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1 Proofs for Section 3: Ideal Distributions for Fair classification

We will require a helper result about threshold classifiers to prove our next set of results.
Lemma 1.1. Let n(z,a) = Pr(Y =1|X =z,A=a), ¢ia = Pr(Y =i,A=a) and p;o(z) =
Pr (X =z ’ Y=iA= a). Then the Bayes optimal classifier can be written as h*(x,a) =
P1a() 90a

I (log Potz) > log LIZ’—@)
Proof. Let n(z,a) = Pr(Y=1X=2,A=a), ¢ga = Pr(Y =i, A=a) and p;u(z) =
Pr (X =x ] Y=iA= a). We consider group-aware threshold classifiers on D of the form
hi(z,a) = 1(n(xz,a) > t), which can be equivalently written as

(

hi(z,a) =1 (n(x,a) > t)

PrY =1,X=zA=aqa) S t
Pr

>
Pr(X=2|Y=0A=a)Pr(Y=0,A=a) 1t
pla(x) t .qu)

r(X=2|Y=1A=a)Pr(Y =1,A=aq) t >

Il
=
SN N T N T N T N
)

t
> log + log q()a> .
1-t¢ qla

It is well-known that the group-aware Bayes optimal classifier * = hu/, by setting t = 1/2, or
equivalently,

* pla(x) QOa)
h*(z,a) = hip(z,a) =11 1o >log— | .
(z,a) = hyy(z,a) ( 8 oa() = %8 g1

We now prove Proposition 3.2 from the main paper.

Proposition 1.2. (Proposition 3.2 in the main text) Let (X, Y, A) denote the features, class label,
and group membership, respectively, of a random data point from any data distribution D with
o = Pr(Y=i,A=uq), fori € Yanda € A Let X|Y = i,A = a ~ N(tiq,Xia) be
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multivariate Normal distributions with mean [i;, € R¢ and covariance matrix ¥;, € R4, for
i € Yand a € A. If the means i, and the covariance matrices Y., satisfy
1/2 —1/2
Z (Mza Mja) = Zia' (Mia’ - /Jja’) and

2;{22;;2},{2 =u5 ) n? and ZJ — Z“ Vi,j €V, a,d € A,
ja ja

then the group-aware Bayes optimal classifier on D satisfies equal opportunity.

Proof. The Bayes optimal classifier for group A = a in a multi-class setting can be written down as
a maximum over posterior probabilities:

h*(x,a) = argmax ny(x,a), where ny(z,a) =Pr(Y =yl X =z,A=aqa).
yeY

We can say that h*(x, a) = y, whenever the following happens:

* ny(xv a) . ) ( pya(X) %a >
h*(z,a) = argmax n,(z, a :H<>1,Vz€y =I{log—— >1o Vie)y
(o) =g el ) =15 G o) pa(X) =% 4

Using the above simplification, the EO-fairness condition Pr (h*(X,A) =y | Y =y,A=a) =
Pr(h*(X,A)=y|Y =1,A=d) Vy € Y,a,a’ € Ameans
(X)

pya(X) Gia . pya’
Pr( log > log NieY| Y=y A=a| =Pr|log——
( pza(X) ya ’ DPia’ (X) an

Since X|Y = i, A = a ~ N(piq, Zia) are multivariate Normal distributions, their probability
densities are

Pia(x) = (2m) %% det(Siq) 71/ exp <;(:c = pia) TS (@ — ,Lm)) :

Now we can write

Pya(T) 1
pia('r)

N~ N

((21/27" + Hya — Hia) S5, (21/27“ + fya — Hia) — 77 — log det(ZiéQZ;Ei{f))
by substituting z = 21/27" + fya, Where v ~ N(0, Ixq)
1 1
= 5 TS Sy + (Hya — 1ia) TS50 Sy + 5 (ya — i) S50 (tya — i)

1
- irTr - = log det(E;{fE;alE;{f)

Let us denote the above expression as Ey;(r). We can now write the group TPR as:

X i )
Pr(logpya()zl Go GieY|Y =y A= ):Pr(Eyi(R)zlogqa,Vzey),
pia(X> Qya dya
dy

for R ~ N(0, Ijxq). Now if we have =% = KT
Gia Qia’

— — 1/2 1/2
Eyal/Q(Mya - Uia) = E / (Mya’ = Hia’ ) and E;QQZHLIZ;QZ =X /’Z 12 /

ya’ “ia’ “ya’

then the probability of the above event written in terms R ~ A (0, I ;5 4) becomes identical Va, a’ €
A, i € Y. Hence, the Bayes optimal classifier satisfies equal opportunity with these set of conditions.

O

> Jog Lia! Vzey]Y—y,A:a’>.

((33 - Nz‘a)Tzi—al(x — Mia) — (z — Nya)TE;al(af — Hya) +logdet(E;,) — log det(Xyq



32 Proposition 1.3. (Proposition 3.3 in the main text) Let (X, Y, A) denote the features, binary class
33 label, and binary group membership, respectively, of a random data point from any data distribution
s D with ¢ = Pr(Y =i,A=a), fori € {0,1} and a € {0,1}, and let X|Y = i,A = a ~
35 N(pia,02,) be univariate normal distributions, for i € {0,1} and a € {0,1}. Then the distribution
s6 D isideal for equal opportunity (see Definition 3.1) if and only if

Ho1 — H11 Moo — H10 011 010 qio _ 4n

) )

011 010 001 000 qoo qo1

37 Proof. For any cost matrix C' € R?*2, the group-aware classifier that minimizes its corresponding
38 cost-sensitive risk is given by I[( (z,a) > tc), for a threshold tc = (c10 — co0)/(c10 — oo + co1 —
38 c11) € [0,1]; see Equation (2) in [[7] and [14]]. The distribution D is ideal for equal opportunity if
w Pr(n(X,A)>t|Y =i A=0)=Pr(nX,A4) >t|Y =i, A=1), forall thresholds ¢ € [0, 1]
41 and i € {0,1}. Since the CDFs are identical, the random variables n(X, A) | Y =4, A=0and
22 n(X,A)|Y =i, A=1mustbe identical. Note that
n(z,a) =Pr (Y =1 |X:$7A:a)
PriY =1,X=zA=aqa)
Z;OPr(Y =i, X=x,A=na)
B Pr(Y:l,A:a)Pr(X:x‘Y:l,A:a)
B Z;:OPr(Y:i,A:a)Pr (X=2|Y=iA=aq)
q1aPra(x)

o GiaPia(2)

