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A APPENDIX

A.1 PROOF OF EQUIVALENT FORMULATION RESULTS

A.1.1 PROOF OF PROPOSITION 1

Proof. First we can express |hx,aii|2 as a function of x+
,x�

,a+
i :

|hx,aii|2 =
��(Re(x)� iIm(x))T (Re(ai) + iIm(ai))

��2

= (hRe(x),Re(ai)i+ hIm(x), Im(ai)i)2 + (hRe(x), Im(ai)i � hIm(x),Re(ai)i)2

= hx+
,a+

i i
2 + hx�

,a+
i i

2
. (14)

We can then rewrite f as:

f(x) =
X

i

�
hx+

,a+
i i

2 + hx�
,a+

i i
2 � hx\+

,a+
i i

2 � hx\�
,a+

i i
2
�2

=
X

i

✓
hx+

,a+
i i

4 + hx�
,a+

i i
4 + hx\+

,a+
i i

4 + hx\�
,a+

i i
4

+ 2hx+
,a+

i i
2hx�

,a+
i i

2 + 2hx\+
,a+

i i
2hx\�

,a+
i i

2

� 2hx+
,a+

i i
2hx\�

,a+
i i

2 � 2hx�
,a+

i i
2hx\�

,a+
i i

2

� 2hx+
,a+

i i
2hx\+

,a+
i i

2 � 2hx�
,a+

i i
2hx\+

,a+
i i

2

◆
. (15)

From here we can notice that the scalar products can be written as scalar products with (a+
i )

⌦4,
indeed for two vectors u,v, we have

hu,a+
i i

2hv,a+
i i

2 =

 
X

i1

ui1(a
+
i )i1

! 
X

i2

ui2(a
+
i )i2

! 
X

i3

ui3(a
+
i )i3

! 
X

i4

ui4(a
+
i )i4

!

=
X

i1,i2,i3,i4

(a+
i )i1(a

+
i )i2(a

+
i )i3(a

+
i )i4ui1ui2vi3vi4

= h(a+
i )

⌦4
,u⌦ u⌦ v ⌦ vi. (16)

This allows to write f in the following form:

f(x) =
X

i

⌧
(a+

i )
⌦4

, (x+)⌦4 + (x�)⌦4 + (x\+)⌦4 + (x\�)⌦4

+ 2(x+)⌦2 ⌦ (x�)⌦2 + 2(x\+)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\�)⌦2 � 2(x�)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\+)⌦2 � 2(x�)⌦2 ⌦ (x\+)⌦2

�

=

⌧X

i

(a+
i )

⌦4
, (x+)⌦4 + (x�)⌦4 + (x\+)⌦4 + (x\�)⌦4

+ 2(x+)⌦2 ⌦ (x�)⌦2 + 2(x\+)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\�)⌦2 � 2(x�)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\+)⌦2 � 2(x�)⌦2 ⌦ (x\+)⌦2

�
. (17)

We get the expected result by chosing:

12
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U(x+) : = (x+)⌦4 + (x�)⌦4 + (x\+)⌦4 + (x\�)⌦4

+ 2(x+)⌦2 ⌦ (x�)⌦2 + 2(x\+)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\�)⌦2 � 2(x�)⌦2 ⌦ (x\�)⌦2

� 2(x+)⌦2 ⌦ (x\+)⌦2 � 2(x�)⌦2 ⌦ (x\+)⌦2
. (18)

A.2 PROOF OF LANDSCAPE RESULTS

A.2.1 PROOF OF PROPOSITION 2

Proof. In order to use tensor S, it is be useful to notice that:

hS,u⌦ u⌦ v ⌦ vi =
X

i1,i2,i3,i4

Si1,i2,i3,i4ui1ui2vi3vi4

=
X

i1=i2 6=i3=i4

ui1ui2vi3vi4

+
X

i1=i3 6=i2=i4

ui1ui2vi3vi4

+
X

i1=i4 6=i2=i3

ui1ui2vi3vi4

+ 3
X

i1=i2=i3=i4

ui1ui2vi3vi4

= kuk2kvk2 + 2hu,vi2. (19)

Then we have:

chS,U(x+)i =c

✓
3kx+k4 + 3kx�k4 + 3kx\+k4 + 3kx\�k4

+ 2(2hx+
,x�i2 + kx+k2kx�k2) + 2(2hx\+

,x\�i2 + kx\+k2kx\�k2)
� 2(2hx+

,x\�i2 + kx+k2kx\�k2)� 2(2hx�
,x\�i2 + kx�k2kx\�k2)

