/)) n S

with probability at least 1 — C exp{—C5(slog “* 4 srd)}.
Next, consider the event £ where there exists some L € Ty,0(2s, 2r) such that

|@mwamwvhmﬁﬁﬂm. (36)

By Lemma C.11, the probability of this event satisfies
2exp(—C3(slog “* + srd))

PlE] <

€] = 1 — exp(—C3(slog ¢ + srd))
This follows by applying Lemma C.11 with function f(T;X) = (E,L), set T =
To.0(2s,2r), sequence a, = n/o?, function o(T) = ||T||r, and threshold function g(v) =

Cu(n/\/ (slog “@* + srd). For any v > 0\/%(510g%+srd), we ensure that g(v) >

%2 (slog “* + srd), allowing us to apply the lemma.
Combining (35) and (36) yields

o2
Lo — LYJf < Cu—r(s 10g 2t srd).

This bound holds with probability at least 1 — C; exp{ C’g(s log ¢ + srd)}, completing the proof
of (17). O

Proof of case(b)

Proof. For case (b), since Lq, L* € Ty 4(s, R), it follows that their difference satisfies Lq —-L* ¢
Toﬁq(28, 2R)

We define the event £ as the existence of some L € T q(s R) such that, by Lemma C.13, the
following holds with probability at least 1 — C5 exp{—C. n( + SR( =3}

FNEY

|mw>mw%w ¢*§%
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Applying Lemma C.11, we further obtain the probability bound:

PE] < 8 n__ (37)
1 — exp(—Can( 5= 4 sR(4)1-1))
This follows from Lemma C.11 by setting:
_ slog =% —
f(17 X) = <E7L>7 T= TO,I](257 2R)a ap =N, Q(I) = ”I”F? g(”) =V T + SR(
Combining (35) with these results, we conclude that:
r * (|2 SIOg o d.1_a
IL-LYf < Cu |\ —+ VsR(=)>"1 |,
n n
which holds with probability at least
slog &2 21— q
1 Cyexp{~Can( T 1 ar(TU gty
thus completing the proof of (18). O

C.4 Proof of Theorem C.4
C.4.1 Lower bound for ¢,(S,)

Proof. We aim to prove a minimax lower bound under the dual-level sparse structure imposed by an
2,(S,) quasi-norm. Our proof strategy considers two key parameters that govern dual-level sparsity:

» Frequency sparsity 1 < s < m, controlling how many frequency components can be nonzero.
* Within-frequency low-rankness 1 < r < d, limiting the rank of each active frequency component.

Subspace construction and parameter setting. We begin with the subspace T o(s, ) of tensors, as
introduced in earlier sections, where both frequency indices and within-frequency ranks are hard-
constrained. For any tensor in this subspace, suppose the absolute value of each nonzero entry is set
to & > 0. This 4 is chosen so that the (p, ¢)-quasi-norm constraint is satisfied, i.e.,

- (r~ (5\/&)‘1)5 =R.
Solving for § yields
1
§=Rrs vr ad 2.
Thus, § encodes how large each nonzero entry must be so that the tensor simultaneously satisfies
frequency-sparsity and low-rankness in a consistent manner for the ¢,,(.S;)-norm. Notice that ¢ scales

inversely with s, r, and v/d, reflecting the interplay among frequency selection, rank constraints, and
the Frobenius norm. R
Applying generalized Fano’s inequality. Let us express the probability that any estimator L incurs
significant estimation error. Using a generalized Fano argument, we obtain
2

2 12
1-2 -2 L Res Py

-
2 1-=
Rrs™ pr a| >1-—

+log2
i (srdJr s log(%))

The denominator s d + s log(™2) captures (1) the cost of identifying s nonzero frequency slices
each of rank at most r, plus (2) the combinatorial complexity s log( ") for subset selection among
m frequencies. ‘

Reformulating via linear programming. To analyze (38) precisely, we adopt a linear programming
approach similar to [25] for the £,,(¢,)-ball. Let y = log s and = = log r. Then

inf  sup P[HL—L*H% 2 Tlﬁ %)
(R)