_ T — 2

— 2O-la
1 1 _ ( = pria)?
2i—0TiaTiq €XP ( 272 )
- 1
= — . — .
1+ exp ((x l;la) _ (z ,L;Oa) +log QOaffla)
201a 200(1 91a00a
_ 1
B . - 2 . - 2
1 + exp ((Nza + TU%; 1a) _ (Mia + 7“‘71; Hoa) + log QOa01a>
201a 200a 41a00a
1
fori =0
1 2 a a a a a 2 a%la ’
1+exp ( (Ug“ _1> 220 (/‘12 Ho )7,+ (11 QNO ) +log 40a01 )
— 2 ala Ulal 201@ 41a00a
fori = 1.
1 2 a a a a a 2 aYla '
1 + exp ( (1_0?> 2 g1 (Mo2 M1 )r—f— (,uo 2#1 ) —|—10qu 01 )
2 O0a O0a 205, 41a00a
s IfX|Y =i, A =a ~ N(pia,0%,), then X | Y =i, A = a ~ N(pia,02). Thus, for
wu n(X,A)|Y =i A= 0 and (X, A) | Y =14, A =1to be identical, we must have
1 (o2 — _ 2
1 (Ugo _ )Rg _ Uoo(mo2 /Loo)R+ (p10 2,“00) +log 400010 and
2 \ o1y 9710 207 410000
_ _ 2
(%1 _ 1) R? _ 001 M11 M01)R+ (111 2,“01) +log 401011
oty oty 207y 411001
45 as identically distributed for R ~ A/(0,1). Similarly, we must also have
1 2 — _ 2
L (1 . ‘%o R2 _ 010(M002 NlO)R+ (1100 2,ulo) +log 400010 and
2 700 900 200 410000
1 2 _ _ 2
L (1 . 0121> R2 _ 011(M012 ,ull)R+ (101 2,u11) +log q01011
2 901 901 205, 411001
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as identically distributed for R ~ A/(0, 1). Therefore, we must have

— — g g
po1 = pa1 _ Moo —fao0 40 01 O o0 G0 qun

011 010 001 000 qoo qo1

In the other direction, it is easier to prove that the above conditions imply the distribution to be ideal.
It can be proved by simply backtracking the steps above. O

2 Proofs for Section 4

We first derive the KL divergence between two distributions, where each subgroup in the distribution
follows a multivariate normal distribution.

Lemma 2.1. Let (X,Y, A) denote the features, binary class label, and binary group membership,
respectively, of a random data point from any data distribution D with ¢;, = Pr(Y =i, A = a), for
i€Yanda € A Let X|Y =i, A = a ~ N (ttia, Zia) be multivariate Normal distributions with
mean [;q € R? and covariance matrix ¥;, € R¥*4. Let D denote a distribution obtained by keeping
(Y, A) unchanged and only changing X|Y =i,A=ato X|Y =1i,A = a ~ N (fiia, Sia). Then,

- d 1 N 1/~
Dy, (DHD> =—53%3 > tiafiia — pria) "S5 (flia — ftia)

(4,a)

. % (Z: i (tr (E;alflm) —log det(z;alim)) .

i,a)

. . _ Pr(Y:i,A:a)Pr(f(:a:|Y:i,A:a)
:ZPr(Yzz,A:a)Pr(X:x‘Y:z,Aza)logPr " )

~ Pr(X=z|Y=iA=
quiaZPT(X:x‘Y:i’A:a)log PZEX—z}Y:;A:Z?

(i,a) z

= Z quKL (Ra”Ra)

(4,a)

P;, denotes the distribution of X | Y=i,A=a~ Nt 2ia) and Pm denotes the distribution of
X | Y=i,A=a~ N(la, im)- Their probability densities are

1
Pia(x) = (27r)_d/2 det(Zw)_l/2 exp (—2(1: — um)TZ;al (x — uia)> and

_ _ S 1 _ o _
Pia(z) = (27) /2 det(2;4) 1/2 exp (—2(96 - uia)TZml (z — um)> ,
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respectively. Hence, the Kullback-Leibler divergence between ]51»,1 and P,;, can be written as

D, (piaHPia)

:Elgpm( |Y =i A=a
pia(X)
1 _ N N L
= 5 B(X = 1) "S5 (X = ptia) = (X = j1a) TSZHK — fia) — logdet(Z S ) | Y =i, A=a
1 ~ ~ d 1 -
= 5 E |:(X - Nia)TZ;al(X - Mia) ‘ Y = i7 A= a} - 5 - 5 IOg det(zl/Qz 21/2)

using E [(f( — ﬂia)Tf];al(f( — [tia) ‘ Y=iA= a} = f];al X, =tr (Iaxa) =d

- ~ d 1
E {(X — fia + ftia — Hia)” S (X = flia + flia — ,uz'a) Y =i, A= a} —57T3 logdet(El/Qz 123({2)

- 1 d
tr (S5 Sia) + 50 — 1ia)TER i — pia) = 5 + log det (212571817,

The Kullback-Leibler divergence between D and D can now be written as

Dxy, (DHD) = > giaDxL (-ZSiaHPia)
(é,a)

1 ~ 1 d
= Z Qia (2t1“ (E;}Em) + §(ﬂm — pia) "S55 (fiia — fhia) — 5 logdet(zl/ZZ 12342))

d 1 e N 1. =
=—c-+: Gia (tI‘ (Eialz’ia) + (,uia - /Lm)TEial (.uia - ,Uia) + log det(E;C{QEial 21142))

1 1 - -
=—5t3 Gia(flia — fria)" ig (flia — ftia) + 3 > Gia (tr (Z;alzia) + log det@m&?))
(i,a) (i,a)
= 7é + 1 qv’a(laia - Nia)TZ'_l(,aia - ,va'a) + 1 Z Gia (tr (E‘_liia) - logdet(z'_liiﬂ)> .
2 2 £ i i ia i 2 £ ia ia
(i,a) (i,a)
O]

Theorem 2.2. (Theorem 4.1 in the main text) Let (X, Y, A) denote the features, binary class label,
and binary group membership, respectively, of a random data point from any data distribution D with

Gia = Pr (Y =1i,A=a), fori € {0,1} and a € {0, 1}, such that q10/qo0 = q11/q01. Let X|Y =
i, A=a~ N (i, Xia) be multivariate Normal distributions, with mean p;, € R¢ and covariance
matrix ¥, € R¥, fori € {0,1} and a € {0,1}. Let D denote a distribution obtained by keeping
(Y, A) unchanged and only changing X|Y = i,A=ato X|Y =i,A=a ~ N(fiia, Zia)- Then in
the case of Affirmative action (changing only ji;o and Yi0), we can efficiently minimize Dk, ([7\ |D)

as a function of the variables [1,o and o subject to the constraints in Proposition 1.2, so that the
Bayes optimal classifier on the optimal D is guaranteed to be EO-fair.