� 2(2hx�
,x\+i2 + kx�k2kx\+k2)� 2(2hx+

,x\+i2 + kx+k2kx\+k2)
◆
. (20)

We can notice that kx+k2 = kx�k2 = kxk2, that hx+
,x�i = 0 (and same result holds for x\) and

that:

hx+
,x\+i2 + hx+

,x\�i2 + hx�
,x\+i2 + hx�

,x\�i2

=2
�
hRe(x),Re(x\)i+ hIm(x), Im(x\)i

�2
+ 2

�
hRe(x), Im(x\)i � hIm(x),Re(x\)i

�2

=2|hx,x\i|2. (21)

We can thus simplify the previous expression as:

chS,U(x)i = 8c
�
kxk4 + kx\k4 � |hx,x\i|2 � kxk2kx\k2

�
:= g(x+).

A.2.2 PROOF OF PROPOSITION 3

Proof. To simplify notation, we denote J = {(i1, i2, i3, i4) | 1  i1, i2, i3, i4  2n} and all
summations over j are for j 2 J . We also write:

U(x+) =
KX

k=1

"kx1,k ⌦ x2,k ⌦ x3,k ⌦ x4,k

13
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with xi,k 2 {x+
,x�

,x\+
,x\�} and "k = ±1.

Recall that:

f(x+) = chT,U(x+)i
g(x+) = chS,U(x+)i

rf(x+) =
X

j

cTjrUj(x
+)

rg(x+) =
X

j

cSjrUj(x
+). (22)

Using this we can write:

hrf(x+),rg(x+)i = hrg(x+),rf(x+)i

= hrg(x+),
X

j

cTjrUji

= hrg(x+),
X

j

c(Tj � Sj + Sj)rUji

= hrg(x+),rg(x+)i+ hrg(x+),
X

j

c(Tj � Sj)rUji

= krg(x+)k2 +
X

i

X

j

(rg(x+))i(rUj)ic(T � S)j

= krg(x+)k2 +
X

i

X

k

X

i1,i2,i3,i4

(rg(x+))ic(T � S)i1,i2,i3,i4"k

⇥
✓
@(x1,k)i1
@x+

i

(x2,k)i2(x3,k)i3(x4,k)i4

+
@(x2,k)i2
@x+

i

(x1,k)i1(x3,k)i3(x4,k)i4

+
@(x3,k)i3
@x+

i

(x1,k)i1(x2,k)i2(x4,k)i4

+
@(x4,k)i4
@x+

i

(x1,k)i1(x2,k)i2(x3,k)i3

◆
. (23)

If x`,k = x+, then @(x`,k)i`
@xi

= 1i=i` . If x`,k = x�, then @(x`,k)i`
@xi

= �1i=i`+n if i`  n and
1i=i`�n otherwise. In each case we can write:

X

i

(rg(x+))i
@(x`,k)i`

@xi
= (M`,krg(x+))i`

14
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for some M`,k 2
⇢
I2n,O2n,

✓
On �In
In On

◆�
. Then we have

hrf(x+),rg(x+)i = krg(x+)k2 +
X

k

✓
chT � S, "kM1,krg(x+)⌦ x2,k ⌦ x3,k ⌦ x4,ki

+ chT � S, "kx1,k ⌦M2,krg(x+)⌦ x3,k ⌦ x4,ki
+ chT � S, "kx1,k ⌦ x2,k ⌦M3,krg(x+)⌦ x4,ki

+ chT � S, "kx1,k ⌦ x2,k ⌦ x3,k ⌦M4,krg(x+)i
◆

� krg(x+)k2 �
X

k

✓
ckT � Skopk"kM1,krg(x+)kkx2,kkkx3,kkx4,k|k

+ ckT � Skopk"kM2,krg(x+)kkx1,kkkx3,kkx4,k|k
+ ckT � Skopk"kM3,krg(x+)kkx1,kkkx2,kkx4,k|k

+ ckT � Skopk"kM4,krg(x+)kkx1,kkkx2,kkx3,k|k
◆

� krg(x+)k2 �
X

k

4�0c(kxk+ kx\k)3krg(x+)k (24)

� krg(x+)k2 � C1�0c(kxk+ kx\k)3krg(x+)k. (25)

Assume we have krg(x+)k � C1�0c(kxk+ kx\k)3, then in particular rg(x+) 6= 0, and x\ 6= 0,
so inequality (24) is strict and we must have hrf(x+),rg(x+)i > 0, and therefore rf(x+) 6= 0.

