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1 Experimental Settings

PEFT module and Pre-trained backbone. We use the ViT-B/16 model pre-trained on ImageNet-
21K as the backbone and initialization for all experiments, following standard practices in the visual
PEFT literature. For parameter-efficient fine-tuning, we consistently apply the LoRA method [4]
with a rank of 8 as the compact auxiliary module in all settings. The code for our method is at
https://github.com/anh-ntv/GAC-MSO

Particle setting Each LoRA module introduces two trainable low-rank matrices A ∈ Rd×r and
B ∈ Rr×d, with r << d, to efficiently adapt pre-trained weights by approximating the updates of
corresponding full-rank weight matrices to a new task. In the ViT-LoRA setup, two LoRA modules
are injected into each self-attention block of the Transformer, modifying either the query Wq or value
Wv projection matrices in the Attention layers. To integrate our GAC-MSO approach, each particle
includes a unique set of LoRA modules, enabling the learning of diverse fine-tuning trajectories while
keeping the shared backbone parameters fixed. This design facilitates efficient, scalable adaptation
for the multi-solution approach without duplicating the full model. The final output is then generated
by averaging the predictions from all particles.

Formally, let the ViT backbone consist of L Transformer blocks. Each block includes an Attention
module, an MLP module, and optionally a parameter-efficient fine-tuning component. In the ViT-
LoRA configuration, low-rank adaptation is applied to the query and value projections within the
Attention module.
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The weight set for the Attention module is defined as:

WAtt = {Wq,Wv, Aq, Bq, Av, Bv,W},

where Wq and Wv are the pre-trained projection matrices for the query and value, Aq and Bq are
the low-rank LoRA parameters for the query path, Av and Bv for the value path, and W denotes the
remaining attention parameters (e.g., key and output projections, biases, etc.).

In ViT-LoRA, given the input token representation x, the query Q and value V are computed as:

Q = xWq + (xAq)Bq V = xWv + (xAv)Bv,

In the multi-particle setting, each particle m maintains its own set of LoRA parameters
{Am

q , Bm
q , Am

v , Bm
v }, while sharing the base model parameters {Wq,Wv,W}. The query and

value projections for particle m are thus:

Qm = xWq + (xAm
q )Bm

q V m = xWv + (xAm
v )Bm

v .

The full set of weights for the Attention module in the m-th particle becomes:

Wm
Att = {Wq,Wv, A

m
q , Bm

q , Am
v , Bm

v ,W}.

This architecture allows each particle to follow a unique fine-tuning trajectory through its own LoRA
parameters while executing in parallel via the shared Transformer backbone, ensuring efficient and
scalable multi-solution training.

Kernel function Our proposed GAC-MSO method is compatible with any positive semi-definite
kernel K(θ,θ′) : Θ × Θ → R. Similar to SVGD [6], we employ the RBF kernel k(θ,θ′) =
exp(− 1

2σ2 ||θ − θ′||22) and we set the kernel width σ = 1 for all experiments.

Trade-off β and α and momentum γ In the practical implementation of our method, we introduce
a trade-off coefficient β for the energy function and α for the divergence loss. For simplicity, we fix
β = 1 across all experiments and set α = 0.2. The effectiveness of the divergence term is further
evaluated through ablation studies, as discussed in Section 3. Additionally, we approximate H(θ̃)−1

using the diagonal elements, updated via an exponential moving average with momentum γ ∈ [0, 1].
We consistently set this momentum, as well as the momentum used in baseline methods, to 0.9.

2 Additional experiments

2.1 Image Classification with FGVC dataset

FGVC dataset. The FGVC benchmark comprises five fine-grained datasets for visual classification
tasks: CUB-100-2011 [9], NABirds [8], Oxford Flowers [7], Stanford Dogs [1], and Stanford Cars
[2]. Number of training samples in these datasets is from 1,000 to 21,000 images, significantly more
than the VTAB-1K dataset. We evaluate our method in settings where data is not abundant.

We follow the same experimental setup as used with the VTAB-1K dataset, which trains all baselines
in the multi-solution setting with four particles. The results, presented in Tables 1 and 2, demonstrate
that our GAC-MSO method achieves notable improvements in both accuracy and ECE score. In
particular, GAC-MSO significantly outperforms the SVGD approach on calibration, achieving an
ECE score of 0.05 compared to 0.14 on SVGD. This highlights the effectiveness of our approach not
only in enhancing predictive performance but also in improving model confidence and trustworthiness
in fine-grained classification tasks.

