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Abstract
We consider the following question: given a submodular/supermodular set func-1

tion f : 2V → R, how should one minimize/maximize its average value f(S)/|S|2

over non-empty subsets S ⊆ V ? This problem generalizes several well-known3

objectives, including Densest Subgraph (DSG), Densest Supermodular Set (DSS),4

and Submodular Function Minimization (SFM). Motivated by recent applications5

[40, 32], we formalize two new broad problems: the Unrestricted Sparsest Sub-6

modular Set (USSS) and Unrestricted Densest Supermodular Set (UDSS), both of7

which allow negative and non-monotone functions.8

Using classical results, we show that DSS, SFM, USSS, UDSS, and MNP are all9

equivalent under strongly polynomial-time reductions. This equivalence enables10

algorithmic cross-over: methods designed for one problem can be repurposed to11

solve others efficiently. In particular, we use the perspective of the minimum12

norm point in the base polyhedron of a sub/supermodular function, which, via Fu-13

jishige’s results, yields the dense decomposition as a byproduct. Through this per-14

spective, we show that a recent converging heuristic for DSS, SUPERGREEDY++15

[16, 30], and Wolfe’s minimum norm point algorithm are both universal solvers16

for all of these problems.17

On the theoretical front, we explain the observation made in recent work [40,18

32] that SUPERGREEDY++ appears to work well even in settings beyond DSS.19

Surprisingly, we also show that this simple algorithm can be used for Submodular20

Function Minimization, including acting as a practical minimum s-t cut algorithm.21

On the empirical front, we explore the utility of several algorithms for recent prob-22

lems. We conduct over 400 experiments across seven problem types and large-23

scale synthetic and real-world datasets (up to≈ 100 million edges). Our results re-24

veal that methods historically considered inefficient, such as convex-programming25

methods, flow-based solvers, and Fujishige-Wolfe’s algorithm, outperform state-26

of-the-art task-specific baselines by orders of magnitude on concrete problems27

like HNSN [40]. These findings challenge prevailing assumptions and demon-28

strate that with the proper framing, general optimization algorithms can be both29

scalable and state-of-the-art for supermodular and submodular ratio problems.30

1 Introduction and Background31

Submodular and supermodular functions play a fundamental role in combinatorial optimization and,32

thanks to their generality, capture a wide variety of highly relevant problems. For a finite ground set33

V , the real-valued set function f : 2V → R is submodular iff f(A)+f(B) ≥ f(A∩B)+f(A∪B)34

for all A,B ⊆ V . A set function f is supermodular iff −f is submodular; f is normalized if35

f(∅) = 0 and monotone if f(A) ≤ f(B) whenever A ⊆ B. When working with these functions,36
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we typically assume they are available through a value oracle that returns f(S) given a set S ⊆ V .37

We make this assumption throughout the paper. A problem of central interest is the following:38

Problem 1. (Submodular Function Minimization, SFM). Let f : 2V → R be a submodular function39

given via a value oracle. Compute min∅̸=S⊆V f(S).40

A classical result in combinatorial optimization is that SFM can be solved in strongly polynomial-41

time [28]. There have been many theoretical developments since then [35, 45, 48, 33, 11, 37, 3].42

In this paper, we are interested in ratio problems involving submodular and supermodular functions,43

which have been very interesting in various applications. We start with a concrete and canonical44

problem of this form.45

Problem 2. (Densest Subgraph, DSG). Given an undirected graph G = (V,E) find a subset S ⊆ V46

that maximizes the density |E(S)|/|S| where E(S) = {(u, v) ∈ E : u, v ∈ S}.47

DSG is a classical problem with wide-ranging applications in data mining, network analysis, and48

machine learning. Dense subgraphs often reveal crucial structural properties of networks and thus49

DSG has been a very active area of recent research; see, for example, [13, 42, 8, 17, 52, 51, 1, 53,50

21, 43, 47, 6, 38, 2, 50, 41, 39, 44, 12, 7]. A key feature of DSG is its polynomial-time solvability.51

There are several algorithms to solve it exactly: (i) via network flow [27, 46], (ii) via reduction to52

SFM (folklore), and (iii) via an LP relaxation [14]. Despite these exact algorithms, there has been53

considerable interest in fast approximation algorithms and heuristics to scale to the large networks54

that arise in practice. Hence, the Greedy peeling algorithm that yields a 1/2-approximation [14] has55

been popular in practice. Furthermore, there are several theoretical algorithms that obtain a (1− ε)-56

approximation in near-linear time for any fixed ε via different techniques [4, 9, 16]. An important57

recent algorithm, Greedy++, is an iterative version of Greedy that was proposed in [8]. It is simple,58

combinatorial, and has strong empirical performance. Moreover, it was conjectured to converge to59

a (1 − ε)-approximation in O(1/ε2)-iterations, each of which takes (near) linear time like Greedy.60

[16] proved that Greedy++ converges to a (1 − ε)-approximate solution in O(∆(G) log |V |/ε2)61

iterations where ∆(G) is the maximum degree. Crucial to their proof was a perspective based on62

supermodularity. In particular, they considered the following general ratio problem.63

Problem 3. (Densest Supermodular Set, DSS). Let f : 2V → R≥0 be a normalized, monotone64

supermodular function. Compute max∅̸=S⊆V f(S)/|S|.65

DSG is a special case of DSS; for all graphs G = (V,E), the function f : 2V → R where f(S) =66

|E(S)| is monotone supermodular. DSS can be solved exactly via SFM. [16] defined SuperGreedy67

and SuperGreedy++ for DSS and showed that SuperGreedy++ converges to a (1 − ε)-approximate68

optimum solution in O(αf log |V |/ε2) iterations where αf = maxv(f(V ) − f(V − v)). This69

is a useful result since several non-trivial problems in dense subgraph discovery can be modeled70

as a special case of DSS including hypergraph density problems, p-mean density [54] and others71

— for details, we refer the reader to the recent survey [39]. Several other converging iterative72

algorithms for DSG have recently been developed via convex optimization methods such as Frank-73

Wolfe [17], FISTA [29], and accelerated coordinate descent [44]. In another direction, flow-based74

exact algorithms have been revisited [32, 31]. Many of these algorithms are based on structural75

properties of DSG inherited from supermodularity, which we describe in more detail following the76

discussion of the motivation for this work.77

Motivation for this work: Our initial motivation originates from two recent ratio problems. [40]78

studied the following problem.79

Problem 4. (Heavy Nodes in a Small Neighborhood, HNSN). Given a bipartite graph G(L,R,E)80

and a weight function w : R → R≥0, find a set S ⊆ R of nodes such that
∑

v∈R w(v)/|N(S)|81

is maximized where N(S) is the set of neighbors of S. Equivalently the goal is to minimize82

|N(S)|/(
∑

v∈R w(v)).83

In the preceding problem, the function f : 2V → R defined as f(S) = |N(S)| is a monotone84

submodular function; it is the coverage function of the set system induced by the bipartite graph G85

(which can also be viewed as a hypergraph). This leads us to consider the following ratio problem.86

Problem 5. (Unrestricted Sparsest Submodular Set, USSS). Given a normalized submodular func-87

tion f : 2V → R, find min∅̸=S⊆V f(S)/|S|.88
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A second motivating problem is the following, which is studied in [32].89

Problem 6. (Anchored Densest Subgraph, ADS). Given a graph G = (V,E) and a set R ⊆ V ,90

find a vertex set S ⊆ V maximizing
(
2|E(S)| −

∑
v∈S∩R degG(v)

)
/|S|.91

The numerator in the preceding problem is supermodular but is no longer non-negative or monotone.92

This motivates us to further define an unrestricted version of DSS.93

Problem 7. (Unrestricted Densest Supermodular Set, UDSS). Given a normalized supermodular94

function f : 2V → R, find max∅̸=S⊆V f(S)/|S|.95

[40] showed that the HNSN problem can be reformulated as a special case of DSS, allowing iterative96

peeling algorithms (SUPERGREEDY++) to converge to the optimal solution. In [32], this perspective97

is extended by applying SUPERGREEDY++ to the unrestricted version of DSS (UDSS), noting that98

non-negativity and monotonicity can be enforced if one first shifts the function by a large modular99

term, i.e., adding C|S| for some sufficiently large constant C. This ensures non-negativity and100

monotonicity while retaining the exact optimal solution (since the density of all sets simply shifts by101

a constant C). However, the shift renders the relative approximation guarantee in [16] inapplicable102

in a direct way; indeed, [32] state the following: “we hypothesize that iterative peeling remains an103

effective practical heuristic”.104

More generally, while USSS and UDSS are equivalent in the exact optimization sense (via nega-105

tion), approximation guarantees do not easily carry over, especially when relying on relative error106

measures. This highlights a key open question: can we formally prove that SUPERGREEDY++ con-107

verges for all the above problem classes under appropriate approximation guarantees? Addressing108

this question, as we will in this paper, would provide a unified theoretical foundation for its empirical109

success observed across diverse submodular and supermodular ratio problems.110

Min-norm point and the Fujishige-Wolfe algorithm. Another motivation for this work comes111

from some essential properties of the min-norm point problem relevant to submodular optimization.112

Problem 8. (Minimum Norm Point, MNP). Let f : 2V → R be a normalized submodular or super-113

modular function, and let B(f) be the corresponding base polytope. Find argminx∈B(f) ∥x∥22.114

It is known that SFM can be reduced to MNP [24, 49]. Further, [23, 24] showed that the optimum115

value yields a lexicographically optimal and unique base, which reveals the entire dense decom-116

position of f . Recent work in the context of DSG has exploited MNP via convex optimization117

techniques [17, 29, 44] to obtain fast iterative algorithms for DSG and the dense decomposition118

version of DSG. Wolfe defined the min-norm point problem in the more general context of convex119

optimization and developed an iterative algorithm which is well-known [56] — we note that his algo-120

rithm is tailored to the quadratic norm objective and is quite different from the more general convex121

optimization algorithms. Fujishige tailored the algorithm to submodular polytopes, yielding one of122

the fastest practical SFM solvers [26, 10]. Despite its well-known empirical performance for SFM,123

the Fujishige-Wolfe algorithm has not been empirically evaluated for any recent ratio problems.124

Revisiting flow-based exact algorithms. Flow-based approaches to DSG were deemed impracti-125

cal for large graphs because they required an expensive binary search procedure. Recent indepen-126

dent work by Huang et al. [32] and Hochbaum [31] introduced an iterative density-improvement127

framework that overcomes this limitation. Letting f(S) = |E(S)|, and starting with S0 = V128

and λ0 = f(S0)/|S0|, the method repeatedly computes Sk+1 = argmaxS⊆Sk
{f(S)− λk|S|}129

via max-flow, updating λk+1 = f(Sk+1)/|Sk+1| until convergence (Sk+1 = Sk). This approach,130

rooted in Dinkelbach’s classical method from 1967 [18, 32], guarantees optimality. Although this131

process may appear worse than binary search in the worst case, potentially requiring up to |V | + 1132

flow computations, empirical evidence shows that the number of iterations is typically minimal and133

often far fewer than those required by binary search. These insights have renewed interest in flow-134

based algorithms for solving DSG. One can reduce HNSN to a max-flow problem. This raises the135

question of the performance of flow-based algorithms for HNSN.136

Summary of Motivation. We are motivated by the observation that several closely related sub-137

modular and supermodular ratio problems are treated disparately across the literature, often with138

distinct algorithms and analyses, despite underlying connections. We are interested in whether a139

unified perspective can bridge these gaps. For instance, while the simple combinatorial algorithm140
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SUPERGREEDY++ has provable guarantees for DSS, its empirical success in broader settings lacks141

a corresponding unified theoretical analysis.142

Similarly, the Fujishige-Wolfe algorithm, despite its established effectiveness for submodular func-143

tion minimization, has surprisingly not been evaluated for ratio problems in USSS and UDSS.144