A.2.3 PROOF OF PROPOSITION 4

We denote J = {(i1, i2, i3, i4) | 1  i1, i2, i3, i4  2n} and all summations over j are for j 2 J .

Proof. We have:

|uTHf (x
+)u� uTHg(x

+)u|

=

������
uT

0

@c

X

j2J

(T � S)jHUj

1

Au

������

=

������
uT

0

@c

X

j2J

X

k

"k(T � S)jH(x1,k⌦x2,k⌦x3,k⌦x4,k)j

1

Au

������

=

����u
T

✓
c

X

i1,i2,i3,i4

X

k

"k(T � S)i1,i2,i3,i4

X

�2S4

1

2

@(x�(1),k)i�(1)

x+
i

@(x�(2),k)i�(2)

x+
i0

(x�(3),k)i�(3)
(x�(4),k)i�(4)

◆

1i,i02n

u

����

=

����c
X

i1,i2,i3,i4

X

k

"k(T � S)i1,i2,i3,i4

X

i,i0

X

�2S4

1

2

✓
ui

@(x�(1),k)i�(1)

x+
i

◆✓
ui0

@(x�(2),k)i�(2)

x+
i0

◆
(x�(3),k)i�(3)

(x�(4),k)i�(4)

����.

(26)
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As we saw previously in Appendix A.2.2, we can write for some M�(1),k 2⇢
I2n,O2n,

✓
On �In
In On

◆�
,

X

i

✓
ui

@(x�(1),k)i�(1)

x+
i

◆
= (M�(1),ku)i�(1)

.

Then we have:

|uTHf (x
+)u� uTHg(x

+)u|

=

����c
X

i1,i2,i3,i4

X

k

"k(T � S)i1,i2,i3,i4

1

2

✓
(M1,ku)i1(M2,ku)i2(x3,k)i3(x4,k)i4 + (M2,ku)i2(M1,ku)i1(x3,k)i3(x4,k)i4+

· · ·+ (M4,ku)i4(M3,ku)i3(x2,k)i2(x1,k)i1

◆����

=

����c
X

k

"k

⌧
T � S,

1

2

✓
(M1,ku)⌦ (M2,ku)⌦ (x3,k)⌦ (x4,k) + (M1,ku)⌦ (M2,ku)⌦ (x3,k)⌦ (x4,k)+

· · ·+ (x1,k)⌦ (x2,k)⌦ (M3,ku)⌦ (M4,ku)

◆�����

 c

X

k

kT � Skop
X

�2S4

1

2
kM�(1),kukkM�(2),kukkx�(3),kkkx�(4),kk

 c

X

k

kT � Skop
X

�2S4

1

2
kuk2(kxk+ kx\k)2

< c

X

k

�012kuk2(kxk+ kx\k)2

 C2�0ckuk2(kxk+ kx\k)2. (27)

A.2.4 PROOF OF PROPOSITION 5

Proof. We can notice that x� = Mx+ where

M :=


On �In
In On

�
.

It is also well known that:

Hkxk2(x) = 2In, HkMxk4(x) = 8xxT + 4kxk2In

HhMx,ai2(x) = 2(Ma)(Ma)T.

Thus, the Hessian of g with respect to u+ is given by

Hg(x
+) = 8c(8x+(x+)T+4kx+k2In�2x\+(x\+)T�2x\�(x\�)T�kx\+k2In�kx\�k2In).

As kx\+k = kx\�k, we get the desired result.

A.2.5 PROOF OF PROPOSITION 6

Proof. Using Proposition 5 and Proposition 4, we can write:
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(x\+)THf (x
+)x\+

< 8c
�
8hx+

,x\+i2 + 4kx+k2kx\+k2 � 2kx\+k2 � 2hx\+x\�i2 � kx\+k4 � kx\+k2kx\�k2
�

+ C2�0ckx\k2(kxk+ kx\k)2

 8c
⇣
8
�
hRe(x\),Re(x)i+ hIm(x\), Im(x)i

�2
+ 4kxk2kx\k2 � 2kx\k4 � kx\k4 � kx\k4

⌘

+ 2C2�0ckx\k2(kxk2 + kx\k2)
 8c(8|hx,x\i|2 + 4kxk2kx\k2 � 4kx\k4) + 2C2�0ckx\k2(kxk2 + kx\k2).