2.2 Image Classification with ViT-B Adapter

Adapter is one of the pioneering approaches in parameter-efficient fine-tuning (PEFT), which in-
troduces a bottleneck module into each Transformer layer—typically placed after the Multi-Head
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Method CUB-200 NABirds Oxford Stanford Stanford Mean-2011 Flowers Dogs Cars

Single solution setting
AdamW [4] 85.6 79.8 98.9 87.6 72.0 84.78

Multi-solution setting
Deep-ensemble [5] 79.2 46.7 96.7 90.6 24.7 67.57
SGLD [10] 85.6 74.1 97.4 91.0 48.4 79.50
SVGD [6] 87.8 78.8 99.1 91.0 81.2 87.58
GAC-MSO (Ours) 87.5 81.8 99.4 91.1 83.2 88.60

y

Table 1: Image classification experiments on FGCV benchmarks with ViT-B/16 pre-trained models

Method CUB-200 NABirds Oxford Stanford Stanford Mean-2011 Flowers Dogs Cars

Multi-solution setting
Deep-ensemble [5] 0.62 0.45 0.70 0.45 0.21 0.48
SGLD [10] 0.26 0.18 0.49 0.06 0.29 0.26
SVGD [6] 0.11 0.26 0.07 0.03 0.25 0.14
GAC-MSO (Ours) 0.04 0.07 0.00 0.03 0.12 0.05

Table 2: Image classification experiments on FGCV benchmarks with ViT-B/16 pre-trained models

Self-Attention (MHSA) or MLP modules. ViT-Adapter enables fine-tuning of a small subset of pa-
rameters, significantly reducing the total number of trainable parameters. We evaluate our GAC-MSO
approach on the ViT-Adapter by inserting M Adapter modules after each Transformer block, where
M denotes the number of particles. The experimental setup follows the same configuration as used
with ViT-LoRA, and the bottleneck rank for each Adapter is set to 8.

The results on the VTAB-1K dataset are summarized in Table 3. Our method outperforms baseline
models in both the single-solution setting (M = 1) and the multi-solution setting (M = 4), demon-
strating that our MSO framework is flexible and can be effectively integrated with different PEFT
modules.

Table 3: VTAB-1K results evaluated on Top-1 accuracy. All methods are applied to fine-tune the
ViT-B/16 Adapter with pre-training on ImageNet-21K dataset.

Natural Specialized Structured

Method C
IF

A
R

10
0

C
al

te
ch

10
1

D
T

D

Fl
ow

er
10

2

Pe
ts

SV
H

N

Su
n3

97

C
am

el
yo

n

E
ur

oS
A

T

R
es

is
c4

5

R
et

in
op

at
hy

C
le

vr
-C

ou
nt

C
le

vr
-D

is
t

D
M

L
ab

K
IT

T
I

dS
pr

-L
oc

dS
pr

-O
ri

sN
O

R
B

-A
zi

sN
O

R
B

-E
le

AVG

Accuracy
Single-solution setting
AdamW [3] 69.2 90.1 68.0 98.8 89.9 82.8 54.3 84.0 94.9 81.9 75.5 80.9 65.3 48.6 78.3 74.8 48.5 29.9 41.6 71.44

Multi-solution setting
Deep-Ensemble [5] 76.4 91.8 73.6 99.2 91.9 87.8 57.4 86.1 95.6 86.1 74.4 81.4 63.2 51.8 79.3 79.7 56.2 30.2 40.8 73.83
SGLD [10] 57.0 84.2 67.2 98.3 91.4 60.2 32.2 82.6 92.3 74.8 74.1 58.6 37.2 40.8 72.3 75.9 29.7 13.6 27.0 61.50
SVGD [6] 75.7 91.4 74.0 99.1 91.9 86.8 54.7 85.8 95.7 86.1 74.3 76.8 62.7 50.5 79.6 76.2 56.6 29.2 41.2 73.06
GAC-MSO (Ours) 77.7 93.3 74.3 99.1 91.7 85.5 58.4 87.8 96.3 87.3 74.1 83.4 66.2 51.0 79.3 82.1 59.4 31.9 46.0 74.98

ECE score
Multi-solution setting
Deep-Ensemble [5] 0.05 0.06 0.04 0.05 0.01 0.05 0.11 0.11 0.01 0.02 0.18 0.09 0.25 0.30 0.15 0.11 0.21 0.27 0.31 0.125
SGLD [10] 0.37 0.28 0.27 0.33 0.11 0.15 0.22 0.03 0.06 0.30 0.01 0.11 0.03 0.03 0.09 0.15 0.03 0.01 0.03 0.137
SVGD [6] 0.08 0.07 0.03 0.05 0.01 0.05 0.13 0.11 0.01 0.03 0.17 0.06 0.21 0.28 0.15 0.09 0.15 0.21 0.25 0.112
GAC-MSO (Ours) 0.07 0.02 0.12 0.00 0.05 0.09 0.09 0.10 0.02 0.05 0.12 0.10 0.25 0.33 0.07 0.09 0.21 0.30 0.32 0.126

