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ABSTRACT

It is important to collect credible training samples (x, y) for building data-intensive
learning systems (e.g., a deep learning system). In the literature, there is a line
of studies on eliciting distributional information from self-interested agents who
hold a relevant information. Asking people to report complex distribution p(x),
though theoretically viable, is challenging in practice. This is primarily due to the
heavy cognitive loads required for human agents to reason and report this high
dimensional information. Consider the example where we are interested in building
an image classifier via first collecting a certain category of high-dimensional
image data. While classical elicitation results apply to eliciting a complex and
generative (and continuous) distribution p(x) for this image data, we are interested
in eliciting samples z; ~ p(x) from agents. This paper introduces a deep learning
aided method to incentivize credible sample contributions from selfish and rational
agents. The challenge to do so is to design an incentive-compatible score function
to score each reported sample to induce truthful reports, instead of an arbitrary
or even adversarial one. We show that with accurate estimation of a certain f-
divergence function we are able to achieve approximate incentive compatibility in
eliciting truthful samples. We then present an efficient estimator with theoretical
guarantee via studying the variational forms of f-divergence function. Our work
complements the literature of information elicitation via introducing the problem
of sample elicitation. We also show a connection between this sample elicitation
problem and f-GAN, and how this connection can help reconstruct an estimator of
the distribution based on collected samples.

1 INTRODUCTION

The availability of a large quantity of credible samples is crucial for building high-fidelity machine
learning models. This is particularly true for deep learning systems that are data-hungry. Arguably,
the most scalable way for collecting a large amount of training samples is crowdsourcing from a
decentralized population of agents who hold relevant sample information. The most popular example
is the build of ImageNet (Deng et al., 2009).

The main challenge in eliciting private information is to properly score reported information such
that the self-interested agent who holds a private information will be incentivized to report truthfully.
At a first look, this problem of eliciting quality data is readily solvable with the seminal solution for
eliciting distributional information, called the strictly proper scoring rule (Brier, |1950; Winkler, |1969;
Savagel [1971; Matheson & Winkler, 1976} Jose et al., 2006; |Gneiting & Rafteryl 2007): suppose
we are interested in eliciting information about a random vector X = [X1,..., X4-1,Y] € Q C R4,
Denote its distribution as p with measure P. As the mechanism designer, if we have a sample z ~ P
drawn from the true distribution, we can apply strictly proper scoring rules (SPSR) to elicit p: the
agent who holds p will be scored using S(p, z). S is called strictly proper if the following condition
holds: E,p[S(p,x)] > E.p[S(g,x)], Yg # p. The above elicitation approach has two main
caveats that limited its application:

e When the outcome space || is large and is even possibly infinite, it is practically impossible for
any human agents to report such a distribution with reasonable efforts. This partially inspired a
line of follow-up works on eliciting property of the distributions, which we will discuss later.

e The mechanism designer may not possess any ground truth samples.
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In this work we aim to collect credible samples from self-interested agents via studying the question
of sample elicitation. Instead of asking each agent to report the complete distribution p, we hope to
elicit samples drawn from the distribution z ~ P truthfully. Denote samples x, ~ P,z, ~ Q. In
analogy to strictly proper scoring rule we aim to design a score function S s.t. B, p[S(zp, z')] >
E,p[S(zq,2")], Yq # p, where 2’ is a reference answer that can be defined using elicited reports.
This setting will relax the requirements of high reporting complexity, and has wide applications
in collecting training samples for machine learning tasks. Indeed our goal resembles similarity to
property elicitation (Lambert et al.| 2008; |Steinwart et al.| 2014; [Frongillo & Kashl, |2015b), but we
emphasize that our aims are different - property elicitation aims to elicit statistical properties of a
distribution, while ours focus on eliciting samples drawn from the distributions. In certain scenarios,
when agents do not have the complete knowledge or power to compute these properties, our setting
enables elicitation of individual sample points.

Our challenge lies in accurately evaluating reported samples. We first observe that the f-divergence
functions between two properly defined distributions of the samples can serve the purpose of incen-
tivizing truthful report of samples. We then propose a variational approach that enables us to estimate
the divergence functions efficiently using reported samples, via estimating the variational form of the
f-divergence functions, through a deep neutral network. These estimation results help us establish an
approximate incentive compatibility in eliciting truthful samples. It is worth to note our framework
also generalizes to the setting where there is no access to ground truth sample, where we can only
rely on reported samples. There we show our estimation results admit an approximate Bayesian
Nash Equilibrium for agents to report truthfully. Furthermore, in our estimation framework, we use a
generative adversarial approach to reconstruct the distribution from the elicited samples.

Our contributions are three-folds. (1) We tackle the problem of eliciting complex distribution via
proposing a sample elicitation framework. Our deep learning aided solution concept makes it practical
to solicit complex sample information from human agents. (2) Our framework covers the case when
the mechanism designer has no access to ground truth information, which adds contribution to
the peer prediction literature. (3) On the technical side, we develop estimators via deep learning
techniques with strong theoretical guarantees. This not only helps us establish approximate incentive-
compatibility, but also enables the designer to recover the targeted distribution from elicited samples.
Our contribution can therefore be summarized as

“eliciting credible training samples by deep learning, for deep learning".

1.1 RELATED WORKS

The most relevant literature to our paper is strictly proper scoring rules and property elicitation.
Scoring rules were developed for eliciting truthful prediction (probability) (Brier, [1950; Winkler,
1969; [Savage| [1971} [Matheson & Winkler, [1976; Jose et al., [2006} |Gneiting & Raftery, [2007).
Characterization results for strictly proper scoring rules are given in (McCarthy, 1956} Savage,
1971} |Gneiting & Rafteryl [2007)). Property elicitation noticed the challenge of eliciting complex
distributions (Lambert et al., 2008} |Steinwart et al., |2014} Frongillo & Kashl 2015b)). For instance,
(Abernethy & Frongillol |2012) characterizes the scoring functions for eliciting linear properties.
(Frongillo & Kash| |2015a)) studies the complexity of eliciting properties. Another line of relevant
research is peer prediction, which solutions can help elicit private information when the ground
truth verification might be missing (De Alfaro et al., 2016} |Gao et al., 2016} [Kong et al., 2016}
Kong & Schoenebeckl [2018;2019). Our work complements the information elicitation literature
via proposing and studying the question of sample elicitation via a variational approach to estimate
f-divergence functions.

As mentioned, our work borrows ideas from the statistical learning literature on divergence estimation.
The simplest way to estimate divergence starts with the estimation of density functions, see (Wang
et al.l 2009; Lee & Park, [2006; [Wang et al., |2005) and the references therein. In recent years,
another method based on the Donsker-Varadhan representation (Donsker & Varadhan,|1975) of the
divergence function comes into play. Related works include (Ruderman et al., 2012; Nguyen et al.|
2010; Kanamori et al., 2011;|Sugiyama et al., 2012} |Broniatowski & Kezioul 2004; |2009)), where the
estimation of divergence is modeled as the estimation of density ratio between two distributions. The

' Our specific formulation and goal will be different in details.
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Donsker-Varadhan representation of the divergence function also motivates the well-know Generative
Adversarial Network (GAN) (Goodfellow et al.| 2014), which learns the distribution by minimizing
the Kullback-Leibler divergence (Kullback & Leibler, [1951). Follow-up works involve f-GAN
(Nowozin et al.| [2016), Wasserstein-GAN (Arjovsky et al.,[2017;|Gulrajani et al.|[2017)) and Cramér-
GAN (Bellemare et al.l 2017), where different divergence functions are used to learn the distribution.
Theoretical analysis of GAN are given in (Liang, [2018} |Liu et al.,[2017}|Arora et al., 2017).

1.2 NOTATIONS

For the probability measure P, we denote by P,, the empirical measure given a set of samples {z; }?_;
following P; in other words, P,, = 1/n - 2?21 0z,, where 0, is the Dirac measure at ;. We
denote by ||v||5 the £; norm of vector v € R% where 1 < s < 00, and ||v||oc = max;<i<q |[v?],
where v(?) is the i-th entry of v. For any real-valued continuous function f: X — R, we denote by
£l == [[x | (@)]* AP]'/* the L (P) norm of f(x) and || || := [/ | f(2)[* dm]'/* the Ly(m)
norm of f(z), where m is the Lebesgue measure. Also, we denote by || f||oc = sup,cx |f(z)|. For
any real-valued functions g and h defined on some unbounded subset of the real positive numbers,
such that h(«) is strictly positive for all large enough values of a, we write g(«) < h(«) and
g(a) = O(h(a)) if |g(a)| < ¢+ h(a) for some positive absolute constant ¢ and any « > v, where
«ay is a real number. We denote by [n] the set {1,2,...,n}.

