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Abstract

This Supplementary Material is organised as follows. Appendix [A] presents additional results
on global convergence and feature learning when the activation function is the (non-smooth)
ReLU function. In particular, Theorem states conditions for the global convergence of
gradient flow in the ReLU case, and is similar to Theorem |5.1| (smooth case) in the main paper.
Appendix discusses some open problems in our framework when dealing with the ReLU
activation function. Useful bounds and identities are presented in Appendix [Bl Appendix [C]
gives a proof of the proposition regarding the structure of the limiting NTG at initialisation
while Appendix [D] provides a secondary proposition regarding the minimum eigenvalue of
the NTG at initialisation. Appendix [E] states and proves secondary lemmas on gradient
flow dynamics. Appendix [F] and [G] give details of the main proof for global convergence of
gradient flow, respectively for the ReLU and smooth case. The proofs are rather short and
mostly build on the secondary lemmas and propositions of Appendices [D]and [E}] Appendix [H]
gives a detailed proof for global convergence of gradient descent in the smooth case. The
proof builds on results of convergence of gradient flow. Appendix [[] gives proofs of the
feature-learning results for the smooth case in Section [7] and Appendix [J] presents proofs of
the corresponding feature-learning results for the ReLU case in Appendix Appendix
provides additional experiments to those of Section [8] under a smooth activation. Finally,
Appendix [[| provides detailed results on the same experiments as in Section [8) but with the
ReLU activation instead of the Swish activation function used in the main paper.
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A Results for the ReLU activation function

Although we assume a smooth activation function in the main text of the paper (Assumption , some
of the results remain true when we drop this assumption and use the ReLU activation function instead.
In this section, we explain these results for ReLU. Throughout the section, we assume a weak derivative
o'(z) = 1z>0y of the ReLU activation function o.

A.1 Global convergence under gradient flow

Our global convergence theorem under gradient flow in the main text (Theorem has a counterpart for
the ReLU case, which is given below. This counterpart says that when we train the network with the ReLU
activation, with high probability, the loss decays exponentially fast with respect to x,, and the training time
t, and the weights wy; and the NTG matrix respectively change by

1/2 m 3/2 3/2 m 3/2

FopdL/2 Ko d3/2 n£/2d5/4

Theorem A.1 (Global convergence, gradient flow, ReLU). Consider § € (0,1). Let Dy = 1/2C? + (2/d).
Assume Assumptions and [3-3, and the use of the ReLU activation function. Also, assume v > 0 and

s (23nlog e L e )

knd 7 KAA3Y2657 K8 d5~265
Then, with probability at least 1 — 6, the following properties hold for all t > 0:

() €igin(Om (X; Wy)) > 252

(b) Lp(Wy) <e”mnt)/2L, (W);

(¢) Iwi; — wo;|| < — jl/ZDgl/m/ m,; for all j € [m];

9 m \3/2 26n3/2pt/? m  \3/2

(4) 110m (X We) = O (X Wo) 2 < (255507 - Xy M) + (s -V i M)

The proof of the theorem is given in Appendix [F] and uses Lemmas [E.] to [E-3] and Proposition

The theorem guarantees that whenever « > 0, the training error converges to 0 exponentially fast. Also, it
implies that the weight change is bounded by a factor /A, ;, and the NTG change is bounded by a factor

S AY2 0 As we show in Appendix as m tends to oo,

j=1"m,j

Am,j — (1 — 7)Xj for every j > 1, and Z)\SN —7)3/QZX?/2.

Thus, when Xj > 0 (note that we necessarily have A > 0), the upper bound in (c) is vanishing in the
infinite-width limit if and only if v = 1 (NTK regime); similarly, the upper bound in (d) is vanishing if and
only if v = 1. In fact, both feature learning and non-uniform feature learning in high-probability versions of
Definitions and occur whenever v < 1, as we will show in the next subsection.

A.2 Results on feature learning

We present feature-learning results for the ReLLU activation. The proofs of the theorems in this subsection
appear in Appendix [J]

We start with a result that corresponds to Theorem in the smooth-activation case. The result says that if
v < 1 and the activation function is ReLU, then after the first step of gradient descent, both feature learning
and non-uniform feature learning occur in a slightly weaker sense than that of Definitions and where
we have substituted the almost-sure conditions with corresponding high-probability conditions.
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Theorem A.2. Suppose that Assumptions|3.1} and [7.8 hold. Suppose also that v < 1 and that the
activation function o is ReLU. If \;, > 0, then with probability at least 1 — (1/2)¥, the following inequalities
hold for all i € [n]:
m 2
Zj:l Am,j (U(Zj(xi3 W) — o(Z;(xi; Wo)))
lim inf 5
m—0o0 m
Zj:l Am,j (U(Zj (xi; WO)))
2
MaX;je(m] Am,j (U(Zj(xz'; W) = o(Z;(xi; Wo)))
and lim inf

m—s00 Z;nzl Am.,j (U(ZJ' (i WO))> 2

>0 (8.1)

>0 (S.2)

As we mentioned already, the proof of Theorem appears in Appendix [J} Here we explain the key steps
of the proof. Note that the condition for non-uniform feature learning in Equation implies that for
feature learning in Equation . Thus, we focus on proving the former condition. The crux of proving the
condition in Equation lies in the derivation of the following lower bound:

lim inf (max A, j (O’(Zj(xi; W1)) — o(Z;(xs; WO)))2>

>max |1 . min ne*(1 - '7)2X? (1- ’Y)Xj(w(—)rjxi)2
~ jelk {wg;xi>0} e ) d

where c is a positive real-valued continuous random variable that depends only on the outputs yi,...,y,. In
particular, ¢ does not depend on Wy nor m, and moreover ¢? > 0 almost surely. The assumptions of the
theorem and the properties of ¢ imply that the above lower bound is strictly positive if ngxi > ( for some 7,
and this latter condition happens with probability at least 1 — (1/2)*, which gives the claim of the theorem.

Recall that by definition, Xl is always positive. Thus, Theorem implies that the inequalities in Equa-
tions and (which are the conditions for feature learning and non-uniform feature learning stated
in Definitions and excepting the almost-sure condition) hold with probability at least 1/2 for any
choice of the node-scaling parameters. Another immediate and perhaps more important consequence of the
theorem is that, if all the \;’s are positive, then both feature learning and non-uniform feature learning
occur, precisely in the sense of Definitions and This is because, in that case, the inequalities in
Equations and hold with probability at least 1 — (1/2)¥ for all £ by Theorem but this implies
that both inequalities hold almost surely. The next corollary states this consequence more explicitly.

Corollary A.3. Suppose Assumptions and [7.8 hold. Suppose also that v < 1 and that the
activation function o is ReLU. Let i € [n]. If \; > 0 for all j, the following inequalities hold almost surely:

S A (02 W) 025 W)
lim inf 5
e S A (02025 Wa)) )

MaX ¢ m] Am,j (O'(Zj (xi; W1)) — o(Zj(xs3 Wo))>2

>0

and lim inf > 0.

m—s00 2jm1 Amj <U(Zj(xz‘3 WO)))2

Our next result about the ReLU activation function is a counterpart of Theorem in the smooth-activation
case. It says that for all 7, if v < 1 and A; > 0, then with probability at least 1/2, the first step of gradient
descent induces a non-zero change in the squared norm of the weight vector w; in the infinite-width limit.

The result also suggests that the change in the squared norm is proportional to A;.
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Theorem A.4. Suppose Assumptions[3.1] and [7.8 hold. Suppose also that the activation function o
is ReLU. Then, for all j, the following holds almost surely:

n n

Z Z YiYir (X X! ]-{wojxl>0}]'{w0 x; />0}>

i=1¢'=1

(1—

hmlanVWUL W) ’t OH (S.3)

In particular, if v <1 and Xj > 0, then with probability at least 1/2, the above lower bound is positive so that
hmmeVWf L(Wy) |t OH

A.3 Discussion

Theorem [A]is the counterpart of Theorem for the global convergence of gradient flow with the ReLLU
activation function. Despite empirical evidence from Appendix [[] suggesting that similar convergence
results could potentially be applicable to GD in the ReLU context, we have yet to substantiate this with
a comprehensive proof. The proof of the global convergence of GD with smooth activation provided in
Appendix [H] relies on a Taylor approximation. This necessitates the activation function o to be twice
differentiable. It is worth noting that, in the symmetric NTK case, the global convergence of GD with the
ReLU activation has been shown by [Du et al.| (2019b, Section 4). Their proof, however, critically relies on
the fact that the weights remain stationary throughout the iterations of GD, which is not the scenario we are
dealing with here when v > 0. As such, it remains a compelling open question to determine whether the
global convergence of GD can be proven within our specific framework when employing the ReLU activation
function.

B Useful bounds and identities

B.1 Matrix Chernoff inequalities

The following matrix bounds can be found in (Tropp, [2012).