Moreover, with recent progress in flow-based exact algorithms for densest subgraph problems, it145

is natural to ask how these methods perform on related submodular ratio problems like HNSN. In146

essence, our goal is to investigate whether algorithmic successes in one domain can be transferred147

to others, leveraging tools that have been overlooked to improve empirical performance and deepen148

theoretical understanding across these problem classes.149

Our Contributions. We formalize connections between five problems via reductions: Mini-150

mum Norm Point (MNP), Submodular Function Minimization (SFM), Densest Supermodular Set151

(DSS), Unrestricted Sparsest Submodular Set (USSS), and Unrestricted Densest Supermodular Set152

(UDSS) by proving that they are equivalent. All the reductions run in either O(n) or O(n log n)153

calls and are highly efficient.154

While these reductions are rooted in classical concepts, several of these problems—such as USSS155

and UDSS—have not been formally defined in the literature. For instance, although DSS can156

be exactly solved via SFM, its formal definition in [16] was instrumental in advancing special-157

ized algorithms like SuperGreedy and SuperGreedy++. By establishing these reductions, we enable158

algorithmic cross-over, where methods developed for one problem can be effectively applied to159

others. This is demonstrated in our experiments: Wolfe’s Minimum Norm Point algorithm (MNP),160

originally for MNP, achieves up to 595× speedups over prior state-of-the-art baselines on HNSN161

(a special case of USSS). Similarly, SUPERGREEDY++, designed for DSS, delivers scalable and162

competitive performance on the minimum s-t cut problem (a special case of SFM). Interestingly, it163

is surprising that SUPERGREEDY++ serves as an effective algorithm for minimum s-t cut, despite164

being extremely simple, requiring no data structures, and working in the dual (cut) space. To the165

best of our knowledge, all existing algorithms for minimum s-t cut in the literature operate in the166

primal space via max-flow formulations.167

Additionally, we demonstrate that an approximate solution to the Minimum Norm Point (MNP)168

problem also provides approximate solutions to all the other problems. We use the notion of additive169

approximation rather than the relative approximation notion used in the DSG and DSS context. This170

is necessary since we are working with unrestricted functions that may be negative. We also prove171

that SUPERGREEDY++, the Frank-Wolfe algorithm, and the Wolfe MNP Algorithm are, in fact, all172

(under the hood) solving the Minimum Norm Point problem, which explains why these methods173

have seen so much success across seemingly unrelated problems.174

It is worth highlighting an interesting observation about SUPERGREEDY++. Although the algorithm175

was originally developed for the DSS problem— a task that itself reduces to SFM —our results176

show that SUPERGREEDY++ can also be directly interpreted as an algorithm for solving SFM. This177

”full-circle” insight, where an approximation algorithm for a derived problem effectively addresses178

a more general problem, is surprising and conceptually satisfying.179

We summarize our contributions more concretely:180

1. Problem Equivalence. We prove that the following problems can be reduced to one another in181

strongly polynomial time using efficient reductions when solved exactly: Submodular Function182

Minimization (SFM), Densest Supermodular Set (DSS), Minimum Norm Point (MNP), Unre-183

stricted Sparsest Submodular Set (USSS), and Unrestricted Densest Supermodular Set (UDSS).184

2. Approximation Transfer. We prove that approximate solutions to MNP can be transformed into185

approximate solutions for all the above problems via approximation-preserving reductions.186

3. SuperGreedy++ and Wolfe MNP Algorithm as Universal Solvers. Despite being designed for187

specific settings, we prove both SUPERGREEDY++ and Wolfe’s MNP algorithm are universal188

solvers for this broader class of problems.189

4. Efficient New Algorithms for HNSN and Minimum s-t Cut. As a direct consequence, our190

results imply that the Unrestricted Sparsest Submodular Set, a primary motivation of our work,191

can be efficiently approximated and solved. This concretely includes, for instance, new faster192

algorithms for the HNSN problem that are orders of magnitude faster than all 6 state-of-the-193

art baselines compared in [40]. Additionally, we show that SUPERGREEDY++ is, in fact, an194
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efficient submodular function minimization algorithm and can thus be used to solve the classical195

minimum s-t cut problem, often converging to the minimum cut within a few iterations.196

5. Empirical Validation at Scale. We conduct an extensive experimental study involving over 400197

trials run across seven distinct problems, encompassing both synthetic and real datasets contain-198

ing graphs with up to ≈ 100 million edges or elements for set functions. Our experiments sys-199

tematically compare all major algorithmic paradigms, including flow-based methods, LP solvers,200

convex optimization techniques (e.g., Wolfe’s MNP algorithm, Frank-Wolfe), and combinatorial201

baselines (e.g., SUPERGREEDY++), for each problem class: DSG, DSS, USSS, UDSS, SFM,202

and MNP. Notably, many algorithms that had never been previously explored in certain prob-203

lem settings (e.g., Wolfe’s MNP algorithm on HNSN or flow-based methods on USSS instances)204

outperform problem-specific state-of-the-art algorithms from prior work by orders of magnitude.205

Our results demonstrate that methods often written off as inefficient, such as Wolfe’s algorithm and206

max-flow solvers, are not only competitive but frequently faster and more accurate than tailored207

heuristics when applied correctly with the right lens.208

Remark on Scope and Related Work. Throughout this paper, we discuss several optimization209

problems such as SFM, HNSN, DSS, DSG, and MNP, each with a rich history and extensive lit-210

erature. Due to space constraints, we cannot provide an exhaustive survey or explore all technical211

nuances and historical developments of each problem. Instead, we have focused on presenting the212

key connections and ideas necessary for the unified perspective proposed in this work. An expanded213

version of this paper will include a more comprehensive discussion, including detailed related work214

and contextual background. Due to space constraints, we include several proofs and experimental215

results in the supplementary section.216

2 Preliminaries and Main Results217

Recall that we already defined submodularity, supermodularity, and monotonicity in the introduc-218

tion. Throughout this paper, we assume that all set functions are normalized without loss of gener-219

ality220

Definition 9 (Base Polymatroid). For a submodular function f : 2V → R, the base polymatroid is221

defined as B(f) = {x ∈ R|V | : x(S) ≤ f(S) ∀S ⊆ V, x(V ) = f(V )}.222

Definition 10 (Base Contrapolymatroid). For a supermodular function f : 2V → R, the base223

contrapolymatroid is defined as B(f) = {x ∈ R|V | : x(S) ≥ f(S) ∀S ⊆ V, x(V ) = f(V )}.224

For functions that are either submodular or supermodular, we refer collectively to the base polyma-225

troid and the base contrapolymatroid as the base polytope.226

Importance of the Minimum Norm Point in the Base Polytope. A key approach in submodu-227

lar optimization connects continuous minimization over the base polytope with discrete problems.228

Specifically, the MINIMUM-NORM-POINT (MNP) problem minimizes ∥x∥22 over x ∈ B(f), yield-229

ing a unique minimizer x∗. Thresholding x∗ often recovers combinatorial minimizers for penal-230

ized objectives. While the following connection is classical in submodular function minimization231

literature, its utility for submodular or supermodular ratio problems has been underexplored. Its232

significance became clear to us only after recognizing how it simplifies several prior results.233

Lemma 11. Let f be a normalized submodular set function and let x∗ be the optimal solution of234

minx∈B(f) ∥x∥22. For any λ ∈ R, define the set Sλ = {v ∈ V : x∗
v ≤ λ}. Then, Sλ is a minimizer235

of the function f(S)− λ|S|.236

Discussion. Lemma 11 has strong implications, helping establish the equivalence of several prob-237

lems through efficient, strongly polynomial reductions. Specifically, it shows (together with other238

ideas) that that all the following problems are equivalent, with very efficient strongly-polynomial239

time reductions. Proof in Appendix A.2.240

Theorem 12. The following problems are all equivalent when solved exactly, with efficient (strongly241

polynomial) near-linear time reductions between them: (1) MINIMUM NORM POINT (MNP) (2)242

SUBMODULAR FUNCTION MINIMIZATION (SFM) (3) DENSEST SUPERMODULAR SET (DSS)243

(4) UNRESTRICTED SPARSEST SUBMODULAR SET (USSS) (5) UNRESTRICTED DENSEST SU-244

PERMODULAR SET (UDSS)245
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Approximation equivalence. Although Theorem 12 shows that the aforementioned problems are246

efficiently reducible to one another when solved exactly, this does not imply that the reductions are247

approximation-preserving. However, as the following Theorem demonstrates, it suffices to focus on248

approximating the MINIMUM NORM POINT problem (MNP).249

Theorem 13. Let f : 2V → R be a normalized submodular or supermodular function, and suppose250

we can compute x̂ ∈ B(f) satisfying251

∥x̂∥22 ≤ ⟨q, x̂⟩+ ε2 for all q ∈ B(f),

i.e., an upper bound on the duality gap. Let n = |V |. Then, x̂ can be used to efficiently obtain252

approximate solutions:253

1. (Submodular Function Minimization): A set Ŝsfm with f(Ŝsfm) ≤ f(S∗
sfm) + 2nε.254

2. (Unrestricted Sparsest Submodular Set): A set Ŝsparse with f(Ŝsparse)

|Ŝsparse|
≤ f(S∗

sparse)

|S∗
sparse|

+ 2ε.255

3. (Unrestricted Densest Supermodular Set): A set Ŝdense with f(Ŝdense)

|Ŝdense|
≥ f(S∗

dense)
|S∗

dense|
− 2ε.256

Notably, this theorem shows that approximating SFM, DSS, UDSS, or USSS reduces to approxi-257

mating the minimum norm point in B(f).258

3 SUPERGREEDY++ and Wolfe’s MNP Algorithm as Universal Solvers259

Let f : 2V → R be a normalized submodular or supermodular function. As indicated in Theorem 13,260

the main challenge in obtaining approximations for USSS, DSS, UDSS, and SFM is to compute261

an approximate minimum-norm-point x̂ ∈ B(f). We will discuss three different methods, which262

we will refer to collectively as Universal Solvers.263

Frank-Wolfe Algorithm. A classical method for solving MNP is the Frank-Wolfe algorithm, an264

iterative approach for minimizing a convex function h : D → R over a compact convex set D. Each265

iteration computes the linear minimization oracle (LMO) d(k) = argmins∈D⟨s,∇h(x(k−1))⟩, and266

updates x(k) = (1 − αk)x
(k−1) + αkd

(k) for αk = 2
k+2 . For MNP, we set D = B(f) and267

h(x) = ∥x∥22, reducing the LMO to d(k) = argmind∈B(f)⟨d, x(k−1)⟩. This oracle is efficiently268

realized via Edmonds’ greedy algorithm for (super)submodular functions[20].269

Fujishige-Wolfe Minimum Norm Point Algorithm. Another standard approach is the Fujishige-270

Wolfe algorithm [25], which computes x̂ ∈ B(f) satisfying ∥x̂∥22 ≤ ⟨x̂, q⟩+ ε2 for all q ∈ B(f).271

The algorithm requires O(nQ2/ε2) iterations, where Q = maxq∈B(f) ∥q∥2, n = |V |.272

Like Frank-Wolfe, the Fujishige-Wolfe MNP algorithm repeatedly calls the same linear minimiza-273

tion oracle over B(f) but additionally requires an oracle that minimizes ∥x∥22 over the affine hull274

of a set S of selected extreme points of B(f). This affine minimization oracle can be implemented275

efficiently in O(|S|3+n|S|2) time by computing the inverse of B⊤B, where B is the n×|S|matrix276

whose columns are the points in S.277

SUPERGREEDY++. Next, we demonstrate that SUPERGREEDY++, originally designed for solv-278

ing the DSS problem, can be used to approximate MNP. Consequently, it is a universal solver for279

approximating the problems mentioned above.280

Theorem 14. Given a normalized submodular or supermodular function f : 2V → R, SUPER-281

GREEDY++ returns a vector x̂ satisfying ∥x̂∥22 ≤ ⟨q, x̂⟩+ ε2 for all q ∈ B(f), after282