2 PRELIMINARY
We formulate the question of sample elicitation.

2.1 SAMPLE ELICITATION

We consider two scenarios. We start with an easier case where we, as the mechanism designer, have
access to a certain number of group truth samples. This is a setting that resembles similarity to the
proper scoring rule setting. Then we move to the harder case where the inputs to our mechanism can
only be elicited samples from agents.

Multi-sample elicitation with ground truth samples.  Suppose the agent holds n samples,
with each of them drawn from P, i.e., x; ~ P|l The agent can report each sample arbitrarily
ri(z;) : Q@ — Q. There are n data z}, ..., z, drawn from the ground truth distribution Qf] We
are interested in designing score functions S(-) that takes inputs of each r;(-) and {r;(z;), z;}}_;:

S(ri(zq), {rj(z;), ] ?:1) such that if the agent believes that 2* is drawn from the same distribution
x* ~ P, with probability at least 1 —d, V {r;(-) }}_;,

ZEx,z*wlP’ |:S(f£1, {xjv :E;(};l_l):| > Z ]Ez,m*NIP |:S(Tl($z)7 {rj(xj)v ‘L;k};bzl) —n-e
=1 =1

We name above as (0, €)-properness (per sample) for sample elicitation. When § = € = 0, it is
reduced to a one that is similar to the properness definition in scoring rule literature. When there is
no confusion we will also shorthand r; := r;(x;). Agent believes that his samples are generated from
the same distribution as of the ground truth samples (p = q).

Sample elicitation with peer samples.  Suppose there are n agents each holding a sample z; ~ P;.
P;s are not necessarily the same - this models the fact that agents can have subjective biases or local
observation biases. This is in a more standard peer prediction setting. Denote their joint distribution
asP=P; xPy x .... x P,,.

Again each agent can report arbitrarily r;(x;) : Q — 2. We are interested in designing and charac-
terizing score function S(-) that takes inputs of each r;(-) and {r;(z;)} 0 S (ri(z:), {r;(z;)} ;i)

>Though we use 2z to denote the samples we are interested in, = potentially includes both the feature and
labels (z, y) as in the context of supervised learning.

3The number of ground truth samples can be different from 7 but we keep them the same for simplicity of
presentation. It will mainly affect the ¢, e terms resulting from our estimations.
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such that ¥V {r;(-)}7_, , with probability at least 1 — 4,

Eip S(CEZ, {Tj(xj) = xj}j;éi)] > Epop |:S(7"($1), {Tj(xj) = x]'}ﬁéi) —€

We name above an (J, ¢)-Bayesian Nash Equilibrium (BNE) in truthful elicitation. We only require
that agents are all aware of above information structure as common knowledge, but they do not need
to form beliefs about details of other agents’ sample distributions. Each agent’s sample is private to
themselves.

2.2 f-DIVERGENCE

It is well known that maximizing the expected proper scores equals to minimizing a corresponding
Bregman divergence (Gneiting & Rafteryl [2007). More generically, we take the perspective that
divergence functions have great potentials to serve as scoring functions for eliciting samples. Denote
the f-divergence between two distributions p and g as D ¢(q||p):

Dy (qllp) = /p(x)f(iéii) du

Here f is a function satisfying certain regularity conditions, which will be specified in the following
section. Solving our elicitation problem involves evaluating the value of D (g||p) successively based
on the distributions P and @Q, without knowing the probability density functions p and q. Therefore,
we have to resolve to a form of D¢ (g||p) which does not involve the exact form of p and g, but instead
a sample form. Following from Fenchel’s convex duality, it holds that

Dy(qllp) = maxEy~glt(y)] — EanplfT(t(x))], 2D

where P and Q correspond to the distributions with probability density functions p and ¢, and fT is
the Fenchel duality of f, which is defined as f(u) = sup,cg{uv — f(v)}, and the max is taken
over all functions £(-): © C R? — R.

3  SAMPLE ELICITATION: A GENERATIVE ADVERSARIAL APPROACH

Recall that D¢ (g||p) admits the following variational form:
Dy(qllp) = maxEyg[t(y)] — Exnelf' (t(2))]. G.D

We highlight that via functional derivative, the above variational form is solved by t*(x;p, q) =
F1(0*(x;p, q)), where 0*(z;p, q) = q(x)/p(x) is the density ratio. Our elicitation builds upon above
variational form (3.1)) and the following estimators:

t(x;p,q) = arg;nin Eone, [T (£(2))] — Eynq, [t(v)],
Dy(qllp) = Eymg, [{(¥)] — Eane, [fT (E(x))].
3.1 CONCENTRATION AND ASSUMPTIONS

Suppose we have the following concentration bound for estimating D (g||p): with probability at
least 1 — 6(n)

1Dy (qllp) — Dy (qllp)| < e(n), ¥p,q. (3.2)

This concentration bound will be established based on the following assumptions.

Assumption 3.1 (Bounded Density Ratio). We assume that the density ratio 6*(x; p, ¢) = ¢(z)/p(x)
is bounded from above and below such that 0 < 6y < 8* < 67 holds for some constants 6y and 6.

The above assumption is rather standard in related literature (Nguyen et al.,2010; |Suzuki et al.|, [2008)),
which requires that the two probability density functions p and ¢ lie on a same support. For simplicity,
we assume this support is Q C RY. We define the 5-Holder function class on € as follows.
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Definition 3.2 (5-Holder Function). The ball of S-Hélder functions with radius M is defined as

M ={racri SR Y (0tet Y sp MWL
2 yEQut Hx_ Hﬁ*[ﬁi
lall.<8 lali=(8) ©YSHETY Ylloo

where 0% = 91 .- 9% with a = (ay, ..., aq) € N,

We assume that the function ¢*(+; p, ¢) is S-Hélder, which characterizes the smoothness of t*(-; p, q).

Assumption 3.3 (5-Holder Condition). We assume that t*(-; p, q) € Cg (Q, M) for some positive
constants M > 0, where Cg (Q, M) is the S8-Holder function class in Deﬁnition

In addition, we assume that the following regularity conditions hold for the function f.

Assumption 3.4 (Regularity of Divergence Function). The function f is smooth on [fy, 6] and
f(1) = 0. Furthermore,

(i) fis po-strongly convex on [f, 0;], where g > 0 is a constant;
(ii) f has Lo-Lipschitz continuous gradient on [0, 6], where Ly > 0 is a constant.

We highlight that we only require that the conditions hold on the interval [f, 6;] in Assumption
where the constants 6 and 6, are specified in Assumption 3.1} Thus, the above assumptions are mild
and they hold for many commonly used functions. For example, in Kullback-Leibler (KL) divergence,
we take f(u) = — log u, which satisfies Assumption while in Jenson-Shannon divergence, we
take f(u) = ulogu — (u+ 1) log(u + 1), which also satisfies Assumption [3.4]

We will show that under Assumptions [3.1} [3.3] and[3.4] the bound (3.2) holds. See Theorem .2]in
Section @ for details.

3.2 MULTI-SAMPLE ELICITATION WITH GROUND TRUTH SAMPLES

In this setting, as a reminder, the agent will report multiple samples. After the agent reported his
samples, the mechanism designer has a set of ground truth samples 27, ...,z ~ Q to serve the
purpose of evaluation. This falls into the standard strictly proper scoring rule setting.

Our mechanism is presented in Algorithm It consists two steps: one is to compute tA(x), which
will enable us, in step 2, to pay agent using a linear-transformed estimated divergence between the
reported samples and the true samples.

Algorithm 1 f-scoring mechanism for multiple-sample elicitation with ground truth
1. Compute #(x) = argmin, E,p, [f1(t(2))] — Ep-ng, [t(z*)]

2. Pay each reported sample r; using: S(ri, {r;, oy };‘:1) =a— b(ErNQn [tA(x)] — fT(tA(n))) for
some constants a, b > 0.

And we have the following results.

Theorem 3.5. The f-scoring mechanism in Algorithm|I]achieves (25(n), 2be(n))-properness.

