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ABSTRACT

We theoretically analyze the Feedback Alignment (FA) algorithm, an efficient al-
ternative to backpropagation for training neural networks. We provide convergence
guarantees with rates for deep linear networks for both continuous and discrete
dynamics. Additionally, we study incremental learning phenomena for shallow
linear networks. Interestingly, certain specific initializations imply that negligible
components are learned before the principal ones, thus potentially negatively af-
fecting the effectiveness of such a learning algorithm; a phenomenon we classify
as implicit anti-regularization. We also provide initialization schemes where the
components of the problem are approximately learned by decreasing order of
importance, thus providing a form of implicit regularization.

1 INTRODUCTION

In order to train a Machine Learning (ML) architecture in the context of supervised learning, it
is a consolidated practice to resort to the Gradient Descent (GD) algorithm and its variants (e.g.
stochastic GD) and to calculate the gradient of the loss function via backpropagation (Rumelhart
et al., 1986). However, one of its limitations is the so-called weight transport problem (Grossberg,
1987): the update of each neuron during the learning phase relies on the downstream weights (which
are therefore "transported" along the backward pass). This implies that 1) the synaptic weights are
the same, up to transposition, for both the forward (inference) and backward (learning) pass and 2)
each neuron has a precise knowledge of all of its forward synapses. It is known that such a model
does not accurately reflect the behaviour of a human brain, thus it is biologically implausible (Crick,
1989). Feedback Alignment (FA), originally proposed by Lillicrap (Lillicrap et al., 2016), has been
an attempt to mitigate this discrepancy between the neuroscience side and the engineering side of
Al and to tackle the weight transport problem in a systematic way. The simple, yet powerful idea
is to replace the transposed weight matrices in the backpropagation algorithm with arbitrary, fixed
matrices: via this strategy, each neuron during training receives a random projection of the error
vector.

In order to illustrate the algorithm and for the purpose of our study, let us consider a fully-connected
L-layer neural network (NN): given the input, z = hy € R, the predicted label § € R is computed
as

G/@:thf—l; heiO’(ag), te {LaL} = [L]v (D

o being a (potentially) nonlinear function applied entry-wise to the vector ay, and finally §y = f(ar)
for some output nonlinear function f. We consider a regression task with loss function £ being the
standard Mean Square Error (MSE). The backpropagation strategy for GD prescribes the following
updates for each layer in the network: given a step size 1 > 0 and the error vector e = daj, = g—g =

9y — y where y is the true label, we have
Wi, = —neh]_,, §W,=—néash/_, and da; = (W, 6as41)®0 (ar), £ € [L—1] (GD)
where ® denotes the Hadamard product. The FA recipe prescribes the following:
FeedBack Alignement: in (GD) use day = (Midasi1) ®o'(ar), C€[L—1]. (2)

where { M} are a collection of arbitrarily chosen matrices, which do not evolve during training.
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Related and previous work. Inspired by Lillicrap et al. (2016) and shortly after its publication,
Ngkland (2016) proposed two new algorithms called Direct and Inverse FA. In particular, Direct
FA reduces to the FA algorithm in the case of a 2-layer NN or multi-layer linear NN; the difference
between these two algorithms in the general multi-layer nonlinear NN resides in injecting the
error vector directly into the update of each hidden layer of the network: da, = (Mye) ® o'(ay),
¢ € [1,L — 1]. Such a modification of the FA algorithm can be interpreted as a noisy version of
layer-wise training (Gilmer et al., 2017).

Since its first formulation, there has been an extensive numerical analysis on testing whether FA
and Direct FA algorithms can be successfully applied to ML problems, in particular in the presence
of complex datasets and deep architectures (Bartunov et al., 2018; Moskovitz et al., 2018; Launay
et al., 2019). We mention the recent survey paper Launay et al. (2020) where the focus is on Direct
FA and it is shown that the algorithm performs well in modern deep architectures (Transformers
and Graph NN, among others) applied to problems like neural view synthesis or natural language
processing. Furthermore, more on the applied (biologically-inspired) side, there have been recent
pushes in furthering the idea of FA: spike-train level direct feedback alignment (Lee et al., 2020),
memory-efficient direct feedback alignment (Chu et al., 2020) and direct random target projection
(Frenkel et al., 2021) to mention a few examples.

On the other hand, rigorous theoretical results are scarce. Preliminary asymptotic results can be
found in the original papers by Lillicrap et al. (2016) and Ngkland (2016). More recently, Refinetti
et al. (2020) presented the derivation of a system of differential equations that governs the Direct FA
dynamics for a 2-layer non-linear NN in the regime where the input dimension goes to infinity. There
is no explicit formula for the solution of the system, but via a careful local analysis it is possible to
identify two separate phases of learning (alignment and memorization) and a "degeneracy breaking"
effect: at the end of the FA training, the selected solution maximizes the overlap between the second
weight matrix W5 and the FA matrix M. Such an "alignment" dynamics is also evident in our
analysis (Section 2). Convergence guarantees for deep networks are still missing from the literature
and one of the goals of this paper is indeed to provide rigorous proofs of convergence, together with
convergence rates.

Our analysis is in a similar vein as some recent works on implicit regularization in linear neural
networks Saxe et al. (2018); Gidel et al. (2019); Arora et al. (2018). Even though our setting is
very similar, our analysis is different: because of the feedback alignment matrices, the autonomous
differential equation obtained significantly differ and lead to different dynamics. Moreover our focus
is slightly different from Saxe et al. (2018); Gidel et al. (2019); Arora et al. (2018) which are fully
dedicated to implicit regularization of GD while we also aim at proving the convergence of FA.

Our contributions. We aim to provide a theoretical understanding of how and when FA works. We
focus on two aspects: 1) proving convergence of the algorithm and 2) analyzing implicit regularization
phenomena. We will extensively study the case of deep linear NNs. Despite being sometimes regarded
as too simplistic, the study of linear networks is a crucial starting point for a systematic analysis of
the FA algorithm: it will allow us to rigorously analyze a tractable model and it will give us insights
and intuition on the general nonlinear setting (Section 7).

Our main results are the following.

* We prove convergence of the FA continuous dynamics, with rates, for L-layer NNs with
L > 2 (Sections 2 and 3). Such results hold for any input dimension and number of neurons:
the network is not necessarily overparametrized.

e We prove that, for certain initialization schemes, the continuous FA dynamics sequen-
tially learn the solutions of a reduced-rank regression problem, but in a backward fashion:
smaller components first, dominant components later (Section 4). Additionally, we provide
guidelines for an initialization scheme that avoids such phenomena.

* Finally (Section 5), we analyze the corresponding discrete FA dynamics and we prove
convergence to the true labels with linear convergence rates.

We assumed some conditions on the data and on the model in order to render the exposition and the
reading more clear. However, some of the "strong" assumptions that will appear in the paper can be
easily relaxed (see Section 2).
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2  WARM-UP: SHALLOW NETWORKS

In this section, we consider a 2-layer linear NN with vector output y = WoWix € R and input
vector z € R? such that (z,y) ~ D for some distribution D. Define £, := E[zx "] € R4, that
we assume to be positive definite, and X, := ]E[ya:T} € R°*4_ then the following result holds:

Proposition 1. For any distribution D, the FA dynamics that dictates the learning process is
Wi=M (S, -WoWi5,,), W= (S, - WoWiS,) W, 3)
where the dot refers to the time derivative.

Note that this result particularly holds for empirical distributions corresponding to finite datasets.

Classical results on comparative spectral decomposition (van Loan, 1976; Paige & Saunders, 1981)
guarantee that the two matrices X,,, 3, can be simultaneously decomposed as 3, = VA, VT
and ¥, =U AmyVT, where the latter corresponds to the singular value decomposition (SVD) of
3;y- Next, we introduce the change of variables W, = RW; VTand W, = UW,L,RT, for some
arbitrary left-orthogonal matrix R, and we choose the FA matrix M to be decomposable in a similar
fashion: M = RDU T, for some matrix D with positive diagonal entries D;; > 0 and zero entries
otherwise. In particular, this implies that M is full rank, therefore guaranteeing convergence to a
global minimum of the dynamics. The equations for the FA flow will then become

Wi=D (Apy - WaWihy,)  Wa=(Asy - WaWiA,, ) WY )
M . /T —1/2 . A—1/21% ’a_ —1/2
oreover, by the change of variable W := Wi A,,' ", Wy = Ay, "Wy, D' := DA,;’~ where

Aglgéz is the coordinate-wise square root of A,,,' we get after some simple calculations that

Wi =D (AL2A AL - WaW]) . Wy = (AL2A A2 - waw ) Wi (5)
Therefore, by considering A;' = A,%QAWA;; / 2, we may equivalently assume X,, = I,
(isotropic features), without any loss of generality.

It is now crucial to observe that if W € R"*4 W € R°*" are diagonal matrices, then the dynamics
decouples into k independent equations with k& = min{d, h, o}. In particular, let §: = (W7);; and
05 = (W3);; and assume that at time ¢ = 0 the matrices W/ (0) and W3(0) are diagonal. Then, for
each? = 1,..., k we obtain the following scalar system:

6i = di (N —00%) 6 = (X' — 6i0%) 01, (6)

where A = (A, )i; and d* = D;;. Note that for i > k one could define diagonal coefficients for the
matrices W7 or W, but their derivative will be 0, thus non-trivial dynamics only occur for i € [k].