T = Õ

(
maxs,d∈B(f) ∥s− x∥22 + n

∑
u∈V f(u | V − u)2

ε2

)

iterations, where Õ hides polylogarithmic factors. Consequently, all approximation guarantees from283

Theorem 13 follow after the same number of iterations.284

Proof in Appendix A.4..285
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4 Experiments286

We evaluate our algorithms and baselines on a diverse set of datasets and problem settings, running287

over 400 experiments across SFM, USSS, and UDSS. Our experiments aim to answer three key288

questions:289

• Which algorithms perform best for which problems, especially when applied beyond their origi-290

nal setting? Are there cases where general-purpose methods (e.g., MNP for USSS) outperform291

problem-specific heuristics?292

• How do convex optimization methods (e.g., Frank-Wolfe, Fujishige-Wolfe MNP) compare to293

combinatorial (e.g. SUPERGREEDY++), LP-based, and flow-based approaches in runtime and294

solution quality?295

• Can SUPERGREEDY++, Frank-Wolfe, and MNP serve as effective general-purpose solvers across296

multiple problem classes?297

Our empirical study is organized per problem class, covering Unrestricted Sparsest Submodular Set298

(USSS), Submodular Function Minimization (SFM), and Unrestricted Densest Supermodular Set299

(USSS). We specify problems, datasets, algorithms, and evaluation metrics for each. Experiments300

were run in parallel on a Slurm-managed cluster (AMD EPYC 7763, 128 cores, 256GB RAM). All301

methods are implemented in C++20, primarily by the authors, except for specialized baselines (e.g.,302

GREEDY++). Due to space constraints, we only discuss two experiments here; most of our303

experimental results are provided in the supplementary section.304

(1) Heavy Nodes in a Small Neighborhood (HNSN). Recall the HNSN problem from the intro-305

duction. Since the function f(S) = |N(S)| is submodular, HNSN is a special case of the weighted306

USSS problem. Ling et al. further reformulate the problem over the left vertex set L, defining the307

function N : 2L → R by N(S) = {v ∈ R | δ(v) ⊆ S} where δ(v) denotes the set of neighbors of308

v. Under this formulation, the problem becomes that of maximizing w(N(S))/|S| over non-empty309

subsets S ⊆ L. We adopt this viewpoint in our implementation.310

Algorithms. We compare against the six baselines of Ling et al. [40], and introduce a311

novel flow-based algorithm (detailed in Appendix B). In total, we evaluate ten algorithms: IP312

(SUPERGREEDY++), FW (Frank-Wolfe), MNP (Fujishige-Wolfe Minimum Norm Point Algo-313

rithm), FLOW (our new flow-based method), CD (ContractDecompose, [40]), LP (Linear Program-314

ming, solved via Gurobi with academic license), GAR (Greedy Approximation, [40]), GR (Greedy,315

[40]), FGR (Fast Greedy, [40]), and GRR (GreedRatio, [5]). The first four are our implementations;316

the remaining six follow Ling et al.’s code [40].317

Datasets. Table 1 summarizes the datasets used for the HNSN problem, following the benchmarks318

introduced by Ling et al. [40]. Each dataset is represented as a weighted bipartite graph with left319

vertices L, right vertices R, weights on the right vertices w : R → R≥0, and edges E. The graphs320

are derived from diverse real-world domains, including recommendation systems (e.g., YooChoose,321

Kosarak), citation networks (ACM), social networks (NotreDame, IMDB, Digg), and financial trans-322

actions (e.g., E-commerce, Liquor). The datasets exhibit a wide range of sizes, with up to ∼ 106323

vertices and ∼ 2× 107 edges.324

Discussion of HNSN Results. All algorithms were given a 30-minute time limit per dataset. The325

full results are provided in Appendix C; we plot two example runs in Figures 1a and 1b. Across all326

datasets, FW and MNP consistently emerged as the fastest to converge. In nearly every case, MNP327

outperformed FW, achieving the best solution quality in the shortest time, with only a single dataset328

where FW was slightly faster. Relative to the six baselines from Ling et al. [40], these methods329

achieved speedups ranging from 5× to 595×.330

Our new flow-based algorithm and SUPERGREEDY++ (IP) typically followed, ranking third and331

fourth in performance across datasets. Figure 1a shows a particularly striking example where, on the332

YooChoose dataset, MNP achieved a 595× speedup over the best previously published baseline. In333

this instance, all algorithms converged to the correct final density, except for GRR, which terminated334

at a suboptimal solution and was therefore excluded from the runtime comparison.335

These results underscore a recurring insight consistently observed across our experiments: universal336

solvers such as MNP and FW, originally developed for broader optimization tasks, can significantly337

outperform specialized heuristics when applied to specific problems like HNSN, provided they are338

used within the proper conceptual framework that we have outlined.339
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(a) HNSN on YooChoose (GRR Suboptimal) (b) HNSN on Ecommerce

(c) Min s-t Cut on BVZ-sawtooth14 (d) Min s-t Cut on BVZ-sawtooth3

Figure 1: Performance of algorithms across selected HNSN and Minimum s-t Cut instances.

(2) Minimum s-t Cut. We next evaluate our algorithms on the classical Minimum s-t Cut prob-340

lem, a fundamental task in combinatorial optimization with widespread applications. Specifically,341

the Minimum s-t Cut problem can be framed as minimizing the normalized submodular function342

g(S) = |δ(S ∪ {s})| − |δ({s})| over subsets S ⊆ V \ {s, t}, ensuring that any feasible solution343

corresponds to a valid s-t cut. Within this formulation, the Minimum s-t Cut problem becomes344

an instance of Submodular Function Minimization (SFM), and thus naturally fits within the unified345

framework established in this paper. This connection allows us to apply universal solvers, such as346

SUPERGREEDY++, Frank-Wolfe, and Wolfe’s Minimum Norm Point algorithm, to this classical347

combinatorial problem.348

Algorithms. We evaluate three iterative algorithms—Frank-Wolfe (FRANKWOLFE), Fujishige-349

Wolfe Minimum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY)—on the Minimum350

s-t Cut problem. We also compute the exact minimum cut value for each instance using standard351

combinatorial flow-based methods (Edmonds Karp algorithm), serving as ground truth. This allows352

us to assess both the solution quality and runtime efficiency of the optimization-based approaches353

relative to the exact combinatorial solution.354

Datasets. Our evaluation spans two groups of datasets. First, we consider four classical benchmark355

instances from the first DIMACS Implementation Challenge on minimum cut [19], known for their356

small size but challenging cut structures. Second, to assess scalability and robustness, we include357

a large-scale dataset family, specifically the BVZ-SAWTOOTH instances [36], which consist of 20358

distinct minimum s-t cut problems. Each instance contains approximately 500,000 vertices and359

800,000 edges, testing algorithmic scalability.360

Discussion of Minimum s-t Cut Results. Full results are provided in Appendix D; we plot two361

select examples in Figures 1c and 1d. Across all datasets, SUPERGREEDY++ was consistently the362

fastest to approximate the minimum cut, often by large margins over exact flow-based methods,363

MNP, and FW. In 16 of 24 instances, it found the exact min-cut rapidly. In the remaining cases,364

its solution was within 1.000023× the optimum after 500 iterations at most, always converging365

before the exact flow solver. A notable example is the BVZ-SAWTOOTH14 instance, where SUPER-366

GREEDY++ converges orders of magnitude faster (Figure 1c). This strong performance parallels its367

success in dense subgraph problems, where it efficiently finds high-quality solutions but can slow368

down near the optimum. Combining SUPERGREEDY++ with flow-based refinement remains an in-369

teresting direction for future work. Interestingly, while MNP and FW excel on HNSN, they both370

underperform here, underscoring how problem structure affects solver efficiency.371

Additional Experiments. Beyond the two highlighted experiments, we conduct a comprehensive372

evaluation across additional problem instances corresponding to each of the general problem classes373
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Table 1: Summary of HNSN Datasets. All graphs are weighted bipartite graphs.
Dataset |L| |R| |E| k (Connected components)

Foodmart (FM) 1,559 4,141 18,319 1
E-commerce (EC) 3,468 14,975 174,354 12
Liquor (LI) 4,026 52,131 410,609 165
Fruithut (FR) 1,265 181,970 652,773 4
YooChoose (YC) 107,276 234,300 507,266 22,033
Kosarak (KS) 41,270 990,002 8,019,015 271
Connectious (CN) 458 394,707 1,127,525 117
Digg (DI) 12,471 872,622 22,624,727 13
NotreDame (ND) 127,823 383,640 1,470,404 3,142
IMDB (IM) 303,617 896,302 3,782,463 7,885
NBA Shot (NBA) 129 1,603 13,726 1
ACM Citation (ACM) 751,407 739,969 2,265,837 1

studied. For SFM, we include the classical Contrapolymatroid Membership problem (Appendix H),374

which tests whether a given vector belongs to the base polytope. For DSS, we evaluate both the375

Densest Subgraph problem (Appendix E) and the generalized p-mean Densest Subgraph problem376

[55] (Appendix F). For UDSS, we consider the Anchored Densest Subgraph problem (Appendix377

G). We also report experiments on the MNP problem (Appendix I). We refer readers to the supple-378

mentary section for the complete set of experiments across all problem classes.379

Flow-Based Methods: Strengths and Limitations. For the classical Densest Subgraph problem,380

our experiments reaffirm that flow-based methods remain among the fastest approaches when com-381

bined with the density-improvement framework introduced by Veldt et al. [32] and Hochbaum [31].382

While Hochbaum uses the PseudoFlow algorithm for this task, our experiments demonstrate that383

comparable performance can be achieved using more standard push-relabel max-flow solvers within384

the same density-improvement framework. Essentially, the primary source of speedup comes from385

the iterative density-improvement strategy rather than the specific choice of flow solver. This holds386

because for a fixed density threshold λ, finding a subset S minimizing λ|S|−f(S) = λ|S|−|E(S)|387

naturally reduces to a standard min-cut instance. A similar phenomenon occurs in the HNSN prob-388

lem: as we outline in the appendix, there exists a flow reduction that efficiently solves subproblems389

of the form λ|S| − f(S) for HNSN, making flow-based methods highly effective here as well.390

However, flow-based methods are not universally applicable. For more general problems, such as391

the generalized p-mean Densest Subgraph problem, no known linear flow network formulations can392

minimize objectives like λ|S|−f(S) for arbitrary supermodular functions. In such cases, flow-based393

methods cannot be used, and one must resort to algorithms like SUPERGREEDY++, Frank-Wolfe, or394

MNP, which only require access to a value oracle. These methods thus offer broader applicability395

across diverse problem settings where flow reductions are unavailable.396

Conclusion and Limitations. The overarching conclusion of our study is clear: SUPERGREEDY++,397

Frank-Wolfe, and the Fujishige-Wolfe MNP algorithms consistently achieve state-of-the-art perfor-398

mance across a wide range of submodular and supermodular ratio problems. Given the broad appli-399

cability of DSS, USSS, SFM, and related formulations, we advocate for these three methods to be400

included as essential baselines in future empirical evaluations of such problems.401

A limitation of our current work is that while one of these algorithms consistently outperforms402

problem-specific heuristics, the identity of the best-performing method varies with the problem in-403

stance. Developing a deeper understanding of when and why each algorithm excels remains an open404

question. Moreover, while our results provide general additive approximation guarantees via reduc-405

tions to the Minimum Norm Point problem, it remains an interesting open question to develop a406

direct, problem-specific analysis of algorithms like SUPERGREEDY++ in settings such as minimum407

s-t cut. Finally, while we discussed related work on coordinate descent methods, such as recennt408

work by Nguyen et al. [44], we did not dive deep into the broader family of decomposable sub-409

modular function minimization (DSFM) techniques in detail. A systematic exploration of general410

DSFM methods and their applicability remains an important direction for future research.411
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(d) We recognize that reproducibility may be tricky in some cases, in which case au-678

thors are welcome to describe the particular way they provide for reproducibility.679