L L*eT,,

2

2 g2 9.2 2
Rrs' orl o = exp[logRP + (1 — %) log s + (1 — %) logr].
Hence, maximizing Ris'"or' iis equivalent to maximizing
z = (1,%)y+(1,§)$7
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1126 subject to constraints bounding z and y (i.e. 0 < x < logd and 0 < y < logm), plus an additional
1127 constraint from balancing numerator and denominator in (38). Concretely:

0<zx<logd, 0<y<logm,
y > min{—g x+log R+ g(logn — log(c?) — log d), - (% - g)x +log R+ g(logn — log(0?) — log(log m)) }
2
1128 The first two lines capture s < m, r < d, while the last line encodes how % R% s 1-3 T =
1129 compares with s d + s log(*) to ensure a valid Fano-type bound.

1130 Analyzing slopes and boundary points. For convenience, define:
yp=glogR+3 10%(702 {égm)v yo = Llog R+ § log((,sd).

1132 We then consider the lines:

r; =logR+ 5§ log<%), 3 =logR+§ log(qu

1131

1133 * LineA:y = —% z +log R + E(logn — log(0?) — log d), with slope —% in the (z, y)-plane.

113 LineB:y = —(% — §)z +log R+ §(logn —log(c?) — log(logm)), whose slope is § — 2.

q
1135 Objective slope: The slopeof z = (1 — 2)y + (1 — 2)zis ZJEZ:;;

in the (z,y)-plane.

1136 A standard slope comparison yields these observations:

1137 1. If p > g, the slope of z is larger than slopes of Lines A and B, so the maximum of z is
1138 attained at boundary points like (0, y2), (0,y1), or (21, 0).

1139 2. If p < g, the slope of z is smaller than the slope of A but larger than that of B, so maxima
1140 can occur at (z1, 0), (x2,0), or intersections of A and B, depending on m vs. d.

1141 Evaluating z at these boundary points, one then obtains the resulting minimax lower bounds:

p=2 p=2
R(Z2) * +R(g2) ifp>q,
o (22)® +R(g2m) ® . ifp<am>d
<02
RP(%> , ifp<q,m<d>

1142 These match precisely the piecewise expressions for the lower bound in the ¢,,(.S,) setting. Hence,
1143 combining with the initial Fano-based argument (38) concludes the minimax lower bound proof.
1144 O

1145 C.4.2 Covering number of B, (5 )(R)

1146 Before deriving the upper bounds for ¢,(S,), we first need to derive the covering number of

1147 By (g,)(R) equipped with the £, (S,)-norm. To this end, we generalize Schiitt’s theorem for vector-

1148 valued sequence spaces [9]. The analysis relies on entropy numbers and their relationships under

1149 different parameter ranges. We introduce several key lemmas and derive the upper bound for ey.
Lemma C.14 (Schiitt’s Theorem for Vector-valued Sequence Spaces [9]). Let X and Y be r-normed
quasi-Banach spaces, and let 0 < q < r < oo. The unit ball Ee:}n( x) is defined as:

Bg;n(x) = ’Ulﬁx X 'UQBX X X vm]Bx,

1150 where Bx is the unit ball with X -norm, and v € B,. For k, ko € N such that kg < k, let:

1

1
INe ™
D(ko, k) = A, (k) e(id: X =Y),

A(k,m) = maX{Hid X =Y (k)g(em/k)) 1

1
r

k 7D(17k)}7

1151 where ||id : X — Y| denotes the operator norm, and e;(id : X — Y') denotes the l-th entropy
1152 number. For k > log,(m), the entropy numbers satisfy:
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e If k < 'm, then
ek (id : 0(X) = 471(Y)) ~ A(k,m).