2.1 THE SCALAR DYNAMICS

We now turn our attention to analyzing a nonlinear system of the form (6) for the scalar functions
01,6, € C*(R) (we suppressed the indices).

Theorem 2. For any FA constant d € R, and V¥ 0y € R initial value with initialization scheme

0 2
91(0) = 90 and 92(0) = 2077

3 C > 0 such that the product 05 ()01 (t) of the solution of the system (6) converges exponentially to

)

2
the signal \ and in a monotonic fashion: |05(t)0:1(t) — A\| < Ce=3(@N3t gop +00.
8

The proof can be found in Appendix A.2: along with the proof, it appears that the FA weights drive
the learning of the forward weights for the first layers to the point that their limit is "aligned" to the

"Note that we used a slight abuse of notation: depending on the matrix it is multiplied to Asa /2 corresponds

to the diagonal matrix either of size d X d or o X o with the diagonal coefficients [A / i, 1< i <rank(Ag).
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(a) FA (continuous lines) and GD (dotted lines), with (b) FA dynamics with i.i.d initial conditions
initial conditions (7): 6p = 0 and 6y ~ U([—5, 5]). (61(0),62(0)) ~ U([-5,5]) x U([-5, 5]).

Figure 1: Numerical simulations of the solution 02 (t)6; () of the FA dynamics with FA constant
d = 2 and true signal A = 3 (left) and A\ = 10 (right), with different initializations.

value of the FA constants (in a nonlinear fashion). Similarly, this holds for the deep network case
(Section 3 and Appendix B.2). One can also observe that components with a large FA constant d are
learned faster (see (35)—(36) in Appendix A.2), boosting the alignment.

From Theorem 2 it is clear that the choice of the FA constant will force the optimization to select one
particular pair of solutions (6, (¢), 62(¢)) among the infinitely many possible solutions (the equation
0105 = X is a 1-dimensional manifold on the RQ—plane). However, all of these solutions represent
global minima (those are the only stationary points of FA), and therefore via the FA dynamics, we
can find the global minima of the loss function.

We can easily notice that zero-initialization does guarantee convergence for FA, unlike in the case
of GD dynamics (Figure 1a). Furthermore, we want to highlight the ideological novelty of the
proposed initialization scheme (7): unlike considering all weight matrices as independent players at
the beginning of the optimization process and initializing them at random, we are imposing that once
the weight matrix W7 of the first layers is initialized, the initial value of the weight matrix W5 of the
second layer is deterministic, and it depends directly from the first layer.

More generally, it is easy (though lengthy) to prove that the product of the solutions (61 (¢), 82(t)) of
the system (6) always converges to the signal A, regardless of the initialization scheme considered.

Theorem 3. For any FA constant d € R~ , and for any initial values 61(0) and 02(0), the system
(6) admits a unique solution (01 (t),02(t)) such that 01(t),02(t) are bounded for all times t > 0
and 05(t)01(t) — X as t — +oo. The convergence rate is exponential for any pair of initial values
(61(0), 02(0)) except for a set of (Lebesgue) measure zero in R>.

For the proof, see Appendix A.3. The main consequence of Theorem 3 is that even by initializing
all layers randomly and independently (as it is common practice), the FA dynamics still converges
to the true signal. However, we want to stress that the initialization scheme (7) is more suitable for
ML applications: for arbitrary initial conditions, the product of the solutions 65 ()6 () may not be
monotonic (compare with Theorem 2). Thus it may trigger inefficient early stopping practices (see
Figure 1b). Furthermore, for a randomly and independently sampled pair of initial conditions, we
may observe a highly undesirable "reversed" incremental learning phenomenon (Section 4), which is
avoided if (7) is put into place.

Relaxing some assumptions. Considering the the assumption that the weight matrices W1, W,
share the left/right singular vectors with X, is not strictly needed: with more work, the more general
case can be analyzed via a perturbation analysis, along the same lines as in Gidel et al. (2019)
(Assumption 1). Furthermore, even though the initialization of the matrices W3, Wy, are diagonal
Saxe et al. (2018) argues that the diagonal solutions provide good approximations to the full solutions
when W7 (0), W5 (0) are full matrices, initialized with small random weights.
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3 DEEP NETWORKS

In this section we extend the results of Section 2 to deep linear NNs: given a distribution of
input-output pairs (x,y) ~ D, the predicted output vector is now g = Wy, ... WoW;x with
weight matrices W, € R*>he—1 (hy = d, h;, = 0) and we note ¥,, = E[zxz'] € R¥*? and
Y.y =Elyz "] € Rox4,

Proposition 4. For any distribution D, the FA equations of motion are
W= Mi(Zpy — Wi Zeo) Wiy L€ [L], ()
for some FA weight matrices { My} oc(r), with M, = I, and with Wy.q = W,... W1.

Notice that the legitimate FA update would be W, = [g L— 1]( ay— W1 EM)WJ o—1] however
since we are requiring the FA matrices to be full rank, we can redefine the FA matrices as M, =

M [¢:L—1]- We now perform a similar change of variables as in Section 2: W, = R, WpRe ; with
Ry =V,R; =U and {Ry}/=1,... 1,—1 arbitrary left-orthogonal matrices. We additionally assume

that the FA matrices M, have the following prescribed form M, = R,D, U (with Dy a matrix
with zero entries except for entries on the diagonal, which are positive). Then, the system becomes

WE = DZ(Awy - W[l:L]AZa:)W[—ll—:Z—l] te [L] (9)

Considering the change of variable W/ := WiAz, 1/2 , W] = Ag, 1/2WL, D) := DA, 1/2,
A;y = AifoyA;; /2 and assuming as in §2 that W]’ (0) are diagonal, the system decouples:

00 = di(N = 6% ... 000, .00, Lell], (10)
and for eachentry i = 1,...,k, with k = min{d, h1,...,hp_1,0}, the analysis reduces to studying
a system of scalar functions {63, ..., 0% }.

Theorem 5. For any set of FA constants {dy}¢c(r—1), d¢ € Rsq and for any 0y € R, there exists an
initialization scheme of the form

21’1

61(0) = B, 00(0) = Cobl5 =2,...,L, (11)
where Cy € Rsq depends on {di,...,ds}, such that the system of differential equations (10)
has a unique solution (01(t),...,0L(t)). Furthermore, the following convergence result holds:

OL(t)0p_1(1)...00(t) — Aast — +ox.

As in the 2-layer case, the proposed initialization scheme is characterized by the fact that only the
first layer is initialized at random, while all the other layers depend deterministically on it. Note that,
along the same lines as Theorem 3, it is also possible to prove convergence to the true signal for any
initialization set {6,(0)},[z). However, some desirable properties of the dynamics (monotonicity,
exponential convergence) may be lost. For the proofs and the explicit construction of the initialization
scheme (11) see Appendix B.2.

4 IMPLICIT REGULARIZATION PHENOMENA

In this section, we analyze the phenomenon of hierarchical learning (or implicit regularization)
for FA, as described in Gidel et al. (2019) and Gissin et al. (2019) in the case of GD: along the
optimization path, features of the model are learned in a sequential way, so that one feature is fully
learned before the dynamics starts to learn the next feature. For FA, we may observe a similar
behavior as GD, however, in certain settings the dynamics seems to favor the learning of secondary
component prior than the learning of principal components, i.e. signals A\*’s with small magnitude
are learned earlier than those of big magnitude. This phenomenon is potentially highly problematic
since smaller singular values \*’s are normally tied to noisy measurements and do not represent nor
give meaningful information on the structure of the data. Privileging negligible features goes against
the standard principles of reasoned data analysis (Principal Component Analysis, for example). We
will see that the occurrence of this behavior depends on particular initializations of the algorithm and
it can be therefore successfully avoided.
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Theorem 6 (Informal). Let A\ > ... > A be the principal components of Ayy. There exists
initialization schemes such that the component \; is incrementally learned at time T;. Moreover,
there exists two different initialization schemes such that

Anti-Regularization(§4.1): Ty, > ... > T, and Regularization(§4.2): Ty < ... <Ty (12)

To illustrate such a phenomenon and rigorously describe it, consider the 2-layer case in the SVD-
setting as in Section 2: V¢ = 1, ..., k, the system (6) can be equivalently rewritten as

0 =3 ((61)° +2dK'07 —2d\"),  61(0) = 6), (13)

and 05(t) = 5505 (t)? + K', with K = 65(0) — 55 (01(0))? € R and d, A" > 0 (for simplicity we
assumed d* = d, V 7). Depending on the value of K (i.e. the initial condition of the i-th system), the
cubic polynomial on the right-hand-side of (13) may have between 1 and 3 distinct real roots. The
value of the discriminant A = —4d? (8d(K")? 4 27(\%)?) will dictate which regime we fall into.

We will be considering the case where A > 0 and the case K? = 0 (i.e. the initialization scheme
(7)), which is a special instance of the case A < 0. The case A = 0 can be equally analyzed, but it
will not be considered in this paper, as it has zero probability of occurring.> The sequential learning
phenomenon becomes evident when we perform a double scaling limit of the time variable ¢ — §t
and the initial condition 6 — f(4,6(), § — +oo0, as it will be clear below. Note that the rescaling
is uniform across the components ¢. Proof of Theorem 7 and lengthier discussion can be found in
Appendix C.