In the case of closed-source models, it may be that access to the model is limited in680

some way (e.g., to registered users), but it should be possible for other researchers681

to have some path to reproducing or verifying the results.682

5. Open access to data and code683

Question: Does the paper provide open access to the data and code, with sufficient instruc-684

tions to faithfully reproduce the main experimental results, as described in supplemental685

material?686

Answer: [Yes]687

Justification: All data is open access. The code base gives clear instructions on how to688

reproduce the experiments.689

Guidelines:690

• The answer NA means that paper does not include experiments requiring code.691

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/692

public/guides/CodeSubmissionPolicy) for more details.693

• While we encourage the release of code and data, we understand that this might not694

be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not695

including code, unless this is central to the contribution (e.g., for a new open-source696

benchmark).697

• The instructions should contain the exact command and environment needed to run to698

reproduce the results. See the NeurIPS code and data submission guidelines (https:699

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.700

• The authors should provide instructions on data access and preparation, including how701

to access the raw data, preprocessed data, intermediate data, and generated data, etc.702

• The authors should provide scripts to reproduce all experimental results for the new703

proposed method and baselines. If only a subset of experiments are reproducible, they704

should state which ones are omitted from the script and why.705

• At submission time, to preserve anonymity, the authors should release anonymized706

versions (if applicable).707

• Providing as much information as possible in supplemental material (appended to the708

paper) is recommended, but including URLs to data and code is permitted.709

6. Experimental setting/details710

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-711

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the712

results?713

Answer: [Yes]714

Justification: All methods are explained in details in the appendix or supplementary section.715

Guidelines:716

• The answer NA means that the paper does not include experiments.717

• The experimental setting should be presented in the core of the paper to a level of718

detail that is necessary to appreciate the results and make sense of them.719

• The full details can be provided either with the code, in appendix, or as supplemental720

material.721
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7. Experiment statistical significance722

Question: Does the paper report error bars suitably and correctly defined or other appropri-723

ate information about the statistical significance of the experiments?724

Answer: [NA]725

Justification: All algorithms are deterministic, so they produce the same output on every726

run (so there are no error bars).727

Guidelines:728

• The answer NA means that the paper does not include experiments.729

• The authors should answer ”Yes” if the results are accompanied by error bars, confi-730

dence intervals, or statistical significance tests, at least for the experiments that support731

the main claims of the paper.732

• The factors of variability that the error bars are capturing should be clearly stated (for733

example, train/test split, initialization, random drawing of some parameter, or overall734

run with given experimental conditions).735

• The method for calculating the error bars should be explained (closed form formula,736

call to a library function, bootstrap, etc.)737

• The assumptions made should be given (e.g., Normally distributed errors).738

• It should be clear whether the error bar is the standard deviation or the standard error739

of the mean.740

• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-741

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of742

Normality of errors is not verified.743

• For asymmetric distributions, the authors should be careful not to show in tables or744

figures symmetric error bars that would yield results that are out of range (e.g. negative745

error rates).746

• If error bars are reported in tables or plots, The authors should explain in the text how747

they were calculated and reference the corresponding figures or tables in the text.748

8. Experiments compute resources749

Question: For each experiment, does the paper provide sufficient information on the com-750

puter resources (type of compute workers, memory, time of execution) needed to reproduce751

the experiments?752

Answer: [Yes]753

Justification: The system specifications and resources were given in the paper.754

Guidelines:755

• The answer NA means that the paper does not include experiments.756

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,757

or cloud provider, including relevant memory and storage.758

• The paper should provide the amount of compute required for each of the individual759

experimental runs as well as estimate the total compute.760

• The paper should disclose whether the full research project required more compute761

than the experiments reported in the paper (e.g., preliminary or failed experiments762

that didn’t make it into the paper).763

9. Code of ethics764

Question: Does the research conducted in the paper conform, in every respect, with the765

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?766

Answer: [Yes]767
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Justification: Yes, we followed it as far as we are aware.768

Guidelines:769

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.770

• If the authors answer No, they should explain the special circumstances that require a771

deviation from the Code of Ethics.772

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-773

eration due to laws or regulations in their jurisdiction).774

10. Broader impacts775

Question: Does the paper discuss both potential positive societal impacts and negative776

societal impacts of the work performed?777

Answer: [NA]778

Justification: This paper presents work whose goal is to advance theoretical machine learn-779

ing and applied algorithms. The work is mostly theoretical, so we do not believer there are780

many potential societal consequences of our work (unless used very nefariously) which we781

feel must be specifically highlighted here.782

Guidelines:783

• The answer NA means that there is no societal impact of the work performed.784

• If the authors answer NA or No, they should explain why their work has no societal785

impact or why the paper does not address societal impact.786

• Examples of negative societal impacts include potential malicious or unintended uses787

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations788

(e.g., deployment of technologies that could make decisions that unfairly impact spe-789

cific groups), privacy considerations, and security considerations.790

• The conference expects that many papers will be foundational research and not tied791

to particular applications, let alone deployments. However, if there is a direct path to792

any negative applications, the authors should point it out. For example, it is legitimate793

to point out that an improvement in the quality of generative models could be used to794

generate deepfakes for disinformation. On the other hand, it is not needed to point out795

that a generic algorithm for optimizing neural networks could enable people to train796

models that generate Deepfakes faster.797

• The authors should consider possible harms that could arise when the technology is798

being used as intended and functioning correctly, harms that could arise when the799

technology is being used as intended but gives incorrect results, and harms following800

from (intentional or unintentional) misuse of the technology.801

• If there are negative societal impacts, the authors could also discuss possible mitiga-802

tion strategies (e.g., gated release of models, providing defenses in addition to attacks,803

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from804

feedback over time, improving the efficiency and accessibility of ML).805

11. Safeguards806

Question: Does the paper describe safeguards that have been put in place for responsible807

release of data or models that have a high risk for misuse (e.g., pretrained language models,808

image generators, or scraped datasets)?809

Answer: [NA]810

Justification: No such risks.811

Guidelines:812

• The answer NA means that the paper poses no such risks.813
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• Released models that have a high risk for misuse or dual-use should be released with814

necessary safeguards to allow for controlled use of the model, for example by re-815

quiring that users adhere to usage guidelines or restrictions to access the model or816

implementing safety filters.817

• Datasets that have been scraped from the Internet could pose safety risks. The authors818

should describe how they avoided releasing unsafe images.819

• We recognize that providing effective safeguards is challenging, and many papers do820

not require this, but we encourage authors to take this into account and make a best821

faith effort.822

12. Licenses for existing assets823

Question: Are the creators or original owners of assets (e.g., code, data, models), used in824

the paper, properly credited and are the license and terms of use explicitly mentioned and825

properly respected?826

Answer: [Yes]827

Justification: When we use other authors’ implementation, code, or datasets, they are prop-828

erly credited.829

Guidelines:830

• The answer NA means that the paper does not use existing assets.831

• The authors should cite the original paper that produced the code package or dataset.832

• The authors should state which version of the asset is used and, if possible, include a833

URL.834

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.835

• For scraped data from a particular source (e.g., website), the copyright and terms of836

service of that source should be provided.837

• If assets are released, the license, copyright information, and terms of use in the pack-838

age should be provided. For popular datasets, paperswithcode.com/datasets has839

curated licenses for some datasets. Their licensing guide can help determine the li-840

cense of a dataset.841

• For existing datasets that are re-packaged, both the original license and the license of842

the derived asset (if it has changed) should be provided.843

• If this information is not available online, the authors are encouraged to reach out to844

the asset’s creators.845

13. New assets846

Question: Are new assets introduced in the paper well documented and is the documenta-847

tion provided alongside the assets?848

Answer: [Yes]849

Justification: All datasets and code are provided.850

Guidelines:851

• The answer NA means that the paper does not release new assets.852

• Researchers should communicate the details of the dataset/code/model as part of their853

submissions via structured templates. This includes details about training, license,854

limitations, etc.855

• The paper should discuss whether and how consent was obtained from people whose856

asset is used.857

• At submission time, remember to anonymize your assets (if applicable). You can858

either create an anonymized URL or include an anonymized zip file.859
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14. Crowdsourcing and research with human subjects860

Question: For crowdsourcing experiments and research with human subjects, does the pa-861

per include the full text of instructions given to participants and screenshots, if applicable,862

as well as details about compensation (if any)?863

Answer: [NA]864

Justification: Not involving crowdsourcing nor research with human subjects.865

Guidelines:866

• The answer NA means that the paper does not involve crowdsourcing nor research867

with human subjects.868

• Including this information in the supplemental material is fine, but if the main contri-869

bution of the paper involves human subjects, then as much detail as possible should870

be included in the main paper.871

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-872

tion, or other labor should be paid at least the minimum wage in the country of the873

data collector.874

15. Institutional review board (IRB) approvals or equivalent for research with human875

subjects876

Question: Does the paper describe potential risks incurred by study participants, whether877

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)878

approvals (or an equivalent approval/review based on the requirements of your country or879

institution) were obtained?880

Answer: [NA]881

Justification: Not involving crowdsourcing nor research with human subjects.882

Guidelines:883

• The answer NA means that the paper does not involve crowdsourcing nor research884

with human subjects.885

• Depending on the country in which research is conducted, IRB approval (or equiva-886

lent) may be required for any human subjects research. If you obtained IRB approval,887

you should clearly state this in the paper.888

• We recognize that the procedures for this may vary significantly between institutions889

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the890

guidelines for their institution.891

• For initial submissions, do not include any information that would break anonymity892

(if applicable), such as the institution conducting the review.893

16. Declaration of LLM usage894

Question: Does the paper describe the usage of LLMs if it is an important, original, or895

non-standard component of the core methods in this research? Note that if the LLM is used896

only for writing, editing, or formatting purposes and does not impact the core methodology,897

scientific rigorousness, or originality of the research, declaration is not required.898

Answer: [NA]899

Justification: No LLM usage beyond basic writing and language editing.900

Guidelines:901

• The answer NA means that the core method development in this research does not902

involve LLMs as any important, original, or non-standard components.903

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)904

for what should or should not be described.905
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A Proofs906

A.1 Proof of Lemma 11907

Proof. Fix λ and S ⊆ V . Since x∗ ∈ B(f), we have908

f(S)− λ|S| ≥
∑
v∈S

(x∗
v − λ). (1)

The right-hand side of (1) is minimized by taking Sλ = {v ∈ V | x∗
v ≤ λ}, so909 ∑

v∈S

(x∗
v − λ) ≥

∑
v∈Sλ

(x∗
v − λ) = x∗(Sλ)− λ|Sλ|. (2)

We claim that x∗(Sλ) = f(Sλ). Combining this with (1) and (2) gives910

f(Sλ)− λ|Sλ| ≤ f(S)− λ|S|,

as desired.911

To prove the claim, order V so that x∗
v1 ≤ x∗

v2 ≤ · · · ≤ x∗
vn , and define Si = {v1, . . . , vi}. For912

some i, we have Sλ = Si, so it suffices to show x∗(Si) = f(Si) for all i. This follows from [24]913

Lemma 7.4 (pp. 218–219, equations 7.12–7.15).914

915

A.2 Proof of Theorem 12916

Proof. (1)⇒ (4)/(5): Let f : 2V → R be a normalized submodular or supermodular function. We917

focus on submodular functions for USSS; the supermodular case (UDSS) is analogous via negation.918

Our goal is to compute the minimum norm point x∗ ∈ B(f) using an oracle for USSS. We itera-919

tively build x∗ by decomposing f into a sequence of sparsest sets.920

Initialize f0 = f . At iteration i ≥ 1, define Si as the minimizer of fi(S)/|S| over non-empty921

S ⊆ V \ (S1 ∪ · · · ∪ Si−1). Set xv = fi(Si)/|Si| for all v ∈ Si.922

After assigning xv for v ∈ Si, contract Si by defining:923

fi+1(S) = fi(S ∪ Si)− fi(Si), ∀S ⊆ V \ (S1 ∪ · · · ∪ Si).