» Ifk > m, then there exist constants C1,Co > 0 such that:
D(Cik/m, k) < ey (id: €]'(X) — £7(Y)) < D(Cok/m, k).
Letq = p,r =2, X = S, orY = (4 for our problem, so that [id : X — Y| = 1 and

ei(id : X — Y) is given by (15a), (15b) and (15¢). Using the results of this lemma, we define the
function ¢(!) to analyze the behavior of entropy numbers for £, (S, )-balls. Specifically, we let:

; 11 (%)%7% 1 <1 <d,
o= (3)" atd:xom =3 (@I acicae
(Lyr 22 @di~1 > d2

1153 The monotonicity behavior of ¢(1) across different ranges of / is summarized in Table 2.

Table 2: Monotonicity of ¢(l) for p < g and p > ¢ in different ranges of { when p < 1

Range of | | Expression for ¢(!) | Monotonicity (if p < ¢) \ Monotonicity (if p > q) | Critical Point
1<1<d (%) Pz Increasing None
d<l<d? (%) po2 (%) a2 Increasing ‘ Decreasing None
Increasing then Decreasing
9 R N Tt (1-1)a I* > d?
l>d (f)r 22 ad?"a with maximum at [* = “22—
Decreasing < d?

1154 Lemma C.15 (Entropy Number for £,(S,) — €2(S2)). For k > max{logm,d}, the entropy
1155 numbers ey, for By (s.)(R) satisfy:

1_ 1
(F)°? o pSgmsd
i1 log(em P2
€k g maX{(Z)q (o)) } p<gqm2d (39)
1 1
max (0] em ;75
( {dvlkg( )}) q S p.

1156 Proof of Lemma C.15. Let us prove this lemma by carefully analyzing different cases based on the
1157 relationships between p, ¢, m, and d. Our analysis will heavily rely on the behavior of ¢(1) as shown
1158 in Table 2 and the application of Lemma C.14.

1159 Case (a): For p < ¢, m < d?, we consider the range d < k < d? and divide our analysis into two
1160  subcases based on the relationship between k and m.

1161 (i) First, consider £ < m: According to Lemma C.14, we have:

er ~ A(k,m) = max{ <W) v ,D(1,k)}.

162 To evaluate D(1, k), we need to analyze ¢(l) in different ranges:

1163 e Forl1 <l <d:

1164 This function is strictly increasing as 1% — % > 0 for p < 1. The maximum in this range occurs at
1165 l=d.
1166 e Ford <1< d?
INPT2 /d\ai 2
H={-+ - .
w0=(z)" (%)
1167 Since p < q, we have zlv — % > 0, making this function increasing. The maximum in this range

1168 occurs at [ = k since k < d?.
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1169 Combining these results, we find:

D(1,k) = max ¢(l) = <k)

1<I<k

1170 Now, since m < d2, we can show:

1 1

(mg(em/k)) Cat

k
o ()
=T .

1172 (ii) Next, consider m < k < d?: By Lemma C.14, when k > m, we have:
D(Cik/m,k) < er, < D(Cok/m,k).

A
7 N\
>
N———
Q=
|
Wl

1171 Therefore:

1173 For each C' € {C1, C2}, we need to evaluate:

D(Ck/m,k) = max ¢(l).

Ck/m<I<k
1174 Let’s analyze ¢(!) in the relevant ranges:

175« When Ck/m <1 <d:

1176 This is increasing, reaching its maximum at [ = d if d is in this range.

1177 ¢ Whend < < k < d?:
INPT2 /d\ai 2
=~ = )
o) (k) (l)

1178 Since p < g, this is increasing and reaches its maximum at [ = k.

1179 The monotonicity of ¢ () implies that both bounds achieve their maximum at [ = k:
E\PTE (d\TF  [(d\i?
D(Ck/m,k) = | - =~ .
ewnn=() (7)) - ()

D(Cik/m, k) = D(Cak/m, k) = <Z) o .

o (D)
k—k .