(28)

Then as long as the following condition is satisfied, we have (x\)THfx\
< 0:

8c(8|hx,x\i|2 + 4kxk2kx\k2 � 4kx\k4) + 2�0C2c(kxk2kx\k2 + kx\k4)  0

() 8
|hx,x\i|2

kx\k4 +

✓
4 +

1

4
�0C2

◆
kxk2

kx\k2 
✓
4� 1

4
�0C2

◆
.

(29)

A.2.6 PROOF OF PROPOSITION 7

Proof. We borrow the notations from Sun et al. (2018b) and we let:

�(x) = argmin✓2[0,2⇡)kx� x\
e
i✓k

(And for x 2 Span{x\
, ix\}? we just define �(x) = 0). Intuitively �(x) is the phase of x in the

real 2d plane spanned by x\. This means we can write in particular:

x+ = r
�
cos(�(x))x\+ + sin(�(x))x\��+ v

with v orthogonal to Span{x\+
,x\�}.
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Now consider u = r
0 �cos(�(x))x\+ + sin(�(x))x\�� + v0 such that kuk = 1 and write

(x\)�(x) = cos(�(x))x\+ + sin(�(x))x\�, we have

uTHf (x
+)u > uTHg(x

+)u� C2�0c(kx\k+ kxk)2 (From Proposition 4)

= 8c(8hu,x+i2 + 4kx+k2kuk2 � 2hx\+
,ui2 � 2hx\�

,ui2 � 2kx\+k2kuk2

� C2�0ckuk2(kx\k+ kxk)2 (From Proposition 5)

= kuk28c
✓✓

8
hu,x+i2

kuk2 + 4kx+k2 � 2r02kx\k4 � 2kx\k2
◆
� C2

8
�0(kx\k+ kxk)2

◆

= 8c

✓�
8hu,x+i2 + 4kx+k2 � 2r02kx\k4 � 2kx\k2

�
� C2

8
�0(kx\k+ kxk)2

◆

= 8c

✓⇣
8hu,x+ � (x\)�(x) + (x\)�(x)i2 + 4kx+ � (x\)�(x) + (x\)�(x)k2 � 2r02kx\k4 � 2kx\k2

⌘

� C2

8
�0(kx\k+ kxk)2

◆

� 8c

✓✓
8hu, (x\)�(x)i2 + 16hu,x+ � (x\)�(x)ihu, (x\)�(x)i+ 4k(x\)�(x)k2

+ 8hx+ � (x\)�(x), (x\)�(x)i � 2kx\k2 � 2r02kx\k4
◆
� C2

8
�0(kx\k+ kx� x\

e
i�(x)k+ kx\

e
i�(x)k)2

◆

� 8c

✓
8r02kx\k4 � 16kx� x\

e
i�(x)kkx\k+ 4kx\k2 � 8kx� e

i�(x)kkx\k � 2r02kx\k4 � 2kx\k2

� C2

8
�0

⇣
4kx\k2 + 4kx� x\

e
i�(x)kkx\k+ kx� x\

e
i�(x)k2

⌘◆

= 8c

✓
6r02kx\k4 � 24kx� x\

e
i�(x)kkx\k+ 2kx\k2

� C2

8
�0

⇣
4kx\k2 + 4kx� x\

e
i�(x)kkx\k+ kx� x\

e
i�(x)k2

⌘◆

� 8c

✓
2kx\k2 � 24kx� x\

e
i�(x)kkx\k � C2

8
�0(4kx\k2 + 4kx� x\

e
i�(x)kkx\k+ kx� x\

e
i�(x)k2)

◆
.

Assume kx� x\
e
i�(x)k  kx\k. If we have

2kx\k2 � 24kx� x\
e
i�(x)kkx\k � C2

8
�0(5kx\k2 + 4kx� x\

e
i�(x)kkx\k),

then we have uTHfu > 0.