The proof is mainly based on the concentration of f-divergence function and its non-negativity. Not
surprisingly, if the agent believes his samples are generated from the same distribution as the ground
truth sample, and that our estimator can well characterize the difference between the two set of
samples, he will be incentivized to report truthfully to minimize the difference. We defer the proof to

Section[B.1l

3.3 SINGLE-TASK ELICITATION WITHOUT GROUND TRUTH SAMPLES

The above mechanism, while intuitive, has two caveats:

e The agent needs to report multiple samples (multi-task/sample elicitation);
e Multiple samples from the ground truth distribution are needed.
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Now consider the single point elicitation in an elicitation without verification setting. Suppose there
are 2n agents each holding a sample z; ~ P; ﬂ We randomly partition the agents into two groups,
and denote the joint distributions for each group’s samples as p and ¢ with measures P and Q for each
of the two groups. Correspondingly, there are a set of n agents for each group respectively, who are
required to report their single data point according to two distributions I and Q, i.e., each of them is
holding 27, ..., 2P ~ Pand z{, ..., x4 ~ Q. As an interesting note, this is also similar to the setup of
a Generative Adversarial Network (GAN) - one distribution corresponds to a generative distribution
x|y = 1, and another |y = 0. This is a connection that we will further explore in Section [5|to
recover distributions from elicited samples.

Denote the joint distribution of p and q as p @ ¢ (measure as P @ Q), and the product of the marginal
distribution as p x ¢ (measure as P x Q). Consider the divergence between the two distributions:

Dy(p @ qllp x q) = max Ex-peg[t(x)] — Exvpxolf' (t(x))] (3.3)

The results below connect mutual information with divergence functions. The most famous one is the
relationship between KL divergence and mutual information, but the generic connection between a
generalized f-mutual information definition and f-divergence function holds too.

Definition 3.6 (Kong & Schoenebeck| (2019)). A generalized f-mutual information between p and ¢
is defined as the f-divergence between the joint distribution of p @ ¢ and the product of marginal
distribution p x q:

It (p;q) = Dy(p @ qllp % q)

Further it is shown in [Kong & Schoenebeck] (2018} 2019) that the data processing inequality for
mutual information holds for Iy (p; ¢) when f is strictly convex. Again define the following estimators:
(we use x to denote a sample drawn from the joint distribution)

tx;p®q,p % q) = argmin Ex-r, g, [F1(#(2))] = Exnp, a0, [H(X)] (3.4)

Ds(p® qllp x @) = Exvr, a0, [[(%)] — Exe, xa, [f ({(x))]

Recall that P,, and Q,, are the empirical distributions of reported samples. We denote x ~ P, ®Q,, |r;
as the conditional distribution when the first variable is fixed with realization r;. Our mechanism is
presented in Algorithm[2] Similar to Algorithm|[I] the main step is to estimate divergence between
P,, x Q, and P,, & Q,, using the reported samples. Then we pay agents using a linear-transformed
form of it.

Algorithm 2 f-scoring mechanism for sample elicitation

1‘ Compute %\(X; p S2) q,p X q) = argmint ExNPn xQn [fT (t(X))] - EX’VPH SQn [t(X)].
2. Pay each reported sample r; using:

o~ ~

S(riy{riYizi) == a4 b(Bxap, a0, |r )] = Exap, xq,r [fT(H(x))])

for some constants a, b > 0.

And we have the following results.
Theorem 3.7. The f-scoring mechanism in Algorithm [2]achieves (26(n), 2be(n))-BNE.

The theorem is proved by our concentration results in estimating f-divergence, a max argument, and
the data processing inequality for f-mutual information. We defer the proof in Section

The job left for us is to estimate the divergence functions as accurate as possible to reduce € and 4.
Roughly speaking, if we solve the optimization problem (3.4) using deep neural networks with proper
structure, it holds that 6(n) = exp{—n(@=20)/256+d) 1og™ n} and e(n) = ¢ - n=20/C6+d) 100" n,
where ¢ is a positive absolute constant. We state and prove this result formally in Section[4]

Several remarks follow:

*This choice of 2n is simply for exposition.
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Remark 3.8. (1) When the number of samples grows, d(n) — 0, e(n) — 0 at least polynomially
fast, and our guaranteed approximate incentive-compatibility approaches a strict one. (2) Our method
or framework handles arbitrary complex information - x can be sampled from high dimensional
continuous space. (3) The score function requires no prior knowledge - we design estimation methods
purely based on reported sample data. (4) Our framework also covers the case when the mechanism
designer has no access to ground truth, which adds contribution to the peer prediction literature. So
far peer prediction results focused on eliciting simple categorical information. Besides handling
complex information structure, our approach can also be viewed as a data-driven mechanism for peer
prediction problems too.

4 ESTIMATION OF f-DIVERGENCE

In this section, we introduce an estimator of f-divergence and establish the statistical rate of con-
vergence. In this way, we provide estimates of €(n) and d(n). For the ease of exposition, in the
sequel, we consider estimating f-divergence D (q||p) between two given distribution P and Q with
probability density functions p(x) and ¢(y), respectively. The results in this section can be easily
extended to mutual information.

Recall that from Section[2.2] estimating f-divergence between P and Q is equivalent to solving the
following optimization problem:

*(;p,q) = argmin EonplfT(t(2))] — Eynqlt(®)],

Dy(4llp) = Eyng[t*(y; 0, 9)] — Eane[fT (" (25, 0))]- (4.1)
We now proceed to propose an estimator of Dy (¢||p). Following from Assumption we need
to solve the above optimization problem (4.I)) on the function class Cg (Q, M), which is usually
intractable. However, due to the strong ability to approximate any proper functions, deep neural
networks help us solve the problem. We formally define the family of neural networks as follow.
Definition 4.1. Given a vector k = (ko,..., k1) € NE+2 where kg = d and k71 = 1, the
family of neural network is defined as

(L, k) = {p(z; W,v) = Wi 10y, - Wao, Wiz: W; € R >Fi-1 g RF 1

Here o, (x) is short for o(x — v), and o(+) is the ReLU activation.

In deep learning literature, to avoid overfitting, related works usually assume the sparsity of the
neural network; in other words, most parameters in the network vanish. In practice, this can be done
through special techniques (e.g., dropout (Srivastava et al.l 2014)) or special network architecture
(e.g., convolutional neural network (Krizhevsky et al.| 2012)). Motivated by this, we propose the
following family of sparse networks:

Prr(Lyk,5) ={p(; Wyv) € B(L,d): [|@lloc < M, [[Wjlloo < 1forj € [L+1],

L+1 L
[vjlloo < 1forj € [L], Y [Willo+>_ llvjllo < s}, 4.2)
j=1 j=1

where the number of nonzero parameters is limited to be at most s. Another approach by using the
norm of parameters to characterize the networks is proposed in the appendix. See Section for
details. We focus on sparse networks here. Consider the following estimators:

t(x;p,q) = argmin Egop, [fT(t(2))] — Eyag, ()],
te® s (L,k,s)

D (qllp) = Eyq, [E(@; p, @)] — Bone, [T (50, 0)]. 4.3)

The following theorem characterizes the statistical rate of convergence.

Theorem 4.2. We consider the family of neural networks ®;(L, k, s). Here the parameters L, k,

and s satisfy that L = O(logn), s = O(Nlogn), and k = (d,d, O(dN), O(dN),...,O(dN),1),

where N = n®/(26+4)  Then under Assumptions and it holds that ||t — ¢* .y S

n~B/(28+d) 16g7/2  with probability at least 1 — exp{—n®/ (259 Jog® n}. In addition, it holds that
[Ds(allp) = Dy(allp)| S n™ = log" n

with probability at least 1 — exp{—n(4=20)/(26+d) jogl4 ),
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The result in this theorem indeed achieves the optimal nonparametric rate of convergence (Stone,
1982)) up to a logarithmic term. We defer the proof of the theorem in Section [B.3] From (3.2)) and
Theorem 4.2} we have

8(n) = exp{—n!d=28)/(2B+d) joolt ny e(n) = c-n~2/@FFD ogTp,

where c is a positive absolute constant.