Proposition B.1. Consider a finite sequence (X1, X2, ..., X,) of independent, random, positive semi-definite
n x n matrices with eig, .. (X;) < R almost surely for all j € [p], for some R > 0. Define

p p
o = it [ SOELGT) s = it | 3 ELX

Then, for all § € [0,1),

P e—a Hmin/R )
Pr | eigin Z —0)pimin | <1 [(15)16} < ne— 9 Hmin/(2R).
j=1
Also, for all § > 0,
ed Hmax/R )
Pr | eig .« ZX (14 )tmax | <n {(1+5)1+5} < pe~ 0 Hmax/((2+0)R)

B.2 Some identities on (A, ;) c(m]

The following proposition summarises a number of useful properties on the scaling parameters defined by .
Proposition B.2. For all m > 1,

ijxm,j —1, (S.4)
VAT < A < Vi, (3.5)
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For everyr > 1, as m — oo,

PIREEDD (Ai?j)r = (1= Y N (S.6)
j=1

J=1 jz1

Finally, we have, for all p € (0,1),

dim Y Ay =9(1-p). (S.7)
Jj=lpm]+1

Proof. Equation (S.4]) follows from the definition of A, ; as shown below:
iA ~*Zm: <7+(1’7)Xj) *'H(l*v)iiﬂw(lfv)*l
m.y m Y - m N o
j=1 =\ D k1 Ak j=1 Dkt Ak

In Equation (S.5), the upper bound follows from Cauchy-Schwarz and Equation (S.4)), and the lower bound
from the definition of A, ;:

m

Vam=>Y_ \/Z <Y VA
j=1 j=1

For Equation (S.6), we note the following bounds on the sum of the A7, ; for all r > 1:

1/r 1/r
m m m

> () =0 = | [ (W) |+ [ ()

J=1 Jj=1 Jj=1 Jj=1

where the second inequality uses the Minkowski inequality. But as m — oo, the term Z;ﬁ:l()\g’)j)r =

4"m~ (=1 — 0. Furthermore, as m — oo,

because (>, )" = 1.
Finally, we prove Equation (S.7)). For all p € (0, 1), we have

- am—lpm]) 2w N
Z )\m’j - m + (1 ’Y) m X .
j=lpm]+1 2=

By sandwiching, W — (1 — p). Additionally, the series Z;":l Xj converges to 1. Thus, its tail

converges to 0 and 37" 1 Aj — 0. O

Figure [1| shows the value of > . 2= L2/ O‘)g as a function of «, when using Zipf weights Equation (4)).
J=17 ¢(1/a)

C Proof of Proposition 4.3 on the limiting NTG

This proposition holds also under the ReL U activation case. In what follows, we will give a proof that works
for both the smooth activation function and ReLU.
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Figure 1: Value of Z J as a function of «, where ()\] )j>1 are defined as in Equation 1} Asa—1,it

converges to 0, which corresponds to the kernel regime.

It is sufficient to look at the convergence of individual entries of the NTG matrix; that is, to show that, for
each pair 1 < 14,7 < n,

XTX,'/ ~ m
O (i, x5 Wo) = X2 x(m_Za'(zj(xi;wo»a'(Zj(xi/;Wo))
=t - (S.8)
z LS50 W) 2y Wo)) )
k= 1 Jj=1
tends to
’y@*(xi,xi/)Jr T x Z)\ o' (Zj(x; Wo))o' (Z;(xi; Wo)) (S.9)

almost surely as m — oo. Using the fact that |0/(z)| < 1 and the triangle inequality, the modulus of the
difference between the RHS of Equation (S.8) and Equation (S.9) is upper bounded by

X-TX‘/
= ZU i (xi5Wo))o'(Zj(xi; Wo)) | = Elo"(Z1(xi; Wo))o' (Z1(xir; Wo))]
+(1—7) (—1>§:>\ + Z \j
Z] 1 J j=m+1
X;I—Xi/

( ‘(%Z 5 (xi; Wo))o (Zj(xi/;Wo))> — E[0’(Z1(xi: Wo))o' (Z1(xi; Wo))]

+2(1—~ 1—ZA )

which tends to 0 almost surely as m tends to infinity using the law of large numbers and the fact that
Z;i1 Aj =1

D Secondary Proposition - NTG at initialisation

The following proposition is a corollary of Lemma 4 in (Oymak and Soltanolkotabi, |2020)). It holds under
both the ReLLU and smooth activation cases. A proof is included for completeness.
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3
2°nlog %

Proposition D.1. Let ¢ € (0,1). Assume Assumptions and v >0, and m > ——=. Also, assume
that the activation function satisfies Assumption[3.2 or it is ReLU. Then, with probability at least 1 — ¢,

Cign (O (X W0)) 2 cigyi (B0 (X; W) > 52 > 0.

Proof. We follow here the proof of Lemma 4 in (Oymak and Soltanolkotabil, |2020]).

~

1 m
O (X; W) = &Z)\mJAj
j=1
I o, Iy
*&Z m,j ]+gz m,j4d
j=1 j=1

where
A; = diag(o’ (Xw; /Vd))XX " diag(o’ (Xw;/Vd)).

Let O (X; W) = 1577 A0 Ay = 2057 A Note that eigy (O (X; W) > eigy, (O (X; W)) as.,
and
E[O}) (X; Wo)] = 16" (X)

where @*(X) is defined in Equation . We have, for all j > 1,

||Aj||2 = eigmax(Aj) < eigmax(diag(a/(ij/\/a))Q) eigmax(XXT) < eigmax(XXT)

< trace(XXT) < n. (5.10)
At initialisation, Ay, Ag, ..., A,, are independent random matrices. Using matrix Chernoff inequalities (see
Proposition , we obtain, for all € € [0, 1),
Pr (eigmin((:)m(X; Wo)) < (1- e)fyﬁn) < e~ € mrnd/(2n)
Let § € (0,1). Taking € = 1/2, we have that, if ";’;;;d >log %, then
Pr (eigmin((:)m(X;Wo)) < %) <.
O

E Secondary Lemmas on gradient flow dynamics

The proof technique used to prove Theorems and is similar to that of (Du et all [2019b) (NTK
scaling). In particular, we provide in this section Lemmas similar to Lemmas 3.2, 3.3 and 3.4 in (Du et al.|
2019b)), but adapted to our setting. Lemma is an adaptation of Lemma 3.3. Lemmas and are
adaptations of Lemma 3.2, respectively for the ReLU and smooth activation cases. Lemmas [E.3] and [E.5 are
adaptations of Lemma 3.4, respectively for the ReLU and smooth activation cases.

E.1 Lemma on exponential decay of the empirical risk and scaling of the weight changes

The following lemma is an adaptation of Lemma 3.3 of (Du et al., |2019b)), and applies to both the ReL.U and
smooth activation cases. It shows that, if the minimum eigenvalue of the NTG matrix is bounded away from
0, gradient flow converges to a global minimum exponentially fast. Recall that y = (y1,...,y,)" € R™

Lemma E.1. Lett > 0 and ¢ > 0. Assume Assumptz'on and eig, ;. (O (X; W,)) > % for all0 < s <t.
Also, assume that the activation function satisfies Assumption or it is ReLU. Then,

L, (Wt) < e*Cth(WOL

10
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and for all j € [m],

NAm,j

d

[wej — woy| <

2

[y — uoll =, (S.11)
¢

where Wy = (frn (X1; Wo), ..., fn(Xn; Wo)) T € R™.

Proof. For 0 < s <t, write s = (fn(X1; Wy), ..., frm(%Xn; W) T. We have

d N
d—suS = 0, (X; W) (y — uy).

It follows that

AL (W)

P 1) 0, (X; W) (y —uy) < —

Using Gronwall’s inequality, we obtain
Lm(Wt) < e_gth(W0>.

For 0 < s <t, using the Cauchy-Schwarz inequality, we get

dwS v

IA
>
M
M=

I
>
e
<
[
q\
N
<
®
e
—
3
2

d n
4 ‘ ' (X)) (i — "Ws))2> (ZZ%%)
-y (£

IN
>
WE
<
N
NgE
s
kﬁ
by
3<

N\
< |y |2
N\ _
< 2y —uglPe¢.

d

Integrating and using Minkowski’s integral inequality, we obtain

t
S/‘
0

)\ . t
NAm,j HY—UOH/ efg‘s/QdS

d 0

n)\m,j

<
- d

ds

Wsj

td
[Wej — wojl| = H/O 75 Weids s

ly = uol| =

¢

From now on, the proofs for the ReLU and smooth-activation cases slightly differ.

11
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E.2 Lemma bounding the NTK change and minimum eigenvalue - ReLU case

The next lemma and its proof are similar to Lemma 3.2 in (Du et all [2019b]) and its proof. Recall that
0 < [|x;]] <1 for every i € [n], and the wy; are iid N (0,14).

Lemma E.2. Let 6 € (0,1), and ¢y 5 > 0 for every j € [m]. Assume that Assumptions[3.1) and [3.3 holds
and the activation function is ReLU. Then, with probability at least 1 — 0, the following holds. For every
W = (w{,...,w )T, if it satisfies

2 .
0“Cm,j

for all j € [m],

[wo; — wj|| <

we have

and

eigmin(@m(X;W)) 2 eigmin( (812)

Proof. For k € [2], let

[P (W) RS R, F906 W) = 3 AT 002,06 W),

m

Define Vi f¥ )(X;W) to be the n-by-(md) matrix whose i-th row is the md-dimensional row vector
(Vw fir (i W) T
Note that for all k € [2],

8% (% W) — 8% (x; Wo) |
= [T A 0 W) T £ (X W) T = W £18) (X3 W) T £ (Xs W) |

< [[Tw £ 06 W) — Vi 00 (X Wo) | (3.13)

2
2
2| Vw A (X W) ||| Vw £8) (X W) — Ve £18) (X W) |

The justification of the inequality from above is given below (which is an expanded version of the three
equations (364-366) in (Bartlett et al., [2021)): for all n-by-(pd) matrices A and B,

|4AT - BBT|, = H;(A _B)(A+B)T + %(A+ BA-BT|
<3 (l(A- B+ BT, +[(4+ B)A-B)T],)
<5 (1A= Bl < [(4+B)T [, + 14+ Bly x (4= B)]],)

|A— By, x [|A+ B,
<|[[A—-Bl|y x (|[A— B+ Bly+ [|IBl5)
<|[[A= By x ([[A=Blly + 2| Bll) -

Coming back to the inequality in Equation (S.13|), we next bound the two terms vaféff)(x; WO)H and
2
Vw3 W) = Vw0 (X WO)H2 there,

12
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We bound the first term as follows:
(k) ? (k) R et e (k) 2
R <x;wO>uF=zzuwm _—

2
X;
A 102 i W) e

1=1 j=1

n m (k)
< EZ)\ my < d'y (S.14)

j=1
where 71 = v and 9 = 1 — . The second inequality uses the assumption that |o/(z)| <1 for all x € R and
[[%]| <1 for all i € [n]. The third inequality follows from the fact that > 7", )‘gj,)j <Yt Amg =L

For the second term, we recall that Z;(x;; W) = ﬁw}xi. Using this fact, we derive an upper bound for the

second term as follows:

[Pt W) - VwﬁSf’(X;Wo)Hz

< vaféf)(X;W> - waﬁf)(XWO)Hi

vajf (xi; W )_Vijr(rf)(XﬁWO)Hz

2

3
e

[07(Z;(xi; W) = 0" (Z;(xi; Wo))]

2
N
ZZ Ixil|> M%) |0 (Z;(xi W) — o (Z;(xi W) (S.15)

§u

&\)—\

In the rest of the proof, we will derive a probabilistic bound on the upper bound just obtained, and show the
conclusions claimed in the lemma.