4.1 CASE A > 0: BACKWARD LEARNING

If K < —3(\")3/2 <0, the cubic polynomial in (13) has 3 real, distinct root 7§ < r < r. The
intuition is that by initializing 6} at a value that is very close to % and applying the time scaling
t — 0t,d > 1 (i.e. we are "fast-forwarding" the solution 61 (dt)), we can clearly identify the time
threshold 7" after which the signal is fully learned. More formally,

Theorem 7. Vi = 1,....k, if 01(0) = 7% + e~% (§ > 0), then the solution 0} (5t) converges to a
step function:

921 (§t) — Téﬂ{t<Ti} + O[i]I{t:Ti} + T?‘)H{t>T77} as § — +0o, (14)
where I,c ay is the indicator function on the set A,
) 2 . S
T = a’ € (ry,rs). (15)

(ry =r3)(rs — 1)’

Furthermore, T" is an increasing function of X': for \' > X2 > ... > \F and fixed FA constant d,
we have T' > T? > ... > T*.

Similar conclusions hold when 65 (0) = r§ — e~°. Therefore, as the value of A increases, the value
of T" increases as well: negligible features of the data are learned sooner than the dominant ones.

On the other hand, Theorem 7 shows that such a backward incremental learning does not happen with
high probability: indeed, we are requiring all the parameters K (which depends on the initialization)
to be sufficiently negative and the probability of sampling initial conditions that will yield anti-
regularization depends on the value of the signals A’ (i.e., it is data-dependent): the bigger the
value of \?, the smaller the probability. Nevertheless, we will see in the next subsection how such a
phenomenon can be safely bypassed and we discuss some properties that suggest that the initialization
scheme (7) can guarantee the correct sequential learning of features as GD exhibits.

4.2 CASE K = 0: EVIDENCE OF INCREMENTAL LEARNING

Imposing K* = 0 for all i’s means to recur to the initialization scheme (7): 6%(0) = 6, 65(0) =
2*111 (63)2. In this case, Theorem 2 already provides exponential convergence rates that depend on the

The claim is correct if we sample the initial conditions 61 (0), 62(0) independently and generically: for
example, from a uniform distribution U ([— R, R]) x U([—R, R]), for some R € Rxo.
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. . . 2
magnitude of the signal (|05 ()07 () — \*| < Ce2(AA)31 45t — 400), suggesting that the bigger
the magnitude of the signal \*, the faster the convergence.

If 65 < 0, there exists a unique time 7 (vanishing time) such that 6} (7;)65(7¢) = 0 and
03 (t)05(t) < 0 for t < T} respectively, where

, 7r 1 (rt — 0})? ) 2 (206 + Ti>
T = — + — In ( - — , — — arctan | ——— | . (16)
R N ) RN Y R R (O LV A (O RE r'v3
We can interpret such a vanishing time as the first milestone of the learning process. In the regime as
0y - —ocoVi=1,...,k, we have

. 47 1
T — ——— — 17
0 ama@+0(%ﬁ>’ a7

where 7' = V/2d\¢, therefore for bigger \*’s (i.e. dominant singular values) the vanishing time
happens sooner: for A' > A2 > ... > A and fixed FA constantd > 0, T} < T¢ < ... < TF.

5 DISCRETE DYNAMICS

5.1 FORWARD EULER DISCRETIZATION

In this section, we are interested in analyzing the discrete FA dynamics and its convergence properties.
For the discrete time setting, we focus again on a 2-layer linear NN. The standard forward Euler
method yields the following discretized system:

WD — w4 (Ezy _ WQ(t)Wl(t)> (18)
W2(t+1) _ W2(t+1) +n (Ew B WQ(t)Wl(t)> (Wl(t))T (19)
and performing again the SVD change of variables, the system becomes
WD W0 44D (A~ WOWL) @
W = Wl 4 (A, — WOWL) (Wfﬂ)T @1
If we set the initial conditions Wl(o), 2(0) as diagonal, the matrices remain diagonal for all times
and the dynamic decouples. Foreach¢ = 1,..., k, we have

(G?H))i _ (9@)” Cd <)\i ~ <9§t>>” (9§t>>i) (22)
(eéﬂrl))i _ (aét))i . (/\i _ (ogw)i (th))l) (9§t>>i (23)

The following result holds (the index i is suppressed for simplicity).

Theorem 8. Consider the system (22)—(23). With zero initialization 9%0) = 950) =0,V d>0and
with constant step size ) small enough, the product Gét)ﬂgt) converges to the true signal A with linear

rates: Gét)ﬂgt) — )\ < C¢, for some C > 0.

For the sake of clarity, we deferred the precise prescription for the magnitude of 7 and the linear rate
q to Appendix D, where the full proof of the Theorem can be found.

5.2 MODIFIED FORWARD DISCRETIZATION

In addition to the standard discretization strategy, we are proposing here a new discretization technique
that is particularly instrumental for the FA setting, as it will allow a thorough inspection of its
convergence guarantees and convergence rates for NNs of any depth. Inspired by the fact that the
behaviour of the second layer strictly depend on the choices that we impose on the first layer in
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the continuous dynamics (Theorem 2 and initialization (7)), we slightly modify the update rule for
second weight matrix W5 in the following way:

wi D —w LM (nw - WQ(t)Wl(t)> (24)
T
1
WL Wi (5, - W) (w( ) 2

1
with Wl(H 5 _ i (Wl(tH) + Wl(t)). The above discretization technique can be considered as a
hybrid between the Euler forward method and the trapezoidal rule (Iserles, 1996), although we are

still evaluating the error X, — WQ(t)Wl(t) at the present time ¢. The underlying idea is that we want
to already use the information encoded in the new (¢ 4 1)-iterate of W to update the second layer

by averaging Wl(t) and Wl(tH).

Performing again the SVD change of variables, and setting Wl(o), W2(0) as diagonal, we obtain a
scalar system of the form (Vi =1,...,k)

(91)(t+1) (01)('5) +ndi (/\z _ (93)("’) (e:it)(t)) (26)
. . . . . . 1
(6 = (6)? 4 (Az — (05)" () <t>) (6) () @7
A convergence result follows (suppressing the i-dependence).

Theorem 9. Consider the system (26)—(27). With zero initialization 49%0) = 950) =0, VAd>0
and with constant step size n < )2 , the product 9;75)9?) linearly converges to the true signal \:

3(2d
105905 — A < 3A(1 — 32(2d0)3 )"

The discretization scheme easily generalizes to the case of L layers for L > 3 (we again suppress the
i-index for readability):

Hétﬂ = G(t + dze[(u 1) (A - QS) . ~-9£t)> ) t=1,...,L, (28)

with dr, = 1. Also in this case, the dynamics closely mimic the continuous counterpart, reducing
the system to a single recurrence equation for {0?) }. By selecting a step size 1 small enough, the
sequence of products {H(Lt) e 95”0@} will converge to the signal A with exponential rate.

Theorem 10. Consider the system (28) with \,dy, > 0 and zero initialization Géo) =0,VvV/L=
1,..., L. If the constant step size satisfies < (diy(RNY"D)Y") =1 where v = 2F — 1 and R is a

suitable positive constant depending on the FA constants dq, . .. ,dy,_1, then the product HeL:1 Oét)

1
linearly converges to the true signal \: |9g) e 9@ — Al < O\ (1 — ndyy (ﬁ/\'y_l) 1)t for some
constant C € Ry only dependent on \.

The proofs of Theorems 9 and 10 can be found in Appendix D.

6 EXPERIMENTS

In this last section, we discuss one ML application of our theoretical results. The set-up is borrowed
from Gidel et al. (2019) (Section 4.2), where a linear autoencoder is considered.

For an autoencoder, the (true) output is equal to its input y = 2 € R? and we want to compare the
reconstruction properties of W2(t) Wl(t) (2 layer NN) and W, ® Wz( )Wl(t) (3 layer NN) computed via
FA versus GD. In this experiment, we have d = 0 = 20 and k = 5. We generate n = 1000 synthetic
data {x;} in the following way: each data point is given as ; = Az; + €;, where A € Rka
is a fixed matrix with entries sampled as Ay, ~ U([0,1]), z; ~ N (0, A :=diag {4,2,1,1,1})
and the noise €; ~ 1073N(0, I;). We initialize the weight matrices to a close-to-zero initial-

ization Wl(o), WQ(O), W3(0) ~ 1075U([0,1]): this will guarantees the FA dynamics to avoid the
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Figure 2: Comparison of trace norms and reconstruction errors for linear autoencoders. For the FA
experiments, we are plotting the average (with error bars) of 15 experiments.

anti-regularization pattern and to converge to the signal (Theorems 8, 9 and 10).

We generate the FA matrices M (2-layers) and M-, M, (3-layers) with entries M,; ~ U([0, 1]).
Keeping the same initial conditions WZ(O) and same fixed matrix A, we repeat the FA training 15
times, sampling a different set of FA matrices each time: in Figure 2, we report the average (with error
bars) of the trace norm ||@®||, with @) := W W or @1 := W W, I W" respectively,
as well as thee average of the reconstruction errors H(-)(t) — AAAT ] 5 asa function of ¢ the number
of iterations.