5 CONNECTION TO GAN AND RECONSTRUCTION OF DISTRIBUTION

After sample elicitation, a natural question to ask is how to learn a representative distribution from the
samples. Denote the distribution from elicited samples as p. Then, learning the density is to solve for

¢* = argmin D;(q||p), 5.1
qeQ

where Q is the probability density function space. Combining (2.1)) and (5.1, we obtain the standard
formulation of f-GAN (Nowozin et al., 2016):

q = argrrglin max Euoolt(z)] — EonplfT(t(2))]. (5.2)
qe

Here the function ¢(-) acts as a discriminator of f-GAN. By the non-negativity of f-divergence,
q* = p solve the above optimization problem (5.1). Based on the convergence result of the estimated
f-divergence Dy (q||p) in Section |4} a natural estimator g of ¢* solves the following problem

qg= argminﬁf(qu), (5.3)
qeQ

where lA)f (¢llp) is given in {@3).

Before we state the convergence result, we introduce the following notation of covering number.
Definition 5.1 (Covering Number). Let (V, || - ||z,) be a normed space, and Q C V. We say that
{v1,...,vn}isan §-covering over Q of size N if Q C UN., B(v;, §), where B(v;, §) is the 5-ball cen-
tered at v;. The covering number is defined as N2(d, Q) = min{/N : Je-covering over Q of size N}.

We make the following assumption on the covering number of the function space Q.
Assumption 5.2. The covering number N5 (6, Q) satisfies that No(8, Q) = O(exp{1/§% A1},

Recall that ¢* = p is the unique minimizer of the problem (3.1)); therefore, the divergence D f(q]|p)
characterizes convergence of g towards p*. Under Assumption we use results in Section 4] to
establish the rate of convergence in the following theorem.

Theorem 5.3. We set the parametesr L, k and s of ®;(L, k, s) as chosen in Theorem Then
under Assumptions [3.1] [3.3] [3.4] and[5.2] for sufficiently large sample size n, we have

Dy(@lp) S ™7+ -log"n + inf Dy (dlp)
qe
with probability at least 1 — 1/n.

The rate of convergence in Theorem [5.3] achieves the optimal nonparametric rate of convergence
(Stone}, [1982)) up to a logarithmic term, and shows that the f-divergence between the reconstructed
distribution and the true distribution is small. This characterizes the convergence of the distribution
estimator in (5.3). We defer the proof of the theorem in Section [B.4]

6 CONCLUDING REMARKS

In this work, we introduce the problem of sample elicitation as an alternative to eliciting complicated
distribution. Our elicitation mechanism leverages the variational form of f-divergence functions to
achieve accurate estimation of the divergences using samples. We provide theoretical guarantee for
both our estimators and the achieved incentive compatibility.

It reminds an interesting problem to find out more “organic" mechanisms for sample elicitation that
requires (i) less elicited samples; and (ii) induced strict truthfulness instead of approximated ones.
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A AUXILIARY ANALYSIS

A.1 AUXILIARY RESULTS ON SPARSITY CONTROL

As we mentioned in Section ] the proof of Theorem [4.2]relies on auxiliary results, which we show
in this section. We first state our main result, which acts as an oracle-type inequality on the rate of
convergence of £(; p, q) towards t* (z; p, q) = f(q(z)/p(x)).

Theorem A.1. Given 0 < ¢ < 1, for any sample size n satisfies that n > [y + v~ log(1/¢)]?, the

error bound of the estimated £ € ® (L, k, s) defined in (3) towards the ground truth t* = f’(q/p)
satisfies

F=t ey S | min = ",z + 97 logn + 072 V1og(1/6) 7 og(1/2)|
te‘i’ju L,k,s

with probability at least 1 — ¢ - exp(—?). Here ~ takes the form v = s'/2log(V2L), where
V=TI (k4 1).
We defer the proof of the theorem to Section [B.5]

As a by-product, note that t* = f/(6*) = f’(q/p), based on the error bound established in Theorem
we immediately obtain the following results on the error bound of the density ratio § = (f')~1(%)
towards the true ratio 8* = ¢/p.

Corollary A.2. Given 0 < & < 1, for the sample size n > [y + v~ log(1/¢)]?, it holds with

probability at least 1 — ¢ - exp(—+?) that

10 =0 Nsaey S min 1Tt lnagey + ™ P logn o+ =2 [Iog(172) + 7 oa(1/2)]
M S

Here ~ takes the form v = s'/21log(V2L), where V = HLH( i+ 1).

Proof. Note that (f')~' = (f")" and f1 has Lipschitz continuous gradient with parameter 1/ from
Assumption [3.4and Lemma[D.6€] we obtain the result immediately from Theorem[A.T] O

A.2 ERROR BOUND USING NORM CONTROL

In this section, we consider using norm of the parameters (specifically speaking, the norm of W; and
v; in (@.I)) to control the error bound, which is an alternative of the network model shown in (@.2)).
We only consider the generalization error bound in this setting; therefore, we assume that the ground
truth t* = f’(q/p) locates within the target constraint set D. We consider the family of L-layer

neural networks with bounded spectral norm for weight matrices W = {W; € Rki*ki—1 }Lfll, where

ko = dand kr41 = 1, and vector v = {v; € R*¥}L_  which is denoted as

j=1

Baom = Buomn(L b, 4, B) = {p(w: W,0) € DL ) : oyl < A, forall j € (L),

IWilla < Bj forall j € [L+1]}, (A1)

where o, (2) is short for o(x — v;) for any j € [L] as before. Then by this specific choice of
D = ®porm, We write the below program

t(z;p, q) = argmin Ep {fT [t(x)] } — Eq, [t(=)],

1€ Pnom

Dy(qllp) = Eq, [Hx:p,q)] — {f*[ (23p,q )]} (A2)

Based on this formulation, we derive the error bound on the estimated f-divergence in the following
theorem. Before we state the theorem, we first define two parameters for the family of neural networks

Do (L, k, A, B) as follows
Ll L (VS B+ T 4))
k5 ) Y2 = .
Z I Z;ﬁol k? - min; B

L+1

=B]]B;-
j=1

We proceed to state the theorem.

(A.3)

12
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Theorem A.3. We assume that the ground truth ¢* € ®,;y. Then for any 0 < € < 1, with probability
at least 1 — €, we have the following error bound on D (g||p):

L+1
|Ds(qllp) — Dy(allp)| S v -n=/?log(ran) + [ Bj-n~'/?\/log(1/e).
j=1

Here ~; and 7, are defined in (A-3).

We defer the proof to Section [B.6|

The next theorem uses the error bound of the estimated f-divergence in Theorem[A.3] Recall that in
Section we assume that the minimizer ¢* to the population version problem (1)) lies within
the norm-controlled family of neural networks ®,;m (L, k, A, B).

Theorem A.4. Recall that we defined the parameter ; and 5 of the family of neural networks
Do (L, k, A, B) in (A3), the estimated distribution ¢ in (5.3), and the ground truth ¢* = p. We
denote the the Lo covering number of the probability distribution function class Q as No (9, Q), then
for any 0 < € < 1, with probability at least 1 — &, we have

L+1
Dy (@llp) < ba(n,v1,72) + H Bj-n~Y%. \/log{N2 [b2(n,71,72), Q] /5} + ggng@Hp),
j=1

where ba(n,71,72) = 7171_1/2 log(van).

We defer the proof to Section

B PROOFS OF THEOREMS

B.1 PROOF OF THEOREM[3.3|

If the player truthfully reports, he will receive the following expected payment per sample ¢: with
probability at least 1 — d(n),

~

E[S(rs, )] = a = b(Esng, [H()] — Eo,ne, [T (E(20))])

=a—b-Dy(dllp)
>a—b-(Dy(p|lp) + €(n)) (agent believes p = q)
=a — be(n)

Similarly, any misreporting according to a distribution p with measure P will lead to the following
derivation with probability at least 1 — ¢

E[S(ri, )] i= a = b(Bang, [H@)] — B, 5 [f1(E(x:)])
=a—b-Dy(ql[p) )

<a—b-(Dy(pllp) — €(n)) +8(n) - 5
< a+ be(n) (non-negativity of Dy)

Combining above, and using union bound, leads to (25(n), 2be(n))-properness.

B.2 PROOF OF THEOREM[3.7]

Consider an arbitrary agent <. Suppose every other agent truthfully reports.