Let G be the set of global minimizers of f , define:

R3
�0 =

⇢
2kx\k2 � 24kx� x\

e
i�(x)kkx\k � C2

8
�0(5kx\k2 + 4kx� x\

e
i�(x)kkx\k)

�

\
n
kx� x\

e
i�(x)k  kx\k

o

=

⇢
x | d(x,G)  min

✓
1,

2� 5
8C2�0

24 + 4
8C2�0

◆�

=

⇢
x | d(x,G)  16� 5C2�0

192 + 4C2�0

�
. (30)

For �0 small enough, note that R3
�0

strictly contains the set of global minimizers x\
e
i✓.

Assume that there is a local minimum at x+ 2 R3
�0

. Write:
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�(t) = tx+ + (1� t) cos(�(x))x\+ + (1� t) sin(�(x))x\�
.

Consider h(t) = f(�(t)), we have (with x+ = v + r cos(�(x))x\+ + r sin(�(x))x\�):

h
00(t) =

✓
d�(t)

dt

◆T

Hf (�(t))

✓
d�(t)

dt

◆
+rf(�(t)) · d

2(�(t))

dt2

=

✓
d�(t)

dt

◆T

Hf (�(t))

✓
d�(t)

dt

◆
. (31)

Notice that d�(t)
dt can be written as r0

�
cos(�(x))x\+ + sin(�(x))x\�� + v0, therefore h

00(t) > 0,
so h is strictly convex. As h(0) is a global min of h, h(1) cannot be a critical of h, and therefore x
cannot be a critical point of f if x 6= x\

e
i✓ for some ✓.

A.2.7 PROOF OF PROPOSITION 8

Proof. Recall that:

rg(x+) = 8c
�
4x+kx+k2 � 2x+kx\+k2 � 2x\+hx+

,x\+i � 2x\�hx\�
,x+i

�
.

We have:
krg(x+)k2 ⇠

kxk!+1
(32c)2kxk6.

Therefore from (8), if we take �0 such that:

(32c)2 > (C1�0c)
2 () �0 <

32

C1
.

Then R1
�0

contains all x for kxk large enough. Then there exists some K compact such that for all
�0  16

C1
, we have x 2 R1

�0
for all x 62 K. Let E be an open set containing the critical points C

of g. K\E is a compact also, therefore the function krg(x+)k
C1c(kxk+kx\k)3 attains its minimum on K\E.

Take �0 strictly below this minimum, and from (8), R1
�0

contains all K\E.
Now let’s consider a critical point of g(x+). We can see that:

Assume x+ is a critical point.

• If kx+k2 = 1
2kx

\+k2, then we must have hx+
,x\+i = 0 and hx+

,x\�i = 0 as x\+ is ortogonal
to x\�, which means that kxk2 = 1

2kx
\k2 and that |hx,x\i|2 = hx+

,x\+i2 + hx+
,x\�i2 = 0. In

that case using Proposition 6, x is strictly in R2
�0
. for �0 small enough.

• If kx+k2 6= 1
2kx

\+k2, then x+ must be in Span{x\+
,x\�}, lets write x+ = µx\+ + ⌫x\�. We

must have: ⇢
4µ(µ2 + ⌫

2)� 4µ = 0
4⌫(µ2 + ⌫

2)� 4⌫ = 0

which gives either µ2 + ⌫
2 = 1, or µ = ⌫ = 0. If µ = ⌫ = 0, then x = 0, which is strictly in R2

�0

for �0 small enough. If µ2 + ⌫
2 = 1, then x = e

i✓x\, which is strictly in R3
�0

for �0 small enough.

Therefore the set of critical points C is in E := Int(R2
�0

[ R3
�0
), the interior of R2

�0
[ R3

�0
for �0 small enough, and from the previous argument we must have for �0 small enough:

R1
�0 [R2

�0 [R3
�0 = R2n

.
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A.3 PROOF OF GLOBAL CONVERGENCE

A.3.1 PROOF OF PROPOSITION 9

Proof. Since Ai is real symmetric and positive semidefinite for all i = 1, . . . ,m, by orthogonal
decomposition, we can write Ai =

Pr
j=1 �ijvijvT

ij , where (vij)rj=1 are orthonormal, for some
1  r  n and �ij > 0 for all j = 1, . . . , r. Define

V := Span{vij : i = 1, . . . ,m, j = 1, . . . , r}.
Notice that

rf(x+) = 4
mX

i=1

�
hAix

+
,x+i � bi

�
Aix

+ = 4
mX

i=1

rX

j=1

�ijhvij ,x
+i
�
hAix

+
,x+i � bi

�
vij 2 V.