Repeat until S1 ∪ · · · ∪ Sk = V . This process requires at most n iterations since the Si are disjoint.924

Claim: The resulting vector x is the minimum norm point in B(f).925

Proof of Claim: Let x be the vector constructed by the above process, where for each v ∈ Si, we set926

xv = λi = fi(Si)/|Si|.927

We now prove that x is the minimum norm point in B(f) by showing that x is the lexicographically928

maximum base of B(f). Recall that the lex-maximal vector corresponds to the minimum norm point929

in a polymatroid.930

We proceed by induction on i to show that for each i, any lex-minimal base x∗ ∈ B(f) must satisfy931

x∗
v = λi for all v ∈ Si.932

Base case (i = 1): Since x∗ ∈ B(f), we have933

x∗(S1) ≤ f(S1) = λ1|S1|.

But by construction, xv = λ1 for all v ∈ S1, so x(S1) = λ1|S1|.934

Therefore, x∗(S1) ≤ x(S1). In particular, there exists at least one v ∈ S1 with x∗
v ≤ λ1.935

Since x∗ is lexicographically maximal, we must have x∗
v = λ1 for all v ∈ S1; otherwise, if any936

x∗
v < λ1 for v ∈ S1, lex-maximality would be violated.937

Induction step: Assume for j = 1, . . . , i, we have x∗
v = λj for all v ∈ Sj .938

Consider Si+1. Since x∗ ∈ B(f), we have939

x∗(S1 ∪ · · · ∪ Si+1) ≤ f(S1 ∪ · · · ∪ Si+1).
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Using telescoping sums, this becomes:940

f(S1 ∪ · · · ∪ Si+1) =

i+1∑
h=1

[f(S1 ∪ · · · ∪ Sh)− f(S1 ∪ · · · ∪ Sh−1)] =

i+1∑
h=1

λh|Sh|.

Thus,941

x∗(Si+1) = x∗(S1 ∪ · · · ∪ Si+1)− x∗(S1 ∪ · · · ∪ Si) ≤ λi+1|Si+1|,

where the induction hypothesis gives x∗(S1 ∪ · · · ∪ Si) =
∑i

h=1 λh|Sh|.942

Hence, the average value of x∗
v over v ∈ Si+1 is at most λi+1. Therefore, there must exist at least943

one v ∈ Si+1 with x∗
v ≤ λi+1.944

Since x∗ is lexicographically maximal, we must have x∗
v = λi+1 for all v ∈ Si+1; otherwise, if any945

x∗
v < λi+1, lex-maximality would be contradicted.946

By induction, x∗
v = λi for all v ∈ Si and all i. Hence, x∗ = x. Thus, the constructed vector x is the947

lex-maximal base of B(f), which is also the minimum norm point.948

(4) ⇔ (5): Immediate from duality. If f is supermodular, −f is submodular. The sparsest sub-949

modular set problem becomes densest supermodular set under negation. Hence, solving USSS is950

equivalent to solving UDSS on −f .951

(5)⇒ (3): Given a normalized supermodular function f , define:952

C = max{0,max
S⊆V

(−f(S)},

and set g(S) = f(S) + C|S|. Then g is normalized, monotone, non-negative, and supermodular.953

Furthermore,954

argmax
S⊆V

g(S)

|S|
= argmax

S⊆V

f(S)

|S|
,

as adding a constant C to all sets gains affects neither the maximizer (as it just shifts the sparsity955

ratio). Thus, UDSS reduces to DSS.956

(3)⇒ (2): This reduction is classical (e.g., [18, 32, 31]). Given monotone, normalized, non-negative957

supermodular f , we iteratively refine a maximizer of f(S)/|S| using SFM. Initialize S0 = V ,958

λ1 = f(S0)/|S0|. At iteration i, solve:959

Si = argmin
S⊆V,S ̸=∅

(λi|S| − f(S)),

using SFM. Update λi+1 = f(Si)/|Si|. Iterate until λk|Sk| − f(Sk) = 0. Since the sequence of λi960

decreases and f is normalized, the process terminates in at most n steps. The last Sk−1 maximizes961

f(S)/|S|, solving DSS via SFM.962

(2)⇒ (1): Given f , compute the minimum-norm point x∗ ∈ B(f). By Lemma 11, the set963

S0 = {v ∈ V | x∗
v ≤ 0}

minimizes f(S). Thus, SFM can be reduced to computing x∗, completing the reduction.964

965

A.3 Proof of Theorem 13966

Proof. (1) This result follows directly from the analysis in [10].967

(2) We generalize the argument of [10]. Without loss of generality, reorder indices so that x̂1 ≤968

x̂2 ≤ · · · ≤ x̂n. Consider the set Ŝ = [i] := {1, . . . , i} that minimizes f([i])/i over i = 1, . . . , n.969

Let λ∗ denote the density of the sparsest submodular set, i.e., λ∗ = minS ̸=∅ f(S)/|S|. Define k as970

the smallest index satisfying:971

(C1) x̂k+1 > λ∗,972

(C2) x̂k+1 − x̂k ≥ ε
k .973
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From [10], we have the key inequality:974

n−1∑
i=1

(x̂i+1 − x̂i)(f([i])− x̂([i])) ≤ ε2.

Let t =
∣∣{i ∈ [k] : x̂i > λ∗}

∣∣. Observe:975 ∑
i∈[k]:x̂i>λ∗

x̂i = λ∗t+
∑

i∈[k]:x̂i>λ∗

(x̂i − λ∗)

≤ λ∗t+
∑
i∈[k]

i · ε
k

≤ λ∗t+ kε,

where the second inequality follows since (C2) fails for all i < k with x̂i > λ∗.976

Since x̂k+1 − x̂k ≥ ε
k , it follows that977

f([k])− x̂([k]) ≤ kε,

and therefore,978

f([k])

k
≤ x̂([k]) + kε

k

=

∑
i∈[k]:x̂i≤λ∗ x̂i +

∑
i∈[k]:x̂i>λ∗ x̂i + kε

k

≤ λ∗(k − t) + λ∗t+ 2kε

k
= λ∗ + 2ε.

(3) The argument parallels that of (2). We now reorder indices so that x̂1 ≥ x̂2 ≥ · · · ≥ x̂n, and979

select the set Ŝ = [i] := {1, . . . , i} that maximizes f([i])/i.980

Let λ∗ = maxS ̸=∅ f(S)/|S|. Define k as the smallest index satisfying:981

(C1) x̂k+1 < λ∗,982

(C2) x̂k − x̂k+1 ≥ ε
k .983

Using the analogous inequality from [10]:984

n−1∑
i=1

(x̂i − x̂i+1)(x̂([i])− f([i])) ≤ ε2.

Let t =
∣∣{i ∈ [k] : x̂i < λ∗}

∣∣. We have:985 ∑
i∈[k]:x̂i<λ∗

x̂i = λ∗t+
∑

i∈[k]:x̂i<λ∗

(x̂i − λ∗)

≥ λ∗t−
∑
i∈[k]

i · ε
k

≥ λ∗t− kε,

where the second inequality holds since (C2) fails for all i < k with x̂i < λ∗.986

Since x̂k−1 − x̂k ≥ ε
k , we deduce:987

x̂([k])− f([k]) ≤ kε,

and consequently,988

f([k])

k
≥ x̂([k])− kε

k

=

∑
i∈[k]:x̂i≥λ∗ x̂i +

∑
i∈[k]:x̂i<λ∗ x̂i − kε

k

≥ λ∗(k − t) + λ∗t− 2kε

k
= λ∗ − 2ε.

989
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A.4 Proof of Theorem 14990

Proof. Our analysis follows the approach of Harb et al. [30], based on the Frank-Wolfe framework991

of Jaggi [34].992

Jaggi’s Frank-Wolfe Framework. The Frank-Wolfe algorithm is a classical method for minimiz-993

ing a convex function over a convex set. While its convergence has been known since [22], Jaggi’s994

analysis [34] offers a modern, simplified treatment that expresses convergence rates in terms of the995

so-called curvature constant of the objective function.996

Definition 15 (Curvature constant). LetD ⊆ Rd be a compact convex set, and h : D → R a convex,997

differentiable function. The curvature constant Ch is defined as998

Ch = sup
x,s∈D, γ∈[0,1]
y=x+γ(s−x)

2

γ2
(h(y)− h(x)− ⟨y − x,∇h(x)⟩) .

One advantage of Jaggi’s formulation is that it seamlessly extends to approximate versions of Frank-999

Wolfe, where the linear minimization oracle (LMO) may only be computed approximately.1000

Definition 16 (Approximate LMO). Given h : D → R, an ε-approximate linear minimization1001

oracle returns ŝ ∈ D satisfying1002

⟨ŝ,∇h(w)⟩ ≤ ⟨s∗,∇h(w)⟩+ ε,

where s∗ = argmins∈D⟨s,∇h(w)⟩ is the exact LMO.1003

Jaggi’s main result shows that if, at iteration k, we compute an approximate LMO with error at most1004
δCh

k+2 , then the Frank-Wolfe algorithm converges with only a constant-factor slowdown.1005

Lemma 17 ([34]). Define the duality gap at x ∈ D as1006

g(x) = max
q∈D
⟨x− q,∇h(x)⟩.

If we use a δCh

k+2 -approximate LMO at iteration k, then after K iterations there exists an iterate x(k),1007

with 1 ≤ k ≤ K, satisfying1008

g(x(k)) ≤ 7Ch

K + 2
(1 + δ).

Applying to SUPERGREEDY++ and MNP. Our goal is to analyze SUPERGREEDY++ for the1009

Minimum Norm Point (MNP) problem on the base polytope of a normalized submodular or super-1010

modular function f : 2V → R. Specifically, we consider1011

h(x) = ∥x∥22, D = B(f).

For this quadratic objective, the curvature constant admits a simple form:1012

Lemma 18.
Ch = 2 max

s,d∈B(f)
∥s− d∥22.

Proof. This follows by substituting h(x) = ∥x∥22 into the definition of Ch. The supremum is1013

attained when x, s, and d are chosen to maximize ∥s− d∥22, yielding the claimed expression.1014

Next, note that we can, without loss of generality, assume f is a supermodular function. This is1015

because submodular and supermodular MNP problems are duals of each other under negation:1016

Lemma 19. Given a normalized submodular function g, define f = −g. If we can solve the MNP1017

problem for f , i.e., find x̂ ∈ B(f) such that1018

∥x̂∥22 ≤ ⟨q, x̂⟩+ ε2 for all q ∈ B(f),

then we can obtain a corresponding solution x′ = −x̂ ∈ B(g) with the same guarantee:1019

∥x′∥22 ≤ ⟨q, x′⟩+ ε2 for all q ∈ B(g).
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Proof. Given g, let f = −g. Since f is submodular, compute x̂ ∈ B(f) such that1020

∥x̂∥22 ≤ ⟨q, x̂⟩+ ε2 for any q ∈ B(f).

Define x′ = −x̂. Observe that q ∈ B(f) if and only if −q ∈ B(g). Specifically, q(V ) = f(V )1021

implies−q(V ) = −f(V ) = g(V ), and q(S) ≥ f(S) if and only if−q(S) ≤ −f(S) = g(S). Thus,1022

x′ ∈ B(g) and, for any q ∈ B(g), since −q,−x′ ∈ B(f),1023

∥x′∥22 = ∥−x′∥22 ≤ ⟨−q,−x′⟩+ ε2 = ⟨q, x′⟩+ ε2.

1024

Approximate LMO in SUPERGREEDY++. Algorithm 2 reframes SUPERGREEDY++ as a1025

“noisy” Frank-Wolfe algorithm. At each iteration, SUPERGREEDY++ computes a descent direction1026

using the PEELWEIGHTED subroutine. While this is not an exact LMO, Harb et al. [30] showed that1027

it approximates the LMO to within an error term that decays with t:1028

Lemma 20 ([30]). Let st denote the exact LMO direction at iteration t, and d̂t be the direction1029

returned by PEELWEIGHTED. Then,1030

⟨st, b(t−1)⟩ ≤ ⟨d̂t, b(t−1)⟩+
n
∑

u∈V f(u | V \ {u})2

t
.