E[S(ri, {r;}izi)] = a + b(Exp, o0, r [1(X)] = Exwp, xq,r {f ({(x))})
= a+ bE [Bxr, 00, |r: [H(2)] — Exp, xq,r {1 (E(x))}]

13
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Consider the divergence term E [Exp, a0, r: [{(2)] — Exnp, xo, [ 1/ T({(x))}]. Reporting a r; ~
P # P (denoting its distribution as p) leads to the following score
E, 5, Exs, oo X)) = Eg s g LT E))]]
=E, 5,00, [t(x)] — Eon5, xS T(t(x))} (tower property)
< maxEx 5, w0, LX) — Exwﬁnxn@n{ﬁ(t(x))} (max)
= Do qllp x )
< Dp(p@qllpxq) +en)
(
(

= I¢(p; q) + €(n) (definition)
< I¢(p;q) + €(n) (data processing inequality (Kong & Schoenebeck, 2019))

with probability at least 1 — §(n) (the other §(n) probability with maximum score S).
Now we prove that truthful reporting leads at least
I;(p;q) — €(n)
of the divergence term:
E iy (B @0n 2 [HX)] = B, x @ LT (1))
= Ex~r, 50, [[(X)] — Ex<z, <0, {/T({(x))} (tower property)
= Dy(p @ gllp x q)

> Dy(p@dllp x q) — e(n)
= I(p;q) — €(n) (definition)
with probability at least 1 — §(n) (the other §(n) probability with score at least 0). Therefore the

expected divergence terms differ at most by 2¢(n) with probability at least 1 — 2§(n) (via union
bound). The above combines to establish a (26(n), 2be(n))-BNE.

B.3 PROOF OF THEOREM [4.2]

Part 1. We proceed to prove the bound on ||t* — ﬂ\ Lo(p). We first proceed to find some t e
®(L, k, s). Note that the ground truth t* is assumed to be on a finite support D C [a, b]%. For
simplicity, the notation that a vector plus or minus a scaler actually means that the scaler is operated
to each coordinate of the vector. For example, for vector x € R< and a scaler ¢ € R, we use z — ¢ to
represent (z; —¢,...,Tq — c)T, where x; is the i-th coordinate of the vector x. In order to invoke
Theorem we denote t'(y) = t*[(b — a)y + a], then the support of ¢’ actually lies in the unit cube
[0, 1]4. We choose L' = O(logn), s’ = O(Nlogn), k' = (d, O(dN),O(dN),...,O(dN),1), and
m’ = log n, we then utilize Theoremto construct some ¢’ € ®; (L', k', s') such that
[t = t'[| Lo (0,1)9) S NA/4,

We further define t(z) = #'[(x — a)/(b — )], and claim that this function can also be written as a
ReLU neural network in ®,(L, k, s). To see this, note that we only need to add one more layer in

front of ¢/, and this additional layer gives the linear transformation
x a
b—a b—a’

T —

where 2 € D C [a,b]? is the input of the neural network ¢. Then indeed the proposed function ¢
can be written as a ReLU network in ®;(L, k, s). We fix this ¢ and use Theorem then with
probability at least 1 — ¢ - exp(—>?), we have

1t =t Loy S = 1| Lae) + 0/ logn + =1/ {\/ log(1/e) +~7" 10g(1/5)]

SN fyn=2logn +n~1/? [vlog(l/e) +~7t log(l/e)}. (B.1)

14
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Note that v takes the form v = s'/2log(V2L), where V = O(d” - N*) and L, s given above, we

write 7 = O(N/210g/? n). Moreover, by the choice N = n%/(28+4)_ combining and taking
e = 1/n, we then conclude the first part of the theorem.

Part 2. For the second part, we denote by £(t) = E, q[t(z)] — EgplfT(t(z))] and L(t) =
E.~q, [t(7)] — Egnp, [fT(t(2))]. Then from Assumption and Lemma m we know that £(-) is
strongly convex with a constant coefficient. Note that by triangular inequality, we have

1Dy (allp) = Dy (gllp)| = |L(E) — LE)| < [LE) = LE] + [L(H) = L{E)] =2 AL+ Aa.
We proceed to bound A; and As.
Bound on A;: Recall that Z() is strongly convex. Consequently, we have

AL S =3, S 0”7 g™ 2 n,

with probability at least 1 — exp(—n®/(26+d) log® n), where the last inequality comes from Part 1.

Bound on A,: Note that both ¢*(-) and fT(¢*(-)) are bounded, then by Hoeffding’s inequality, we
obtain that

P{4,; < n~ 7 log”?n} > 1 — exp(—n(d=20)/2B+d) 15614 ),
Therefore, by combining the above two bounds, we obtain that

= __B
IDs(qllp) — Dy(qllp)| < n~ 2+ log™? n

with probability at least 1 — exp(—n(4=26)/(26+d) 1o 1) This concludes the whole proof.

B.4 PROOF OF THEOREM[3.3]

We first need to bound the max deviation of the estimated f-divergence D #(¢|lp) among all ¢ € Q.
The following lemma provides such a bound.

Lemma B.1. Assume that the density function ¢ € Q. Then for any fixed density p, if the sample
size n is sufficiently large, it holds that

~ 28
sgg!Df(qllp) — Dys(qllp)| S 7 -log"n
q

with probability at least 1 — 1/n.
Proof. See Section §C.1|for a detailed proof. O

Now we turn to the proof of the theorem. Note that for any ¢ € Q, with probability at least 1 — 1/n,
we have

Dy(qllp) < |Dy(@llp) — Dy (Gllp)| + Dy (Gllp)
~ ~ _ 28 ~
= Sug|Df(q||p) — Dy (qllp)| + Dy (dllp) S n”~ 77 -log"n+ Dy(qllp).  (B2)
qe
Here in the second line we use the optimality of ¢ among all ¢ € Q to the problem (3.3)), while the

last inequality uses Lemma|[B.1} Moreover, by taking the infimum of ¢ € Q on both sides of (B.2),
we obtain that

23

Dy(@lp) S n~ 7 -log" n + inf Dy(@lp).
q

This concludes the error bound.
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B.5 PROOF OF THEOREM [A.T]

We write Ep[f] = E,~p[f(2)] for notational convenience. First we establish the following lemma.
Lemma B.2. The following inequality holds:

1/(4L0) T = T3 ey < /o - [T = Ulragey - 1F = ooy + {Ban [ - D/2) - Bo[(E - D)/2]}
- (Ee {7116+ r2) - @) - E{ 1@+ /2] - 10}
Here 41y and Ly are specified in Assumption [3.4]
Proof. See Section §C.2]for a detailed proof. O
Note that by the above Lemma and the fact that fT is Lipschitz continuous, we have
7= 23,0y < = Fzace) - 1= £l + {Ba, [(E— /2] — Eq[E—B)/2]}
- (e {r1@+ D72 - 1@} - {116+ D7) - 11D}

Furthermore, to bound the RHS of the above inequality, we establish the following lemma concerning
about the error bound on empirical process.

Lemma B.3. We assume that the function ) : R — R 13 Lipschitz continuous and bounded such

that |¢)(z)| < My for any |z| < M. Then for any fixed t(z) € ®pr, n 2 [y + v Llog(1/e)]? and
0 < e < 1, we have the follows

) Bz, [1(6) - ()] - Bz [0(5) — v(@)]|

sup = <

t(z)ePm 77(717 Y E) : ||¢(t) - 7/)(75) ||L2(]P’) \/ )\(Tl, Y 5)

where 7(n,y,¢) = n='/2[ylogn + v~ log(1/¢)] and \(n,v,€) = n~*[y? + log(1/¢)]. Here v

takes the form v = s'/2log(V2L), where V = H]L:ol(kj +1).

Proof. See Section §C.3|for a detailed proof. O

Note that the empirical process in the above Lemma[B.3]also applies to the probability measure Q,
and by using the fact that the true density ratio * = ¢/p is bounded below and above, we further
know that Lo (Q) is equivalent to Lo (P). Therefore, by Lemma and the Lipschitz property of f1
according to Lemma [D.6} with probability at least 1 — ¢ - exp(—+?), we have the following bound

1t =17, S M=o - 1= l|Lae)

+ O{n_1/2 [vlogn +~ " log(1/e)] - [t — | L.cr) \/ n~Hy? + log(l/s)]}, (B.3)

where we recall that the notation y = s/2log(V2L) is a parameter related with the family of neural
networks ® 7. We proceed to analyze the dominant part on the RHS of (B23).

Case 1. If the term ||t —|| La(P)" t—t*| L, (p) dominates, then with probability at least 1—¢-exp(—v?)
1= tll oy S N1E =0 o)

Case 2. If the term O{n~'/2[ylog n+~v~*log(1/¢)] - |[t—#|| 1, r) } dominates, then with probability
at least 1 — € - exp(—v?)

||tA— t~HL2(P) < n~1/2 [7 logn 4+~ 1 log(l/s)} .