For any € > 0, i € [n], and j € [m], we define the event
A; j(e) = {Ele s.t. |lwo; —w,|| <eand o (WJTXi) #* cr'(ngxi)}.

If this event happens, we have |w,;x;| < e. To see this, assume that A; j(€) holds with w; as a witness of the
existential quantification, and note that since the norm of x; is at most 1,

[wijxi = w)xi| < [lwo; — wl il < e
If wa—jxi > 0, then W;rxi < 0 and thus

T T
WX S €+ w;x; <€

Alternatively, if W(—)rin <0, then w;-'—xi > 0 and thus
—ngxi <e€e— ijxi <e.

In both cases, we have the desired |w0zji| <e.

13
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Using the observation that we have just explained and the fact that wg,x; ~ N(0,[|x]|?), we obtain, for a
random variable N ~ N(0, 1),

Pr(4iy(9) < Pr (¥ < o) = <|x||¢é>
: 1“‘"( ( <||xzif)2>/>

: (S.16)

IA

where the second inequality uses erf(z) < /1 — exp(—(422)/m). Let W(W,) be the constraint on W =
(wi,...,w,})T defined by

82 i
W c \IJ(WO) < ||W0j/ — W]/H S 04 J fOI' all j/ S [m]

Then, for all £ = 1,2, we have

E[ sup || Vw0 (X5 W) vwfw(x;wo)ﬂ
Wev (W) 2
Sd;;H xi[P A E wlIn 10'(Z,(0x: W) = 0'(2 <xl,wo>>|]
SéZZHXzII AW Pr(3W € U(Wo) sit. o (Z;(xis W) # 0 (Z;(xi; W)
i:lj:l

1 ¢ 8%y,
= gZlelel Ay Pr <3wj st [[wo; = wy| < =4 and o' (w] x:) #o’(w&xa)

1 n m
< gZZ i P25 Pr (As(8%em 5/4))
i=1 j=1
62/4) =
< )ZZ||xi||A£,’f3jcm,j

i=1 j=1

IN

n(6%/4) = | (k)
d Z A ,Jcmvﬁ
j=1

The first inequality uses the bound in Equation (S.15)), and the fourth inequality uses the inequality derived

in Equation (S.16]).

14
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We bring together the bound on the expectation just shown and also the bounds proved in Equations ([S.13])
and (S.14). Recalling that 71 = v and 72 = 1 — 7, we have

Bl sup 00X W) - 8% (X; W) ]
WeT (W) 2
<E| s VWX W) - Tw /(X Wo)| ]
WeT (W)
2| swp | Vws W) | [[Tw s W) - Tw (X Wo)|
Wel (W) 2 2
2
<E| sup | Vw /X W) - Vw0 (X Wo)|
Wel(Wo) 2
+2/ 2B | sup Vw0 (X W) = T £ (X Wo)|
d Wew(Wo) 2
<E sup ‘wa(k)(x W) — Vw £ (X; W) H ]
WeW(Wo)

+ 21/ Vi« | E sup
d Wew(Wo)

n(6%/4 n n(62/4
<M d/ LY A emg + 24/ =% ( d/ )Y A g

j=1 j=1

‘waéf)(X W) - wa(k)(X;Wo)Hj

[«

(k) 2n
92 ZAWJ mJJrF

[\

The third inequality uses Jensen’s inequality, and the last uses the fact that 6/2 > (6/2)2. Hence, for each
k = 1,2, by Markov inequality, we have, with probability at least 1 — (§/2),

By union bound, the conjunction of the above inequalities for the £k = 1 and k = 2 cases holds with probability
at least 1 — .

We prove the last remaining claim using the following lemma.

If A and B are real symmetric matrices, then
€igyin(A) = eigyin(B) — [[A = Bll2,
which holds because
€igmin(A) = €iguin(B + (A — B)) = eigyn(B) + eigyin (A — B)

> eigmin(B) - eigmax(B - A)
> eigmin(B) - ||B - A||2 = eigmin(B) - ||A - B”2

15
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Thus,
inf ignin (O (X; W
ot (€18 (B (X W)
> eig i (O (X; Wo) = sup [0 (X; W) — B (X; W)
Wel (W)
m
Zeigmin(@%)()(;VVO))_ gz/\ s
j=1
) ~ ny
= eigyi, (O0) (X W) — [ 223

holds with probability at least 1 — §. Equation (S.12) then follows from the fact that for all W,
eigmin(e’rn(x;w)) Z eigmin(@g«) (X,W)) O

E.3 Lemma on a sufficient condition for Theorem [A. 1] - ReLU case

We now bring together the results from Proposition and Lemmas and and identify a sufficient
condition for Theorem which corresponds to the condition in Lemma 3.4 in (Du et al.| 2019b).

Lemma E.3. Consider § € (0,1). Assume that Assumptions and hold, the activation function is
ReLU, and ¢y, ; > 0 for all j € [m]. Also, assume that v > 0 and

8n log 4# 8n m 162’)12 m
m > max <dlin ’ EZCWLJ— s mzcmvj
Jj=1 j=1
Define
/ _ nA'rn,j 4 _ 5267n,j
Ry = “d |y — uo| . and Rpy ;= o

If Rﬁn’j < Ry, ; for all j € [m] with probability at least 1 — g, then on an event with probability at least 1 — 0,

we have that for all j € [m], R;, ; < R ; and the following properties also hold for all t > 0:

(a) eigin (O (X; W,)) > Yo ;
(b) Lp(Wy) <e”mnt)/2L (Wy);

(¢) [wi; —wo;ll < Ry, ; for all j € [m]; and

(d) ||®m(Xa Wt) - @m(X7WO)“2 S % Z;n:1 Arn,jcm,j + 2@% Z;n:1 )\m,jcm,j-

/

Proof. Suppose R;, ; < Ry, ; for all j € [m] on some event A’ having probability at least 1 — g. Also, we

would like to instantiate Proposition and Lemma with 6/4, so that each of their claims holds with
probability at least 1 — . Let A be the intersection of A’ with the event that the conjunction of the two
claims in Proposition and Lemma hold with §/4. By the union bound, A has probability at least
1 — 9. We will show that on the event A, the four claimed properties of the lemma hold.

It will be sufficient to show that
lws; — wo;|| < Rp,,; forallje[m]ands>0. (S5.17)

To see why doing so is sufficient, pick an arbitrary ¢q > 0, and assume the above inequality for all s > 0.
Then, by event A and Lemma [E-2] for all 0 < s < ¢, we have the following upper bound on the change of

16
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the Gram matrix from time O to s, and the following lower bound on the smallest eigenvalue of (:)m(X; W,):

[Buxw.) — 8,06 W, < 3 [ w,

and

eigmin(gm

Y
I

Z P,
We now apply Lemma with ¢ being set to 15, which gives

Lin(Wy,) < e—(wn,to)ﬂLm(Wo)
and

nA

m,j
—= |y —u
52y — ol -

[Wto; — wojyll < = Rﬁnd for all j € [m].

We have just shown that all the four properties in the lemma hold for #.

It remains to prove Equation (S.17) under the event A and the assumption that R, ; < Ry, ; for all j € [m]
holds on this event. Suppose that Equation (S.17)) fails for some j € [m]. Let

t1 =1inf {t | |[w; — wo;|| > Ry, ; for some j € [m]}.
Then, by the continuity of wy; on ¢, we have
|lwsj — wojl| < Rpm,; forallje[m]and0<s<1t

and for some jj € [m],
”thjo - Wojo” = R jo- (818)

Thus, by the argument that we gave in the previous paragraph, we have
||Wt1j — WQjH < R'/m,j for all j € [m]

In particular, ||wy,j, — woj, || < R}, ;- But this contradicts our assumption R}, ; < Ry, j,- O

E.4 Lemma bounding the NTK change and minimum eigenvalue - Smooth activation case

We now give a version of Lemma for the smooth activation case (that is, under Assumption . The
proof of this version is similar to the one for Lemma 5 in (Oymak and Soltanolkotabi, 2020), and uses the
three equations (364-366) in (Bartlett et al.l [2021)).

17
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Lemma E.4. Assume that Assumptwnsm 3.1 to|3.5 E hold. Let ¢y, j > 0 for every j € [m]. Then, for any fized
W = (wi,....,w)T, if it satisfies

[wo; — w;| < 2’J for all j € [m],
we have

(k) 2 nM
m.jCm.j T 572

|8 W) — 8% (s Wo) | < Zo Z/\ i/\f,’f)J .. forallkel2

and

. A . ~ nM?y nM-~
elgmin(gm(x;w)) Z elgmin((.—)grll) (X7W0)) - 4d2m, 20727%]' + d3/2m1/2
j=1

> ez (S.19)
j=1

Note that this lemma has a deterministic conclusion, although its original counterpart (Lemma [E.2) has a
probabilistic one.

Proof. The beginning part of the proof is essentially an abbreviated version of the beginning part of the proof
of Lemma This repetition is intended to help the reader by not forcing her or him to look at the proof of
Lemma beforehand.