Proof. Using Lemma [2.T]and Proposition 1.2, our objective is to minimize

3 d 1 3 .
Dyy, (DHD) = _5‘1’2 Qza(,uw ,Uz'a) Z ,Um ,Uza Z Gia (tr ( 1Zz’a) - 10g det(zialzia)) ,
(i,a) (z a)

subject to the constraints

Si0” (10 — fioo) = E17 2 (fn — fior)  and S5 E10% = SIS
Suppose %0 and X;; do not commute. The constraints can be equivalently rewritten as follows.

H10 — floo = i1(/1221_11/2(/111 —jir) and X 1/221(/)2200121/22111/2 =S
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LetI' = El/ 22 172 For any fixed positive semidefinite matrix I' € R4*¢, our optimization problem
can be d1v1ded 1nt0 two separate parts that minimize

> tialfiia — tia) "S5 (fia — pia)  subjectto  firg — fioo = T'(fin1 — fion)

(i,a)

over fi;, € R%, fori,a € {0,1}, and minimize (after substituting 21/2 = FEUZ)

! o 2 - 8

3 dio <tr <2;01 (rif?) ) log det(Z5,! (I2i4%) >+ch-1 (tr (33'80) — logdet(Z5' )
=0

subject to TS}/ 28535 T = $}/28

over symmetric, positive semidefinite matrix-valued variable i1 € R4 fori e {0,1}. The
first optimization in fi;, is a constrained eigenvalue problem with linear constraints, i.e., minimize
2T Az 4 27 subject to 27c = e [8].

Let’s consider the case of Affirmative Action, where we only change the means /1,0 and the covariance
matrices ;o for the underprivileged group but keep those for the privileged group unchanged, i.e.,
fti1 = pq1 and Y1 = 1. In that case, 20/2 FEéf and 2162 = FE}{Q get fixed. By substituting
firo = fioo + T'(fix1 — fio1) = fioo + I'(p11 — po1), we only need to optimize

00 (100 — 100) T Zgg (f00 — H00) +q10(fioo + T (111 — pro1) — p10) T B1g (froo + T (11 — po1) — f10),

or equivalently (ignoring the terms independent of figg),
_ _ 1y - _ _ _ T .
figo (900Z00 + q10210 ) fioo — 2 (Sog oo + S1g 10 — S0 T(ka1 — po1))” foo-

This is a convex objective in jigg because its Hessian is positive semidefinite, i.e., ggo 2501 + qloEfol =
0 [3]. By equating the gradient to zero, we get the optimal solution for fig9, and we denote it by
13 (T). Thus, the optimal solutions o (T), 5o (1), X0 (T), X5 (T) for a fixed positive semidefinite
I' € R%*4 are given by

150(T) = (q00%00 + ‘11021_01)71 (Zo0 koo + E1g 110 — E19 T(pa1 — po1))  and

*o(r) = (QOOEO_O1 + 91021_01)71 (anluoo + E1_01/l10 - E1_011101111 - M01)) + F(,un - ,Um)
o) = (thl){2)2
Bio(I) = (E1?).

By substituting these, when we look at the objective as a function of a positive semidef-
inite matrix-valued variable I', it turns out to be convex. This requires rewriting the
expressions using the identities tr (AB) = tr(BA),det(AB) = det(A)det(B), and
most importantly, tr (AXBX) = tr ((AY2XBY?)(AY2XBY?)T) and logdet(AXBX) =
log det (A'/2X BY/2)(AY/2X B'/%)T"), for symmetric, positive semidefinite matrices 4, B, X [12].
The convexity of the objective in I" follows from the convexity of tr (AX BX) and — log det(X) for
matrix-valued variable X . Finally, we can solve it efficiently to get the optimal I"*. O

Corollary 2.3. (Corollary 4.2 in the main text) For the case where X|Y =i, A = a ~ N (ia,02,)

are univariate normal distributions, for i,a € {0, 1}, the optimal distribution D from Theorem 4.1,
with v* being a function of the original distribution parameters, can be written down as:

2 + q10
900 0]

K
qoo 410
(2 + 2)
%0 10

< Moo — 7*(H01 - Mll) ,u10>
qoo

Gio =Y 0q1,  floo = firo + ¥ (po1 — p11), and firo =



. B ‘ Pr(Yz}Aza)Pr(sz’Yzi,
= Z Pr(Yzz,Aza)Pr(X:x‘Y:z,A:a)log Pr(Y =i, A=a)Pr

(x,3,a)

) Pr(X=z|Y=iA=
:%qia;Pr<X:x‘Y:i,AZCL)lOg PZEX;Y;AZ))
= quDKL (pz‘aHPia)

(i,a)

99 P;, denotes the distribution of X | Y =i,A=a~ N(u,oc?,) and P,,, denotes the distribution of
100 X | Y =i, A =a~ N(ji,d2,). Their probability densities are

1 ( — pia)” _ 1 (z — ftia)
io(t) = —————exp | ———— and piu(r) = ———exp| ———— |,
Pia() P Y ( 207 Pia() o P 257

101 respectively. Hence,

5 ~ia)~( .
Dx1, (PiaHPia) =E logp EXi |Y =i A=a

X_ ia2 X_~ia2 ia
=E ( Hia) —( flia) —|—log(f ’Y:i,A:a
G

L 2Uz2a 2~i2a a

(1 0 oy (e pia o, (ML B Tia ‘
=E ||z — = X2+(~w— X+ o ) +log = Y=iA=a

_(zafa 203) 52 o1, ) X ook "ok ) ez, [V =0

1 1 ~92 ~92 ﬂia Hia ~ H’?a [j’?a Tia
=5 — = 2 4 52) + e o+ - L log 2

o =) Vet ot (G - 0 ) (58 - 5 ) 4 e
_ (ﬁza _2M7,a)2 + 5-12(1 . ia +1 g Uza7

207, 207, ia

102 using E [logX |Y =i, A= a} = fljq and E [(log)z')2 |Y =i, A= a} = 2, + 62,. Since we