Case 3. If the term O{n~'[y% +log(1/¢)]} dominates, then with probability at least 1 — e - exp(—v?)

1= Tl S n 2 [y + Viog(1/2)]

16
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Therefore, by combining the above three cases, we have

1E—ra@) S IE— |y + 0~ logn +n~1/2 [\/ log(1/¢) + 77 1og(1/€)] :

Further the triangular inequality gives us
1t =t o) S 1= ]| Loe) + 0~/ logn + n~1/2 [\/ log(1/e) +~7" 10%(1/5)]

with probability at least 1 — € - exp(—v?). Note that the above error bound holds for any te
(L, k, 5), especially for the special choice ¢ such that it minimize ||t — ¢*|| 1, ). Therefore, we
have

[E= o S Qin )H?— t*[| o)+ logn + 02 [vlog(l/E) +7‘1log(1/8)}
€Pr(Lk,s

with probability at least 1 — ¢ - exp(—~>?). This concludes the proof of the theorem.

B.6 PROOF OF THEOREM[A ]3]

We follow the proof in |Li et al.| (2018). We denote our loss functlon in (A2) to be L[t(x)] =
fTt(zh)] — t(«™), where z" follows the distribution P, while z"! follows Q. To prove the theorem,
we first link the generalization error in our theorem to the empirical Rademacher complexity (ERC).
Then given the data {z;}?,, the ERC related with the class £(®yom) is defined to be

Zel (i W, v)]

<p E ¢n01‘1ﬂ

9%n[‘c(q)norm)] = e{ sup {Ii}?_l}v (B4)

where ¢;’s are i.i.d. Rademacher random variables, i.e., Ple; = 1] = P[e; = —1] = 1/2. Here the
expectation in is taken over the Rademacher random variables {&; };c[n]-

To see the importance of the ERC, we introduce the following Lemma@] (Mohri et al., [2018), which
links the ERC to the generalization error bound, and therefore we derive the desired error bound of

estimated f-divergence D #(gq||p) towards the true divergence D f(g||p) in our case.

Lemma B.4. Assume that sup,cq, . [£(¢)| < My, then for any £ > 0, with probability at least
1 — &, we have

(p e (I>n01m

sup {Ef{ﬁw; w,v)) } - % > LlelwsW, wJ} S R [L(Prom)] + My -2 /log(1/e),

where the expectation is taken over 2! ~ P and 2! ~ Q.

Equipped with the above lemma, to derive the final error bound on the generalization, we need the
following lemma to provide an error bound on the ERC proposed in (B.4).

Lemma B.5. Let £ be a Lipschitz continuous loss function and @y, be a family of L-layer networks
defined in (A-T). Moreover, we assume that the input 2 € R? is bounded such that ||| < B. Then
the ERC defined in (B.4) satisfies that

Ry, [ﬁ(q)norm)] S nl/2 log(v2n),
where 77 and 75 are given in (A3).

Proof. See §C.4for a detailed proof. O

Now we proceed to prove the theorem. Recall that as we mentioned before, the ground truth
t* € ®uom. For notational convenience, we further denote that

t € argmin H(t) = Ep, {fT [t(2)] } — Eq, [t(z)],

te‘bnorm
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and the corresponding population version

t* e arginin H(t) = EP{fT [t(m)]} —Eg[t(z)].

~

Then E[H (t)] = H(t). We proceed to bound |ﬁf(q||p) — Dy (qllp)| = |H (%) — H(t*)|. Note that if

~ o~

H(t) > H(t*), then we have
0< H(t)— H(t") < H(t") — H(t"), (B.5)

where the second inequality follows that fact that T is the minimizer of H. On the other hand, if

A~ o~

H(t) < H(t*), then we have
0> H(t)— H(t") > H(t) - H(b), (B.6)

where the second inequality follows that fact that ¢* is the minimizer of H. Therefore, by considering
both and (B.6), and the fact that L(p) < Hf;rll Bj for any ¢ € ®yom, we deduce that

L+1

|H(E) — H(t)| < sup [H(t) — HE)| S R [L(Prom)] + H B; -n~Y2\/log(1/e) (B.7)

with probability at least 1 — . Here the second inequality follows directly from Lemma [B.4] We
further plug the result from Lemma B.5]into (B.7), then we deduce that with probability at least 1 — ¢,
the bound of estimated f-divergence towards the truth divergence satisfies

= |Dy(allp) — Dy (allp)]

~

|H (D)~ H(t")

L+1 L+1 VoL - (/S 2B 4 A L+1
B j=1"v3"J j=1*"J _
g—f-HBj- g k2 - log ( — ) +HBj-n 12, log(1/e).
(- 3=0 Zjio k:J2 -min; B; j=1

Recall the definition of ; and ~5 in (A.3)), then we concludes the theorem.

B.7 PROOF OF THEOREM[A /4]
We first need to bound the max deviation of the estimated f-divergence D ¢(¢|lp) among all ¢ € Q.
We utilize the following lemma to provide such a bound.

Lemma B.6. Assume that the distribution ¢ is in the set Q, and we denote its Ly covering number
as N3 (d, Q). Then for any target distribution p, we have

L+1
fqneag‘Df(fJHp) - Df(é]llp)‘ Sbo(n,vi,72) + [ By -n 2 \/log{Nz [b2(n,71,72), Q] /5}
j=1

with probability at least 1 — . Here by(n,71,72) = vin~ /2 log(vy2n) and c is a positive absolute
constant.

Proof. See Section §C.5|for a detailed proof. O

Now we turn to the proof of the theorem. Note that for any ¢ € Q, with probability at least 1 — ¢, we
have

Dy(dlp) < |Ds(@lp) - Dy(@lp)| + Dy (@lp)
< max| Dy (qllp) ~ Dy(allp)| + Dy (@lp)

L+1
S ba(n, 1, 92) + H Bj-n~'?2. \/log{Ng [b2(n,71,72), Q] /E} + Dy (qllp), (B.8)

j=1
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where we recall that the ground truth t* to the problem (5.2) takes the form t* = t*(a;p,q) =
fT(q/p). What’s more, in the second inequality we use the optimality of g among all § € Q to the
problem (5.3)), while the last line uses Lemma[B.6] Moreover, note that (B-8)) holds for all ¢ € Q,
then by fixing ¢ € Q to be the one such that D (q||p) attains its minimum in the above (B:8), we
obtain that

L+1
Dy(qllp) < ba(n,v1,72) + H B; -n1/2\/log{N2 [b2(n,71,72), Q] /E} + %IéiélDf(E]va)
j=1

This concludes the error bound of ¢ towards the desired density ¢* = p.

C LEMMAS AND PROOFS

C.1 PRrOOF OF LEMMA[BTI

Recall that the covering number of Q is N2 (6, Q), we thus assume that there exists g1, . . ., ¢n,(5,0) €
Q such that for any ¢ € Q, there exists some ¢, where 1 < k < N3(d, Q), so that ||g — gx|l2 < 6.
Moreover, by taking § = §,, = n~28/(2644) and union bound, we have

—~ _ 23
P[sugwf(qm) — By(glp)| = e1-n- 7 - log” n}
qc

N2(6,,9)

A .
< > P||IDs(axlp) — Dy(arlp)] = e1 - n” 55 -log" ]
k=1

< Na(6n, Q) - exp(—n% . 10g14 n),

where the last line comes from Theorem #.2} Combining Assumption [5.2] when n is sufficiently
large, it holds that

~ __28
P[Sug\Df(qlp) — Dy(qllp)| = ex - ™7+ -log” n} <1/n,
qe
which concludes the lemma.

C.2 PrROOF OF LEMMA[B.2]
By the definition of tA, we have
Eg, [f1(8)] — Eq,[f] < Ep, [f1(t)] — Eq, [£].

Note that the functional G(t) = Ep, [fT(t)] — Eqg, [t] is convex, we then have

o~ o~

G(t;r) —G(t~) < w <0.