1182 Case (b): For p < ¢,m > d?, when d < k < m, Lemma C.14 gives:

1180 Therefore:

1181 This gives us:

1 1
1 kK)\» 2
e ~ maX{(Og(ekm/)> ,D(1, k).
1183 We analyze this in two subcases:
118¢ (i) For d < k < d?: Similar to Case (a), analyzing ¢(1) in three ranges:

ol

1
1es o 1 <1 <d: p(l ) (£)7 ?is increasing;
!
%

11 1
es e d<1<do(l)=(L)" *(4)° i3 is increasing since p < ¢;
1g7 o 1 >d% ¢(l)is decreas1 ng from [ = d>.
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1199

1200

1201
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1206

1207
1208

1209

1210

Therefore:

(ii) For d? < k < m: In this range:
1 1
d*\*"% 11
D(1,k) = Jnax. o(l) = () d2"a.

When k > d?, we can show:
d\NTTE (NPT . (d\TTE oL
- > — d2"a = | - dr 7.
) =(%) (7)

Therefore, for Case (b):
1 1 1 1
loglem/k)\» 2 [(d\2 2
er ~ max{ <g(k/)> , (k) }.

Case (c): For p > ¢, we divide this case into two subcases based on the range of k.
(i) For max{d,logm} < k < md: When p > g, we know ¢(l) is decreasing in [d, d*]. Analyzing

o(1):
* For 1 <[ < d: Maximum occurs at | = max{d, log(em)};
e Ford <1< d? Monotonically decreasing;
* For ! > d?: Strictly decreasing;

Therefore:

D(1,k) = (max{d, lk?g(em)}> =

(ii) For md < k < md?: By similar analysis and considering p > ¢:

d -3
: .

=

1_
e >~ ma

Under the assumption k > m - max{d, log(em)}:

Q=

1 1 1 1 1
P2 1 T2 P2
max{d, log(em)} —— d — max{d, log(em)} ——
k - k d -
This inequality holds under our assumptions.
Combining all three cases yields the result in (39). O

C.4.3 Proof of upper bounds for /,,(S,)
Recall that we define

§(Tp,q(R)aP) = {L € R . IL||F < ,0} n Tp,q(R)~

Proof. We prove the theorem by separating into three distinct cases based on the relationships among
D, g, and m. In each case, we construct appropriate constants and verify the necessary conditions.

Case 1: p < gand m > d?. We begin by adding a radius factor R¥ to the entropy number bounds
in (39), yielding
1

. 02 > ( log(em) 2
o(d)4 o og(em p
eng(E) +RP( g ) .

Solving for k provides an upper bound on the covering number, giving

=

log N (¢; va(Tpvq(R), r) <d(e? R%)% + log(em) (¢~ * R%)%. (40)

To apply Lemma 3.2 from [12], we need to construct constants (d, p) satisfying two key conditions:
Vné>Cip (Condition 1) 41)

Cov/néd > J(p,d) (Condition 2) 42)
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1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222
1228
1224
1225

where

1 2p
J(p,0) —/ \/logNt S(T,4( dt</ \/ t- 1RP > + log(em) (t~'RP)2-rdt.
16
A direct calculation yields:
_4q 4 9 1 4P
J(p,0) < Vd RP2=9) Pl 274 + y/log(em) R2~p Pl Zp.
Choice of constants p,J. Let
q q=2 1 p=2 1
p=Q(R¥(3) T + R2(32:) 7 ) A RP, (p definition)
q q=2 1 p=2
6=Cp(R¥(5) T + R2(g) * ). (3 definition)
Verifying Condition (41).
\/ﬁ(s a4 gq q—2 P p—2
Tzc[anz(g) T 4Rl (k) T =

where the second inequality follows from (19).
Verifying Condition (42). Given that p is chosen as in (p definition), an analogous ratio bound shows

=l L 1P
J(p,8) VARPC-a)p 2-q + \/k)TRz—ppﬁ—p V2
) o 9 p—2 - 42577
I o ya(RE ()T 4 R () T)

implying Cay/né > J(p, 9). Addltlonally, we must check that ( +5» p) is a valid interval for covering;

an argument similar to (40) and p < RP ensures
log N (4; S(T,q(R), p)) > max{d,logm},
so the condition for Lemma C.11 is met.

a -2
Hence, applying Lemma C.11 gives that, with probability at least 1 — C’5 exp{ —Cgsn [RP (%) 2+

p—2
R(2-) 2 ]},wehave

logm

_ a 1 p—2
s [[EL)] < [R%(Z2) T +RI(22) T |p. 43)
LES(T,4(R),p)

(The other two cases for p < q,m < d? and p > q follow the same procedure, so we omit full detail
here.)