For k € [2], let
“ k
(= W) RT S R, 1906 W) = 37000502, W),
Jj=1

and define Vyy £ (X; W) to be the n-by-(pd) matrix whose i-th row is the md-dimensional row vector
(Vw fir (i W) T
For all k € [2], we have

|6 x: W) - 6% (x: Wo) |,
= vafv(f)(x;w)vwfﬁf) (X; W)™ — way(f)(x;wo)vwfv(f)(x;WO)THQ
< [Fw s 06 W) - Ve 100 W) | (5:20)

2| Vw £ (X Wo) ||| Tw £ (X W) = V£ (X Wo) |

To see why this inequality holds, see the proof of Lemma El We bound the two terms HVW fr(rlf )(X; WO)H2

and vaf,(f)(x; W) — war(,f)(X; WO)H in Equation ((S.20). We bound the first term as follows:
2

ook wo. < ot wal = 33" e, ocow |

=1 j=1

18
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where 71 = v and 2 = 1 — . The second inequality uses the assumption that |o’ ( )| <1 for all z € R and
[xi]| <1 forallie [n]. The third inequality holds because 377" m J < 30521 Am,j = 1. For the second
term, we recall that |o”(x)] < M and so o’ is M-Lipschitz, and also that Z; (x,,W) L wlx;. Using these

INZ A
facts, we derive an upper bound for the second term as follows:

2
|V A0 (X W) = T £ (X W) |

2
< [T (X W) — Vw s (X Wo)||

=303 [T A8 W) — T 180 W)
=33 VA 25 ) o s

:dZH xi|)? ZAW Z;(xis W) — 0’ (Z;(xi; Wo))]”

| /\

dZZAmJ Z5(xi W) — o' (2 (xi; W)

=1 j=1

IN
=<
[\)
Mﬁ
[z
>~
3=
—
g
|
2
S
*
N—
[\V)

2
i=1 j:l
S HW] woj|
n? (k) 2
< 4d2 m,jCm.,j
=1

The second to last step uses the Cauchy-Schwartz inequality, and the last step uses our assumption that
|lw; — woj;|| < “22 for all j € [m]. From the derived bounds on the first and second terms in the last line of

Equation (S.20), it follows that

2k ) N . nM2 i (k) 2 n nM2 i (k)
[8® W) =8B X W) | < S S AR ek 2y T | B DA,

j=1 j=1

nM2 S~k o () 2
= 42 iCm.g T %ZAWM m,j
j=1 j=1
Finally, as noted in the proof of Lemma [E.2] we have
eigmin(@m(x; W)) Z eigmin(@srll) (X7 W))
> Cignin (B0 (Xi Wo)) — [0 (Xs W) — 6 (X; Wo) | .

Thus,

m

nM?~y
4d?m

nM~
d3/2m1/2

@

eigin (O (X5 W) > eig, (O (X; Wo)) — 2+
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E.5 Lemma on a sufficient condition for Theorem - Smooth activation case

We now give a version of Lemma for the smooth activation case (i.e., under Assumption [3.2)). It brings
together the results from Proposition [D.I] and Lemmas [E.I] and [E-4] and identifies a sufficient condition for
Theorem which corresponds to the condition in Lemma 3.4 in (Du et al.| [2019b).

Lemma E.5. Assume that Assumptions to hold. Let § € (0,1), and ¢ j > 0 for all j € [m]. Assume
that v > 0 and

8nlog 2t nM202 {~ ,  4n?MZ5% (N ,
Z m,j> Z N

m > max ,

dkp 8d%k,, dB3r2
Jj=1
For each j € [m], define
n)\mj 4 6cm’j
R'Im,g = ly — ol . and R, ;= o
If R, j < Rm; for all j € [m] with probability at least 1 — 5, then on an event with probability at least 1 — 4,

we htwe that for all j € [m], R}, ; < Ry ;j and the followmg properties also hold for all t > 0:

(a) eiguin(Om(X; W,)) > 2
(b) Lm(wt) < ei(wﬁnt)/sz(WO);

(c) [[wij —wo;ll < Ry, ; for all j € [m]; and

~ ~ 2 m
(d) 6m(Xs We) = 6 (Xs Wo)lo < B8 S0 ) Ay, + giiirm /3270 A

m,)~m,j j=17"M0"m,j"

Proof. The proof is very similar to that of Lemma although the concrete bounds in these proofs differ
due to the differences between Lemma and Lemma [E4

Suppose R;, ; < R ; for all j € [m] on some event A" having probability at least 1 — g. Also, we would like

to instantiate Proposition with 6/2, so that its claim holds with probability at least 1 — g. Let A be the
intersection of A’ with the event that the claim in Proposition holds with 6/2. By the union bound, A
has probability at least 1 — 4. We will show that on the event A, the four claimed properties of the lemma
hold.

It will be sufficient to show that
[wsj — woj| < Rinj for all s > 0. (S.21)

To see why doing so is sufficient, pick an arbitrary ¢y > 0, and assume the above inequality for all s > 0.
Then, by the event A and Lemma [E-4] for all 0 < s < ¢(, we have the following upper bound on the change of
the Gram matrix from time 0 to s, and the following lower bound on the smallest eigenvalue of ©,, (X; Wy):

HéM(X§Ws) - ém(XQVVO)H2

IN

|80 W) — B (X Wo) |+ 02 (x: W) — 82 (X W) |

m

A2
§ :Amdcm,j
=1

nM?§% nMé
< 64d2 m,J md 23/2d3/2
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and

. N . ~ nM?52y & nM o~y
elgmin(@m(x§ Ws)) Z elgmin(e)(l) 64d2m Cfn,j 4d3/2m1/2
j=1

m

(X; Wo)) —

Vhn  Ykn [ 1 nM?6% 9 1
2 4 \m 16d%, Flcm’j e
S e Yk (11N kg
-2 4 2 2 4

We now apply the version of Lemma for the analytic activation o, with ¢ being set to 5. This application
gives

Lin(Wy,) < e*(”f"””"tf’)ﬂLm(Wo)

and

n)\m j

[Wioj — Wojl| < T ly —uo|| — = leg for all j € [m].

4
Yhn
We have just shown that all the four properties in the lemma hold for .

It remains to prove Equation (S.21)) under the event A. Suppose that Equation (S.21)) fails for some j € [m].
Let

ty = inf {t | ||Wtj - WOjH > RmJ‘ for some j € [m]}

Then, by the continuity of wy; on ¢, we have
|Ws; — Woj|| < Rm,; forall jem]and0<s<t

and for some jo € [m],
Wi o = Wojo || = Romjo - (5.22)

Thus, by the argument that we gave in the previous paragraph, we have
[we,j — wojl| < Ry, ; forall j € [m].

In particular, [|wy,j, — woj, || < R}, ;- But this contradicts our assumption R}, ; < Ry, j- O

F Proof of Theorem on the global convergence of gradient flow (ReLU case)

The proof of Theorem essentially follows Lemma which itself follows from the secondary Proposi-
tion and Lemmas and derived in Appendices [D]and [E] Pick 6 € (0,1). Let

1\ 2-5122
= In2{c24+ = il
D—\/n (C’ +d> 25r2d

where C' is the assumed upper bound on the |y;|’s. Assume v > 0 and

- 8nlog 47” snD\? 162n2D\ >
= max Knd "\dkn, ) d?k2

and set c,,,; as follows:

1)\ 2-5122
Cmd' = \/)\m,j . \/77,2 <02 + d) m = \/)\mvj . D
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Note that
2 2 2 2
8n 8nD i 8nD i
e 2 Cmd _<d,< ) 22V S(dn ) 2 Ami | m
n]:1 n j=1 n j=1
8nD\> )
~ \Udn m = m
and also that
2 2 2 2
162n2 — 162n2D i 162n2D i
7(12/{% : Cm’j = (dQK/% ) . Z )\m’J S ( dQKI?QL ) . Z)\m’j -m
j=1 j=1 j=1
162n2D\° )
- () e
Thus,
8nlog 42 8N — 162n2
mzma | (FFE0) | e | | G 2 cms
j=1

As a result, we can now employ Lemma Thus, if we find an event A’ such that the probability of A’ is at
least 1 — (6/2) and under A’, we have Ry, ; < R, ;, then the conclusion of Lemma holds. In particular,
we may further calculate conclusions (c) and (d) of Lemma as

92 0% cm,j 25122
IthJ _WO]H < R < Rm] = 64 = 64 V m,j \/ 02 250H2d

8n 1 2
- . 2 I N .
 kpdl/? (C + d) 28 Am.js
and

2v/2-n

n 1\ 2-5122 & 3/2
:d-\/n2(02+) 25 r2d E A
W2-n [ 5 5 1\ 25122\
TTa <n <C +d) V2ooR2d)

512n2 1\ 2 32
_ . 2 _ . X
 Kpd3/? <C + d) R Am.j

64n3/2 1\ 2 Y4
+ 1/7;7 P+ ) = :
/2 d5/4 d) ~v%6°

22

3/2
)\m,j

Z)‘3/2
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It remains to find such an event A’. Start by noting that

n

[HY_UOH Z _2% fm(xuWO)]+E[fm(xi§wo)2])

=1

I
M=

y —2y; -0+ E Z)\ m,j W X;) 1{w x;>0}

.
I
—

I
NIE

vi + Z m,j { Xz‘)zl{w;xizo}]

ra)

Thus, by Markov inequality, with probability at least 1 — (§/2),

Iyl <n(c?+3) 5

1

.
Il

IA
&\»—‘

Let A’ be the corresponding event for the above inequality. Then, under A’, we have

NApy, 4
R, JII —ugl| —
Yhn

_ m,J N2 4

5 YEn

242

—VAmg \/ C + 26:%261

2 . .
0%Cm,j 52 Crm.j

Ry
128 64 7
Thus, A’ is the desired event.

G Proof of Theorem on the global convergence of gradient flow (smooth case)

The proof of the theorem is similar to that of Theorem It derives from Lemma which itself follows
from the secondary Proposition and Lemmas and [E-4] derived in Appendices [D] and [E] Recall that

C, = sup E[o(cz)?]

c€(0,1]

where the expectation is taken over the real-valued random variable z with the distribution A/(0,1/d). To see
that C1 is finite, note that since |o’(z)| < 1 for all x € R, we have

|o(cz) — o (0)| < |cz| for all ¢ € (0,1].

Thus, for every ¢ € (0, 1],
o(0) — |ez| < o(cz) < o(0) + |ez|,

which implies that

E[o(c2)?] < 0(0)* +2|0(0)| - ¢] - E[|2]] + *E[2?]
< a(0)2 +2|0(0)| - E[|2|] + E[22].