103 only change group A = 0, we want to minimize

Dk, (DHD) = iQiODKL (PiOHPiO)
i=0

1 ~ 2 ~2 2
0 — Wi Oy — 0} oi
— E gio <(M102 QMO) + 102 2 +log fo>
i—0 950 950 7i0

104 as a function of the variables ji;o and ;o subject to the constraints

Po1 — far _ Hooi Hio and o _ @ and &, > 0, forall (i,a).

o11 g10 001 g00




105 Let’s fix v € R>( and minimize

: (fio — fio)? 5‘20 - 0'20 gio0
Ly = qio ( + = 2+ log = )
K ; ! 20’?0 20’?0 ad;0

106 as a function of the variables fi;, and 7;, subject to the following constraints

Moo — Mo _ 910 _ 900 =~ and &4 > 0, forall (z,a).

Ho1 — H11 011 o1
107 The objective L, is convex and for a fixed v € R>, the constraints on are linear in ji;o and 7.
108 Let’s denote the optimal solution for a fixed v € Rxq by pfy(7) and oy (7y), for i € {0,1}. For
e a fixed v € Rxg, the above constraints fix oj(y) = o1, for i € {0,1}, and by plugging in
10 figo = fi10 + ¥(o1 — p11), we only need to minimize the following convex, quadratic objective in a
111 single variable fi19,

. B Ry S,
minimize oo (fi10 + 7 (Ho1 2Mn) }00) + a1 (10 2#10) .
2040 207,

112 By equating the derivative to zero, we get the optimal solution as

-1
% qoo q10 Moo — 7Y M01 H11 H1o
pio(y) = (2 + = ) <(J00 ( ) + q10 ) ;

J00 %10 ‘700 of 10

-b 2
113 and the optimal value at p13,(7y) is (The min of az? + bz + ¢ occurs at = % and has value ¢ — 4—)
a a

(v(po1 — pr11) — f100)? o 1 (g0 | quo ! Moo — (MOI pi11) H10 ’
00 552 + T05 5"~ 5\ ;2 + 5 doo RPN
700 T10 %% 1o oo 710
-1
_1 (qoo qm) qo0d10 (koo — t10) — ¥(ko1 — p11))?
2\0d, % 80070
1 (o2 o2\ 7!
=3 (OO + 10> (oo — p110) = (o1 — pa1))*.
doo  qio0

114 By plugging in the optimal solution, the minimum value of £, for a fixed v € R> is given by

* lho Mi0)2 Ufo(’Y)z - 01'20 7Ji0
L = 0 I
! Zq ( 2‘70 " 20% e o0(7)

10

1
1 /0o o 2
= B} (00 + 10) (o0 — p10) — v(po1 — p11))
qoo q10
2 9 2 2 9 2
o4, — O 0% —0 1 000 010
+ QOO% + Q10L210 + (qoo + q10) log = + qoo log — + q19 log —
000 20’10 Y go1 011
_1 (UOO + G%O)_l (1100 — 110) — ¥(por — p1))? + 22 <72081 - 1)
2 \q0 o 2 730

1 000 o10
+ (900 + q10) log — + qoo log — + g1 log —.
Y 001 o11

115 This is a convex objective in v (because the second derivative is non-negative) and by equating the
116 derivative to zero, we have that the optimal v* must satisfy

0'30 U%O - * * 2 %1
( + > (o1 —p11) (V" (o1 — p11) — (oo — p10))+y (%o + qi0 )—
qoo q10 00 10

qoo + q10
,y*

=0.

2
00 , %10
_A'_i

) , We can write it as a quadratic equation as follows.
q00 q10

117 Multiplying with ~* (

2 2
2 2 2 910000 2 9000710 2 %2
((MOl —p11)” +og +o1p + 5 011+ 5001 )7
qoo01g q10000

o2
—(po1 — p11) (oo — p10)Y" — (goo + q10) ( 0 4 10) =0
qoo q10
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The discriminant of the above quadratic polynomial is non-negative because the leading coefficient is
positive and the constant term is negative. So this polynomial has two real roots. Moreover, since the
constant term is negative, it cannot have both positive or both negative roots. Its only non-negative
root is the optimal solution v* € R>( we want.

V= (o1 — p11)(poo — M1og) +VA _ . whete
2 ((Nm —p11)? 408, +of) + ngoo i1t ZTEJN 031)

A= (M01 - M11)2(M00 - Mlo)2

2 2
q100 qoo0 o

+4((M01 —p11)? + oGy + ot + 300%1"' éoagl) (qo0 + q10) ( o0 +10) .
q00071) 41000 qoo q10

O

Proposition 2.4. (Proof of Proposition 4.3 in the main text) Let (X,Y, A) denote the features,
binary class label, and binary group membership, respectively, of a random data point from any
data distribution D with q;q = Pr(Y =i,A=a), fori € {0,1} and a € {0,1}, such that
q10/q00 = q11/q01, and let X|Y =i, A = a ~ N (1tia, 02,) be univariate normal distributions, for
i €{0,1} and a € {0,1}. Let D denote a distribution obtained by keeping (Y, A) unchanged and

only changing X|Y =i,A=ato X|Y =i,A=a ~ N(fiia,52,). Then minimizing Dxr, (DHD)

as a function of the variables [i;, and G;, subject to the constraints in Proposition 3.2 leads to a
non-convex program. Furthermore, let v* = arg min L7 for some non-convex function of -y that is
v€(0,00)
only dependent on the original distribution parameters. Then, all the new distribution parameters [i;,
and 7;, can be expressed as a function of v* and the original distribution parameters [i;q and 0;q.