We can see that the FA learning dynamics is distinctly faster than GD, which is learning at a much
slower pace, as we initialized the dynamics close to one of GD’s local maxima. In particular, the
3-layer NN trained with GD hasn’t yet started to learn at the end of the selected training period of
the experiment. Notably, the FA training for the 3-layer NN hints at the presence of an implicit
regularization behavior, similar to what has been observed and proved in Gidel et al. (2019) for a
2-layer NN. Additional technical details can be found in Appendix E.

7 FINAL DISCUSSIONS AND INSIGHTS

In the present paper we rigorously analyze a biologically plausible optimization algorithm, we
describe its potential as well as its limitations in possible ML applications. We provide convergence
guarantees in both the continuous and discrete-time settings; additionally, we thoroughly discuss
implicit regularization phenomena that may arise with certain initialization schemes and that may
deeply affect the optimization effectiveness. The occurrence of drastically opposite regularization by
only modifying an algorithm’s initialization showcases the critical importance of the latter for ML
applications.

Although the analysis is conducted only for linear models, the results give already numerous insights
on the behaviour of nonlinear architectures. The analysis of Theorem 5 shows that, in some regimes,
the deeper layers behave as "a power" of the first layer: this result suggests that each layer is
converging at a different speed. It thus defines a hierarchy (in terms of speed of convergence) between
the layers of the network. Furthermore, one can notice that in the linear case FA "removes" some
stationary points: unlike GD that potentially has many stationary points that are saddle points, all the
stationary points of FA are global minima. Therefore, we believe that FA will also "remove" some
undesirable stationary points in the non-linear case. Several challenges remain, but the above pieces
of intuition will be critical for the analysis in the nonlinear setting.

Beyond this, it is enticing to conduct a comparison between FA and GD and illustrate the advantages
of one algorithm over the other (and in which setting). All of these directions will be the central
objects of study in future works.
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A CONVERGENCE OF FA FOR 2-LAYER NNS

A.1 PROOF OF PROPOSITION 1

Proof. We have that £ := 1E[||ly — g||?] and g = W, W, thus

Vi £ = E[3Vwilly — 911 (29)
=E[W; (y — WoW;z)z ] (30)
=W, (B0 — Wa Wi E,0) (31)
where the last line comes from the linearity of the expectation. Similarly we have,
Vi, L =E[5Vw,ly - 9l’] (32)
=E[(y - WaWiz)aT W]] (33)
= (Bay — Wo W, B, )W/ (34)

Now we conclude by noticing that by definition of the FA dynamics (2), the matrix W is replaced
by a random matrix M. O

A.2 PROOF OF THEOREM 2

Consider the following system of ODEs for the functions 01,62 € C*(R):

0, = d (X — 020,) (35)

0y = (A — 0201) 6, (36)
for some d, A € R (. From equation (35), we substitute % = (A — 620;) in the second equation
(36) to obtain

. 1. . 1
Gy = ﬁaf, ie. 6y(t) = ﬁevf(t) + K, (37)

for some integration constant X € R. We then substitute such expression for 65 (t) back into the
equation (35) in order to obtain a closed form expression for 6 :

. 1

6, =d ()\ — ﬁei’ — K91) (38)

We now choose the initial conditions for 6, (t) and 62 (t) in the following way:

0o’
91 (O) = 00 and 92 (0) = ﬁ’ (39)
so that the equation for f; becomes
. 1

0 =3 (2dX — 63) (40)

We are now ready to prove Theorem 2, which we recall here for convenience:

Theorem 11. For any FA constant d € R+, and ¥ 0y € R initial value with initialization scheme
(39), 3 C > 0 such that the product 05(t)01(t) of the solution of the system (??) converges exponen-
tially to the signal \ and in a monotonic fashion:

02(£)61(t) — A| < Ce 33t gst — 4oo. 1)

Proof. By Picard-Lindelof Theorem, equation (40) admits a unique local solution 6; € C1([0, T)
(T > 0), for any initial condition 6, € R. The local solution can be then easily extended to a global
solution on [0, 4+00).

The cubic polynomial on the right hand side of (40) has a unique real root r := v/2d\: 2d\ — 63 =
(r — 01—) (07 + 61 + r?) where the quadratic 67 + 6;r + 2 is irreducible (indeed, its discriminant
is A =—-3r2 <0).

11
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If 6y = r, the solution of the ODE (40) is the constant function ¢, () = r, ¥Vt € R>(. In this case, it
is trivial to see that fa(t) = 5 and fa(£)61 (t) = A,V ¢ € Rxg.

If 89 # r, we simply need to analyze a separable ODE whose solution reads

2 1 ) ) 2 20, (t) + r
_ﬁlnwl(t) —rl+ ﬁln (03(t) +761(t) +r?) + Tz\/garctan (r\/g +Co=t
(42)
with constant of integration
2 1 2 20 + 1
C’O:ﬁln\ﬂofﬂfﬁln 90+r60+r|T2\/§arctan( ) (43)

Equation (42) is transcendental and it cannot be solved for 8, explicitly. However, we can still analyze
the behaviour of the solution.

Lemma 12. 6,(t) is monotonic: in particular, 6, <0, if 0g > r, and 6, >0, if0y <.
The above claims easily follows by inspecting the sign of the right hand side of (40). In particular,
Lemma 12 implies that 6, (¢) is always bounded, for any initial condition 6y € R.

As t — 400, the left hand side of (42) may only diverge in the first logarithmic term (61 (¢) — ),
since the term involving the arctangent is always bounded and the other logarithmic term has argument
that is always bounded (Proposition 12) and positive (the quadratic is irreducible).

Therefore, as t — +o0

61(t) = r and  Ba(t)01(t) — %rﬁ = (44)

for any initial condition 6y € R. See Figure 3.

Furthermore, we can derive from (42) the rate of convergence:

01(8) —r| =
37"2 37’200 1 201 (t) —+7r
ex ——t+ + = 1n|01(t)® + 701 (t) + r?| + V3 sign(r arctan()
p 424 20 D01 4 ra(6) + 7] + V3 sian(r) e
=:9(t)
(45)
where g(t) = 3’“2% + 1 1In(3r?) + el o(1), as t — oo; therefore,
T2

‘91 — T| = e_sTt""O(l). (46)

Finally, from 65(t) = 591 ()2, we get the desired result:
1 3,2
02(0)61 () — 577°| = [02(0)01(1) = A < Ce 5 (47)

for some positive constant C.

Remark 13. All the above calculations are valid also in the general case v, A € R\ {0}. In the case
where 1 < 0 (i.e. sign(d) # sign(\)), the solution 0, (t) satisfies the implicit equation

2 1 2sign(r) (201 (t) + 7“)
——nl|6y(t) — 7| + == 1In|0%(t) + r0,(t) + 7?| + ==L arctan | —2—— | + Cy = ¢
37,2 | 1() ‘ 3T2 ’ 1() 1() ‘ 7"2\/3 |7"‘\/§ 0

(48)
and
2 1 2sign(r) 200+
Co=—1Inlby—r| — — In |62 + 76y + > —arctan( . 49
07 32 b0 =] 3r2 196 0 | r2\/3 Ir|v/3 )

12
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05(1)0,(t)

Figure 3: The plots of 0, (t), 62(t) and the product 02 (t)6; (t) with initial condition 6y ~ U(—5, 5),
A = 3 and FA constant d = 2 (10 simulations).

To conclude the proof, we need to show that the product 65 ()6 (¢) is monotonic increasing (if
0o < r) or decreasing (if 6y > r) to the limit value A. See Figure 3 for a comparative plot of the
solutions 6 (t), 62(t) and their product.

The monotonicity properties of 6; are described in Lemma 12). We recall here the first derivative of
the functions 6 and 6, = 50; (¢)?

. 1 . 1 .
91 = — (7’3 — 9:13) s 02 = *0191, (50)
2 d
and its the second derivative
.. 3 .. 1/ . ..
b= 02 (07 —1%), b= ((91)2 + 0101) (51)

If 6y > r, then 6,(¢) is strictly convex and strictly decreasing; by construction, 65(t) is also
strictly convex and decreasing. Therefore, the product 65 (¢)6; () will be strictly convex and strictly
decreasing V't € R>q.

If 6 < 7, then 61 (¢) is strictly increasing and by construction the product 6(¢)61(t) = 5567 is

increasing V ¢ € R>q. The description of convexity/concavity in this case is more involved and we
do not pursue this direction, as it is not necessary for our results. O

Case A = 0. If we assume the signal A = 0, we can follow the same argument as above and perform
similar calculations.

Equation (40) has a simple explicit solution (assuming 6y # 0)

[ 1 1

where + depends on the sign of 6. It is easy to see that

02(t)01(t) > 0= A as t — +o0, (53)
however the convergence rate is of the order of O(t*% ), therefore not exponential.