By re-arranging terms, we have

(E {FE+D/2) - 1@} — e [£1(E+D)/2) - f*(?)]) ~ {Ba. [@- /2] - Eo[(F-D)/2] }
< Bo[(F- /2] - Be{ £ [ +D)/2] - F1®}. (ehY

We denote by

By(t,t) =Ep[f(t) — fT(£)] — Eqlt — . (C2)

then the RHS of (C.I) is exactly —By[t, (t 4 t)/2]. We proceed to establish the lower bound of
By (t,t) using Ly(IP) norm. Note that the ground truth ¢* takes the form t* = f’(g/p), due to the
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fact that (fT)" o (f')(x) = z, we know that ¢/p = 3fT(¢*)/0t. Then by substituting the expectation
taken over Q in (C.2)) using the above relationship, we have

~ ~ t ~
By(0) = Be[11(0) — 11D~ T ) - (1~ D)
- o - o T -
B 110~ /'O - @ (- 8] +Ee{ [ - O] - D}

— A, + As.

Note that by Assumption and Lemma we know that the Fenchel duality fT is strongly convex
with parameter 1/Lg. This gives that

_oft

o [[@)] - [t(@) = 1(@)] 2 1/Lo - [t(2) = Ha)|”

fHt@)] = fH{t()]
for any x. Consequently we have
A1 >1/Lo- [t — t~||2L2(1P>)-

Moreover, by Cauchy Schwarz inequality, the term Ay in (C.3) is bounded as follows

Ay > —\/EP{ {%T@ — %’j(t*)r} /Ep[(t —1)2].

Again, by Assumption and Lemma we know that the Fenchel duality fT has 1/u-Lipschitz
gradient, which gives that

T f 7
aait [t(x)] — % [t*(x)]’ < po - [t(z) = ()|

for any x. By this, we further bound A,:
Az > =1/po - |E =t ooy - It =l Loce)-
Combining both the the bound of A; and A, we have
By(t,t) > 1/Lo - |t _t~||2L2(IP) —1/po - ||t — Loy - It _ﬂ|Lz(IP)-
By this, together with (C.I)), we conclude that
1/(ALo) - [T~ T30y < 1o [T~ Tlzaey - I = "l ae) + {Ea, [~ B/2) - Eo[@-1)/2)}
- (e {r1@+ D72 - 1O} - {116+ D7) - 11D}
This is exactly what we need.

C.3 PROOF OF LEMMA B3]

We need the following notations. For any K > 0, the Bernstein difference of ¢(x) with respect to the
measure PP is defined to be

o plt) = 2K - Ee{exp ()] /K) — 1 |t(x)|/ K }.

Correspondingly, we denote by H -, p the generalized entropy with bracketing induced by Bernstein
difference px p. We denote by H p the entropy with bracketing induced by L norm, H the entropy
induced by L, norm, H;,_(p), g the entropy with bracketing induced by L,(P) norm, and H,_(p) the
regular entropy induced by L () norm.

We consider the space

Wy = Ql)(q)]w) = {’Q/J(t) : t(x) € (PIM}.
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For any § > 0, we denote the following space
W (6) = {wit) € War s [t) — v (@) 0 <5}

() = {Au(t) = (t) - (@) : ¥(t) € Yar(9)}.

Note that suppy,(1)e s, (5) 1A% (1) lloo < 2Mo and supaypewr,, 5y 1AV (E) [0 < 6, by Lemma
we have

sup  psay.p[Av(t)] < V26
AP(t)ew) (6)

To invoke Theorem [D.3|for G = W), (0), we consider K = 8My, R = /25. Note that given

SUD Ay (1) e W4, (5) HAw loo < 2Mo, by Lemmaand Lemma | and the fact that ¢ is Lipschitz
continuous, we have

Hanro,5(u, V) (6),P) < Heo (u/(2v2), W), (8)) < 2(s + 1) log(4v2u™ (L + 1)V?)
for any u > 0. Then, by algebra, we have the follows
/ Hehr 5 (1w, Wy (0),P) du < 35125 - log(8V2L /).
Forany 0 < ¢ < 1, we take C' = 1, and a, C; and Cj in Theorem@to be
a = 8M, log(exp('yQ)/g)v_1 -0, Co = 6Myy~! log(exph?)/a), Cy = 33M3Zy2 log(exp(WQ)/e).

Here we recall that v = s'/2 log(V2L). Then it is straightforward to check that our choice above
satisfies the conditions in Theorem for any § such that § > yn /2, when n is sufficiently large
such that n > [y + v~ 1log(1/e)]%. Consequently, by Theorem - for § > vn =12, we have

E”{ o [Bx, [40) 6] - Be[0(0) ]| 2 8 log(exp(4)/2y " 6 nW}

t Z)E‘I)]u((g)
—P{  sup ‘]Epn [Ap(t)] — Es[Ap(t)] ] > 8 My log(exp(72) /eyt -6 - n~ /2
P(t) €T, (9)
< e-exp(—?).
By taking 6 = 0, = yn~'/2, we have

) { Bz, [1(6) - (@) - Bz [6:5) — v(@)]|
()

sup
t(x E‘:D]y[(é) n_l[fyz + log(l/&—)]

On the other hand, we denote that S = min{s > 1 : 27%(2My) < 6,} = O(log(y~*n'/?)). For
notational simplicity, we denote the set

< 8MO} >1—c-exp(—?) (C4)

A, = {w(t) € Way o (t) € Uy (2752 M), (t) ¢ xpM(rsHMo)}. (C.5)
Then by the peeling device, we have the following
{ B, [v(t) — v ()] — Ex[w(t) - v(@)]| }
P sup = > 16 M,
() EW a1 (£)E W ar (6n) W(t) - 1p(t) HLz(]P’) ) T(na Vs E)
s [Ee. [0(t) — v ()] - Ee[(t) - v(@)]
< ;P{Mst;g)& SRy > 16My - T'(n, v, 5)}

-

P(t)EA,

IP{ sup [Ez, [ t)w(f)]Ep[w(w¢<f>]\z8Mo~<2S“MO»T(m,s)}

1

P sup
s=1 \¥)eTM (272 M)

<S e -exp(—?)/log(y'n'/?) = ¢ - exp(—y?),

S

o

Ep, [1:(t) = (@] — Ee[w(t) - v(®)]| 2 8Mo - (27*+2My) - T(n, , s)}
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where c is a positive absolute constant, and for notational convenience we denote by T'(n, v, ¢) =
v~ n=12log(log(y~'n'/?) exp(y?) /). Here in the second line, we use the fact that for any
P(t) € A, we have [|1(t) — ()| 1, = 2751 M by the definition of A, in (C:3); in the forth
line, we use the argument that since A, C Wy, (27512 M), the probability of supremum taken
over W7 (275+2 M) is larger than the one over A,; in the last line we again invoke Theorem
Consequently, this gives us

\Epn [(t) - (@) — B [0(t) - @)

P su —
{ t)G%M H¢ (t) HL 2] ) ’I’L_1/2 [’7 IOg n+ 7_1 10g
wmww ) :

/9] < 16M0} >1—e-exp(—?).

(C.6)
Combining (C.4) and (C.6), we conclude the lemma.

C.4 PRrROOF OF LEMMA[B.3]

The proof of the theorem utilizes following two lemmas. The first lemma characterizes the Lipschitz
property of ¢(x; W, v) in the input x.

Lemma C.1. Given W and v, then for any ¢(-; W, v) € ®,om and 21, 2o € R%, we have

L+1
[e(a1; W, v) = p(x2; W) ||, < llon — 222 - [] By
j=1
Proof. See Section §C.6|for a detailed proof. O

The following lemma characterizes the Lipschitz property of ¢(x; W, v) in the network parameter
pair (W, v).