Proof. We consider the following optimization program

DKL (DHD) = Z qiaDKL (PiaHPia)
(i)
/Jvza ,Ufza) &12a - 0—12@ Tia
= Z Gia < 2 + 20_2 + log =

(i,a) Oia ia Oia

as a function of the variables ji;, and &;, subject to the constraints

01 — A11  foo — f10 011 010 - .
z fu _ A K and — = —— and &, >0, forall (i,a).
011 J10 001 g00

Let’s fix v € R>( and minimize

~2 2 )
Z Gia ( :uza Qﬂza) + Oia 2Uza + log 71@)
2 20 0;

(i,a) Oia ia a

as a function of the variables ji;, and 7;, subject to the following constraints

Hoo—riu 21 _ %01 v and G4 > 0, forall (¢,a).
Hoo — 10 010 000

Now the objective L, is convex and for a fixed v € R, the constraints on are linear in fi;, and G;,.
Let’s denote the optimal solution for a fixed v € R>¢ by pf, () and o}, (7), fori,a € {0,1}. To
find this, we can split the above objective into parts that can be optimized separately as follows.

Ty )2
minimize (2:) CImW subject to  jig1 — fi11 = Y(floo — fi10), and

~2 2
52 — o o
minimize Z Gia (“m + log 61'(1) subject to  Gy1 = vd0,and &;, > 0, forall (i,a).

(4,a) ia e



140 Foreach i € {0, 1}, by substituting 5,1 = 77,0, we need to optimize a function in only one variable
141 ;. The optimal solutions o, () turn out to be

Gio + qi1 qio + Qi1

5, forie{0,1},

2

qi0 qi1”Y qi0 i1

0'2 + 02 0'2 + 02
i0 il 0 il

142 Now let’s find the optimal solutions u}, (7). The gradient of the objective must be parallel to the
143 linear constraint, so

QOO(MS()(W) — [400) — ) %1(#31(7) — [o1) -\ fho(/ﬁo(w — [410) — )\ Q11(M>1kl(7) — f11)
2 - ) — Y ’

2 2 2
900 001 0] 011

144 for some A € R, which gives

2 2 2 2

Koo () = — A2 4 pi0o, po1 () = AL 4 o, pio(y) = YAL 4 41, pi(y) = )‘7‘1‘,“11
qoo qo1 q10 q11

fo1 — fi11

145 Since p}, (7y) satisfies the constraint =, we have
Foo — Ao
0'2 0'2
A4 o A — gy
%12 q11 . —~, andhence, )= Z(/ioo _ 10) (/~L21 /~L121) .
o o o o o o
_'Y)\&'F,UOO_’Y/\&_HIO ﬁ_*_ 11 _|_,Y2 (()()+1()>
doo q10 o1  qu1 doo 410
146 Thus, we can express p},(y) as
. V(o0 — p110) = (po1 — p11) 03
MOO(V) =7 o2 o2 o2 o2 (]TO(()) + Loo
—or 71l + 42 (00 + 10)
qo1 qi11 qoo d10

W’(Moo - Mlo) - (Mm - Mu) 001
MOI(V) = o2 o2 o2 o2 a + po1
Z01 4+ —= 211 + 72 (00 + 10)
qdo1 q11 qoo q10
. Y(poo — pao) = (po1 — pa1) o7
M10(’7) =7 o2 o2 o2 o2 qllg + K10
Z01 + = 11 + ,YZ <00 + 10>
qo1 q11 qoo q10
(oo — p10) — (Ho1 — p11) ©
0'81 0%1 080 Ufo q11
qo1 q11 qoo q10

pi(y) = —

147 Thus, the optimal value of £, for a fixed v € R> is given by

s Nia)Q o} ('7)2 - o} Tia
ia 71(14 1a 1a 1 .
G (gt + T s 2

10



148 Dividing the above expression into three parts, the first part evaluates to

Zq Mza( ) — Nza) _ o0 72)\20610 + qo1 )\20611 + q10 72)\20%0 + q11 A2J%1
(i,0) " 203, 2080 ado 208, ap 207, dio 207, a4t
VNad,  Nog | *Noiy Ao
2qoo 2qo1 2q10 2q11

A2 (o2 o? o2 o?
:<01+11+72<00+10>>

2 qo1 q11 qoo q10

2

1 oo = mo) = G —m) (chych o (e oh))

2 2 2 2
2| op 011+ 2<Uoo+01o qo1 qi11 qoo q10

+

qo1 q11 qoo q10

_ 1 (y(poo = pao) — (ko1 — (1))’

2 o2 o2 o2 o2\’
Zor T 72 (00 + 10)
qo1 q11 qo0 q10

149 The second part evaluates to

(i,a) wa (i,a) “
~ gio Gio + i1 ~ i1 72 (gio + gi1)
Y| ety |y | St
T 2 2 [ %o | 4y = 2 2 [ 40 qzﬂ
1=0 o° — + 1=0 o — 4
10 2 2 21 2 2
Tio Oi1 Tio Oi1
2 2
TioY
L gio qi1 <1 - :702 ) ' qio (’72 121>
_ qi0 il gi1 i0
B Z 2 01'20’72 +Z 2 121 2
=0 qi0o + gin—3 =0 qi0—5 + g1y
g (o
il 20
2 2
TioY T
L gio qi1 (1 - ;21 ) L gy 400 ( ;21 - 1)
_ 40 7 1 7
S TP 5
=0 qio + qin——5 =0 qio + qin—5
0i1 Oi1
= ()7
150 and the third part evaluates to
~ gio o i1 o
4 log =) log—2— 4 = log —+
% o8 s 2yl it e
) A2 . A2
) o2 <q120 N > o2, <qg) N >
_ 4i0 Tio i1 4i1 ) 9i1
= Z — log + —1lo 5
= 2 gio + Gi1 2 v2(gio + gi1)
L gio | 2010 gio 2910
_ Z qi0 log qi1 2 i @1 og qi1 0'?1
B 4di0 o2
par g qL-&-l 2 A2 10(‘]70_|_1>
il qi1
_ %0;%1 log (%0 n 2010) _ %0;‘%‘1 log (%O+1> — girlog Y — iy log 72
=0 di1 011 qi1 051
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Putting it all together

,uza Mia)Q O-Z:a (7)2 — 0-1'2(1 Tia
ia 1
=2 ( 20 i 20% L)

(i,a)

_|_
qo1 q11

1 (v(poo — p10) — (po1 — pa1)) Z gio + i1 (%0 4 Ufg)
9 2 2 ) 2
2 001 011+ 2< oo+‘710> i1 i1
doo  4qi0
. , o
- I ;— T og (qm + 1) ~ gi1logy — gi1 log =
di1 041

Minimizing £ leads to a non convex program. Since 7 is the ratio between variances of the new

subgroup distribution, for a practical solution, we can do a line search over vy € (0, B) for some
B < .