3 Ablation study

Effectiveness of trade-off α of the divergence term We propose incorporating a divergence term
to encourage diversity in the predictions of each solution in the output space, which enhances the
overall combined prediction. However, the effectiveness of this term can vary depending on the
number of classes in a dataset. For instance, CIFAR-100, with 100 categories, tends to naturally
yield a smaller divergence loss ldiv compared to a dataset like sNORB-Ele, which contains only 9
categories.
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To evaluate the impact of the divergence term, we conduct an ablation study on the VTAB-1K dataset
by varying the trade-off coefficient in the loss function. Results are presented in Table 4. In most
cases, applying the divergence term (i.e., α > 0 ) leads to improved performance in both accuracy
and ECE compared to omitting it (α = 0). On average, setting yields the best accuracy, while higher
values of may further improve model calibration, as reflected in lower ECE scores.

Table 4: Effectiveness of the divergence term with different trade-off α

Natural Specialized Structured

α C
IF

A
R

10
0

C
al

te
ch

10
1

D
T

D

Fl
ow

er
10

2

Pe
ts

SV
H

N

Su
n3

97

C
am

el
yo

n

E
ur

oS
A

T

R
es

is
c4

5

R
et

in
op

at
hy

C
le

vr
-C

ou
nt

C
le

vr
-D

is
t

D
M

L
ab

K
IT

T
I

dS
pr

-L
oc

dS
pr

-O
ri

sN
O

R
B

-A
zi

sN
O

R
B

-E
le

AVG
Results evaluated on Top-1 accuracy

0.0 74.0 94.3 73.0 99.3 91.8 84.7 57.8 86.2 96 86.5 74.2 77.8 63.1 51.2 77.5 82.2 57.4 33.2 45.3 73.97
0.1 73.6 94.9 72.9 99.3 92.1 85.9 58.1 86.2 96.1 86.8 73.1 79.0 63.8 51.8 79.2 84.2 58.0 33.8 45.8 74.45
0.2 73.7 94.9 72.6 99.4 91.6 85.8 58.3 86.2 96.2 86.9 74.0 79.0 63.8 51.0 79.9 84.4 58.3 33.4 46.4 74.52
0.3 73.5 94.8 73.1 99.4 91.7 86.0 58.3 86.2 95.9 87.2 73.8 79.5 63.9 50.7 74.3 84.3 58.2 32.8 46.4 74.21

Results evaluated on ECE score
0.0 0.15 0.03 0.17 0.01 0.06 0.12 0.16 0.12 0.03 0.08 0.22 0.17 0.30 0.39 0.2 0.11 0.26 0.43 0.39 0.18
0.1 0.14 0.03 0.17 0.00 0.06 0.11 0.16 0.12 0.03 0.08 0.20 0.16 0.29 0.39 0.13 0.09 0.26 0.41 0.39 0.17
0.2 0.14 0.03 0.16 0.00 0.06 0.11 0.15 0.12 0.03 0.08 0.18 0.16 0.29 0.38 0.05 0.09 0.25 0.41 0.38 0.16
0.3 0.14 0.03 0.16 0.00 0.06 0.10 0.15 0.12 0.03 0.07 0.19 0.16 0.29 0.39 0.11 0.09 0.25 0.41 0.38 0.16

Experiment of number of particles We conducted experiments on six datasets from VTAB-1K,
from the Natural, Specialized, and Structured categories, to investigate how the number of particles
affects final performance. In these experiments, the number of particles was varied from 2 to 5,
while all other settings remained consistent with the VTAB-1K setup described in Section 4. As
shown in Table 5, increasing the number of particles generally improves performance. However, the
performance gaps from 3 to 4 particles and from 4 to 5 particles are less than the gap from 2 to 3
particles.