A.3 PROOF OF THEOREM 3

In the setting of Theorem 3, we are considering the initial conditions of #; and 65 as independent,
therefore the integration constant

1
K = 65(0) — ﬁ91(0)2 eR

13
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may assume any value. The cubic polynomial in the ODE for #; has the general form

. 1
01 = =3 (01 + 2dK6, — 2d)) (54)
and it could have 1 real root (and 2 complex conjugate roots), 2 real roots (a simple and a double
root) or 3 real distinct roots. To discern the cases, we need to evaluate the discriminant:

A = —4d* (8dK® +27)\%). (55)

Regardless of the sign of the discriminant, there exists a unique global solution §; € C*([0, +00))
for any initial condition 6 (0) € R and any constant K € R (Picard-Lindelof Theorem).

Case A > 0. The polynomial has 3 real, distinct root r1 < 12 < r3, that may be written explicitly
with the help of trigonometric functions, if needed. Note also that A > 0 implies K < 0. There are
three constant solutions of the equation (54): 6,(t) = r;, V¢ > 0 (provided that §y = r; for some
j =1,2,3). Otherwise (g # r; V j = 1,2, 3), the implicit solution of (54) is the following:

In|61(t) — In|6:1(t) — In|6:(t) — t
n|0i(t) —rs|  In[fi(t) —ro n n|04(t) — | Loy= b (56)
(’I"3 77’2)(7’377’1) (’I"3 77"2)(7’277’1) (Tg*?"l)(’l"g 77‘1) 2
with constant of integration
Co=— In |6y — 73| n In |6y — 72| ~ Inffy — i 57)

(rs—r2)(r3 —r1)  (rs—ra)(ra—r1)  (r3 —r1)(ra —71)

Lemma 14. 6,(t) is monotonic:

61 <0 if 0o € (r1,7m2) U (r3,+00), (58)
6, >0 if € (—o0,71)U (rg,73). (59)
In particular, from Lemma 14 we can conclude that the constant solutions 61 (t) = r; and 61 (t) = r3

are attractive and 0 (t) = o is repulsive; the general solution (regardless of the initial value 6y € R)
is bounded for all times.

Following similar arguments as in Section A.2, we can conclude that the convergence is exponentially
fast:

(rg—r9)(r3—r1)
02(t) —rg| =€ 2O gt o foo, (60)

for 0y € (ra,73) U (r3, +00). A similar asymptotic expansion is valid for the quantity |61 (t) — 71]
when 6y € (—oo,71) U (r1,72).

Using the relation 65(t) = 50;(t)? + K, we have

1
Hg(t)el(t) — ﬁ’l“g — K’I“3 S Ce

_ (rg—mro)(rzg—ry) t
2

(61)

for some C' > 0. Notice that, being 73 a root of the cubic polynomial 23 + 2dx — 2d ), it follows that
2—1dr§’ — Krs = A. Similar arguments hold for ;.

Case A < 0. The polynomial has 1 real root 7 € R and two complex conjugate roots. Let us
assume A > 0 (therefore, r # 0); the case A = 0 is analyzed shortly below.

Using Cardano’s formula, the single root has the explicit expression

3 / d3K3 s d3K3
r:\/dA+ d2>\2+827 +\/d/\— d2/\2+827 . (62)

The setting is the similar to the one analyzed Section A.2. From a monotonicity argument, it follows
that the constant solution 6y (¢) = r (with 6y = ) is attractive, therefore for any given initial condition
6o, 01 (t) is bounded for all times ¢ and it converges to r as t — +00.

14
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The implicit solution reads

" N I 2 2dA
S L) In |6, (t) — 7| YN In (91(t) +r6(t) + " )

3r3 r(201(t) + 1)

TRP 4 d)(dx — ) retan ( A(dX—13)

DO | o+

) +Co=—2 (63)

with Cj the constant of integration.

From 60,(t) = 5561(t)? + K, convergence follows: 05(t)61(t) — 57> + Kr = XAast — +oc.
Furthermore, convergence is exponentially fast :

rS4dxy

|02(t)01(t) — A < Ce™ as t — +o0, (64)

for some C' > 0.

Case A = 0. The vanishing of the discriminant implies that the constant of integration K has a
specific value
3 5/ A2
K=——{/—.
2V d
Remark 15. Notice that the set of initial conditions (01(0),02(0)) such that A = 0 is a set of
Lebesgue measure zero in R2,

In this case, the polynomial has 1 simple root r4 and one double root 74:

o 3)\_ 3 _2_ 3
re=—Z=2VAN, == -V (65)

The solution of the differential equation (54) (for 8y # 4, rq) reads

In|0:(t) — rs| —In |01 (t) — rq| 1 t
+ +Co=—7 (66)
(re —rq)? (rs — ra)(61(t) — ra) 0 2
with Cj the constant of integration.
Lemma 16. The solution 01(t) is monotonic: if rs > rq,
6, <0 if 6y € (rs, +0) (67)
6, >0 if 0o € (—00,ra)U(ra,rs) (68)
and similarly if rs < rq,
6, <0 if 6o € (rs,ra) U (rq, +00) (69)
91 >0 lf 90 € (—OO,’I"S). (70)

Therefore, the solution 6, () = 7 is always attractive, while the solution 61 (¢) = rq is "one-sided"
attractive. The solution 61 (¢) is bounded for all times and the convergence result follows:

02(t)01(t) — %drg + Krg=\ ast — oo; (71)

similarly, for r4. Exponential convergence holds when 61 (t) — r, while when 61 () — rq the rate
is sub-exponential.

In the special case when A = 0 and A = 0, the polynomial has a triple root » = 0. The solution is
the same as the one derived in Section A.2 in the case of A = 0 and the convergence to the signal
A = 0 is polynomial:

02(6)01 (1) < Ct™2  ast — +o0, (72)

for some C' > 0.

15
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-05

Figure 4: The plot of the product 65(¢)02(¢)01(t) with initial conditions 6y ~ U([—1,2]), FA
constants d; = 2 and dy = 2.5, A\ = 1 (10 simulations).

B CONVERGENCE OF FA FOR L-LAYER NNS

B.1 PROOF OF PROPOSITION 4

We have that £ := 3JE[|ly — g||?] and g = W, ---W,Wix, thus noting Wi,y =
WyW,_1--- W, we have,

VL =E[3Vw, |y -9/ (73)

= E[W[-ll:—&-l:L] (y—Wg- ~W1m)wTW[L._1]] (74)

= W) (Bay = Wi Wi )Wy, (75)

where the last line comes from the linearity of the expectation. Now we conclude by noticing that by
definition of the FA dynamics (2), the matrices on the left hand-side of (y — Wy W x) are replaced
by random matrices M. Thus we get

Wi = My(Say — Wi Bea) Wil yy LEL] (76)
where we reparametrized M, = My, 1.7 (see discussion in the main text).
B.2 PROOF OF THEOREM 5

We will first state Theorem 5 in a more extensive form. Given the system

O, =(A\—0p...00)00_1...6 (77)
Op_1=dp_1(AN—0r...00)0,_5...0 (78)
: (79)
0y = do(N— 0L ...0,)6, (80)
0 =di(\—0L...60,) (81)

where we suppressed the index ¢ for simplicity, the following result holds.

Theorem 17. For any set of FA constants {d¢}e=1,.. 1—1, d¢ € R, there exists an initialization
scheme such that the system of differential equations (77)—(81) can be reduced into an equation for
01 of the form

01 = di (A — R67) (82)
for some constant & € R that depends on {dy}, with v = 2" — 1. The other functions depend
directly on 01 in a power-like fashion:

c -
95(75):21{_[101(:5)22 . 0=2,....L, (83)

16



Under review as a conference paper at ICLR 2022

for some Cy € R~ . Furthermore, the following convergence result holds:
OrL(t)0r—1(t)...01(t) = A ast — +oo. (84)

See Figure 4 for a numerical simulation of a 3-layer scalar network.

Proof. The proof of reducing the system of differential equations into a single equation for §; will be
constructive, following a simple iterative procedure. We start by considering the last equation (81)

and by substituting (A — 0, ...60;) = % in the second to last equation

. d2 . d2 2\ . . d2
b= Ty = 5 (03) . implying 0a(1) = 5

for some constant of integration K3 € R, which can be set to zero if we impose 05(0) = 3—?91 (0)2.

01(t)* + Ko, (85)

The same substitution strategy can be consecutively applied to the third to last equation, fourth to

last equation and so on. In general, it is easy to prove by induction that V ¢ = 2,..., L we have
. — .
0y = C,0? 1_101, for some Cy = Cy(dy, . ..,ds) € Rs, which implies

Cy gt-1

0c(t) = Fel(t)

where as before we can set the constant of integration K, = 0 by imposing 6,(0) = 25%91 (0)2“1.

Once we have derived the relations between the functions {6 (¢) }¢=2,... 1, and 61 (t), we can plug all
of them into (81) to obtain a closed-form differential equation for 6 :

01 =d, (A — 867), 87

where R = Hle ch—i’l €Rsypandy = ZZL:_Ol 2¢ = 2L — 1. This is a separable equation which can
be solved (with tears) by using partial fraction decomposition.