As a result, E[o(cz)?] is bounded, so Cj is finite.
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Pick 6 € (0,1). Assume v > 0 and

- 81 1og 21 210032 C? + Oy 25pi M2 C% + Oy
ma — : :
mema\kd % )0 K3 d3 728 ’ Kb d 728

and instantiate Lemma using the below ¢, ;:

2 - 642
i =V Amy - \/TL2 (C?2+Cy) m
where C' is the assumed upper bound on the |y;|’s. Note that

252 M 252 M 642
nM?=§ 2 _ nM? Z(Am,j'TLQ(CQ'l-Cl) 264 )

8d?ky, = ™I 8d? Ky, = v203Kk2d
nM?§% 2 2-642 &
= San, O V253 k2d Z m™d
2100302 " C?+ ¢4
 K3d3 ~¥24
and
4n?M?6% N, An?M?6% & N 2 - 642
d3r2 j:1cm,j: d3r2 ;(Am,j'n (C*+ ) 72(53,%%(1)
n?M35% 2 2-642 &
T T B2 ! (C*+ 126%k2d Z m.j
B 215n4M2 " 02 +Cl
C KAd4 25
Thus,
< 8nlog27” nM?62 <, 4An?M?5? & 2
m > max 2o 2
= dk, = 8d%k, = md d3rk2 et J

This allows us to employ Lemma Hence, it is sufficient to find an event A’ such that the probability of
A’ is at least 1 — (0/ 2) and under A we have R, ; < R, ;. The desired conclusion then follows from the
conclusion of Lemma and the below calculatlons if [[wej — wo;ll < Ry, ; and Ry, < Ry, j, then

6Cm_’j

8
1) 2 - 642
=5 VAni- %z (€240 g

- n 128(02 + Cl)
m.j X ﬁndl/Q 725

[wij — wojll < Rm,j =

=/
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and the upper bound on ||@m (X; W) — @m(X; Wo)||2 in the conclusion of Lemma can be rewritten to

18 (X5 W) — 0, (X5 W) |2

nM262 & nMd m
- 8242 Am msJ m] 23/2d3/2

ZAchgnvj
j=1 j=1
_ nM2% o ,<Am mz(02+01)2-642)

302 2532
43d = v203Kk2d

nM§ “ ,(C? +C1)2 - 642
+ 23/243/2 Z/\ 7J< m,jT 7Q(gkv,,'i%d

m

(c? +01 210( 02 +Cl)
- )2
- nQd3 Z m,j K d2 Z A m,j ’

Note that

n

> (47 = 20 fm (xi Wo)] + E[ fi (xi3 W0)?])

i=1

Elly — uo*]

Z y72 *2yi O+E ZAmJ'O'(Zj(Xz‘;Wo))Q
i=1 j=1

%2 + Z Am ;B [U(Zj (i3 WO))Q]
1 Jj=1

<n(C*+0C).

.
Il

Thus, by Markov inequality, with probability at least 1 — (§/2),

SR

ly = wol[* < n (C* + C1)
Let A’ be the corresponding event for the above inequality. Then, under A’, we have

Am
Ry, ;=\ lly -

Vhin
\/n/\ S \/ (C?2+ )
5 Vin

2-42

_ - 2 (12
VAm \/n (4G S5

_ 6Cm,j < 6Cm,j

16 8

=R, ;.

Thus, A’ is the desired event.

H Proof of Theorem on the global convergence of gradient descent (smooth
activation)

Our convergence proof follows the structure of the convergence proof of (Du et all 2019a, Theorem 5.1) with

necessary modifications, which in particular account for the changing weights and Gram matrices in our
setup.
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H.1 Sketch of the proof

The proof is by induction on the number of gradient-update steps s. Here is a sketch of the proof for the
inductive case. We start by decomposing the error at step s + 1:

Iy = wsral? = 1y = ws) = (wsp1 — wy)|?

= ”y - us”2 - 2(}’ - us)T(us+1 - us) =+ ||us+1 - us||2

=y - USH2 —2(y - US)TIl —2(y - US)TIQ + Hus+1 - u8H2 ) (S.23)

where I = n@m(X; W) (y — us) and Iy = (usy; — us — Iy). We can then show that with high probability,
both the third and the fourth terms in Equation are O(n?)|ly — us||?, so that the sum of these terms
can be bounded from above by (nyk,/4)|ly — us||? if n is sufficiently small. On the other hand, the second
term can be bounded using the minimum eigenvalue of the positive definite Gram matrix:

2y ) T = (~20(y — u) 0K W)y - u,))
< —21eigin (O (X; W) [ly — ||

~

We will show that if the network is large enough, with high probability, —2n eig, ;. (0, (X; W)) in the above
upper bound is at most —37yk,, /4. Putting all these together gives the required bound: with high probability,

ly — s |? < lly —us)® = 2(y —ue) "I — 2(y — w,) "Lo + [Jugps — ug)?
3nvkn nYkn

< lly = wl? = =05y — w2+ T

NYEn
< (1152 ) Iy — w2

K s+1
< (1-T5) 7y - uoll®

ly — a1

~

The step of upper-bounding —2neig, ;. (0, (X; Wy)) by —3nyk,/4 is where we have to account for the
changing weights and Gram matrix, and this is where the difference between our proof and that of (Du et al.,
2019a)) lies.

As mentioned already, the Gram matrix C:)m(X; W) changes during gradient descent even when the network
is very wide, but we will show that despite these changes, its minimum eigenvalue remains lower-bounded b
3vkr /8 with high probability. This can be done using the decomposition (:)m = (:),(ﬁ) + (:),(5) in Equation
from our proof sketch of the global convergence of gradient flow. At a high level, the reasoning goes like
this. The induction hypothesis implies that the weight change ||ws; — wo,|| is O(1/ A, j), which is small
enough to guarantee that (:)5,11) (X; W) remains almost constant during training for a large network. This, in
turn, implies that the minimum eigenvalue of (:35711) (X; W) is lower-bounded by 3k, /8 with high probability.
Since eig, . (O, (X; W,)) > eigmin((:)ﬁ) (X; Wy)), we get the desired upper bound.

H.2 Two key lemmas
Before proving the theorem, we show two useful facts. Let u(W) be the n-dimensional vector
(fm(xﬁ W)a ceey fm(xn§ W))T

which consists of the network outputs on the training inputs under the parameters W. Note that for each
gradient-update step s € NU {0}, the vector u(Wy) is equal to us, the notation that we have been using in
the main text of the paper. We also define u'(W) to be the following n-by-m matrix:

w9
u(W)—aW.
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For each s € NU {0}, let O,,(s) = 6,,(X; W,) and

e = (w5 ) = (w8, )

be the Euler discretisation of the gradient flow of the output. Here n > 0 is the learning rate.
Lemma H.1. For all W and j € [m],

2| < Py uw.

Proof.

HWH - i(u(w)i—yi) X\ Amjaj x o’ ( \j;;l> . \)7&

O

The next lemma gives an upper bound on ||y — us41||. As we will show shortly, this upper bound will play a
crucial role in the proof of Theorem [6.1

Lemma H.2. Assume Assumptions to[3.8 Then, for all s € NU{0}, we have

R 2m2 Mn3/?

2,2
. nn
y—l? < (1= 2ot (B (6) + Py w4 T )y w520

Proof. Write
Usy] — Us = Usy] — Us + Usp1 — Ugt1-
—_— —/ ———
Il 12

Then, we have

2 2
Iy = wepal|” = [l(y = us) = (egr — )|

= lly — u® = 2y —us) '
= ”y - us”2 - 2(}’ - us)TIl - 2(y - us)TI2 + Hu8+1 - uSH2 .

Ugp1 — ) + [[usyr — us||2

Since the Gram matrix ©,,(s) is positive definite and 7 > 0, we have

(y—us) I = (y — u) " (Tor1 — ws) =0y — 1) O (s)(y — us)
> 1) €igumin (Om(5)) ly — us]?.

We now get a bound on I. Note that ©,,(s) = u,(u})T where u), = u’(W,) = Su wew. - Let
0L (W) O

L, (W) = S0
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and
Li(s) = Ly, (Wo).
Then,
I, = usy1 — us +nuy ( )T(us y)
(= [ (W = (6 o) ) ), )
r=0
_ / (W~ (W, = L () ) El(s) dr-
r=0
Also,
Lo ()]l = Z(y — Ugi)u Z lyi — il u

and

m T 2 2
72 2 / VisjXi ”XZ” 1
N — E A i @5 < -,
el =1 7% (U ( Vd >> d —d

since Zj Am,j =1, a; € {—1,+1}, 0’ is 1-Lipschitz, and ||x;|| < 1. Hence, by Cauchy-Schwarz,

1 & NG
1L, (s)]| < ﬁZm — ug| < Wi ly — us] -
=1

Let W, ) = W, — 7L (s). For j € [m], write w, ,,); for the part of W, ;. going to the j-th node. Then,
for all ¢ € [n],

Wi " Il?
sj™ (s,r)j 0 Xz”
W = S (¢ (7)o ()

9 112
< M2 Z)\mvja? ((Wsj — W(s,r)j)TXZ) ”);12”
j=1
M? &
SE Z Amj |[Wsj = W<5”)jH2
j=1
M? 2
S ? HW'S - W(SaT)H :

The first inequality follows from the A-Lipschitz continuity of ¢’, and the next inequality from a; € {—1,1},
[xi|l <1, and Cauchy-Schwartz. The last inequality uses the fact that . Ay, j = 1. Finally, for all 0 < r <,

W= W] = r1Z00(s)] < n\“g T
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Thus,

122

/i u'(Wsr)i )Tle(S) dr)2
dr>2
/" — ' (Wsm)ill X [[1 L7, (s )||dr)2

n n 2
nM+/n n
SXXLmdxnwmAxQW—mwﬁ

0t M2n3
==y —
d*

2 Mn?/? )
(o Iy - wr?)

I
s M:

I/\
7~/ N 7 N -~/ N

U (Wian)i) Ehls)

2

As the upper bound depends quadratically on 7, we can choose it small enough for gradient descent to
converge, as we will show in the proof of Theorem in the next subsection.

Recall that ||y — uss1||* can be expressed as the sum of four terms:

Iy = wertl” = lly = wsll* =20y —uy) "I =20y —wy) "Iz + [Jugrs — ugf*. (S.25)

Thus far, we have bounded the second and third terms on the RHS of Equation (S.25):

—2(y — us) Ty < —2n gy (Om(s))ly — us]?,

o2n> Mn3/
2y — )T = 2y — ud el < (2 - ).