This shows that at iteration t, SUPERGREEDY++ uses a1031

n
∑

u∈V f(u | V \ {u})2

t

approximate LMO error. Normalizing by the curvature constant Ch, this corresponds to1032

δ =
n
∑

u∈V f(u | V \ {u})2

Ch
.

Convergence of SUPERGREEDY++. Substituting this approximation quality into Jaggi’s conver-1033

gence lemma, we find that after T iterations, there exists an iterate x(k) with1034

g(x(k)) ≤ 7Ch

T + 2
(1 + δ) =

7Ch

T + 2

(
1 +

n
∑

u∈V f(u | V \ {u})2

Ch

)
.

Simplifying, this gives1035

g(x(k)) ≤ 7

T + 2

(
Ch + n

∑
u∈V

f(u | V \ {u})2
)
.

To ensure g(x(k)) ≤ ε2, it suffices to choose1036

T = O

(
Ch + n

∑
u∈V f(u | V \ {u})2

ε2

)
= O

(
maxs,d∈B(f) ∥s− d∥22 + n

∑
u∈V f(u | V \ {u})2

ε2

)
,

The Õ polylog term comes from the fact that we use a learning rate (in SUPERGREEDY++) of1037

1/(t+ 1) instead of 2/(t+ 2).1038

1039
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Algorithm 1 PeelingWeighted++

1: function PEELWEIGHTED
(
f : 2V → R, w ∈ R

)
2: Initialize: d̂(u) = 0 for all u ∈ V
3: S1 ← V
4: for j = 1 to n do
5: vj ← argmaxv∈Sj

{w(v) + f(v | Sj − v)}
6: d̂(vj)← f(vj | Sj − vj)
7: Sj+1 ← Sj \ {vj}
8: end for
9: return d̂

Algorithm 2 SuperGreedy++ For Minimum Norm Point

1: function SUPERGREEDY++
(
f : 2V → R, T

)
2: Initialize: x(0)(u) = 0 for all u ∈ V
3: for t = 1 to T do
4: d̂t ← PEELWEIGHTED(f, (t− 1)x(t−1))

5: x(t) ←
(
1− 1

t+1

)
x(t−1) + 1

t+1 d̂t

6: end for
7: return x(k), for 0 ≤ k ≤ T , that minimizes ∥x(k)∥22 −maxq∈B(f)⟨q, x(k)⟩
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B A New Flow-Based Algorithm for HNSN1040

Recall the HNSN problem from the introduction. Since the function f(S) = |N(S)| is submodular,1041

HNSN is a special case of the weighted USSS problem. Ling et al. further reformulate the problem1042

over the left vertex set L, defining the function N : 2L → R by N(S) = {v ∈ R | δ(v) ⊆ S}1043

where δ(v) denotes the set of neighbors of v. Under this formulation, the problem becomes that1044

of maximizing w(N(S))/|S| over non-empty subsets S ⊆ L. We adopt this viewpoint in our1045

implementation.1046

We adopt the density improvement framework from the proof of Theorem 12. We begin by setting1047

S0 = L and define the function f : 2L → R≥0 by f(S) = w(N(S)), where N(S) = {v ∈1048

R | δ(v) ⊆ S}. We initialize the density parameter as λ0 = f(S0)/|S0|, and then minimize the1049

function λ0|S| − f(S) over subsets S ⊆ L. Let S1 be the minimizer of this objective, and set1050

λ1 = f(S1)/|S1|. This process is repeated iteratively. We will show how each minimization step1051

can be performed using a single min-cut (or, equivalently, max-flow) computation. Algorithm 31052

summarizes this iterative process.1053

Algorithm 3 Density Improvement via Min-Cut

Require: Left vertex set L, right vertex set R, weight function w : R → R≥0, neighborhood
function δ : R→ 2L

1: Define N(S)← {v ∈ R | δ(v) ⊆ S}
2: Define f(S)←

∑
v∈N(S) w(v)

3: Initialize S0 ← L, t← 1
4: Compute λ0 ← f(S0)/|S0|
5: repeat
6: Define Φ(S)← λt−1 · |S| − f(S)
7: Find St ⊆ L minimizing Φ(S) via a min-cut or max-flow computation
8: Compute λt ← f(St)/|St|
9: t← t+ 1

10: until St = St−1

11: return St

We now show how to minimize Φ(S) = λ|S| − f(S) for a fixed λ.1054

Theorem 21. We can minimize Φ(S) = λ|S| − f(S) for a fixed λ using a single minimum s-t cut.1055

Proof. Construct a directed graph G = ({s, t} ∪ L ∪R,E) as follows:1056

• Add an edge from s to each u ∈ L with capacity λ.1057

• For each edge (u, v) with u ∈ L, v ∈ R, if v ∈ δ(u), add an edge u→ v with capacity∞.1058

• Add an edge from each v ∈ R to t with capacity w(v).1059

Consider an s-t cut (A,B), with s ∈ A, t ∈ B. Define the subset S = L ∩ B, i.e., the left-hand1060

vertices that are cut off from s by the cut. We now compute the total capacity of the cut.1061

The cut capacity consists of:1062

1. Edges from s to S, each with capacity λ, totaling λ|S|.1063

2. For each v ∈ R, the edge v → t is only cut if there exists any of its neighbors in S,1064

i.e., δ(v) ∩ S ̸= ∅, meaning v ∈ N(S) are not cut to t. The edge v → t contributes1065

w(R)− w(N(S)) to the cut.1066

Thus, the total cut capacity is:1067

λ|S|+ w(R)− w(N(S))

To minimize Φ(S) = λ|S|−f(S), we observe that this is equivalent (up to constants) to minimizing1068

λ|S| + w(R) − w(N(S)) since adding w(R) from both sides doesn’t change the argmin. Hence,1069

the minimum s-t cut yields a subset that minimizes Φ(S), as claimed.1070
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C HNSN Experiments Results1071

Problem Definition. Recall the HNSN problem from the introduction. Since the function f(S) =1072

|N(S)| is submodular, HNSN is a special case of the weighted USSS problem. Ling et al. further1073

reformulate the problem over the left vertex set L, defining the function N : 2L → R by N(S) =1074

{v ∈ R | δ(v) ⊆ S} where δ(v) denotes the set of neighbors of v. Under this formulation, the1075

problem becomes that of maximizing w(N(S))/|S| over non-empty subsets S ⊆ L. We adopt this1076

viewpoint in our implementation.1077

Algorithms. We compare against the six baselines of Ling et al. [40], and introduce a1078

new flow-based algorithm (detailed in Appendix B). In total, we evaluate ten algorithms: IP1079

(SUPERGREEDY++), FW (Frank-Wolfe), MNP (Fujishige-Wolfe Minimum Norm Point Algo-1080

rithm), FLOW (our new flow-based method), CD (ContractDecompose, [40]), LP (Linear Program-1081

ming, solved via Gurobi with academic license), GAR (Greedy Approximation, [40]), GR (Greedy,1082

[40]), FGR (Fast Greedy, [40]), and GRR (GreedRatio, [5]). The first four are our implementations;1083

the remaining six follow Ling et al.’s code [40].1084

Approach. For the three iterative algorithms—IP, FW, and MNP—we run each for 100 iterations1085

and plot the following: (1) the time taken per iteration, (2) the best density found up to that point. We1086

report only the final runtime and the density achieved at termination for the remaining algorithms. In1087

the runtime comparison, we include only those algorithms that (1) terminated within the time limit1088

and (2) successfully found the optimal solution.1089

Our implementation of IP is custom and includes an optimized method for computing marginals. It1090

maintains a heap over a set S ⊆ L of vertices to peel from and a set S′ ⊆ R where δ(v) ⊆ S for all1091

v ∈ S′. Once a vertex ℓ ∈ S is peeled, all its neighbors in R are removed from the data structure S′.1092

This allows each iteration to be implemented in O(m log n) time, where m and n are the number of1093

edges and vertices in the bipartite graph, respectively.1094

Datasets. Table 1 summarizes the datasets used for the HNSN problem, following the benchmarks1095

introduced by Ling et al. [40]. Each dataset is represented as a weighted bipartite graph with left1096

vertices L, right vertices R, weights on the right vertices w : R → R≥0, and edges E. The graphs1097

are derived from diverse real-world domains, including recommendation systems (e.g., YooChoose,1098

Kosarak), citation networks (ACM), social networks (NotreDame, IMDB, Digg), and financial trans-1099

actions (e.g., E-commerce, Liquor). The datasets exhibit a wide range of sizes, with up to ∼ 1061100

vertices and ∼ 2× 107 edges.1101

Resources: In total, for all algorithms and all datasets, we request 4 CPUs per node and 35G of1102

memory per experiment. All algorithms were given a 30-minute time limit per dataset, after which1103

they were marked as Time Limit Exceeded and given blank values in the plots below.1104

Discussion of HNSN Results. See Figure 2 for all plots. For each dataset, the top plot shows the1105

final density found by each algorithm (the higher, the better), and the bottom plot shows the time1106

each algorithm takes on a log-scale (the lower, the better). We exclude algorithms with a time limit1107

(more than 30 minutes) or if they give a suboptimal answer. Across all datasets, the Frank-Wolfe1108

(FW) algorithm and Fujishige-Wolfe Minimum Norm Point (MNP) algorithm consistently emerged1109

as the fastest to converge. In nearly every case, MNP outperformed FW, achieving the best solution1110

quality in the shortest time, with only a single dataset where FW was slightly faster. Relative to the1111

six baselines from Ling et al. [40], these methods achieved speedups ranging from 5× to 595×.1112

Our new flow-based algorithm and SUPERGREEDY++ (IP) typically followed, ranking third and1113

fourth in performance across datasets. Figure 1a shows a particularly striking example, where on the1114

YooChoose dataset, MNP achieved a 595× speedup over the best previously published baseline. In1115

this instance, all algorithms converged to the correct final density, except for GRR, which terminated1116

at a suboptimal solution and was therefore excluded from the runtime comparison.1117

In particular, the algorithms GRR, GR, GAR, and LP frequently encountered difficulties, either1118

due to slow performance (time limit exceeding) or convergence to incorrect solutions. These results1119

underscore a recurring insight consistently observed across our experiments: universal solvers such1120

as MNP and FW, originally developed for broader optimization tasks, can significantly outperform1121

specialized heuristics when applied to specific problems like HNSN, provided they are used within1122

the proper conceptual framework that we have outlined.1123
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(a) digg. LP & GRR Time Limit Exceeded. (b) ecommerce

(c) fruithut. GRR Suboptimal Solution. (d) liquor. GRR & GAR Suboptimal Solution.