The proof of convergence of the product Hszl 0¢(t) to the true signal A follows a similar argument

as in Appendix A.2. Let r := ¢ % be the unique real root of the polynomial A — £67, then the

solution 6 (¢) = r is a constant solution, provided that ¢, (0) = r. By construction, it follows that
{00(t) }¢=2,...,1, are also constant functions and their product is such that

L
Cy

OL(t)...é)l(t):H%_lr"’:)\ Vi >0. (88)

=1

Lemma 18. The general solution 01 (t) is monotonic:
0, >0 if 01(0) <r (89)
0, <0 if 61(0)>r (90)
Therefore, 61 (¢) is bounded for all times and 6, (¢) — r as t — +o0. By construction, it follows that
C
GL(t)...Gl(t)ﬁHQEfer:)\, as t — 400. 1)
¢

O

C IMPLICIT REGULARIZATION PHENOMENA

C.1 PROOF OF THEOREM 7 (CASE A > 0)

For readability, we are suppressing the index ¢ from all the formule below. Recall the Initial Value
Problem for 61 (and 65):

01 = —% (63 + 2dK0; — 2d)) (92)
61(0) = 6o (93)

17
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and 05(t) = 55607 (t) + K, where K = 6,(0) — 5-62. By assuming that the discriminant is positive
A = —4d* (8dK® + 27A\?) > 0, the cubic polynomial on the right hand side of (92) has 3 real

distinct root 1 < 73 < r3 and the solution of the ODE is (see also Section A.3)

In|6;(t) — In|6;(t) — Inl|f;(t) — t
n|0:(t) —rs|  In|6i(t) 7‘2\+ n |01 (t) T1|%7(1)::477 04)
732731 T32721 731721 2
In |6y — In |6y — In |6y —
Coz_nlo T3\+ n|fo —ra| Inffo — 7 95

32731 32721 31721
where we set r;; 1= 1; — 1.
If we set as initial value 8y = 75 + e~ (§ > 0), then
) In (r32 — e_‘s) In (T21 + 6_5)

Co=— - - ; (96)
32721 732731 31721

we additionally rescale the time variable as ¢ — dt. Rewriting equation (94), we have

_ 5 1
r3 — 01(0t) = exp {r32r31 o |t — +1n (1"32 - ef‘;) + 52 In (T21 + 676)
2 | 732721 T21
—&—Tﬂln (91(5t) —7’2) - Tﬁln (91(5t) —’/‘1)} i C0)
21 21
[ 2 i — 61(dt 01(6t) —
91((5t)—7“2=exp{—r32r215 —t|+ 2 (T?’ 1(5))+m1n <1( ) 7;1>}.
2 732721 | 731 32 — € 31 ro1 +e
(98)
From (97)—(98), we have the following asymptotic expansions: as § — +oo
01(6t) — r3 fort > T (99)
01(6T) — a :=r3 —exp { (1 + 7“31) Inrss + 32y, <7“21> } (100)
21 21 731
01(0t) — 72 fort <T (101)
with T = —2—.
r32721
In the case fy = 75 — e~°, we can follow a similar argument: as § — —+oc,
01(6t) — rp fort > T (102)
0,(6T) — & = r1+exp{<1+m>lnr21+mln (””2>} (103)
32 32 731
01(0t) — 7o fort <T. (104)

The last bit of result we need is to analyze if the value of the critical value

2

32721

T= (105)
is monotonic as A increases. Recall the cubic polynomial on the right hand side of equation (92)
(without loss of generality, we are setting 2d = 1): P(z) = 23+ Kx—\ = (z—r1)(x —12) (2 —713),
where A > 0 and K < —%)\2/ 3 < 0 depends on the initial conditions of the FA system.

The quantity r3sro; can be expressed as r3ara; = —P'(rg) = —37’% — K, where ro < 0for A > 0.
It is easy to see that if A < ), then |ry| < |r3| and consequently 735791 = —73 — K > o
732721, 1.€.

2 2

32721 32721

Therefore the threshold time 7" is an increasing function of A. See Figure 5b: in the §-scaling limit
we see indeed that for smaller values of A, the step appears sooner.

18
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0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t t

(a) Numerical simulation of 61 (¢) with 1 = —2, 7o = (b) Plot of 61(6t) (A > 0), with initial condition
1, rs = 2 and initial conditions 6y = 72 + e~® with 60y = ro + e, § = 20), FA constant d = 0.5, initial
0 € {10, 20, 30}. condition K = —4.

Figure 5: (Anti)-implicit regularization.

C.2 EVIDENCE OF INCREMENTAL LEARNING IN THE CASE K =0

Consider again the system (92) in the case K = 0:
. 1
6, = —5(9§ —2d)\) (107)
01(0) = 6y (108)

and 0 (t) = 5567 (t). In this case, the solution reads (see also Section A.2)

2 1 ) ) 2 20, (t) +r
—3T21n|t91(t)—7"|—&—BTQ1n(t91(1f)—&—7"91(1f)—&—7")—i—rQ\/gaurctan<r\/g +Co=t
(109)
2 1 ) ) 2 200 +r
Coz3T21n|90—7"|—37ﬂ21n(90+7“90+r)—TQ\/garctan< 73 ) (110)

with 7 := /2d\.

As the limit value of the function 6, (¢) is the positive root r, 61 (Tp) = 0 (for some Ty > 0) if and
only if 9 < 0. The value of Ty can be easily derived from the implicit expression (109):

™ 1 (r —6)? 200+
Ty = —1 — t 111
07 1233 NETT R <9(2) + 10 + 12 r2/3 arctan ™3 (b
and in the regime as 6y — —o0
4m 1 1
1o = —+(’)(), By — —o0. 112
0 3T2\/§ 9[2) 98 0 ( )

It is now clear that for bigger \’s (i.e. dominant singular values) the crossing of the x-axis happens
sooner: for A > A and fixed FA constant d > 0,

TO’)\ < T(],X' (113)

D CONVERGENCE OF THE DISCRETE ALGORITHMS

We will report here all the proofs of the convergence theorems for the discrete FA dynamics. We will
first discuss convergence guarantees and convergence rates for the modified (mid-point) FA dynamics
for both 2- and L-layer NNs (L > 3), as it is more straightforward. The convergence proof for the
forward Euler discretization method can be found in Section D.2.

19



Under review as a conference paper at ICLR 2022

D.1 CONVERGENCE OF FA UNDER THE "MIDPOINT" DISCRETIZATION SCHEME

We recall the 2-layer system that we want to analyze. For simplicity we are suppressing all the ¢
indices and we are denoting (¢, y;) the unknown functions in the system:

Tip1 = T +nd (X — 2Y) (114)
Yt+1 = Yt + g (A = 24yt) (Te41 + 71) (115)

We begin with proving a series of easy lemmas that will be instrumental for the proof of the theorem.

Lemma 19. With initial condition (xo,yo) = (0,0), the second component of the solution of the
system (114)—(115) reads

22
yt:ﬁ Vt>0. (116)
Proof. From equation (114), % = \ — z:3; substituting in equation (115), we obtain the
result:
. (o1 + 2)(Tpp1 — 1) x7 o —af
Ye+1 =Yt + 2d =Y + 2d
t 2 2 2 2
Tit1 — 5 Ty |, Liy1
_ — yn — 20 117
y0+j2=:o 5 Yo~ 5o T oy (117)
=0
via a telescoping sum. O

Substituting the expression of y; back in equation (114), we have a recurrence relation for z; of the
form:

23
Tipq = x4 + ndA <1 - T;) =: f(x¢). (118)
where 1 1= v/2d)\.
Lemma 20. With parameter
2 2
n< ) (119)

327 3(2d0)3
the function f(x) = x + ndX (1 - f—j) maps the interval [0, 7] into itself: ¥ x € [0,7], f(z) € [0,7].

Proof. By inspecting the function f and its derivative we can conclude that f(z) > 0,V = € [0, 7]
and f is increasing on the interval {O, \ /% . Notice also that f(r) = r. Imposing (119) guarantees

that r < %, therefore
UdAZf(O)Sf(x)Sf(T% VCL’E[O,T].
O

Lemma 21. In the same hypotheses as Lemmas 19 and 20, the sequence {x;},>0 is bounded, positive
and increasing:

0<x; <r and Ty < Tpgq, Vit>0. (120)

Proof. Fort = 0, trivially 0 < zo = 0 < r. By induction, assume that 0 < z; < r, then by Lemma
20

x?)
0< x4y = +nd (/\ - 2;) = f(ze) < f(r) = 121)
Furthermore,
T =@+ 2 (A= a}) 2w+ (207~ (V20)?) = . (122)

O
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We can now prove Theorem 9 that we rewrite here for convenience:

Theorem 22. With initial conditions (z¢,yo) = (0,0), ¥V \,d > 0 and with step size n < —2

3(2a0) %
the following convergence result hold:
t
lzye — Al < 3X (1 _ g(sz)%) . (123)
Remark 23. Note that if n = (2d2>\)g (which is outside the range prescribed in Theorem 9) and
3
xo = 0, we achieve convergence in one step: ; = v/2d\V t > 0.
Proof. By Lemma 21, 3 £ € R>( such that z; — £ as t — 4-co. Furthermore, by solving
83
L =104 nd\ <1— 3) (124)
r
it follows that £ = r = /2d\. Finally, we have
|xy — 7| = |@e1 — 7+ g (r® —xf_l)‘ =|xp_1 — 7| |1 — g (274 + 1o +T2)’
3
< |wp—1 — 7| (1 — 777“2>
2
31 o '
<r(l- 57 (125)