Bound on Unfairness and Error Rate For completeness, we now derive upper bounds on the error
rate and the unfairness gap Ago of the Bayes optimal classifier h on D with respect to the original
distribution D. These bounds show that both the accuracy loss and the fairness gap depend only
on the KL divergence between D and D. It also shows that the optimal value of our optimization
problem can be used to approximately translate the accuracy guarantee of h from D to D.

Proposition 2.5. Let err(h, D) denote the error rate (expected 0-1 loss) of a classifier h on the

distribution D. Let al;pv(b7 D) denote the total variation distance between two distributions D and
D, while Dy, denotes the KL-Divergence between them. Denote the Bayes optimal classifier on the

ideal distribution D as h (and similarly the Bayes optimal classifier h. Then, we can bound the error
rate and Equal opportunity of h on the original distribution D as follows:

lerr(h, D) — err(h, D)| < \/2Dx1(D,D) and Apo(h,D) < {/8Dkw (DHD).

Proof. For the sake of this proof, we assume a countable data domain. Using the definition of the
expected 0 — 1 loss, we can write:

err(fz,D) - err(fz,f))
= Z I (E(xva) 7é y) ' (p(x7y7a) —ﬁ(m,y,a))

(z,y,a)
< 2dTV(ﬁ, D) < 2DKL(D, D) (Pinsker’s Inequality [3]).

The first inequality follows from writing the error as expected 0-1 loss and using the definition of
total variation distance. The last line follows from Pinsker’s inequality [5]. We can similarly prove
the other direction to obtain the first inequality. Similarly, for the true positive rate of group a,
TPR,(h,D) — TPR,(h,D) < 2Dry (D, D).

We can also write for the other group A = a’, TPRy (h, D) — TPR,/ (h, D) < 2Drv(D, D).
Adding both LHS and RHS and repeating the exercise in the other direction, noting that the TPR
difference of & in D is zero (since in the ideal distribution we have exact fairness), we can bound the
absolute value of the TPR difference, which is our definition of Ao, we get:

Apo(h, D) < 1/8Dxy ([)||D)
0

Equalizing the first moment A popular intervention in the fairness literature is to equalize the
first moment of the two sensitive groups or the mean outcomes of two groups, also known as the
Calders-Verwer gap [4 [11}16]]. We, therefore, also study an intervention where we only change the
mean of the under-privileged group and try to match it with the mean of the privileged group. We can
show that the resulting optimization program is convex. We leverage this intervention in Section 5 of
the main text.
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Figure 1: Comparison of Different Interventions when the subgroup distributions are shifted version
of each other. While all methods achieve the same Bayes Error, Affirmative action is able to bring
down the Bayes Error and achieve exact fairness.

Proposition 2.6. (Affirmative Action by Equalizing First Moments) Let (X,Y, A) denote the features,
binary class label, and binary group membership, respectively, of a random data point from any data
distributioanith Gia =Pr(Y =i,A=a) fori €{0,1} anda € {0,1}. Let X|Y =i, A=a ~
N (pia, 02,) be a univariate Normal distribution, fori € {0,1} and a € {0,1}. Then in the case of
A]ﬁrmatlve mean change, where we impose the following constraints:

q1o0 f1o 4 oo floo _ @ ot fon
qo+dq0  qo+90 @1+ q1 @t gor’

we can efficiently minimize Dk, (ﬁ\ |D) as a function of the variables [i;o and ii0~

Proof. We are dealing with the following optimization problem:

DgL (DHD) = iQiODKL <]51'0||Pi0)

i=0
1 . .
(fio — pio)® | 03 — 03 gio
_ ; 7 7 1 ~0
oo (g St o

as a function of the variables ji;o and 7,0 subject to the constraints

q10 - 400 ~ q11 qo1

— 1o+ ———— oo = pi1 + o1
q10 + Qoo q10 + qoo q11 + qo1 q11 + qo1

Since we are only changing the means and keeping the variances the same, the objective only depends
on fi;0. Furthermore, let K’ = (910+400)/(g11+401) * (111411 + go1fto1) so that

1 ~ 2 ~
S ) . K —
L= Z qio(’uloziéulo), subject to figg = ﬁ.
o J50 q00

Substituting the constraint on figo in the objective £ gives us a convex quadratic in fi19, and the
solution is obtained by setting the derivative to zero:

2K _ u;o Mgo 2K _ Hgo u%o
~ __ 919910 ST0) 900 ~ __ 9050900 9060 ST0) ~ -
foo = T T Hio= T T, fo1 = po1, and far = pia1-
o%9°4q10 7% 980°900 ol

O

3 Additional Figures for Section 5

In this section, we lay out additional plots from our Gaussian case study. We first describe the
setup. We modify a stylized setting of Gaussian distributions from previous work (see Definition
3.1 in [13l], Section 5.3 in [1]) to investigate the unfairness and the Bayes optimal error on the
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Figure 2: Comparison of Different Interventions when the original distribution is already fair. In this
case, EF-All ensures that it stays close to the true distribution, as no intervention as required, while
others relatively deviate.
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Figure 3: Comparison of Different Interventions when we use a different threshold (3/4) than the Bayes
optimal threshold (1/2). As derived in Proposition the EF-Affirmative and EF-All interventions
work with any threshold.

original and ideal distributions obtained through various interventions. We fix ¢;, € (0, 1) such
that goo + q10 + go1 + ¢11 = 1, and our data generation works as follows. We simulate a data
distribution where Y = i, A = a with probability ¢;, and X | Y =i, A = ais sampled from a
univariate Gaussian N (u;q, 02,). We choose homoskedastic Gaussians within each group A = a,
1.e., 0gq = 014, SO the we can show the Bayes optimal classifier boundary as a threshold. We choose
different o;,’s that cover ground truth distribution that can the entire spectrum of being ideal or close
to ideal to very far, and then we apply different interventions to change all or some subset of i;,’s
and o0;,’s to find the nearest ideal distribution in KL-divergence as given in Section 4 of the main text.

We first look at a case where the subgroup distributions are the same shifted versions of each other in
Figure m Note that all interventions, in this case, result in the same Bayes error (BE), but affirmative
action brings the BE down with zero unfairness at the cost of incurring a deviation in terms of KL
and JS divergence. However, in the next subplot, changing all four subgroups not only helps reduce
the Bayes error and unfairness but also stays very close to the true distribution in the KL/JS sense.
Matching the means also helps reduce the unfairness while staying close to the true distribution, but
is sub-optimal compared to the EF-Affirmative and EF-All interventions.