(e) ACM (f) connectious (g) foodmart

(h) imdb (i) kosarak (j) NBA

(k) notredame (l) yoochoose

Figure 2: HNSN results across 12 datasets.
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D Min s-t Cut Experiments1124

Problem Definition. We next evaluate our algorithms on the classical Minimum s-t Cut prob-1125

lem, a fundamental task in combinatorial optimization with widespread applications. Specifically,1126

the Minimum s-t Cut problem can be framed as minimizing the normalized submodular function1127

g(S) = |δ(S ∪ {s})| − |δ({s})| over subsets S ⊆ V \ {s, t}, ensuring that any feasible solution1128

corresponds to a valid s-t cut. Within this formulation, the Minimum s-t Cut problem becomes1129

an instance of Submodular Function Minimization (SFM), and thus naturally fits within the unified1130

framework established in this paper. This connection allows us to apply universal solvers, such as1131

SUPERGREEDY++, Frank-Wolfe, and Wolfe’s Minimum Norm Point algorithm, to this classical1132

combinatorial problem.1133

Algorithms. We evaluate three iterative algorithms—Frank-Wolfe (FRANKWOLFE), Fujishige-1134

Wolfe Minimum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY)—on the Minimum1135

s-t Cut problem. For each instance, we also compute the exact minimum cut value using standard1136

combinatorial flow-based methods (Edmonds Karp algorithm), serving as ground truth. This allows1137

us to assess both the solution quality and runtime efficiency of the optimization-based approaches1138

relative to the exact combinatorial solution. We run SUPERGREEDY++ for 1000 iterations on each1139

dataset, 10,000 iterations for FRANKWOLFE, and 500 for MNP.1140

Marginals. The iterative algorithms leverage the marginal g(v|S − v) = g(S) − g(S − v); the1141

difference in the cut value when moving v from the source partition to the sink partition. It follows1142

that g(v|S − v) is realized by deg+(v) − deg−(v) where deg−(v) is the (weighted) degree of v to1143

all vertices u ∈ S∪{s} and deg+(v) is the (weighted) degree of v to all vertices w ∈ V \ (S∪{s}).1144

Datasets. Our evaluation spans two groups of datasets. First, we consider four classical benchmark1145

instances from the first DIMACS Implementation Challenge on minimum cut [19], known for their1146

small size but challenging cut structures. Second, to assess scalability and robustness, we include1147

a large-scale dataset family, specifically the BVZ-SAWTOOTH instances [36], which consist of 201148

distinct minimum s-t cut problems. Each instance contains approximately 500,000 vertices and1149

800,000 edges, providing a test of algorithmic scalability.1150

Resources: In total, for all algorithms and all datasets, we request 4 cpus per node, and 40G of1151

memory per experiment. All algorithms were given a 25-minute time limit per dataset (all algorithms1152

finished within this time, and there was no time limit exceeded). We mark with a vertical dotted line1153

the time for the flow algorithm to find the correct minimum cut.1154

Discussion of Minimum s-t Cut Results. Full results are provided in Figure 3 and 4. Across all1155

datasets, SUPERGREEDY++ was consistently the fastest to approximate the minimum cut, often by1156

large margins over exact flow-based methods, MNP, and FW. In 16 of 24 instances, it found the ex-1157

act min-cut rapidly. In the remaining cases, its solution was within 1.000023× the optimum after at1158

most 500 iterations, always converging before the exact flow solver. A notable example is the BVZ-1159

SAWTOOTH14 instance, where SUPERGREEDY++ converges orders of magnitude faster (Figure1160

1c). This strong performance parallels its success in dense subgraph problems, where it efficiently1161

finds high-quality solutions but can slow down near the optimum. Combining SUPERGREEDY++1162

with flow-based refinement remains an interesting direction for future work. Interestingly, while1163

MNP and FW excel on HNSN, they both underperform here, underscoring how problem structure1164

affects solver efficiency.1165
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(a) sawtooth16 (b) sawtooth15

(c) sawtooth3 (d) sawtooth4

(e) sawtooth0 (f) sawtooth1 (g) sawtooth2 (h) sawtooth5

(i) sawtooth6 (j) sawtooth7 (k) sawtooth9 (l) sawtooth10

Figure 3: Min-Cut vs Wall Clock Time (Part 1).
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(a) sawtooth8 (b) sawtooth14

(c) sawtooth11 (d) m50

(e) sawtooth12 (f) sawtooth13 (g) sawtooth17 (h) sawtooth18

(i) sawtooth19 (j) m10 (k) m30 (l) ww

Figure 4: Min-Cut vs Wall Clock Time (Part 2).
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E Densest Subgraph Problem Experiments1166

Problem Definition. Given a graph G = (V,E), find a vertex set ∅ ̸= S ⊆ V maximizing1167

|E(S)|/|S|.1168

Algorithms. We evaluate seven algorithms—Frank-Wolfe (FRANKWOLFE, [17]), Fujishige-Wolfe1169

Minimum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY, [8]), FISTA [29], RCDM1170

[44], the incremental algorithm [31], and a new push-relabel flow-based algorithm based on the1171

density improvement mechanism, but using push-relabel flow.1172

Table 2: Summary of Densest Subgraph Datasets.
Dataset # Nodes # Edges
close-cliques 3,230 95,400
com-amazon 334,863 925,872
com-dblp 317,080 1,049,866
com-orkut 3,072,441 117,185,083
disjoint union Ka 35,900 16,158,800
roadNet-PA 1,088,092 3,083,796
roadNet-CA 1,965,206 5,533,214

Datasets. Table 2 summarizes the 7 datasets we used for the densest subgraph experiments, two1173

of which are synthetic from [29].1174

Resources: In total, for all algorithms and all datasets, we request 4 CPUs per node and 40G of1175

memory per experiment. The only exception is for the dataset com orkut, where we requested1176

100G of memory. All algorithms were given a 30-minute time limit per dataset; otherwise, they1177

were marked as having exceeded the time limit.1178

Discussion of Densest Subgraph Results. Figure 5 presents the evolution of subgraph density1179

over time for all datasets in the classic densest subgraph problem. Each plot includes the full runtime1180

and a zoomed-in view of the first 20% execution time to highlight early algorithm behavior.1181

Some literature on densest subgraph algorithms has lacked consistent evaluations, with many works1182

often reaching conflicting conclusions about which algorithms are the most efficient. We aim to con-1183

tribute a more nuanced and systematic perspective on performance evaluation. We hope future work1184

adopts similar care when assessing and comparing algorithms for the densest subgraph problem.1185

Memory Comparison: Flow-based algorithms consistently delivered strong performance, partic-1186

ularly when paired with the iterative density-improvement framework of Veldt et al. [32] and1187

Hochbaum [31]. However, a significant practical drawback is their memory usage: in our exper-1188

iments, flow-based methods often consumed 2–3× more memory than other approaches. This over-1189

head stems from the substantial bookkeeping in constructing and maintaining the flow network.1190

Moreover, flow-based methods incurred noticeable delays during the initial stages due to the cost1191

of constructing flow networks on large graphs. While Hochbaum employs the Pseudoflow algo-1192

rithm, we observed comparable performance using standard Push-Relabel solvers within the same1193

density-improvement framework, reaffirming that the primary source of speedup lies in the iterative1194

framework itself rather than the specific max-flow implementation.1195

That said, flow-based methods are not universally applicable. In problems such as the generalized p-1196

mean Densest Subgraph, no known linear flow formulations minimize objectives like λ|S|−f(S) for1197

arbitrary supermodular functions. In such cases, algorithms like SUPERGREEDY++, Frank-Wolfe,1198

and the Fujishige-Wolfe Minimum Norm Point algorithm (MNP) remain the only viable choices, as1199

they operate purely via oracle access and require no specialized structure.1200

Convergence to a (1− ε) approximation: For fast convergence to near-optimal solutions, convex1201

programming-based methods were clear standouts. Across nearly all datasets, RCDM consistently1202

reached (1 − ε)-approximate dense subgraphs in just a few iterations. It was closely followed by1203

FISTA and SUPERGREEDY++, which also showed rapid convergence and high-quality intermediate1204

solutions.1205

However, it is essential to note that RCDM and FISTA rely on a projection oracle from [29], which1206

may not be available for generalized objectives (e.g., p-mean Densest Subgraph). In contrast, SU-1207
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PERGREEDY++ maintains its effectiveness without requiring such oracles, making it more broadly1208

applicable.1209

On the other hand, Frank-Wolfe and Fujishige-Wolfe’s MNP Algorithm often required thousands of1210

iterations to achieve a reasonable approximation and were generally outperformed by other meth-1211

ods. While their theoretical underpinnings are strong, their practical convergence to high-quality1212

solutions is often prohibitively slow.1213

Convergence to the optimal solution: When the goal is exact optimality, flow-based meth-1214

ods paired with the density-improvement framework outperformed all other algorithms by a wide1215

margin. Even though convex programming methods like RCDM, FISTA, and SUPERGREEDY++1216

rapidly approached near-optimal values, they often stalled and required hundreds of iterations to1217

fully converge to the exact solution on some datasets.1218

In contrast, the flow-based approaches often converged to the optimal solution orders of magnitude1219

faster, especially on mid-sized and large graphs. Notably, this speed is not a consequence of the spe-1220

cific flow algorithm used but instead of the density-improvement strategy, which efficiently reduces1221

the problem to a sequence of min-cut instances.1222

Thus, flow-based methods remain the most effective choice for applications where exact solutions1223

are necessary, provided memory usage is manageable and a suitable flow reduction exists.1224

General Takeaways: Our experiments highlight a few key insights:1225

1. Flow-based algorithms remain among the most potent tools for the exact densest subgraph1226

discovery, especially when integrated with iterative frameworks, but they require significant1227

memory and do not apply to generalized objectives.1228

2. Convex optimization methods like RCDM and FISTA converge rapidly to high-quality ap-1229

proximate solutions, making them ideal for problems with projection oracles and when1230

approximate results suffice.1231

3. SUPERGREEDY++ offers a strong balance of speed, quality, and generality, consistently1232

performing well across both real and synthetic datasets and requiring no specialized prob-1233

lem structure.1234

4. Finally, algorithm selection should be guided by the problem setting: whether exactness is1235

required, whether a flow reduction exists and whether projection oracles are available.1236
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(a) roadnet CA (b) roadnet PA

(c) com amazon (d) com orkut

(e) disjoint union cliques (f) close cliques (g) com dblp

Figure 5: DSG density over time
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F Generalized p-mean Densest Subgraph Experiments1237

Problem Definition. Given a graph G = (V,E), find a vertex set ∅ ≠ S ⊆ V maximizing the1238

generalized density
(

1
|S|
∑

v∈S degpS(v)
)1/p

.1239

Algorithms. We evaluate three algorithms—Frank-Wolfe (FRANKWOLFE), Fujishige-Wolfe Mini-1240

mum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY). All algorithms are implemented1241

in C++.1242

Marginals. We adopt the approach from [55], noting that maximizing the objective is equivalent1243

to maximizing f(S)/|S|, where f(S) =
∑

v∈S degpS(v) which is supermodular. Peeling of any1244

vertex affects the denominator equivalently; hence, we act greedily with respect to the numerator.1245

The marginal cost of peeling a vertex v from S is then given by1246

f(v|S − v) = f(S)− f(S − v) = degpS(v) +
∑

u∈δS(v)

[degpS(u)− (degS(u)− 1)p]

where δS(v) denotes v’s neighbours in S.1247

Table 3: Summary of Generalized p-mean Densest Subgraph Datasets.
Dataset # Nodes # Edges
close-cliques 3,230 95,400
com-amazon 334,863 925,872
com-dblp 317,080 1,049,866
roadNet-PA 1,088,092 3,083,796
roadNet-CA 1,965,206 5,533,214

Datasets. Table 3 summarizes the 5 datasets we used for the generalized p-mean Densest Subgraph1248

experiments. Note that these are a subset of the datasets we used for DSG. We consider four values1249

for p ∈ {1.1, 1.25, 1.5, 1.75}.1250

Resources. We request 4 CPUs per node and 40G of memory per experiment across all algorithms1251

and datasets. Each trial is given a 30-minute time limit; none exceeded this limit.1252

Discussion of generalized p-mean Densest Subgraph Results. Results for all datasets are pre-1253

sented in Figures 6 to 10. We plot the best density found against wall-clock time, and, as in previous1254

sections, each plot includes both the full runtime and a zoomed-in view covering the first 20% of ex-1255

ecution time. Overall, we find that SUPERGREEDY++ generally achieves the highest density within1256

the allotted time and tends to converge more quickly than the other algorithms.1257

On the close cliques dataset, however, FW and MNP demonstrate stronger early-stage perfor-1258

mance, reaching the maximum density faster than SUPERGREEDY++, though the latter eventually1259

converges to the same value. By contrast, SUPERGREEDY++ often converges within the first few1260

iterations on real-world instances, while the other two algorithms trail behind. Relative performance1261

between FW and MNP varies, with each occasionally outperforming the other.1262

We also observe that increasing the value of p in the generalized objective improves the performance1263

of both FW and MNP, whereas SUPERGREEDY++ remains largely unaffected. In fact, for all values1264

of p considered, both FW and MNP show improved performance compared to the classical Densest1265