Combining the arguments for all three regimes and applying Lemma C.11 completes the proof of the
upper bounds for £,,(5). O
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D Experimental Details

This appendix provides a comprehensive description of the experimental setup and the ADMM-based
optimization algorithm used for £, (.S;)-norm-based tensor completion.

D.1 Experimental Setup

Noisy Tensor Completion Task Formulation The noisy tensor completion problem aims to
recover a structured tensor L* from a set of noisy and incomplete observations. This problem is
particularly relevant in applications such as hyperspectral image restoration, video inpainting, and
remote sensing data reconstruction, where missing and corrupted data are common due to sensor
limitations or transmission errors.

We consider a third-order tensor L* € R * 2% ds that represents a clean, fully observed data source.
However, due to data corruption and missing values, we only have access to a partially observed
noisy tensor Y, which is generated as:

Y=Bo(L"+E),
where:

* B (Binary Mask): A binary tensor of the same size as L", where each entry B, ; , € {0,1}
indicates whether the corresponding entry in L* is observed (B, . = 1) or missing (B, ; . = 0).

* © (Hadamard Product): The element-wise product operator ensures that only the observed
entries are retained, while unobserved entries are set to zero.

* E (Noise Tensor): Represents random additive noise introduced in the observed entries. Each
entry of E is sampled independently from a Gaussian distribution:

I217j7k ~ ]\/((),(72),
where the noise level o is set as:
oo = ALl
Vdidods

Here, o represents a normalized noise scale based on the Frobenius norm of the clean tensor.

o = cog, with c¢=0.05,

Sampling Strategy and Experimental Settings We apply a uniform random sampling strategy,
where each entry of L* is independently observed with probability p, meaning that a fraction 1 — p
of the entries is missing. We consider three different missing ratios: p € {0.05,0.1,0.15}, which
correspond to scenarios where 95%, 90%, and 85% of the entries are missing, respectively. Each
experiment is conducted over 10 independent trials to ensure statistical reliability, and the averaged
Peak Signal-to-Noise Ratio (PSNR) and Structural Similarity Index (SSIM) are reported to evaluate
reconstruction performance.

Evaluation Metrics To assess the quality of tensor reconstruction, we use the following two widely
adopted metrics:

» Peak Signal-to-Noise Ratio (PSNR):

L*)?
PSNR = 10log, ( 1maXA(* ) — ) .
di1dads ”L_L ”F

A higher PSNR value indicates better reconstruction quality.
 Structural Similarity Index (SSIM):

(2pg L +c1)(20ojy . +c2)
(B +puis +e1)(of +ofn +e2)

SSIM(L,L*) =

This metric measures perceptual similarity between the recovered tensor L and the ground truth
L*, where f,» b+ denote mean values, oy , o+ denote standard deviations, and oy, . represents
cross-covariance. Parameters ¢; and ¢ are small constants to stabilize the division.

These metrics together provide a comprehensive evaluation of the reconstruction performance,
ensuring that both numerical fidelity and structural integrity are preserved.
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Figure 2: Visualization of dual-level sparsity structure using Indian Pines dataset. (a) The singular
value heatmap exhibits both inter-frequency sparsity (horizontal variation) and intra-frequency
low-rankness (vertical variation). (b)The cumulative energy curve reveals a majority of energy
concentration in first 20% frequencies. (c) The frequency-wise low-rank measure ||o-(M (T)®)],
shows significant peaks in low frequencies and rapid decay afterwards.