Therefore, rf(x+) 2 V for all x+ 2 R2n. Denote V
? as the orthogonal complement of the

subspace V , then for any given initial point x+
0 , the solution x+(·) to (13) can be decomposed

as x+(t) = x+
V (t) + x+

V ?(t), where x+
V (t) 2 V and x+

V ?(t) 2 V
? for all t � 0. Note that

(x+)0(t) = �rf(x+(t)) 2 V , thus x+
V ?(t) ⌘ x+

V ?(0) and we write x+(t) = x+
V (t) + x+

V ?(0)
for all t � 0. Since f(x+) is a decreasing function over t � 0,

rX

j=1

�ijhvij ,x
+(t)i2 = |hAix

+(t),x+(t)i| 
q

2(hAix+(t),x+(t)i � bi)2 + 2b2i


q
2f(x+(t)) + 2b2i 

q
2f(x+

0 ) + 2b2i .

Recall that �ij > 0 for all j = 1, . . . , r, hence hvij ,x+(t)i is bounded over t � 0 and so is
hvij ,x

+
V (t)i. As Span{vij : i = 1, . . . ,m, j = 1, . . . , r} = V , we can extract a basis of vectors

vij to form a basis of V , and denote this basis as {u` : ` = 1, . . . , d}. Then one can write x+
V (t) =Pd

`=1 ⇣`(t)u`. Notice that for each ` = 1, . . . , d, there must exist (i`, j`) such that vi`j` = u`.
Thus,

kx+
V (t)k

2 =
dX

`=1

⇣`(t)
2 =

dX

`=1

hu`,x
+
V (t)i

2 =
dX

`=1

hvi`j` ,x
+
V (t)i

2

is bounded over t � 0. Finally, x+(t) = x+
V (t) + x+

V ?(0) is bounded over t � 0.

A.4 PROOF OF CONCENTRATION RESULTS

A.4.1 PROOF OF PROPOSITION 10

Proof. We can just look at the expectation entrywise. We can notice that:

E

0

@
 
X

i

(a+
i )

⌦4

!

i1,i2,i3,i4

1

A = m�
4E

0

@
 ✓

a+
1

�

◆⌦4
!

i1,i2,i3,i4

1

A

= m�
4E
 ✓

a+
1

�

◆

i1

✓
a+
1

�

◆

i2

✓
a+
1

�

◆

i3

✓
a+
1

�

◆

i4

!
. (32)

All entries of a+
1 are independent and centered, so if one index among i1, i2, i3, i4 is different

from the three others, the expectation is zero. If not, we can have either i1 = i2 6= i3 = i4 or
i1 = i3 6= i2 = i4 or i1 = i4 6= i2 = i3 or i1 = i2 = i3 = i4, in the first three cases:

E
 ✓

a+
1

�

◆

i1

✓
a+
1

�

◆

i2

✓
a+
1

�

◆

i3

✓
a+
1

�

◆

i4

!
= E

 ✓
a+
1

�

◆2

1

✓
a+
1

�

◆2

2

!
= 1

and in the last case:

E
 ✓

a+
1

�

◆

i1

✓
a+
1

�

◆

i2

✓
a+
1

�

◆

i3

✓
a+
1

�

◆

i4

!
= E

 ✓
a+
1

�

◆4

1

!
= 3

which achieves the proof.
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A.4.2 PROOF OF PROPOSITION 11

Proof. As define in Even & Massoulié (2021), we denote for some tensor R

kRkop = sup
ku1⌦u2⌦u3⌦u4k=1

������

X

i1,i2,i3,i4

Ri1,i2,i3,i4(u1)i1(u2)i2(u3)i3(u4)i4

������
.

According to Even & Massoulié (2021), as a+
i
� follow N (0, In) and E(T) = S, we have for some

absolute constant C > 0,

P
 
kT � Skop � C

r
n+ log n+ �m

m

!
 e

��m
.

For m � Kn, as log n  n, we have,

C

r
n+ log n+ �m

m
 C

r
2

K
+ �.

If we take K large enough and � > 0 small enough (e.g., � < �
2
0/(2C

2) and K > 4C/�
2
0), then the

right handside is strictly lower than �0. For such �,K > 0,

P(kT � Skop < �0) � 1� e
��m

.
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