Next, we look at a case where the Bayes optimal classifier is already fair (AEO is close to 0 while
ADP=0) in Figure 2] The expected solution here should be that any intervention must leave the
distribution as it is. EF-Affirmative intervention keeps the unfairness and error rate numbers as it is,
but deviates from the true distribution, as indicated by the KL/JS divergences. However, the EF-All
intervention only makes major changes to variances and stays close to the true distribution. The
Mean Matching intervention shifts both the under-privileged subgroups and strays away from the
true distribution, as indicated by relatively high KL/JS values.

Finally, in light of Proposition [I.3] we simulate the cost-sensitive risk for a different cost matrix
C other than 0-1 loss by considering a threshold ¢ = 3/4 on 7(x, a) in Figure l The original
distribution has high unfairness. EF-Affirmative intervention manages to achieve almost perfect
fairness and zero error rate, but incurs relatively high KL/JS numbers. However, once again, changing
all four subgroups, results in a solution that is perfectly fair and accurate, with low KL/JS. Mean
Matching is unable to address the fairness-accuracy tension at all in this case and also manages to
drift away from the true distribution, as indicated by non-zero KL/JS values.

14



228

229
230
231
232

233

234

236

237
238

239

240

241

242

243

244
245

246

247

248
249

250

251

252

254
255

4 Details and Additional Results for Section 6

In this section, we lay down all the details for the experiments performed for LLM steering. The
code to reproduce our results is provided here, For the multi-class experiments, we use a lot of helper
functions from the code of Singh et al. [[15]|'| For the emotion steering experiments, we reproduce
the methodology from Zhao et al. [16] and provide the Jupyter notebook in our code.

4.1 Reducing Disparity in Multi-class classification

To apply our intervention for multi-class settings, we first come up with a version of Theorem 4.1
for multiple classes. We show this for a univariate distribution, and for our intervention, we assume
diagonal covariance. Since our experiment setup only requires two groups for each class, we show the
effective constraints assuming two sensitive groups, but this methodology can be readily extended to
handle a countable number of groups as well. To make our program convex (and affirmative), we fix

aclassy € ). We fix our class y* according to the following heuristic: y* = arg min AT’ PR(i{),
yeY

T . .. . . . . . . T 4 %
where h is the empirical risk minimizer on the given data. This fixes our ratio v, = Uy—; and
Y
_ 9y*1
Ta = Ay*0 "

We can now write a multi-class version of the optimization program in Theorem 4.1:

~ia_ ia 2 &2 _0"2 Oia
EWZZQZ@((M Hia) + 4 2 1 log — )

2 2
(i,a) QUia 20ia Oia
as a function of the variables ji;, and 7;, subject to the following constraints
fi1t — fj1 _ Oi 01 g1 qj1

- - — — Yo ,— =—===r4 and G;, >0, foralli € Y,j € Y \{i}.
Hi0 — Hjo 30 30 qi0 q;50

Just like in the proof of Theorem 4.1, the resulting program will result in separable objectives for a
class y and then in the underlying optimization variables fi,, and 7yq:

Program for [i,,:

(fiyo — p1y0)* (g1 — py1)? : ~ ~ ~ ~
(Jy0y272y + Qy1y272y7 subject 0 fiy1 — fiy=1 = Y(fiyo — fiy=0)
Ty0 Ty1
Program for ,:
~2 2 ~2
9y0 — Tyo 0y0 Oy1 — Ty1 Oy1 . - ~
4y0 % +log == | + g % +1log == |, subject to ;1 = Y50,
Ty0 0y0 Oy1 Oy1

where y* is the class we fixed earlier and v = 7,. The solution for the following programs are the
following:

a0 Yay1
2ota 20tq "gio Hyot+ U2y (Hy1 =y 1+YHy*0)
pe = + y0Tdyl pe = + Y yl y —] yl nd —
Ty0 ay0 | Y2ay1’ Iy1 v ay0 |, Vay1 » Hyo ay0 | Vay1 , @ dﬂyl
02 + 0'2 02 0'2 02 + 0‘2
y0 yl y0 yl y0 yl

72ay1
2 Myl
-
vl

q,
S (1= oy +
Y

qy0 "f2 qy1

2 o

yl

Once we have the corrected distributions N (1,4, 24 ), We set up an affine intervention, following

the design choices of Singh et al. [15]. We assume an affine relationship between the original

and transformed samples per subgroup: Y = ayqX + bye, where Y ~ N (fiyq,0yq) and X ~
2 2

N (ptya, 7ya). Taking expectation on both sides gives us: fiya = ayallya + bya, Tya = Gya05q, and

we get the following coefficients: a,, = £

Oya - Oya
o, and bya = flya = o lhya

"https://github.com/shauli-ravfogel/affine-steering
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Figure 4: TPR-gap between Gender groups for all professions. All methods to steer feature rep-
resentations achieve roughly the same accuracy (in the range of 0.77-0.79). Our intervention (EF
Affirmative) is able to significantly reduce the TPR-gap for all professions. In many cases, it is even
comparable or better than previous interventions Belrose et al. [2]], Singh et al. [[15]].

We have two choices of the parameters corresponding to the positive and negative solutions. Since we
are working with empirical estimates, we use the validation error to decide the best set of estimates.
A detailed implementation is given in the code. To implement the conditions for g,, we use the
reweighing scheme of Kamiran and Calders [10]. The plot in the main text (Figure 3) assumes
gyo = gy for the corrected covariances. Figure E] shows the plot with no such assumption for gy,
and confirms with same trends as observed in Figure 3.

4.2 Steering activations for Joyful generation

Zhao et al. [16] propose to obtain a distribution over the steering vectors for a concept instead of
a single steering vector. In this section, we lay out all our prompts and the design choices for the
emotion steering pipeline.

We first generate training data for each concept (joyful, angry) for each of the groups (horror, comedy),
resulting in four subgroups. The following prompt was used to generate an initial set of data:

Compose a concise 30-word movie review, assuming it is a comedy movie, that covers these
four aspects: plot, sound and music, cultural impact, and emotional resonance. Choose a joyful
tone for your review. For the plot, comment on its structure or originality. Regarding sound
and music, mention how it enhances the storytelling. For cultural impact, touch on any relevant
social commentary. Finally, describe how the film resonates emotionally. Ensure your joyful
tone is consistent throughout the review. Please include emotions like “joyful” in these texts
and generate 1000 samples.