Note that 0 < 1 — 37”7”2 < 1, since n < % In conclusion, thanks to the arguments above and
Lemma 19, we have: as t — oo
3

T 1
|xtyt_)\| = ﬁ — ‘ = ﬁ ‘xt2+rl‘t—|—7"2’ ‘.’Et—T|
3r? 3r3 30 5\
< gy —r] <= (1=
< g v mrls 53 ( 2T>
_ 31 2\*
=3A(1- ) (126)
O
For the general L-layer case, we first recall Theorem 10.
Theorem 24. Consider the following system:
1 1
t+5 t+5
6yt — o) 4 779&12) .olt2) (A-01..01") (127)
1 1
t+5 t+5
ot — oD 4 ndL,legj) ...91( 2) (A-0i..01") (128)
(129)
(1) _ (1) (+2) ) 0
o8+ = 0l 4 1d,), (A — 0" o ) (130)
o\t — o 4 (A—&@...g@) (131)

with zero initialization 9&0) =0,V{l=1,...,L. Assume that \,dy > 0,V{=1,...,L—1, and the
constant step size satisfies
1

dyy (RXN-1)7
where v = 2 — 1 and 8 is a suitable positive constant depending on the FA constants d1, . .., dy_.

n <

Then, the product Hgf:l 0?) linearly converges to the true signal \:

t
o g0 A‘ <y (1 — ndyy (ﬁﬂ*l)%) (132)

for some constant C € R only dependent on \.
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Proof. We consider the last equation (131) and substitute

() _ p(t)

DO 1O S (133)
L 1 ndl
in the second to last one to obtain
t+1) _ o), D2 [ (e+D\2 () ) _ d2 (p0)\?
oD =0 4 [(91 ) - (o) } == () (134)

by telescoping sum. The same substitution strategy can be consecutively applied to the third to
last equation, fourth to last equation and so on. In general, it is easy to prove by induction that
V{=2,...,L wehave

2
eét+1) _ eét) +C, |:<0§t+1)>

-1

2t-1 2
- (61" } = o =c (o) (135)
for some Cy = Cy(dy, . ..,ds) € Rsp.

.....

recurrence equation (131) for 957") to obtain
5
o) = o1 ey A — & (61") ] (136)

where 8 = Hle Cy e Rypandy = Zf;ol 2t =2 1.

1

—————, the sequence {th)} is positive,
diy (A1)

Lemma 25. With initial condition 9§t) = 0and forn <

. . L A
increasing and bounded by v := {/ 4.

Proof. The proof follows the same argument as in the 2-layer case. The odd polynomial f(z) = = +
ndy (A — Rx7) has at least one fixed points at x = r and f(0) = nd; A > 0. Furthermore, f([0,r]) C

1

[0, ]. Indeed, the function is increasing on the interval [0, Zimax] With Zimax = (m) B (i
1

————  then 7 < Tpayx, implying that
diy(RAT=1)7

0<ndiA=f(0)< flx) < f(r)=m, Vaelo,r].

It follows (by induction) that 0 < 6 < r vt > 0and 6" < 6", O

From Lemma 25 we can conclude that 9@ — rand

-1 .
‘9?) - r‘ = ‘Gihl) —r—ndi R ((HYA))V - r"’)’ = ‘9?71) — r‘ 1-— ndlﬁi (0?71))7_1_] 7
j=0

~—1
_ _ A\ 7T
< ’(‘)Et b r‘ 1= nd Ry = ’0? D _ r‘ (1 —nd1 Ry (§> >

1\t
<r (1= ndy (8071)7) (137)
Finally, we have the following linear rate of convergence

~ 1\t
(92”...05“-4 - ‘ﬁ(&ﬁﬂ)v—)\’ gcA‘ay)—r <Oy (1—ndw(ﬁm*1)~) . (138)

O
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D.2 DISCRETIZATION UNDER THE EULER FORWARD METHOD

By discretizing the FA dynamics via the standard Euler forward method, we obtain the following
recurrence relation for the iterates:

Tir1 = T +nd (N — zpyp) (139)
Y1 = Y T 0t (A — 24ye) (140)
with initial condition zg = yy = 0. If we use the same substitution strategy as before (A — z;y; =
7x”+,;(i_x”), we get
. Ti41 — Tt _ Ly .
Yir1 = Y + nxtind Y + p (1 — )
= —l—i[(gc + 1) — (Tpg1 — 24)] (Tpg1 — ) = —i—i(:zs2 —x2)—i(:t —1)?
= 2d t+1 t x+1 t t+1 t Yt og i+l t 2% t+1 t
1
—yo—ﬁ-&-detH —d; —z;1)% (141)
=0
ie.
LI 15 Vt>0 (142)
= —Tr; — —
YT 9q T 24 ="

where S; 1= Zle (z; — xi,1)2 and Sy = 0. Notice that 0 < Sy < Sy V¢ > 0, by definition.

Plugging (142) back into equation (139), we get a highly nonlinear recurrence relation where all the
past terms of the sequence (up to time ¢) are involved in determining the subsequent term x;1:

Ti41 = T + = (2d)\ {E? + {L'tSt) . (143)

We will now provide a proof of Theorem 8. The proof is quite long and it is divided into four parts
for readability. We will first rewrite the statement in the following way:

Theorem 26. Consider the sequence {(xy,y:)} defined recursively in (142)-(143) with zero initial-
ization xg = yo = 0. For any A\, d > 0, set the constant step size as

2 2
i 144
"< mm{sw* T maxgsen P@.5) } (149

where P(x,S) = 2d\ — x® + xS, S* is the unique positive solution of P(x,z) = 0, and R is the
following compact, convex set

f{xS €R0|S<x P(z,S) >O} (145)
Then, the product xiy; linearly converges to the true signal \:
lzeye — A < Cq' (146)

for some C' > 0and 0 < g < 1.

Proof of convergence - part 1. In order to prove convergence of the sequence {z;}, we will first
consider a more general sequence defined by the following recurrence relation

By = T + 2 <2d>\ — bt a:fa,) (147)

where {a } is an auxiliary sequence that we assume to be increasing, positive and bounded (therefore
convergent: oy — Qi for some ao, € Ry ).

Consider the following fixed-point problem:

z = f(z;a) with f(z;0) =2+ = (Qd)\ — 2%+ a:c) (148)
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with © > 0 and o € [0, ). Notice that V o > 0, we have that f(0;«) = nd\ > 0 and
f(x;) = —oo as x — +oo. Therefore, V « > 0, there exists a unique fixed point £, > 0 for the
function f (uniqueness follows by directly inspecting the cubic polynomial f(-; ) with « fixed).

From % = 2x > 0for x > 0, it follows that f(z;a) < f(z;0") V o < o'. Furthermore, £, < £y
indeed, V o > 0, £, is the unique zero of the cubic polynomial P, (z) = —x3 + ax + 2d\ on the
positive real line (P, (0) = 2dA > 0, P/(0) = o > 0 and P, (z) — —oo as ¢ — —00); its partial

derivative %% =z > 0, for x > 0, implies that as « increases the zero £, shifts rightwards on R.

On the other hand, from

3
— =14+-a—-=2>0 (149)

we obtain that the function f is increasing on the interval {0, \/ % + % |- In order to ensure mono-
tonicity on the interval [0, ¢,], we tune the parameter 7 such that

2 «
by <4/ =—+ —=. 150
«=/3, + 3 (150)
By taking the supremum over « € [0, o] on the left hand side and the infimum on the right hand
side, we have
2

<\ (151)

gaoo )
31

such a bound is satisfied if

2
36(2yoo '
As it will be clear in the next parts of the proof (see Remark 29), the value of ¢,,__ is smaller than S*,
therefore (144) guarantees that the above bound (152) is satisfied. This implies that

n< (152)

1. f(z;a) < f(z';0) Va2’ €[04, ], x <z
2. f(z;«) maps [0, s ] into itself V o € [0, ctoo]-

In conclusion, we have
flasa) < f(a50)  Va<a' Va<d. (153)

We are now ready to prove the following lemma.
Lemma 27. Forn < 35%, the sequence (147) (with zero initial condition) is positive, increasing
and bounded: ¥t > 0 o

0 < <wpy1 <Ala, (154)

Proof. The proof is by induction: for t = 0 we have 0 = x¢ < z; = nd\ < ¢, __, and assuming that
Ti_1 < x4, it follows that

0<a=fri—r;00-1) < flas o) = 1 < fFllan; Qo) = o, (155)
O

Therefore the sequence (147) converges: x; — w for some w € R (. By construction, it is clear that
w = {,_ . Indeed, given
Tip1 = T + g(?d)\ — x? + xtat) (156)
and taking the limit as ¢ — co on both sides of the equation, we obtain
w=w++ g(2d)\—w3+waoo), (157)

i.e. w is a (positive) solution of the fixed point problem = = f(z; a»,) Whose unique solution is £, .

. . . t . g
A major problem arises when we consider the case of a, = Sy = > | ie1 (x;—xi1 )2, i.e. the auxiliary

sequence {c; } depends directly on the primary sequence {z;}. Clearly, 0 < a; < ay4 for all times
t > 0, but the boundedness property is not straightforward.
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S 2 2dA

o

Figure 6: The compact, convex set R C RQZO.

