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A IMPLEMENTATION DETAILS OF THE NUMERICAL EXPERIMENTS

All experiments are conducted using Matlab R2019a on Ubuntu 18.04 with the AMD Ryzen 2700X
8-core processor and 16GB 2133MHz memory.

In the non-stationary LQR experiments, we select n,, = 6, n,, = 6 and v = 0.5. The dynamical
matrices Ag and By at episode 0 are randomly generated from a Gaussian distribution A/(0,0.12).
Then, we generate the time-varying dynamical matrices according to A;11 = A; + 0.01M; and
Bi+1 = By + 0.01 N, where M; and N, are random matrices whose entries are uniformly sampled
from [0,1]. To evaluate the cost function V;(K;) given the policy parameter K at episode ¢, we roll
out a trajectory of length H = 50 using policy parameter K; and sum up the collected rewards.

In the non-stationary resource allocation experiments, the policy function 7; ;(0;; 6; ) is param-
eterized as the following: a;; = exp(zi;)/ > ; exp(zi;), where z;; = 2221 ¥p(0:)0;;(p) and
0; =[...,0;j,...]" and episode index ¢ is omitted for notation simplicity. Specifically, the feature
function v, (0;) is selected as ¥, (0;) = ||o; — ¢p||?, where ¢, is the parameter of the p-th feature
function. Effectively, the agents need to make decisions on 64 actions, and each action is decided by 9
parameters. Therefore, the problem dimension is d = 576. The discount factor is set as v = 0.75 and

the length of horizon H = 30. The time-varying sensitivity parameter ¢; ; is generated as follows: let
Gio=1and ;¢4+1 = (i r + 0.1P;, where P, is a random number uniformly sampled from [—1, 1].

B PROOF OF LEMMA 2.5
By definition of the residual feedback, we have
ElguCee) ] = Bl (ol + 0ue) = fis(oms + e 1))’ el
<

SE[(folwe + 0ue) — fu(@imr + 0up—1))”[lu]|?) (14)

+ SEl(fules + ) — fiamr + bue ) )

12



Under review as a conference paper at ICLR 2021

Since wy is independent of x;_1, u;—; and the generation of functions f;_; and f;, we have that
ZE[(fi(zi—1 + dup—1) — fim1(ze—1 + 5Ut—1))2\|ut||2] < UE[(fi(zi—1 + 6up—1) — fro1(zio1 +
5ut,1))2}. Moreover, adding and subtracting f(z;—1 + du;) in the term (f(z¢ + 0uy) — fi(zi—1 +
5ut_1)) ? of the above inequality, we obtain that

Bl3(w0)|] < 5Bl + ) — fii + 6u) e )

B[+ 0u) — ol + bue1))’ el (>
+ %E[(ft(l‘t—l +oug—1) — fro1(x—1 + 5ut—1))2]'

Since f; € C%Y is Lipschitz with constant Lg, we further obtain that

B 412
Ellg(zo)l?] <=2Elllwe — we—t | [|uell?] + ALGE[Jue — w1 ||*[Jue]|?]

S5
2d 2

+ ﬁE[(ft(ﬂq + 0up—1) — fim1(we—1 + dup—1)) 7). (16)

Note that u; is a Gaussian vector independent from x; — xz;_;, we then obtain that E[||z; —

2 1||?||uel|?] = dE[||x; — 24_1]|?]. Furthermore, using Lemma 1 in Nesterov & Spokoiny

(2017), we know that B[||uy — we—y]|*Juel|?] < 2B[([Jue]|* + flue—[|*)[wel?] = 2E[([Jue]|*] +
2E[||lus—1]1?||ue]|?] < 4(d + 4)2. Substituting these bounds into inequality (16), we obtain that

~ oy _4dL3 2 2 2
E[l[g(z)(] §672E[||5Ct —xp-1|"] + 16 Lg(d + 4)
2d 2
+ EE[(ft(mt—l +oug—1) — fro1(xp—1 + 5Ut—1)) ].
Since z; = Hx[zi—1 — ng(zi—1)], we get that ||z — zpq|| = |Hx[zi—1 — ng(zi-1)] —

Iy [¢—1]|| < n||g(z—1)|| due to the nonexpansiveness of the projection operator onto a convex set.
Therefore, we have that

- 4dLEn? . _
131 (x0)]I”) < =55 Bl|gi—1 (11| + 16L5(d + 4)°
2d
+ (TzE[(ft(ﬁCtﬂ +ous—1) = fr—1(wi—1 + 5Ut71))2]-

The proof is complete.