Benchmark Methods We compare the proposed ¢,,(.S,)-quasi-norm against several existing low-
rank tensor regularization techniques:

e NN: Matrix nuclear norm [0]

* SNN: Tucker-based tensor nuclear norm [27]

e TNN-DFT: Tensor nuclear norm with Discrete Fourier Transform [62]

TNN-DCT: Tensor nuclear norm with Discrete Cosine Transform [31]

* k-Supp: Tensor k-Support norm (k = 2) [51]

e {1_o-norm: Tensor ¢1_o-norm [42]

* Schatten-p-norm: Tensor Schatten-p-norm (p = 1/2) [23]

* LpSq (Proposed): The proposed £,,(.S,)-norm with optimal parameters (p, ¢) = (0.8961, 0.8966).
We employ DCT as the transform operator M (-).

Parameter Tuning We employ a two-stage procedure to select the hyperparameters (p, ¢), balanc-
ing systematic exploration with data-efficiency considerations.

e Coarse grid search: We begin by sweeping (p, q) over the grid {0.1,0.2,...,1.0}2. PSNR is
evaluated on the full set of observed entries (e.g., 20% of the tensor), ensuring that the tuning
objective is directly aligned with the final completion goal without introducing artificial splits.

* Manual refinement: The coarse results suggest that optimal values lie near the diagonal p = ¢ =~
0.9. We then perform manual fine-tuning in the range [0.88,0.92]2, using PSNR on the same set
of observed entries as the selection criterion. This refinement yields the best-performing pair
(p,q) = (0.8961,0.8966).

We avoid splitting the already sparse observed data into separate training and validation subsets (e.g.,
tuning on only 10%), as this can reduce signal strength and lead to suboptimal parameter choices.
Direct tuning on the full observation mask provides a more faithful estimate of recovery quality and
is widely adopted in tensor completion practice.
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Figure 3: Visualization of dual-level sparsity structure using SalinasA dataset. (a) The singular value
heatmap exhibits both inter-frequency sparsity (horizontal variation) and intra-frequency low-rankness
(vertical variation). (b) The cumulative energy curve reveals a majority of energy concentration in
first 20% frequencies. (c) The frequency-wise low-rank measure || (M (T)®)||; shows significant
peaks in low frequencies and rapid decay afterwards.

Low-Rank Measure

o

Datasets The evaluation is conducted across multiple remote sensing datasets, encompassing
hyperspectral, multispectral, and thermal imaging data.

1. Hyperspectral Data. We conduct noisy tensor completion on subsets of two representative
hyperspectral datasets:

* Indian Pines: This dataset was collected by the AVIRIS sensor in 1992 over the Indian
Pines* test site in North-western Indiana and consists of 145 x 145 pixels and 200
corrected spectral reflectance bands. We use the first 30 bands in the experiments due to
computational constraints and parameter tuning.

e Salinas A: Acquired by the AVIRIS sensor over the Salinas Valley, California, in 1998,
this dataset consists of 224 bands over a spectral range of 400-2500 nm, with a spatial
extent of 86 x 83 pixels at a resolution of 3.7m. We use the first 30 bands in the
experiments”.

2. Multispectral Images. Multispectral imaging captures image data within specific wavelength
ranges across the electromagnetic spectrum and is one of the most widely used modalities in
remote sensing. This section presents simulated experiments on multispectral images. The
original data consists of three multispectral images: Cloth, Hair, and Jelly Beans, from the
Columbia MSI Database®. These images contain scenes of a variety of real-world objects,
each with a resolution of 512 x 512 x 31, with intensity values scaled to [0,1].

3. Thermal Imaging Data. Thermal infrared data provide crucial measurements of surface
energy fluxes and temperatures for various remote sensing applications. We conduct ex-

“The dataset is publicly available at https://www.ehu.eus/ccwintco/index.php?title=
Hyperspectral_Remote_Sensing_Scenes.

The dataset is available at https://www.ehu.eus/ccwintco/index. php?title=Hyperspectral _
Remote_Sensing_Scenes.