These bounds lead to the first three terms in the claimed upper bound of Equation (S.24)). It remains to get
an appropriate upper bound of the fourth term on the RHS of Equation (S.25)).
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Using the bound on the derivative of the loss in Lemma we complete the proof:

n

2
[uegr = wel* = (Ugasyi — si)?

i=1
T T 2

- Z V Am,j@; (U (W(Sﬂ)in) —0 <W$jxi>>

i=1 \j=1 Vd Vd

T T 2

iy gl w X WX,
é Z \/ma] 7 ( i ) - < Y > ‘

i=1 \j=1 \/& \/a

m T . T
W(5+1)sz W, . X;

I Y

I

=1 \j=1
2
n m
/A0
< > %”W(s-&-l)j — w1
i=1 \j=1
2
= 2 S \/)‘mﬁjaj
< Z %" ] x ZT X [W(st1)5 = Wi
=1 j=1

2

Owsj

<nx x Iy —
. Vd
Jj=1
2
n*n? 2 -
< T lly el | 3o Ay
j=1
2,2
nn
= lly —ul”.

H.3 Proof of Theorem (6.1

Using the lemmas we have just shown, we will prove global convergence of gradient descent. Recall the
assumed bound C' on |y;| for every ¢ > 1 in Assumption and also

Cy = sup E[o(cz)?]
ce(0,1]

where the expectation is taken over the real-valued random variable z distributed as A(0,1/d). As shown in
Appendix [G] C is finite.

By the argument in Appendix [G] again, there exists an event E; such that F; happens with probability at
least 1 — (§/2) and conditioned on Fy, we have

2
Iy —uoll < /n(C> +C1)3. (S.26)

Meanwhile, by Proposition there is an event Ey such that Es happens with probability at least 1 — (6/2)

and conditioned on F5, we have
€igmin (Om(0)) > % (S.27)
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Let E5 be the event that is the conjunction of F; and F5. This event happens with probability at least 1 — 6,
and under this event, Equations (S.26]) and (S.27) both hold.

Condition on F3. We prove the inequality in Equation by induction on s. The base case of s = 0 is
immediate. To prove the inductive case, assume that s > 1, and that the inequality in Equation holds
forall & =0,1,...,s — 1.

Let a = nyk,/2 and f = (1 — a)'/? and

o nn 8/\m7j(02 +Cl)
mi =18 5d '

Then,

- 2 _ n’n?  8(C?+ C1) | n?n? 8(C?+ Cy)
Zcm’j S\ (1-p)2 od Z/\m’J N ((1 — )2 od ) ’

j=1 j=1
Note that for all j € [m],

s—1
[Wej = woill <D IW(ert1); — Warsl

s'=0
< W)

<
S o]

n

= ZU "” ly —uy

s'=0

)\myjn |

Py = uo

< n )\myjn
S1-3 3

2
< ’J’n’\/ 2 =
1-&\/ C +C15

1om 8Am,(C?+C1) _ cm,
2 1—5 od 2

Iy = uol|

where the third inequality uses the bound shown in Lemma [H.I] the fourth inequality follows from the
induction hypothesis, and the sixth inequality uses the bound in (S.26)). Thus, by Lemma with ¢, ; from
above and the lower bound on the minimum eigenvalue in Equation (S.27)), we have

@)

m(5))

eigmin(

> eigmin(é%) (Xv WO)) -

nM?y nM~y
4d?m Z d3/2m1/2

_ Yka (nM2fy( n*n? 8(024-01))_’_ nM~ \/ n?n? 8(C?+ Cy)
- (

2 1@m \(1=8?  4d B\ T=pF od
_ Yka 223 M3~ (C? +C1)  VS8yn?M~(C? + Cy)Y/?
2 d3m(1 - B)25 d2mt/2(1 — B)51/2
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Meanwhile, by Lemma the induction hypothesis, and Equation (S.26]),

Iy e
. I~ 2772M7L5/2 172n2
< (1= 2reitn @) + 2y = w4 T ) Iy - P
. N 92 Mn3/? . 2n?
< (1= 2rcitun @) + 21— 0y = vl + T ) Iy - w2

N m2M 3/2 9 2,2
< (1 — 2 igin (O () + T (1 - )/ [n(C? + 05 + L5 ) Iy = ulP”.

Thus, we can complete the proof of this inductive case if we show that

i ~ 22 Mn3/2 o/o 2 n?n? NYkn
<2n Citin (O () — T — (1= )"/ [n(C2 - 0y)5 - T ) > T
which is equivalent to
77Mn3/2

Cigmin(em(s)) 2 ( 2d2 4

2 2 n
(1—a)*?y/n(C? +Ol)g + 21 ) .

We will show this sufficient condition by proving the following stronger inequality (stronger because of the

~

lower bound on eig,;, (©,,(s)) that we have derived above):

Vhn 2023 M2y (C? 4+ C)  VS8ym2M~(C? + 01)1/2
2 d3m(1 — 8)25 d?>m1/2(1 — B)61/2

nMn3/? /2 2 gm? gk,
> _ s 2 — JLAR R
_< (1 =) n(C? + Cl)s + o5 + = |

223 M?y(C? + C1) V8> M~(C? + Cy)Y/?
( Bm(l— B)% Pl (1= B/
77MTL3/2
2

which is equivalent to

Jhn
4

Y

+

2 nn?
s/2
(1704) / n(02+01)6+2d2)

But the four summands on the RHS of the above inequality are at most v«, /16 by the assumed upper bound

on 7, the assumed lower bound on m, and the fact that (1 — «) < 1. Thus, the inequality from above holds,
as desired.

I Proofs of the results of Section [7| on feature learning (smooth case)

1.1 Proofs of Section (linear activation)
I.1.1  Proof of Theorem [7.4]
Consider a linear activation o(z) = z. The model is therefore defined as

1 m
m(x; W) = — VA 10 W] X.
f( ) \/a; 51 Yy

The objective function in Equation can be written as

1
Ln(W) = 5lly — AW]J? (5.28)
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)T and A is the n x md matrix defined by

\/ A7,7,71(I,1}(ir ceeA/ )\m7mamx1T

vd Vs e LY iy

where ® denotes the Kronecker product and B = (\/)\Wlal - \//\m,mam) € R™™, We sometimes view B
as a row vector and write BT to mean the corresponding m-dimensional (column) vector. Let

Wherey: (ylv"wyn

(B @X),

N

X =UDV'

be a reduced SVD of the data matrix X, where U is a n X k matrix with orthonormal columns, D is a
diagonal k x k matrix, V is a d X k matrix with orthonormal columns, and k < min(n,d) is the rank of X.
Define

V=—— (B'®V) e R,

Zj:l )\mvj

Note that V' has orthonormal columns as
1 m
(V)V = ) Anjal(VIV) =1

Zj:l A"%j j=1

Therefore,
Zm:1 )‘m’j
A=U|Y=" "p|w)T

Vd

is the reduced SVD of A, and

m m
LjmiAmi gyt 2ymidmi UD2U”.

AAT =
d d

If k < md, let V/| be a matrix in R™?*(md=k) that makes the md x md matrix (V’, V') orthonormal;
otherwise, let V', be the md dimensional zero vector.

The solution of Equation (S.28) under gradient flow or gradient descent with the initialisation Wy is given by

_Va
A/ Zj )‘m,j

where (—)T is the Moore-Penrose inverse operator. Also,

W =Aly+ V| (V)W = VDU Ty + V| (V) W,

Wi =V (V)TW, + V' (V) TW,.

From these facts, we can derive a formula that describes the changes in weights during the training based on
gradient flow or gradient descent:
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where By = 3770, \/Am,ja;wo; and
=VdX'y =vd (VD™ 'UTy)

is the minimum-norm minimiser of 1|y — ﬁX,B |2, Tt follows that

VAm,j

m%(ﬁm - VVT50)~

Wooj — Wo; =

1.L1.2 Proof of Theorem

First note that, under the scaling ,
2 2 1 — ~ 2
Z)\m k( (Zk(x; Wo))> — g]E[(xTwm) } + ( k(xTwok)
almost surely as m — oo; hence the denominator in is of order 1. Similarly, under the mean-field scaling,
(Z1(x; W. * o L[k ’
3 (ot Won) o e[(Tw)'

almost surely as m — o0; hence the denominator in is of order 1/m. For the numerator, from
Equation , we have

1 ZH’L

i e ()

3 o (2, (W) - (2, W) = 2
j=1

™2 ~

Under the scaling (1)), ﬁ =2 A — (1=9)? 2,51 A} Hence feature learning occurs if and
m 42
1 m

only if v < 1. Under the mean-field scaling, (27] = 1/m. Hence feature learning occurs. Additionally,

as the (A, j)j>1 are ordered, we have

2

2 1 )\m j 2
0% (02306 Wer) = 0(Z5(x W) = x5 7oz (xT (Boe = VYT i)

= a5 (5T - VT B)

Under the scaling . )\m 1= (1= )Xl, with A; > 0, hence non-uniform feature learning occurs if and only

if v < 1. Under mean-field scaling, A . 1/(Zk m.k)? =1/m? = o(1/m), hence non-uniform feature learning
does not occur. Additionally, by Equatlon in Theorem (7.4 -, we have

V Am,jajWooj = \/Am,ja;Woj + ’7 (rBoo - VVTﬂO)

k

A A
= ﬁ Boo — VVTZ VAmgeaWor | + v/ Am.; <Id SO k,\ m; VV )ajWOj-

kit

The right-hand side is the sum of two independent Gaussian random Vectors and is therefore a Gaus-

m,j 7”3

sian random vector, with mean Z/\ - kﬂoo and covariance matrix DR e Ak — Am)(VV T2 +
P A

2
)

then follows from Slutsky’s theorem.

E VVT). The distributional convergence in Equation
PR k
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1.1.3 Proof of Proposition [7.6]

Using Markov and Cauchy-Schwarz inequalities,

Pr (‘fmm(x;wm) — fm(x;Woo)‘ > 5) < gl\);clj x E | Z Majwooj

Meanwhile, we have

> VAW

i>Lpm]
<D0 A [ Bao = VVID  Vsaewor ||+ D VAmy (Ia = AmVVT) ajwo,
i>|pm] k#j i>|pm]
S Z /\m,j ||,300|| + VVT Z \/ )\m’kakWOkH + Z \/ /\m,j (Id — )\mJVVT) CLjWOj
i>pm] k#j i>Lpm]
Also,
2
E[|VvVvT Z Vmrawor| | < |E[|[VVT Z VA kO Wor
k#j k#j
= \/(1 — Am,j) trace(VVT)
<V,
and
2
El D VA (Ia=Am;VVT) ajw|| < > Vo (Ta = A jVVT) ajwo;
Jj>Lpm] Jj>Lpm|
= \/ Z Am,j trace ((Id - )\mJVVT)2)
Jj>Lpm]

\/Z Am,j trace (Ig — 20 ;VVT 4+ A2 _VVT)

j>1pm]

\/Z Amj X d X (1= A j)?