We obtain the last token embeddings from each layer of a Llama-3.1 8B model [9] for each of the
samples. We now proceed towards obtaining the steering vectors. We want to obtain a steering vector
for each group. Treating angry reviews as an irrelevant sample for the ‘joyful’ concept, we assign
y = 0 to angry samples and y = 1 to joyful samples. Because we want to estimate a distribution over
the steering vectors instead of a single vector, we sample 300 points with replacement and repeat this
for 50 iterations. In each of these iterations, we train a Logistic Regression model to classify between
the relevant and the irrelevant samples. We get 50 weight vectors using this pipeline, and we use
those to obtain the sample mean and covariance. We denote the resulting distribution for the steering
vectors for layer [ as N(u},, ¥} ,) where la denotes that this distribution represents the steering
vector for joyful emotion for a group A = a (horror or comedy reviews). To apply our intervention
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280 later, we also obtain the steering vector in the other direction by flipping the relevance labels, i.e.
281 joyful — angry, and we denote the resulting Gaussian distribution with (), , 35

282 To perform steering, we now sample a steering vector v’ ~ N (1}, ¥} ,) and add it to the last token
283 representation of layer | with strength a: h! = (1 — a)h! + av!. To measure the performance of
284 steering, we ask the Llama model to generate angry reviews using the following prompt:

System Prompt: You are a well informed movie critic.

User Prompt: Compose a concise 10-word movie review, assuming it is a horror movie. The
tone of the review must be angry. The review should be within 10 words. Generate 100 samples.
Please make sure that you do not repeat the same review and keep each review under 10 words.
Also, make sure that the reviews are coherent and not repetitive.

285

286 We first measure the joyfulness score of the generated reviews without adding any steering vectors.
287 Just like Zhao et al. [16]], we use the following prompt to ask the GPT 4.1 model to rate the joyfulness
288 of the text:
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289

System Prompt: You are a deterministic evaluation agent trained to assess text samples using
two strictly defined criteria: (1) emotional tone (joyful score) and (2) linguistic structure (chaotic
score).

For each input, your task is to produce exactly two integer scores between 0 and 10. These must
follow the user’s scoring rubric precisely. The first score reflects emotional positivity or dark
exuberance without considering sentence structure. The second score reflects linguistic disorder
or repetition, without considering sentiment.

You must produce output in CSV format, strictly matching the following structure: "sample",
joyful score, chaotic score

Do not include any additional content, commentary, or variation. Your outputs must be fully
deterministic: identical input always produces identical output.

Your responses should match the tone and evaluation logic demonstrated in the provided
reference examples.

User Prompt: You are an automated evaluator tasked with rating horror movie reviews using
two fixed criteria: **joyful expression** and **textual coherence and novelty**.

For each review, you must generate exactly two integer scores as described below:

### **1. Joyful Score**

Rate from O to 10 based strictly on emotional tone:

* *#%0** = not joyful at all (strongly negative, angry, or emotionally flat tone)

* #%10** = extremely joyful, enthusiastic, or darkly exuberant in tone

* Intermediate values reflect a mix of enthusiasm and criticism

* Focus solely on affect and sentiment; ignore linguistic structure for this score

### **2. Chaotic Score**

Rate from O to 10 based strictly on linguistic organisation:

* #%0** = fully coherent, fluent, and structurally sound

* #*%10** = highly chaotic, incoherent, repetitive, or nonsensical

* Intermediate values reflect partial disorganisation, verbosity, or broken phrasing
* Focus only on syntax, flow, and novelty of expression; ignore emotional content

### **Reference Examples**

**Joyful and Coherent Horror Reviews: **

* “Blood-soaked fun ensues in this delightfully terrifying slasher film.”

* “Chilling thrills abound in this creepy haunted mansion tale.”

* “Jump scares galore in this electrifying horror comedy gem.”

* “Unsettling unease fills this unnerving psychological horror masterpiece.”
* “Bone-chilling chills chill to the bone in this one.”

**Angry and Coherent Horror Reviews:**

* “Abysmal plot twists ruined what could’ve been a decent film.”
* “Mind-numbing terror fails to deliver in this lazy horror.”

* “Weak jump scares can’t save this trainwreck disaster.”

* “Poor production values ruin what little suspense exists.”

* “Frustratingly predictable, making it boring and unscary too.”

### **Output Format™®*

* For each sample, return one line in strict CSV format:
* *#*Example Output:**

““ sample, joyful score, chaotic score

“This horror film was painfully dull and predictable.”, joyful_score_1, chaotic_score_1
“Terrifying, stylish, and packed with chilling moments!”, joyful_score_2, chaotic_score_2

1173

o

sample", joyful score, chaotic score*

* Do **not** include explanations, commentary, or additional formatting.
* Output must be **fully deterministic**: the same input must always yield the same scores.
Begin processing the dataset now. Here is the })Satch of review samples:
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A few notes on evaluation are in order. Zhao et al. [16] report both joyfulness and coherence scores
for the generated text. However, we observed that coherence scores were all over the place and did
not make sense. Second, Zhao et al. evaluate using the GPT-40 model, whereas we used the GPT 4.1
model since we observed that the joyful scores corroborated more with the qualitative inspection of
the generated samples.

Following the above pipeline, we observe an increase in joyfulness scores of the generated reviews
by a Llama model after steering. However, since the effectiveness of joyful steering was not the
same for the horror and comedy movie review generations, we apply our affirmative intervention
(Theorem 4.1), assuming that the horror and comedy movie reviews define two groups. Let the
modified steering vector be denoted by o ~ N (ji},, %}, ), where the new gaussian distribution is
obtained after applying the affirmative action intervention from Theorem 4.1 assuming horror group
is the under-privileged group.

However, simply replacing v, will not work. We demonstrate that empirically in the main text, where
in Figure 4, o = 1 corresponds to using ¢, instead of v!. But we can always use @ to nudge the
existing steering vector v', in the right direction. To do that, we modify the steering vector and the
representation h! with the following rule: h! = (1 — a)h! + a((1 — a)v! + a'), where a controls
the strength of mixing the old and new steering vectors. In Figure 4, we show that for small values
of a, the steering vector indeed starts performing better in steering the reviews of the horror group
towards a more joyful tone.
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