SAvailable at http://wwwl.cs.columbia.edu/CAVE/databases/multispectral
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periments on an infrared dataset: OSU Thermal Database’. The sequences were recorded
on the Ohio State University campus during February and March 2005, capturing multiple
individuals moving in groups through the scene. We use the first 30 frames of Sequence 1,
forming a tensor of size 320 x 240 x 30.

D.2 Tensor Completion via an ADMM-Based Algorithm

We aim to estimate a structured tensor L from noisy and incomplete observations Y. The optimization
problem is formulated as:

.1
min 5 Y — B O X|Z + AILJ7, s, -
We introduce an auxiliary variable K and reformulate the problem as:
1
min o[|Y - BOK|E + AILJ7 5, st K=L

This reformulation decouples the data fidelity term from the regularization, making it amenable to
optimization via the Alternating Direction Method of Multipliers (ADMM).

We solve this problem using ADMM by iteratively updating L, K, and the dual variable W.
Update of L: The L-subproblem is:

t t
/ . 1 W
Lt = arg min MLIZ (s, + EHL -K' - ?H%

LetZ =K' — %—: reducing the above problem to:

t
L'+ b L -z

= arngm)\”LH »(Sq) + ?

Since M (L) allows separable updates across frequency components, this problem decomposes into
m independent subproblems:

1 A
min 3 [ M (L) = MZ)ellf + MLk € .

To efficiently handle the Schatten-g term, we employ a weighted {, j2-norm approximation (see
Section D.3 for comparison with ¢;-norm approximation):

d
sz‘,k -0 (M(L)y)Y?,
i=1

where the weight

g
q

d
2g—1
1/2
= | hte] (G
j=1

with g, = o, (M (Lt)k), where L denotes the tensor L at the ¢-th iteration.
This formulation leads to a closed-form ¢ /o-soft-thresholding update for each singular value:

o (M(L)y) = Sy (0 (M(Z)r)),

where 0 = ﬁwi,k and the ¢, /5-soft-thresholding operator is defined as:

do(0), o] > 250,

12 .

85'"*(0) = | {0(0),0}, o] = 2516°%, (44)
0, o] < 295192/5.

Here, the function ¢y (o) is given by:

2 2r 2 0
e 1 [ — —_ _'3/2 A
¢o(0) 3a< —I—COS( 3 3&rccos(80| >)>

"The dataset is available at http://vcipl-okstate.org/pbvs/bench/Data/03/download. html.
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After updating singular values, the frequency component is reconstructed as:
ML, = Uy - diag(e " (M(Z))) - V), Vk e [m],

where Uy, and V, are the left and right singular matrices of M (Z)y. Finally, applying the inverse

M -transform yields the updated tensor L'
Update of K: The auxiliary variable K is updated by solving:

+ 2

1 ! w
!gf4*1 _ al}g]llin "||)E _ !i ® !S||% =+ £{7 !S _ Iit4*1 + =
K 2 2 [Lt

F

This step ensures that the solution remains within the feasible constraint region.
Dual Variable Update: The Lagrange multiplier is updated as:

thrl — wt _|_ ut(Kt+1 _LtJrl).

The penalty parameter u! is dynamically updated to ensure convergence:

pt = min{yp, fimac}-
where v > 1 is a predefined scaling factor.
This ADMM-based algorithm (summarized in Algorithm 1) efficiently solves the dual-level sparse
tensor completion problem by iteratively enforcing structured sparsity through proximal updates while
maintaining computational efficiency. The proposed weighted /; /;-soft-thresholding mechanism
ensures that the non-convex Schatten-q regularization is effectively handled in each iteration.
Complexity Analysis: Each iteration of our algorithm involves (i) a linear transform on d;ds tubes
of length m (reducible to O(d;dam log m) using DCT or FFT), and (ii) m SVDs of d; x do matrices,
yielding O(md;ds min(d;,ds)) complexity. Despite the nonconvexity, our algorithm converges
efficiently in practice.