Lemma C.2. Given any bounded z € R¢ such that ||;rH2 < B, then for any weights
wt = {VVl}JL‘*'ll,VV2 = {WQ}JL+11, Vo= {uji,0* = {vi}il,, and functions
o, Wobh), o, W2, v?%) € ®pom, we have

Bm HL—H J L+1

1,1 2.2
H(P(QT,W U )_90(x7W ) U )H — Hllnj BJ . ZHWl WQ”}:“"Z”U _U
Proof. See Section for a detailed proof. O

We now turn to the proof of Lemma[B.5] Note that by Lemma[C.2] we know that o(z; W, v) is
L,,-Lipschitz in the parameter (W, v) € R®, where the dimension b takes the form

L+1 L+1

b—Zkkleer <Zk +1)? (C.7)

and the Lipschitz constant L,, satisfies

B /721/ L+1 .
Ly = g 2 ‘ (C.8)

min; B;

In addition, we know that the covering number of W = {(W,v) € R : ZLH W, e +
Zf:l llvjll2 < K}, where

Z k3B2 + Z Aj, (C.9)
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satisfies
3K\°
vovy < ()
By the above facts, we deduce that the covering number of £(®,om,) satisfies

KLy \"
(5 b

N [£(Bnorm), 8] < (

for some positive absolute constant c;. Then by Dudley entropy integral bound on the ERC, we know
that

. I

P [£(Bom)] < inf 7+ / /108 N [£(®oom). 6] 45, (C.10)
where ¥ = SUD (.. £ (@) werd |9(2; W, v)|. Moreover, from Lemma|C.1{and the fact that the
loss function is Lipschitz continuous, we have

L+1
¥<c-B-[] B (C.11)
j=1
for some positive absolute constant c,. Therefore, by calculations, we derive from (C.10) that
0 KL,\/n
R | L(Prorm)| = O —= - 4/b-log ——— |,
[ ( no m)] <\/ﬁ og 19\/5 )

then we conclude the lemma simply by plugging in (C.7), (C-8), (C.9) and (C.I1)), and using the
definition of y; and 7y, in (AJ3).

C.5 ProOF oF LEMMA [B.4

Remember that the covering number of Q is N2 (6, Q), we assume that there exists g1, . . ., ¢n,(5,0) €
Q such that for any ¢ € Q, there exists some g, where 1 < k < Ny(6, Q), so that ||g — gx|l2 < 6.
Moreover, by taking § = v;n~"/?log(yan) = ba(n,y1,72) and Ny = Na[ba(n, 1, 72), Q], we
have

L+1
P{rqneag\qup) = Dy(allp)| = e [baln,a,2) + [ By -n V2 Viog(Na/e)] }

j=1

No L+1
< ZP{\Dmnp) = Dylallp)| = e [baln,2) + T By on 2 loguvz/a)}}
k=1

< Ny-e¢/Ny =c¢,
where the second line comes from union bound, and the last line comes from Theorem@ By this,
we conclude the proof.

j=1

C.6 PROOF OF LEMMA [C]]
The proof follows by applying the Lipschitz property and bounded spectral norm of W; recursively:
o (@15 W, 0) — (w25 W,0) ||, = HWL+1(01;L ~Waoy, Wiz, — oy, "'W20v1W1!L”2)H2

< [Weala- |

Oup, (WL o Waoy Wiz — W -+ W201;1W1£E2) H2

< Bryi- HWL - Waoy, Wiz, — Wy, -+ VV2Uv1VV196‘2H2

L+1
<< I Bilaen = a2
j=1

Here in the third line we uses the fact that |12 < B; and the 1-Lipschitz property of o, (+), and in
the last line we recursively apply the same argument as in the above lines. This concludes the proof.
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C.7 PROOF OF LEMMAI[C.2|

Remember that ¢(x; W, v) takes the form
o(x; Wyv) = Wri10,, Wi - - 0, Wiz
For the sake of notational simplicity, we further denote ¢ (z) = Oy Wiz fori = 1,2. By this,
¢(2; W, v) has the form @(2; W*,v') = W} ¢} ool (x). First, note that for any W', W2, v?
and v2, by triangular inequality, we have
oz, W) = o(a, W2,0%)||, = [WLeL oo pi(z) = WE 9] 00 pi(a)]
<|[Wiaepo--opi(z) = WEpp o opi(a)],
+ |[WEipp o opi(x) — Wi, 07 00 pi(z)]],
S IWiga = WEnle - [leL oo pi(@)],
+Bra1 - [ler o opi(@) —pf oo pi(a), (C.12)

Moreover, note that for any ¢ € [L], we have the follows bound on [} o --- 0 pl(x)|2:

lobo-o@i(@)|, < ||Wivh o ovi(@)|,
<Bp-|lpiio-opi(@)], < llzl2- HByv

where the first inequality we use the 1-Lipschitz property of the ReLU activator, and the second
inequality uses the bounded spectral norm of W}, while the last inequality simply applies the previous
arguments recursively. Therefore, combining , we have

[o(z, W, ot) — oz, W2, 0?)|, < B HB Wi — Winllr
Jj=1

+Brii-|jep o opi(@) —pio-opi(@)|, (C.13)
Similarly, by triangular inequality, we have
oL 0 0 @i(x) — @i o 0@i(a)],
< oL owL1 o owi(z) — @l owr 0 opi()l,
+leLowr10opi(x) — Loyl i o opi(a)l,
<|lgrogr 1o opi(@)—giopr 10 op(a)],
+ B |lpr_y 0 opi(z) —pi_y oo pi(a)l,

where the second inequality uses the bounded spectral norm of Wy, and 1-Lipschitz property of
o, (+). For notational convenience, we further denote y = ¢} | o--- 0 pi(x), then

(C.14)

lehw) = G2 ), = |max{Why — v}, 0} —max{Wy — of,0} | <o} = e}l (C19)

By (C.14) and (C.13), we have
oL 00 pi(x) — ¢l o 0 @i(a)],
<|lvi —vill,+Br-|ler 10 opl(@) —¢i 4o 0pi(@)],
B HL+1

L L L
<> II Bi-llvj —vjllo + TJBJ'Z||W]1_WJ2||F
j=1

j=li=j+1
L 1
B H + L

=3 (e = ol + = w7 ).

min; B
Jj=1
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Here in the third line we recursively apply the previous arguments. Further combining (C.13), we
obtain that

o, W 0t) = (e, W2,0%)

B. HL+1 L+1
T | - W?HF+Z|\U 2l
Bm HL+1 ] s 1 2 2
R DR \\F+Z|\v — 23,
Jj P

where we use Cauchy-Schwarz inequality in the last line. This concludes the proof of the lemma.

D AUXILIARY RESULTS

Lemma D.1. The following statements for entropy hold.
1. Suppose that sup cg ||gl|c < M, then
Han,5(V26,G,Q) < Hy 5(5,G,Q)
for any 6 > 0.

2. Forall 1 < g < oo, and QQ a probability measure, we have
H 3(57 g7 Q) < Hoo(6/2a g)7

for any § > 0. Here H, is the entropy induced by infinity norm.

3. Based on the above two statements, suppose that sup g ||gl[cc < M, we have
H4M,B(\/§ : 57 ga Q) S Hoo(6/2a g)7
by taking p = 2.
Proof. See Lemma 5.10 in (van de Geer & van de Geer, [2000) for a detailed proof. O

Lemma D.2. The entropy of the neural network set defined in @.T)) satisfies
Hoc [67 (I)]\/[(Lapa 8)] < (S + 1) lOg [25—1('[’ + 1)V2] )

where V = HL+1(pl +1).

Proof. See (Schmidt-Hieber, 2017) for a detailed proof. O

Theorem D.3. Let the space G satisfy 5upgeg pi(g9) < R. Take a, C, Cy, Oy satisfying that a <
C1ynR?/K,a < 8ynR,a > Cy - [[o Hil%(u,G,P)duV R] and CF > C*(Cy + 1). Then

2
E —-E >q- —1/2}<C [—a}
{225’ o) = Belgl| 2 a-n™ g < Conp |~y

Proof. See Theorem 5.11 in (van de Geer & van de Geer, [2000) for a detailed proof. O

Lemma D.4. Suppose that [|g[l.. < K, and [[g|| < R, then p3 5(g9) < 2R?. Moreover, for any
K’ > K, we have p%K,’P(g) < 2RZ

Proof. See (van de Geer & van de Geer, 2000) for a detailed proof. O
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Theorem D.5. For any function f in the Holder ball Cg ([0,1)4, K') and any integers m > 1 and N >

(B+1)?V (K +1), there exists a network f € ®(L, (d, 12dN, ..., 12dN, 1), s) with number of layers
L = 8+ (m+5)(1+ [log, d]) and number of parameters s < 94d?(8+1)?¢N (m+6)(1+ [log, d]),
such that

I = Fllzeqoey < (2K +1)3¢HIN2™™ 4 K29 N—F/4,

Proof. See (Schmidt-Hieber, [2017) for a detailed proof. O

Lemma D.6. If the function f is strongly convex with parameter 1o > 0 and has Lipschitz continuous
gradient with parameter Ly > 0, then the Fenchel duality f of f is 1/L¢-strongly convex and has
1/ p1o-Lipschitz continuous gradient (therefore, f1 itself is Lipschitz continuous).

Proof. See (Zhou, 2018)) for a detailed proof. O
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