J>lpm]

< Jd > Ay
Jj>Lpm|

By combining the above inequalities, we obtain the desired result:

P ([Fop s Wee) = Sl W] > 2) < 5L (1l +va) [ 30 as |+ ft X s
evd J>Lpm] i>Lpm|

IN
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1.2 Proofs of Section (nonlinear activation)

1.2.1 Proof of Theorem

Our proof of Theorem relies on the following observation on the linear combinations of continuous
independent real-valued random variables.

Lemma I.1. Let z1,..., 2, be independent continuous real-valued random variables. Let B C R be a finite
subset of the real numbers such that B # {0}. Then, almost surely,

min i| > 0.

beB™\{0....,0}

i

Proof. Denote S = B™\ {0,...,0}. For any b = (b1, ...,b,) € S, Y., b;z;, so that Pr(}_ . biz; = 0) = 0.

Hence, since § is finite,
(eSeel-o) ()
beS \i=1

<>y Pr (i biz; = 0)

bes i=1
=0.

szl

O

The proof also uses the our globally-made standard assumption that for every random variable Z ~ N(0, s?)
for some s > 0, the expectation E[o(Z)?] is finite and greater than 0.

Proof of Theorem Since non-uniform feature learning implies feature learning, we prove the former
only. We start by showing that the denominator 37 ) A j(0(Z;(xs; Wy)))? in the condition for non-uniform
feature learning converges to a positive finite value almost surely as m tends to co. To see this, note
: , _ . g yan 2
W}l_rfloo 21 Am,j(0(Z(xi; Wo)))” = T,E,noo Z < =) s Xj/ ) o(Z;(xi; Wo))
j= j'=

limy, 00 D200, Njo(Z; (x5 WO))2>

1
= |~ lim —0(Zj(x;; Wo)* | + [ (1—7)- ; m 5y
m%m; m J hmm_mo Ej’:l )\j’

=7 Ezno,xil2/a) [7(2)] ZA (Z;(xi; Wo))?.

The expectation in the first summand is positive and finite by our globally-made assumption on the activation
function o. Also, the infinite sum in the second summand is positive almost surely because it is greater than
Mo (Z1(xi; Wo))? but Ao (Z1(xi; Wq))? is almost surely positive; A\; > 0 and o(Z;(x;; Wo)) is almost surely
non-zero due to the injectivity of o and the continuity of the random variable Z; (x; Wy). Furthermore, the
sum is almost surely finite as well, because its expectation is E .o, (|x,[12/d) [0(Z)?] which is finite by our
globally-made assumption on the activation function o. Thus, the limit of the denominator is positive and
finite almost surely.

Since the denominator in the condition of non-uniform feature learning converges to a positive finite value
almost surely, the condition holds if

m—00 JE[mM]

lim inf (max Am,j (0(Z;(%i; W1)) — U(Zj(Xi;Wo)))2> > (0 almost surely. (5.29)
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Note that the limit here is not redundant since W7 depends on m. The new condition in Equation ([S.29)
can be simplified further. It holds whenever

2
lim inf (Z1 (xi; W) — Zl(xi;Wo)> > 0. (S.30)

m—r oo

To see this, note that by the assumption of the theorem and the inverse function theorem, o' is a well-

defined continuous function and also that Z;(x;; Wy) does not depend on m. As a result, the inequality in
Equation (S.30) implies
2
lim inf (a(Zl(xi;Wl)) - J(Zl(xi;Wo))> >0, (S.31)

m—r o0

because otherwise some subsequence of (o(Z1(x;; W1)))m would converge to o(Z1(x;; Wy)) as m tends to
00, but then by the continuity of ¢!, the corresponding subsequence of (Z1 (xi; W1))m would converge to
71 (X,, WO) which contradicts Equatlon . Now using Equation ([S.31)), the assumption v > 0, and the

fact that Ay > 0, we can prove the condltlon in Equatlon |-D as follows

lim inf max )\mJ( (Z;(xi; W1)) — o(Z;(x; WO))) > liminf A, 1( (Z1(xi; W7)) — a(Zl(xi;Wo)))2

m—00 je[m] m—00
- 2
> lvinLIiglof(l -7\ (U(Zl(xi;Wl)) — O'(Zl<Xi;W0>))

> 0.

We now show that Equation (S.30]) holds almost surely. Note that

2 WlTlxi wglxi 2
(Zl(xi;W1)*Z1(Xi;W0)) ( Vi i >

= L (1 (T EOW) ) 1)

7] W(—)I;Xl i 2
(g (5)%)
)
1_ )‘1 WOJXZ To.

(o (- (5 =))

Since the lower bound from above does not depend on m, we have

~ 2
_ 2_P(-h (¢ W, Xir
st (s~ ) = P (S (o (M2 ) )

=1

Since n?(1 — fy)Xl /d? is positive, this lower bound is positive almost surely whenever the summation inside
the square is positive almost surely.

Wosz

Conditioning on wy; and noting that ¢’ ( oL ) |xi]|?> > 0, we have by Lemma |[.1| that almost surely

n w X
Z Yir (o'/ ( ?}a )xj,x,) > 0.
=1

We may use this lemma since the y;’s are independent from wo; and so their distributions are unaffected by
the conditioning. Now note that this almost-sure positivity of the summation holds regardless of which value
the conditioned wy; takes. Thus, the summation is positive almost surely without the conditioning. This
completes the proof.
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1.2.2 Proof of Theorem [7.10)]
The proof of the theorem uses the following lemma on quadratic combinations of continuous independent
random variables.

Lemma 1.2. Let z1,...,2, be continuous independent real-valued random variables. Let B be an n-by-n
real-valued matriz such that B;; # 0 for some i € [n]. Then, almost surely,

i i Zizi’Bii/ >0

i=14'=1

Proof. Let i € [n] such that B;; # 0. Then, when viewed as a polynomial on z;,

n n
>z B
i=1i'=1

is a quadratic polynomial with a non-zero coefficient for the term 22. As a result, the zero set of this

polynomial on z; has measure zero with respect to Lebesgue measure, that is, the Lebesgue measure of the set

{Zi iizizi/Bii/ :0} QR

i=1 =1
is zero (because the zero set of any analytic function has zero Lebesgue measure). Furthermore, z; is a
continuous random variable, and so we have

[ o S zize Bu=0} ‘ {zp| i €n],i # z}} =

As a result,
n n
r <Z Z zizi B = O) [ DN DN zizi/B”/:(]}:|
i=14'=1
[ [ (S S sz B =0} ’ {zy| i €n],i # Z}H
= E[0] = 0.
This proves the claim of the lemma. O

Proof of Theorem We first compute a lower bound of the squared norm of the gradient, which does
not depend on m.

WT<X1' X; 2
[T W)l = Ve (25) %
2
— 7n,j Zyl <WO]X1>X1‘
- 2
> (1 _dV)/\j <W01X1> X;

k=1i=14¢=1
E Y S ( (W) >>|
i=14'=1
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Thus,

n.on T T
2 : } : T [ WoiXi [ WoiXv

YiYi | X; X010 g .
i=14'=1 < ( \/;i ) < \/a )) |

But by assumption, ((1 — ’y)Xj)/d is positive. The other factor in the lower bound is also positive with
probability one. To see this, note that the y;’s in the factor are continuous independent random variables,
independent also from wy;, and

o 2 (11— ’Y)X
liminf || Vi, LW, _o||” 2 =

T 2

WX

I%3|*0” (j >0 for all i € [n],
Vd

due to Assumption and the assumption that ¢’ > 0. As a result, conditioned on wy;, by Lemma the
factor is positive almost surely with respect to the conditional distributions of the y;’s, which are the same
as the original unconditional distributions of them due to the independence of the y;’s with respect to wy;.
Since this positivity holds regardless of which value wy; takes, it also holds without the conditioning on wy;.
This completes the proof.

J  Proofs of the results of Appendix on feature learning (ReLU case)

J.1 Proof of Theorem

Our proof relies on a few lemmas.

Lemma J.1. Assume Assumption[7.7] If the activation function o is ReLU, we have

Amj Amj
Vi, LW, = (\/ dfaijm%Zj(xz—;wo))xi) = (x/cfajZl{ngxpo}yixi)
i=1 1=1

Proof. The lemma follows from a straightforward calculation using the fact that f,,(x; W) = 0 for all
x € R4 O

Lemma J.2. Assume Assumptions and , Then, we have that for all m, j € [m], and i € [n],

2 P =) (1= ) (wyxi)?
)\m7j (O'(Zj(Xi;Wl)) — O'(Zj(Xi; Wo))) > l{W(Tsz‘ZO} - min { P J , Zj 0j

where ¢ depends only on the inputs/outputs (in particular, not depending on m) and is almost surely strictly
positive (almost surely, with respect to the input/output).

Proof. Using Lemma we can compute

o(Zj(xi; W1)) — 0(Z;(xi; Wo))
=0 (Z;j(xi; W1)) — 0(Z;(xi; Wo))

T
1 )\mj -
_ . X ) 1 it Xt i -
=0 7 <W0g+77\/7aﬂ ;:1 {ngxi/zo}y X > X

T n

WoiXi |\ Am,j ( T ) Wo,Xi
= - ]_ X5 i —

o < Nz +n d a; i;:1 {ngxilzo}xz X |y o

q
VR
é S
~_
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Denoting d; = ((1/Am.;a;)/d) Y 5—1 (1w x ,ZO}X;xi)yi/, we have that

05
T T
Woni WOin
o +6;| —o
T T
Woni WQJ‘Xi
U

= l{ngng} <l{w§jxi+ﬁ5i20} |0i] + 1{waxz+x/Eai<0}

0(Z;(xi; W1)) — 0(Zj(xi3 Wo))| =

2 1{ngxi >0}

T x.
W, Xi

Vd

) |

We then get

\ . , 2 o (Wg,x;)?
m,j (J(Zj(xi, Wi)) — U(Zj(Xi;WO))) > 1{W(in20})\m7j min § 67, ——-——

Now, notice that

n

2
2
n Z T
1{w(—)rjxi20}6i2 = 2 )\m-,jl{w;)rjxiZO} ( (l{w(—]rjxi/ZO}Xi’Xi) yz’>

i'=1

2
n T
= 2 Amiliw] x>0} %2 + > (1{ngxi,zo}xwxz‘) Yir
i'e{1,...,n}\{i}

n 2
>

=1
B={u-v|ue{0,1},ve {x{xi....,x,%;}}

2
n .
2 3 Amilw xi>0) (glelg

where § = B\ {0, ...,0} and B is given by

Note that the y;’s are continuous and independent random variables by Assumption Thus, by Lemma [T}
with probability one,
n
> biyi

i'=1

> 0.