Subgraph case (p = 1).1266

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 6: DSS density over time - close cliques
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(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 7: DSS density over time - com amazon

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 8: DSS density over time - com dblp

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 9: DSS density over time - roadnet pa

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 10: DSS density over time - roadnet ca
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G Anchored Densest Subgraph1267

Problem Definition. Given a graph G = (V,E) and a set R ⊆ V , find a vertex set ∅ ̸= S ⊆ V1268

maximizing
(
2|E(S)| −

∑
v∈S∩R degG(v)

)
/|S|.1269

Algorithms. We evaluate four algorithms—Frank-Wolfe (FRANKWOLFE), Fujishige-Wolfe Mini-1270

mum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY), and the flow-based algorithm by1271

Huang et al. [32]. The authors’ code was implemented in Julia, so we re-implement all algorithms1272

in C++.1273

Marginals. Similar to the generalized p-mean DSG, we recognize that maximizing the objective1274

can be achieved by acting greedy with respect to the numerator where |E(S)| is supermodular, and1275

the degree sum is modular as it’s with respect to G. Hence, the objective is supermodular. The1276

marginal cost of peeling v is then1277

f(v|S − v) = 2 degS(v)− Iv ̸∈R[degG(v)]

Datasets. We reused the base graphs from our generalized p-mean Densest Subgraph Experiments,1278

summarized in Table 3. These are the initial graphs G given, for which anchor sets R are created1279

via random walks.1280

Generating Random R. As in [32], we generate R with the following process: first, we sample1281

10 seed nodes from the set of vertices uniformly at random. Next, using their 2-neighborhood, we1282

sample more nodes using a random walk until the total number of nodes in R are 201, and mark that1283

set as R.1284

Resources: In total, for all algorithms and all datasets, we request 4 CPUs per node and 40G of1285

memory per experiment. All algorithms were given a 10-minute time limit per dataset (all algorithms1286

finished within this time, and no time limit was exceeded except on one dataset for the flow-based1287

algorithm).1288

Discussion of Anchored Densest Subgraph Results. Figure 11 summarizes the results for an-1289

chored densest subgraph. The top plot shows results over the entire runtime, while the bottom plot1290

zooms in on the first 20% to highlight early iterations. For each dataset, we plot the density of the1291

best-anchored subgraph found against wall-clock time.1292

Across all experiments, SUPERGREEDY++ consistently delivered the best performance, achieving1293

the highest densities in the shortest time. It was followed by FW and MNP, which ranked second1294

and third overall, though their relative performance varied across datasets—FW often had the edge1295

over MNP, but not uniformly. The flow-based method, FLOW, performed significantly worse on1296

most datasets (with the notable exception of com amazon). This underperformance may be attributed1297

to high variance in edge capacities within the flow network, which can cause the algorithm to stall1298

when attempting to push flow efficiently. In future work, it is worth studying the performance of1299

flow algorithms in the weighted case, where such capacity imbalances are more pronounced or may1300

offer new opportunities for optimization.1301
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(a) com amazon (b) close cliques

(c) roadnet CA (d) roadnet PA

(e) com dblp

Figure 11: Anchored density over time
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H Contrapolymatroid Membership Experiments1302

Problem Definition (CM). Given a supermodular function f : 2V → R and arbitrary vector y ∈1303

R|V |, determine if y ∈ B(f).1304

Approach. The problem can be reduced to an SFM instance by recognizing that−f(S) is submod-1305

ular, hence x(S)− f(S) is also submodular. We minimize y(S)− f(S) to answer the membership1306

question. It is more convenient to interpret this as maximization of f(S) − y(S), whose value we1307

plot; y is then a NO instance iff f(S)− y(S) > 0.1308

For our experiments, we consider undirected graphs G = (V,E) with f(S) = |E(S)|, S ⊆ V .1309

Generating Query Vectors. Harb et al. [29] (Theorem 4.4) showed that a vector b ∈ B(f) if1310

and only if there exists a vector x ∈ R2|E| such that the pair (x, b) satisfies the dual of Charikar’s1311

densest subgraph LP [15]. Such a vector b corresponds to a YES instance of the Contrapolymatroid1312

Membership (CM) problem. Small perturbations to b can then be used to generate arbitrarily hard1313

NO instances.1314

Given a graph G = (V,E), we construct a feasible vector b ∈ B(f) by orienting edges. We begin by1315

computing the exact densest subgraph using PUSHRELABEL. For each vertex v ∈ S∗—the vertex1316

set of the densest subgraph—we set bv = λ∗, where λ∗ is the maximum density. Harb et al. [29]1317

(Theorem 4.1) show that such an assignment is always realizable via some orientation of the edges1318

in S∗. For edges not entirely contained in S∗, we assign a value of 0.5 to each endpoint if both lie1319

outside S∗ and a value of 1 to the endpoint outside S∗ otherwise.1320

To generate non-trivial NO instances (i.e., where x(V ) = f(V )), we perturb the vector as follows:1321

select two vertices u ∈ S∗ and w /∈ S∗, then set bu ← bu − ε and bw ← bw + ε, where ε is the1322

perturbation magnitude. This results in1323

x(S∗) = |S∗|λ∗ − ε = |E(S∗)| − ε < |E(S∗)| = f(S∗),

violating the contrapolymatroid inequality for at least the set S∗.1324

In our experiments, we reuse the generalized p-mean DSG setup with p = 1, using the supermodular1325

objective f(S) =
∑

v∈S degS(v). Note that |E(S)| − y(S) > 0 if and only if
∑

v∈S degS(v) −1326

2y(S) > 0. We maximize and report the latter expression, which is always at least 2ε, with the1327

lower bound attained when S = S∗.1328

Algorithms. We evaluate three algorithms—Frank-Wolfe (FW), Fujishige-Wolfe Minimum Norm1329

Point (MNP), and SUPERGREEDY++ (SUPERGREEDY). All algorithms are implemented in C++.1330

Datasets. We reuse the datasets summarized in Table 3. We generate four increasingly difficult NO1331

instances for each dataset with perturbation magnitudes ε ∈ {12, 6, 1, 1e−1}.1332

Resources. In total, for all algorithms and all datasets, we request 4 CPUs per node and 40G of1333

memory per experiment. All algorithms were given a 30-minute time limit per dataset (all algorithms1334

finished within this time, and no time limit was exceeded).1335

Discussion of Contrapolymatroid Membership Results. Figures 12-16 summarize the results. An1336

algorithm detects a NO instance when its value climbs from 0 to a non-zero value. The CM results1337

continue the observed trend: SUPERGREEDY++ performs strongly in general but is outperformed1338

by FW and MNP on CLOSE CLIQUES, where SUPERGREEDY++ fails to identify NO instances1339

until the perturbation is sufficiently large (ε ≥ 6), and even then, does so more slowly. For all other1340

instances, SUPERGREEDY++ is usually the first—and frequently the only—algorithm to identify1341

NO instances, often outpacing FW and MNP by a wide margin. SUPERGREEDY++ also tends to1342

find larger values, though this is irrelevant for CM. As expected, performance improves with larger1343

ε.1344

This strong empirical performance of SUPERGREEDY++ is particularly surprising given that Con-1345

trapolymatroid Membership was the original motivation for studying submodular function mini-1346

mization, and MNP has historically been regarded as the algorithm of choice—making it espe-1347

cially noteworthy that a combinatorial method like SUPERGREEDY++ outperforms it so consistently1348

across all but one dataset.1349
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(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 12: Contrapolymatroid Membership Function Value over time - close cliques

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 13: Contrapolymatroid Membership Function Value over time - com amazon

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 14: Contrapolymatroid Membership Function Value over time - com dblp

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 15: Contrapolymatroid Membership Function Value over time - roadnet PA
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(a) (ε=1e−1) (b) (ε=1)

(c) (ε=6) (d) (ε=12)

Figure 16: Contrapolymatroid Membership Function Value over time - roadnet CA
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I Minimum Norm Point Problem Experiments1350

Problem Definition. Let f : 2V → R be a normalized (super)submodular function, and let B(f)1351

denote its base polytope. Our objective is to find the point in B(f) with the minimum Euclidean1352

norm, i.e., argminx∈B(f) ∥x∥22.1353

Algorithms. We evaluate three algorithms: Frank-Wolfe (FRANKWOLFE), Fujishige-Wolfe Min-1354

imum Norm Point (MNP), and SUPERGREEDY++ (SUPERGREEDY). All algorithms are imple-1355

mented in C++.1356

Datasets. We reuse all instances from prior experiments but focus on the load vector norm rather1357

than the original objective.1358

Resources. Please refer to the previously cited resources for further information on each problem1359

and its resources.1360

Discussion of Minimum Norm Point Results. Algorithm performance varies significantly across1361

problems and instances. Overall, SUPERGREEDY++ performs best on DSG, consistently achieving1362

the lowest norm point; the other algorithms behave similarly and sub-optimally. For Anchored DSG,1363

Generalized p-mean DSG, and HNSN, FW and MNP typically outperform SUPERGREEDY++.1364

However, all methods generally converge to similar norm values—except in generalized p-mean1365

DSG, where SUPERGREEDY++ often settles at suboptimal norms despite excelling in the classi-1366

cal DSG case (p = 1). A comparable pattern appears in the close cliques instance for Con-1367

trapolymatroid Membership, while in other CM instances, SUPERGREEDY++ converges faster and1368

achieves lower norms. Lastly, for Min s-t Cut, SUPERGREEDY++ and MNP perform comparably,1369

with SUPERGREEDY++ slightly outperforming, and both approaches consistently exceeding FW.1370

I.1 DSG1371

(a) close cliques (b) com amazon (c) com dblp (d) com orkut

(e) disjoint union cliques (f) roadnet PA (g) roadnet CA

Figure 17: DSG load norm over time

I.2 Anchored DSG1372

(a) close cliques (b) com amazon (c) com dblp

(d) roadnet PA (e) roadnet CA

Figure 18: Anchored DSG load norm over time
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I.3 HNSN1373

(a) acm (b) connectious (c) digg

(d) ecommerce (e) fruithut (f) foodmart

(g) imdb (h) kosarak (i) liquor

(j) NBA (k) notredame (l) yoochoose

Figure 19: HNSN load norm over time

I.4 Min s-t Cut1374

(a) m10 (b) m30 (c) m50 (d) ww

(e) sawtooth0 (f) sawtooth1 (g) sawtooth2 (h) sawtooth3

(i) sawtooth4 (j) sawtooth5 (k) sawtooth6 (l) sawtooth7

(m) sawtooth8 (n) sawtooth9 (o) sawtooth10 (p) sawtooth11
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(a) sawtooth12 (b) sawtooth13 (c) sawtooth14 (d) sawtooth15

(e) sawtooth16 (f) sawtooth17 (g) sawtooth18 (h) sawtooth19

Figure 21: Min s-t Cut load norm over time

I.5 Generalized p-mean DSG1375

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 22: DSS load norm over time - close cliques

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 23: DSS load norm over time - com amazon

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 24: DSS load norm over time - com dblp

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 25: DSS load norm over time - roadnet PA

(a) (p=1.1) (b) (p=1.25) (c) (p=1.5) (d) (p=1.75)

Figure 26: DSS load norm over time - roadnet CA
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I.6 Contrapolymatroid Membership1376

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 27: Contrapolymatroid Membership load norm over time - close cliques

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 28: Contrapolymatroid Membership load norm over time - com amazon

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 29: Contrapolymatroid Membership load norm over time - com dblp

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 30: Contrapolymatroid Membership load norm over time - roadnet PA

(a) (ε=1e−1) (b) (ε=1) (c) (ε=6) (d) (ε=12)

Figure 31: Contrapolymatroid Membership load norm over time - roadnet CA
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