Algorithm 1 ADMM for dual-sparse tensor completion (£,—Schatten-q)

Input: Observed tensor Y; binary mask B; transform M (with inverse M ~1); regulariser \; parame-
ters p, ¢; penalty po > 0, growth factor v > 1, maximum fipay; tolerance .
Output: Completed tensor i
1: Initialise: L° < 0, K° < Y, W° <~ 0, 1 < po, t < 0.

2: repeat
1. L-update

3: Z+K -W/u > dual correction

4: for each frequency slice k = 1,...,m do

5: Uy, diag(oy,) V| « SVD(M(Z)y)

6: Compute weights w; p = (Ej ST €) it (gl%2 +¢€) 271 Where Gik =0y (M(L")

7: gi,k — ()\/,u) Wi k

£1 2

8: Half-threshold: o5 = S,'"” (0 x) > Eq. (56)~(57)

9: ML)y, < Uy, diag(ai*) V,J

10: end for

1 L e MY ML)
2. K-update

12: Kt (B OY+pu (Lt+1 - wt/u)) %) (B + ,ul) > element-wise @ division

3. Dual update

13: wt+1 p Et tu (KtJrl - Lt+1)
4. Penalty update

140 p< min(y g, fmax)

15: t+—t+1

16: until | K" — L'||»/|Y|F < ¢

17: return L < L'
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D.3  Choice of Weighted 7, ;, Approximation

To approximate the nonconvex Schatten-q regularizer in a computationally efficient manner, we
considered both weighted ¢, and weighted /; /, surrogates during model development. While the
weighted ¢; formulation is convex and widely used, it proved empirically less effective in preserving
the underlying structure of transformed tensor slices. As shown in Table 3, the weighted ¢, /;
surrogate consistently achieves higher PSNR and SSIM scores across different datasets and sampling
rates, including Salinas A and Indian Pines. This improvement suggests that the nonconvex £ /5
penalty better captures the spectral decay and low-rank characteristics inherent in each transformed
slice. Based on these results, we adopt the weighted ¢, /5 approximation throughout our method.

Table 3: Preliminary results of weighted ¢;-based approximation

Dataset SR Metric Weighted /; Weighted ¢, /5
5%  PSNR 28.03 28.43
SSIM 0.7297 0.7374
Salinas A 10% PSNR 30.38 31.81
SSIM 0.8126 0.8484
15% PSNR 32.38 33.23
SSIM 0.8588 0.8830
5%  PSNR 25.73 27.05
SSIM 0.6600 0.6740
Indian Pines 10% PSNR 26.88 28.92
SSIM 0.6680 0.7617
15% PSNR 27.04 29.89
SSIM 0.6731 0.7997

D.4 Convergence of the Proposed ADMM-Based Algorithm

Our ADMM-based algorithm exhibits stable empirical convergence across all experiments. As
illustrated in Figure 4, the objective value typically stabilizes within 200 iterations. This behavior is
consistent across different sampling ratios and datasets.

From a theoretical perspective, establishing convergence guarantees is challenging due to the non-
convex and nonsmooth nature of the objective, which involves transform-domain operations, SVD,
and a weighted £, /o-quasi-norm. These components render standard ADMM theory inapplicable.
While recent advances in nonconvex ADMM provide promising tools, they require problem-specific
adaptations to accommodate the spectral structure and inter-frequency coupling present in our model.
We consider this a promising direction for future analysis and ongoing work.

Convgrgence Ang_lysis Peak Sig_nal-to-Noise Ratio

30

—&—Convergence Rate

L 4 ]
! 201

L'
3

PSNR (dB)
o

& 10}
3F
e ] 20
= PSNR
-5 L L L 30 . L L .
50 100 150 200 250 50 100 150 200 250
Iteration Number Iteration Number
(a) Objective gap log ||’ — L' || (b) PSNR (dB) over iterations

Figure 4: Empirical convergence of the proposed ADMM algorithm on the Salinas A dataset. Left:
the variable gap between consecutive iterates. Right: the evolution of PSNR across iterations.
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