Table 5: Experiments on different numbers of particles

# particle Natural Specialized Structured AverageSVHN Sun397 Resisc45 Retinopathy sNORB-Azi sNORB-Ele

2 84.10 57.48 86.21 72.89 31.89 45.15 62.953
3 85.55 58.00 86.49 73.47 33.56 46.21 63.880
4 85.41 57.81 87.13 73.84 33.75 46.13 64.011
5 85.52 58.27 87.02 73.60 33.88 46.28 64.095

4 All Proof

We define the divergence d (ρ, ρt) as

d (ρ, ρt) = Eθ′∼ρ,θ∼ρt

[
Ex

[
KL

(
f
(
x;θ′) , f (x;θ)

)
+KL (f (x;θ) , f (x;θ′))

]]
, (1)

where KL is the Kullback-Leibler (KL) divergence.
Lemma 4.1. The divergence d(ρ, ρt) in Eq. (2) (which is Eq. 4 in the main paper) can be approxi-
mated as

d (ρ, ρt) ≈ Eθ′∼ρ,θ∼ρt

[(
θ′ − θ

)⊤
H (θ)

(
θ′ − θ

)]
,

where H (θ) = Ex

[
Ey

[
∇θ log fy (x;θ)∇θ log fy (x;θ)

⊤
]]

,

where fy (x;θ) is the y-th prediction output in the prediction probability vector f (x;θ).

Proof. We first define the divergence d (ρ, ρt) as

d (ρ, ρt) = Eθ′∼ρ,θ∼ρt

[
Ex

[
KL

(
f
(
x;θ′) , f (x;θ)

)
+KL

(
f (x;θ) , f

(
x;θ′))]] . (2)
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We derive as

KL
(
f
(
x;θ′) , f (x;θ)

)
+KL

(
f (x;θ) , f

(
x;θ′)) = ∑

y

[
fy

(
x;θ′)− fy (x;θ)

] [
log fy

(
x;θ′)− log fy (x;θ)

]

fy
(
x;θ′)− fy (x,θ) = fy (x;θ)∇θ log fy (x;θ)

T
dθ,

log fy
(
x;θ′)− log fy (x,θ) = ∇θ log fy (x;θ)

T
dθ,

where dθ = θ′ − θ.

Therefore, we reach∑
y

[
fy

(
x;θ′)− fy (x;θ)

] [
log fy

(
x;θ′)− log fy (x;θ)

]
≈

∑
y

fy (x;θ) dθ
T∇θ log fy (x;θ)∇θ log fy (x;θ)

T
dθ.

d (ρ, ρt) ≈ Eθ′∼ρ,θ∼ρt

[
Ex

[
Ey

[
dθT∇θ log fy (x;θ)∇θ log fy (x;θ)

T
dθ

]]]
= Eθ′∼ρ,θ∼ρt

[
dθTH (θ) dθ

]
,

d (ρ, ρt) ≈ Eθ′∼ρ,θ∼ρt

[(
θ′ − θ

)T
H (θ)

(
θ′ − θ

)]
where H (θ) = Ex

[
Ey

[
∇θ log fy (x;θ)∇θ log fy (x;θ)

T
]]

.

min
vt

{
η

∫ 〈
∇∂F (ρt)

∂ρt
(θ) , vt (θ)

〉
ρt (θ) dθ + Eθ∼ρt

[
∆θ⊤H (θ)∆θ

]}
. (3)

where ∆θ = vt(θ)− θ.

Moreover, Theorem 4.2 characterizes the optimal solution of OP in (3) (which is OP 9 in the main
paper), which involves the geometry of the particles sampled from ρt.

Theorem 4.2. The OP in (3) (which is Op 9 in the main paper) receives the following optimal
solution

v∗t

(
θ̃
)
= θ̃ − ηH

(
θ̃
)−1

∇∂F (ρt)

∂ρt

(
θ̃
)
, (4)

where H
(
θ̃
)
= Ex

[
Ey

[
∇θ log fy

(
x; θ̃

)
∇θ log fy

(
x; θ̃

)⊤
]]

.

Proof. Given θ̃, taking derivative w.r.t. vt(θ̃) and setting it to zero, we obtain

η∇∂F (ρt)

∂ρt

(
θ̃
)
ρt

(
θ̃
)
+H

(
θ̃
)(

vt

(
θ̃
)
− θ̃

)
ρt

(
θ̃
)
= 0.

vt

(
θ̃
)
= θ̃ − ηH

(
θ̃
)−1

∇∂F (ρt)

∂ρt

(
θ̃
)
.

Tractable Solution. To develop a tractable solution, we first notice that ṽ∗t

(
θ̃
)

= θ̃ −

η∇∂F(ρt)
∂ρt

(
θ̃
)

= θ̃ + ηũ∗
t (θ̃) is the velocity so that ρt+η = ṽ∗t#ρt minimizes F(ρ) − F(ρt)

in a vicinity of ρt. To find the optimal increment ũt(θ̃) = −∇∂F(ρt)
∂ρt

(
θ̃
)

, we seek the steepest
descent direction as in Eq. (2).
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Theorem 4.3. The steepest descent direction has the following form: ∇ηG (ũt, η) |η=0= ⟨h, ũt⟩,
where ⟨., .⟩ is the dot product on Hd

K and

h (·) = Eθ∼ρt

[
β∇Ψ(θ)K (θ, .)−

Eθ′∼ρt
[K (θ, θ′)∇K (θ, .)]