¢ = min
bes

Putting everything together, we finally get

2
Am,j (U(Zj(xi§wl)) - U(Zj(xi;wo))> Z Liwgxi0} 'min{

Z Lwg,xi>0p - min { &2 ’ d
which concludes the proof. O

Proof of Theorem Note that the condition for non-uniform feature learning in Equation (S.2)) implies
that for feature learning in Equation (S.1]). Thus, we will prove only the former condition.

By our setup, we have that A1 > ... > A\ > (1 — v)Xk > 0 for all m. Also, by Lcmma we have that
for1 <j <k,

2 A= )PR (1= )A(wixi)?
Am,j (O’(Zj (X,, Wl)) — O'(Zj (Xi; Wo))> > l{WJinZO} - min { 7z J ) Jd 0j .
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Thus, for all m > k,

max (Amu‘ (U(Zj(Xi%Wl)) - U(Zj(x“WO»)Q)

j€[m]
N PP (=) (wepx)?
> max l{wg.xizo} - min 7 , 7 ,

J€(k]

which implies

lim inf (max <>\m,j (U(Zj(xi;wl)) B U(Zj(xi;WO))f))

m—oo \ j€[m]
2.2 272 Y T 2
. nc* (1 —7) )‘j (1- ’Y))‘j(WOin)
> gléé[ﬁ (1{ngx7~,20} -mm{ pE , p . (8.32)

We will show that for all § € (0,1/2), with probability at least 1—(1/2+6)*, the lower bound in Equation (S.32))
is positive and

0< > Amjo(Zi(xis Wo))? < oo. (S.33)
j=1

This will prove the claim of the theorem.

Pick 6 € (0,1/2). Let E be the event {c¢ > 0}. Then, Pr(E) = 1 by Lemma[[.1] Note that the first argument
of the minimum in the lower bound of Equation (S.32)) is positive on the event E. Let € > 0 be a positive
constant such that

1
Pr(w(—)rjxi >e€) > 3~ ¢ for all j <k, (5.34)

which is possible since each Wa—jxi is a centred normal random variable with variance ||x;[|> > 0. Define

E% be the event Ule{w(—)gxi > €}. Then, since w(;x;, ..., W, X; are independent and the lower bound in

Equation (S.34)) holds, we have
Pr(ENE}) >1—(1/246)".

Now condition on E N Ej§. Then, there exists some j < k such that ngxi > €. Thus, the lower bound in
Equation (S.32) is positive as shown below:

s 1 min 21— )23 (1—7)Ap (wgx;)?
jetl \~ {we iz} e d

oy PP =R (=) (%)
= Hwgxizo} T & ’ d

202(1 — ~)2)2 ANY L2
Zmin{m(dQv) ; ZZ)AJG }

> 0.

Thus, with probability at least 1 — (1/2 4 §)*, we have

lim inf (max Am.j (a(zj(xi; W) — o(Z; (x5 WO))>2> > 0.

m— 00 JE[m]
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Also, under the same conditioning, we have

E:A m.j" (%6 W0))? > A j - 0(Zj (xi5 Wo))?

Furthermore, without any conditioning, we have
Z At - 0(Zjr (x5 Wo))? < o0

almost surely, because again without any conditioning, the usual expectation of the right-hand side of the
above inequality is finite as shown below:

ZA g+ (2 (x5 Wo)) ZAW 2, (x5 Wo))? Z . ||xz||

_ Hxin?
2d

Thus, Equation (S.33) holds with probability at least 1 — (1/2+ d)¥. This completes the proof of the theorem.

J.2  Proof of Theorem [A4]

We first compute a lower bound for the squared norm of the gradient, which does not depend on m.

W(L X; X;
Qs
7] i \/a \/a

2

2

| o, LW, [ =

/\m,j = / W(')I'] Xi
= Yyio X
d Z ( va
~ 2
L= I~ [ woyXi
- Yio i
el DTl v

3
3

= Zylyl/ (x X 1{ Tx>0} {wl,x;120 )|

Thus,

(1=
2 L

n n

.
Z Z Yiy (Xi Xi/l{w;xizo}l{w&xi/zoﬁ :
1=11=1

lim inf || Vy,, L(W)]
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But by assumption, the factor ((1 — ’y)xj) /d in the lower bound is always positive. The claim of the theorem
follows from the property that the other factor in the lower bound is also positive with probability at least
1/2. In the rest of the proof, we will show why this is so.

Note that
2
|Ix:]| l{ngxizo} > 0.
if and only if W(—)rjxi > 0.

Condition on wg; and recall that the y;’s are continuous independent real-valued random variables which are
also independent from wy;, thus their distributions are unaffected by the conditioning. If ngxi > 0, the

inequality
n n
-
> vive (Xz‘ Xi'l{ngxizoﬂ{ngxi@})

i=14'=1

>0

holds almost surely. Since wa—jxi holds with probability 1/2, the above inequality holds unconditionally with
probability at least 1/2, as desired.

K Additional experimental results (smooth activation)

We provide here additional results for the experiments described in Section

K.1 Regression

In Figures [4] and [5] we respectively provide the detailed results for the datasets concrete, energy,
airfoil and plant.

K.2 Classification

We provide in Figure [6] detailed results for the MNIST dataset, and in Figure [7] results for the CIFAR-10
dataset. In Figure |8 we provide further details on the individual impact of the parameter v € [0, 1]. Recall
that the smaller the value of v, the more asymmetry is introduced, where v = 1 recovers the iid model. We
can see from the experiments that pruning performance is improved as v becomes smaller.

L Experimental results for the ReLU activation function

We provide here additional experimental results, as in Appendix [K] but with a different activation function.
The experimental setting is the same as described in Section [8] except that the swish activation function is
replaced by the ReLLU function. Although our theory does not cover the convergence of GD with the ReLU,
the experimental results obtained in this section are quantitatively similar to those obtained with the swish
function.

L.1 Regression

In Figures [9} and [12] we respectively provide detailed results for the datasets concrete, energy,
airfoil and plant.

L.2 Classification

We provide in Figures [I3] [I4] and [T5] detailed results for respectively the MNIST, CIFAR10 and CIFAR100
experiments.
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Figure 2: Results for the concrete dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wy;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 3: Results for the energy dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms [|w.; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 4: Results for the airfoil dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w; — w;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 5: Results for the plant dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w; — w;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 6: Results for the MNIST dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wy;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
accuracies for pruning, 7) test accuracies for pruning, 8) training accuracies for transfer learning, and 9) test
accuracies for transfer learning.
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Figure 7: Results for the CIFAR-10 dataset (swish). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||w; — wy;|| with j’s being the neurons having the maximum

difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned
models.
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Figure 8: Results for the CIFAR-10 dataset (swish). Impact of the parameter . From left to right and top to
bottom, 1) test accuracies through training, 2) differences in weight norms ||w;; — wo;|| with j’s being the
neurons having the maximum difference at the end of the training, 3) test risks of the pruned models, and 4)
test accuracies of the pruned models.
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Figure 9: Results for the concrete dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 10: Results for the energy dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wy;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 11: Results for the airfoil dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 12: Results for the plant dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w; — wy;| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 13: Results for the MNIST dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||[w;; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
accuracies for pruning, 7) test accuracies for pruning, 8) training accuracies for transfer learning, and 9) test

accuracies for transfer learning.
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Figure 14: Results for the CIFAR-10 dataset (ReLU). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||w; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned
models.
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Figure 15: Results for the CIFAR-100 dataset (ReLU). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||wy; — wo;|| with j’s being the neurons having the maximum

difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned
models.
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Figure 16: Visualisation of features for MNIST data. We use the top two PCA components to plot the points
on a 2D space.
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Figure 17: Visualisation of features learnt for the Cifarl0 experiment. The models are trained by taking as
input the hidden representation of a ResNet18 trained on ImageNet (first figure on the left). We use the top
two PCA components to plot the points on a 2D space.

M Visualisation of the learned features.

This section aims at visualizing the main features learned in the MNIST and CIFAR experiments reported
in the main text. Inspired by (Yang and Hul [2021), we plot the first two PCA components of the learned
features for MNIST (Figure [16)) and CIFAR10 (Figure[17) datasets. For the MNIST dataset, as in
, the figures show that the features are quasi-random with the symmetric NTK setting, while
there is more separation under the asymmetric scaling. For the CIFAR10 experiment, which uses pre-trained
features on ImageNet, the features of the symmetric NTK are similar to those of the pre-trained features.
The features obtained by PCA better differentiates between the class.

N Hyper-parameter transfer.

When scaling-up neural networks, hyper-parameters tuning becomes prohibitively expensive. In practice, one
performs hyper-parameter optimization on a smaller version of the model, and uses (transfers) the found
values for training the larger model. However, this requires stability of the optimal parameters. As identified
in (Yang et al) 2022)), the standard pytorch implementation is not stable as the width increases, which
can be a major challenge to scale-up models. In this section, we empirically show that the asymmetrical
parameterization enjoys stability of the optimal learning rate. We train FFNN with a single hidden layer
on Cifarl0 for different width P = 1024,2048,4096. We compare the standard Pytorch parameterization
with the asymmetrical one (v = 0.2, & = 0.5). The results are reported in As expected, in the standard
parameterization, the optimal learning rate shifts; as the width increases, the optimal learning rate becomes
smaller. On the other hand, with the asymmetrical scaling, the optimal learning rate remains stable as the
width increases
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