Boundedness of the sequence of partial sums {S;}. Since S;+1 = S¢ + (Tt41 — Tz, )2, consider
the recurrence relations:

Tipr =@+ o (20— o] + 20S1) (158)
Uk 2
Sev1 =S+ (2dX — 2} + 2,5;) (159)

Lemma 28. Given the convex, compact set
R:={(z,5) €R%y| S <a, P(x,5) >0}, (160)
with P(z,S) = 2d\ — 23 + xS, and

2 2
i 161
n < min { 305" T 12 maxgesen P(@, 5) } , (161)

where S* is the unique positive solution to P(x,x) = 0, and with initial values xo = Sy = 0, the
sequence {(x1,St)} defined recursively in (158)-(159) is bounded and lies in the set R.

See Figure 6 for a sketch of the region R.

Proof. The set of fixed points of the system is the set of zeros of the function P(z,.S),

— 2+ 1Pz, S
* “22(9“’)2 o P(2,8) =2d\—a® + S =0, (162)
S =S+ % P(z,5)

which is an algebraic curve in R?, with solutions in (z, S) € R,

2d\
S =% - == (163)
x
furthermore, there exists a unique solution (S*, S*) € R2, such that P(S*, S*) = 0: indeed, S* is
the unique solution to the equation 23 — 22 + 2d\ = 0 and it’s explicit expression can be recovered
from Cardano’s formula (if needed).

We will prove the theorem by induction. For ¢t = 0, trivially 0 = Sy = ¢ and P(xg, Sp) = 2dA > 0.
Fort =1,

1
Sy =nd* N2 <z =nd\  ifn< o (164)
P(x1,81) = 2d\ — (nd\)® + ndX - (nd)\?) = 2d\ > 0. (165)

It is easy to notice that if (161) is satisfied, then n < % as required in (164).
Since R is compact, the value of the polynomial P(z, S) is bounded and positive for all (z,.S) € R:
0 < 2dX\ = P(x9,50) < (m?x P(z,5) < 4o0.
z,8)ER
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Assume that Vs = 1,...,t we have
Sy <z, P(xs,8s) = 2d\ — 23 + 2,5, >0 (166)

then,

2
Sit1= St +%P($t75t)2 <z + gP(@"t, St) - gp(l‘t,st) <z + gp(l‘t,st) = T¢41,

<z | —
< pe
167)
thanks to the induction step and (161). Additionally,
_ & Qp(xn St)
P(xi41, Se41) = P(ay, 51) + VP(z,5) - [fP(xt,St)Q} (19

for some (Z, S) belonging to the line segment connecting the point (z¢, S;) to the point (7411, St11),
by the Mean Value Theorem;

2
P(Z‘t+1, St+1) = P(Z‘t, St) + gp(l't, St) (—3@ + S) + %jp(l't, St)Q
Uj o
= P(x,5) [1 + 5(—3552 +8) + ZjP(mt, St)}

> P(x4,S;) [1 - 32”932} ) (169)

Notice now that 0 < T = xy + d(w41 — 2¢) = x + 03 P(x4,S;), for some § € [0,1]; since
(¢, S:) € R by induction,

7<S* +1-2 max P(z,8)<S*+1. (170)
2 (z,9)eR
—_— —
<1
Therefore,
3 3
P(2e11,S041) > P(z1, Sp) {1 - 2’7x2] > P(1, ;) [1 - ?77 (S* +1)%| >0, 171)
by (161). The result follows. O]

Proof of convergence - part 2. Theorem 28 above implies that the sequence of partial sums

{S; = Z§=1(xi —x;_1)%} converges: S; — Soo 1= Z;’io(xi —;_1)% < 400 and we can resort

to the arguments in the first part of the proof to conclude that z; — fg__.

Remark 29. Note that {s__ is the unique positive solution to the equation P(x, S ) = 0 and, since
the sequence {(x¢,S¢)} C R, Ls__ lies on the boundary of R. This implies that {g__ < S*.

Finally, the product x;y; — A as t — +o0. Indeed, since x; — s =: L, then, by construction
y; will also converge to some value £ (because of (142)). Moreover, L is the fixed point of the
recurrence equation (143):

L=CL+ g(Qd/\—£3+£Soo), (172)
which can be alternatively written as

/::,C—i—nd(/\—Lﬁ); (173)

L is fixed point if and only if ££ = X, implying 2,1, — A.
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Linear rates. The last piece of results that needs to be proven is the linear rate of convergence.
Consider the difference ¢g, — x:, where £g, is the unique positive solution to P(z, S;) = 0 and by
construction z; < S;:

gst-f-l — Tt41— = gSH_l — Tt — gP(xt, St)

2d\
:€St+1_$t_g(€st_xt) (l’?+gst$t+ 7 )

St
2d\

< (s, — ;) {1 i (xf + zilg, + )] + (€s0y — 1s,) (174)
2 2 NI

=:B>
::Bl

We will bound each term B; and Bs separately. The first term can be easily estimated:
2d\
B <1-— g ((S*)2 + S + ) =1-nM (175)

where we defined

2
3

(S7)% + S*Ls._ + (24))
2

M =

(176)

(recall that £g, = V/2d)\).

In order to estimate By, we will first prove a series of useful lemmas that illustrate some properties of
the sequence {/g, }.

Lemma 30. V¢ > 0,

2dA 2dA
0< =<z -5, < . (177)
ls.. ' ls,
Proof. By definition of ¢,,
P(ly, Sy) = 2d\ — €% + 05,5, =0 (178)
ie.
2dA
03, — S =—""->0. (179)
t gst
Using the fact that {{g,} is increasing and bounded ({5, < {5, < ls_, V¢t > 0), the result
follows. &
Lemma 31. V¢ > 0,
Tip1 — 2 <M (Ls, — 1) (180)

with M defined in (176).

Proof. The proof easily follows from the recurrence relation of the (increasing) sequence {x}:

Ti+1 — Tt = g (2dA - If + Itst)

< (Cs, — 1) - g ((S*)2+S*£5x + (w)%) (181)
Y
O
Lemma 32. V¢ > 0,
s,y — s, < Coo (T41 — 24)° (182)

for some constant Cy, € R<.
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Proof. Using again the definition of ¢g,, we have

€, =ty =1ls, ,Siy1 — 5,5
= (€St+1 - Est) Sty1+ s, (Se41 — St)
= (Zstﬂ - fst) Sir1+Ls, (Te41 — xt>2§ (183)
on the other hand,
G =03 = (s, —1s,) (zzsm + L, ls, + egt) : (184)

combining (183) and (184) and using Lemma 30, we obtain

s, ($t+1 - ft)z
+Ls, \ls, + 1%, — Sepa

gSH-l - gst = 72

St41
ls (J?t+1 - l‘t)2 ls 2

= = gm (-rt-i-l — .’L‘t) . (185)

203, + 72 2(2d0)5 + 742

—_——

=:Cs
O
Collecting the results from Lemmas 31 and 32, we have

By < Coo(@ip1 — )2 < 2MCoo (U, — x1)° (186)

In conclusion, for n < ; we have
U5,y — Tep1 < (Ls, — 21) (1= M) + > M>Coq (Ls, — 1)
= (bs, — x¢) (1 — nM—|—772]\~4>
P N\t
< 24N (1 — M + 772M> (187)

where M := 20s_ M?C, > 0 (we used the fact that {/s, } and {x;} are bounded); we stress that

the quantity 1 — nM — n2M is smaller than 1 (thus being indeed a convergence rate) for n small
enough.

E EXPERIMENTS

E.1 SOLUTION OF THE FA ODE SYSTEM

Figures 1, 3, 4, 5, plotting solutions (and products of solutions) of the FA system

O, =(A\—0p...00)00_1...6 (188)
Op_1=dp_1(AN—0L...00)0,_5...0 (189)
: (190)
0y = dy(\— 0L ...601)0; (191)
0 =di(\—0L...601) (192)

in the continuous setting (¢ € R>() are obtained using the standard ODE solver ode 45 on Matlab
(version R2020b).

E.2 LINEAR AUTOENCODERS

We set up two linear autoencoders
y=WoWix (2-layer NN) (193)
’g = W3 W2 W1 xr (3-121}/61‘ NN ( 1 94)
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where W, € R4, d = 20 and the data are synthetically generated as
x; = Az, + €, z2; ~N(0,1), € ~ 103N (0, I;) (195)

h=>5and A € R4*" is a fixed matrix that we sampled with entries A;; ~ U([0, 1]).

For the experiments showed in Figure 2, we set the step size 7 = 0.01 and we initialized the weight
matrices as W%, W% W% such that W * ~ 10-524([0, 1)).
The FA matrices M, are generated as Mp.;; ~ U([0,1]). We repeat the FA training for 15 times,

sampling a different set of FA matrices each time (but same initial conditions We(o) and same matrix
A): in Figure 2 we then report the average of the trace norm and the reconstruction error with error
bars calculated as mean & 2-standard_deviation (the factor 2 is to make the error bars more
visible in the final plot). We complement these experiments with the corresponding GD training.
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