Eθ′∼ρt
[K (θ, θ′)]

]

+ αEθ1:M∼ρt

[
M∑

m=1

∇θm
ldiv (θ1:M )K (θm, .)

]
.

Proof. Given the current solution ρt, we learn the velocity ṽt = id+ ηũt to minimize

G (ũt, η) = F
(
ρ[ṽt]

)
+ αLdiv (ũt, η) , (5)

where α > 0 is a trade-off parameter and ρ[ṽt] = ṽt#ρt.

We rewrite the above OP as

min
η,ũt

{
β

∫
Ψ(θ + ηũt (θ)) dρt (θ) +

∫
log

(
k ∗ ρ[vt] (θ + ηũt (θ))

)
dρt (θ) + αLdiv (ũt, ϵ)

}
.

Noting that
ρt (θ) = ρ[vt] (θ + ηũt (θ)) |det (∇ (θ + ηũt (θ)))| .

β

∫
Ψ(θ + ηũt (θ)) dρt (θ) +

∫
log

(
K ∗ ρ[vt] (θ + ηũt (θ))

)
dρt (θ)

=β

∫
Ψ(θ + ηũt (θ)) dρt (θ) +

∫
log

(∫
K (θ, θ′) ρ[vt]

(
θ′ + ηũt

(
θ′)) dθ′

)
dρt (θ)

=β

∫
Ψ(θ + ηũt (θ)) dρt (θ) +

∫
log

(∫
K (θ, θ′) |det (∇ (θ + ηũt (θ)))|−1

ρt
(
θ′) dθ′

)
dρt (θ)

Taking derivative w.r.t. η at η = 0, we obtain

β

∫
∇Ψ(θ)

T
ũt (θ) dρt (θ)−

∫ ∫
K (θ, θ′) tr (∇ũt (θ)) ρt

(
θ′) dθ′∫

K (θ, θ′) ρt
(
θ′) dθ′ dρt (θ)

=βEρt
[⟨∇Ψ(θ)K (θ, .) , ũt⟩]− Eρt

[
1

Eρt
[K (θ, θ′)]

Eρt
[K (θ, θ′) ⟨ũt,∇K (θ, .)⟩]

]
=

〈
Eρt

[
β∇Ψ(θ)K (θ, .)− Eρt [K (θ, θ′)∇K (θ, .)]

Eρt
[K (θ, θ′)]

]
, ũt

〉
(6)

Furthermore, we have

Ldiv (ũt, η) =

∫
ldiv

(
θ
[ṽt]
1:M

) M∏
m=1

dρ[ṽt]
(
θ[ṽt]
m

)
(7)

=

∫
ldiv

(
[θm + ηũt (θm)]

M
m=1

) M∏
m=1

ρt (θm) dθ1:M .

∇ηLdiv (ut, η) |η=0=

〈
E

[
M∑

m=1

∇θm
ldiv (θ1:M )K (θm, .)

]
, ũt

〉
. (8)

By combining Eqs. (6) and (8), we reach the conclusion.

Finally, we update as follows:

v∗t

(
θ̃
)
= θ̃ − ηH

(
θ̃
)−1

∇∂F (ρt)

∂ρt

(
θ̃
)
= θ̃ + ηH

(
θ̃
)−1

ũ∗
t

(
θ̃
)

= θ̃ − ηH
(
θ̃
)−1

h
(
θ̃
)
.

The training algorithm is presented in 1.
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Algorithm 1 GAC-MSO algorithm to update M particles using kernel method in model space

Initialize particles θ1, θ2, . . . , θM , kernel K(., .), momentum γ = 0.9, trade-off β = 1, α = 0.2
and learning rate η
for each particle i = 1, . . . ,M do

# Compute the empirical estimate of the score function:

h (θi) =

M∑
m=1

[
β∇θmΨ(θm)K (θm, θi)−

∑M
m=1 [K (θm, θi)∇θmK (θm, θi)]∑M

m=1 K (θm, θi)

]

+ α

M∑
m=1

∇θm ldiv (θ1:M )K (θm, θi) .

H(θi) = (∇θmΨ(θm) +∇θm ldiv (θ1:M ))
2

# Using moving average with momentum:
m(θi) = γH(θi) + (1− γ)m(θi)

# Update the particle using the gradient descent step:
θi = θi − η

Mm(θi)
−1h(θi)

end for
Return the updated particles θ1, θ2, . . . , θM ,
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