C PROOF OF THEOREM 3.2

Note that f5+(z) is convex for all £, we then conclude that
fo(we) = fou(x) < (Vsi(xe), 2 — x), forallz € X, 17

Adding and subtracting g, () after V fs(x;) in above inequality, and taking expectation over u; on
both sides, we obtain that

E[fsi(xe) — fs1(x)] < E[(Ge(20), 20 — )] (13)

Since z441 = Iy (2, — ng(w¢)], for any z € X we have that

|z ep1 — )% = [T [2r — ndi(ae)] — M [2] |2

<l = ng(ae) — =
= o — l” = 20(ge(x0), 20 — @) + 021 Ga ()| (19)
Rearranging the above inequality yields that

- 1 -
(Gulan). 20 =) = 50 (e =2l = een = 2l?) + 5 () I (20)

13
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Taking expectation on both sides of the above inequality over u, and substituting the resulting bound
into (18), we obtain that

E[iﬂs,m - ifa,m)] oy lleo =l + E[Z 19:()l12]- e
t=0 t=0

t=0

Since f;(z) € C%°, we know that | f5 +(x) — fi(x)| < 6LoV/d. Therefore, we obtain from the above
inequality that

T T T T T T
E[Y filz) =) filw)] :E[Zfa,t(xt)—z:fa,t( E[D - (filwe) = fonl@) =D (f:
t=0 t=0 t=0 t=0

< —||1:0 — 2+ ZE Z 16 (x)]|?] + 2VdLooT. 22)

t=0

Telescoping the bound in (5) over ¢t = 1,2, ..., T, adding E[||go(z0)||*] on both sides, adding
4dLin?
2

E[||gr (z7)||?] to the right hand side and using Assumption 3.1, we obtain that

E ) 1 } ) 16 2dVE 1

E[Y g (z)]?] < EE[HQO(%)H ]+ mLo(d‘F‘l) T+ 757T (23)

where o = %. Substituting the above bound into (22) yields that
d a 1 n 16
B[ filw) =Y fi(@)] < 5= llwo — 2> + 57——E[llgo(z0)*] + 7L2(d+ 4)*nT
— — 2n 2(1 — ) 1
2dV? p
+ 2V dLoST + —fﬁT (24)
Since above inequality holds for all x € X, we can replace x with *. When the upper bound on
* . Rr3 4dLZn? _ R? _ 1
lxo — *|| < R is known, let = m and § = o VR o that o = s = 45 < 5, when
T > R2. Then, we obtain that
T T ~ 3
]E[||90(900)||2]R2
E ) — 2*)] < V2LoVdRTH 4 =200 120
[gm ) t;ft( )] 0 NEITIE
d+4)? V2dRV?
+ SﬁuLOR%T% +2LoVdRTT + —— L7131  (25)
Vd Ly
. 4dLin?
When R is unknown, let n = m and § = T%’ so that @ = =%~ = 55 < 1. Then, we

obtain that

E[S fie) = 3 file)] < vaLovarert o Bl o st 92 ) oy
t=0

pos 2v2dLoT* Vd
s V2dV?
+2VdLeT + - i (26)
0
On the other hand, we can let n = Lj and § = ‘/ﬁl , where ¢ € R is a user-specific
2v2LoVdT % LiTa ‘
parameter. With this choice of parameters, we get o = % = L“’;TR < 1 when T > Lg?R? and,

as a result, we obtain that

T T ; 3 lgo (o)l 44 4)?
E{;ft(mt)*;ft(m )] < V2LoVdRT1 + MJrS\/i( \/E)

+2Ly VdRT? + V2dRLY'VATH. Q27)

Mw

LoR3Ti
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D PROOF OF THEOREM 3.4

Since f;(z) € C*, we know that | f5(x) — fi(x)| < §*Lyd. Following the same proof logic as that
for proving (22), we obtain that

T T T
1 n -
E ) — 2)] < —|wo —2)? + JE z0)||°] +2dL6°T. (28
(3 o) = 3 o] < 5o =+ SE[3 e)IP] + 244 28)
Substituting the bound in (23) into the above inequality, we obtain that
T n 16
E[Y fila) th < \mo ol + 5= Ellgo(@o)|P] + = Li(d + 4)*nT
t=0 (1-a) @
) 2de
+2dL,6°T + 75—2T (29)
Since above inequality holds for all z € X, we can replace x with z*. Assuming the bound
4
|lzo — 2*|| < Ris known, let n = M/’iﬁ and § = -y sothata = 4d{;§" = B <1 when

T > R?. Plugging these parameters into above inequality, we finally obtain that

T T _
E[th(ft) —th(x)] < \/iLod%R%T% +M+8\[L (d+4)° R3T3
= =0

2V2Lod3 T3 a4
5 2 . .
1oL diRETE ¢ LinggiT%. (30)
0
When the bound ||z — 2*|| < R is unknown. Choose n = ———>— and § = -~ T so that
) s \fLOdst d6T6
= 4d§§" = % % Plugging these parameters into above inequality, we finally obtain that
T T -
E[llgo(o)]*] (d+4) 1
E ;) — 2)] < V2Lod? ||z — z||2T5 + -2 4 82y~ L T3
[;ft( ) ;ft( )] < V2Lod||zo — 2] oLl T e
. . 2 .
1243 [, T3 + Lid%vf?T%. (31)
0

The proof is complete.

E PROOF OF THEOREM 4.2

We first consider the case where Assumption 4.1.1 holds. Note that f;(z) € C%°. According

to Lemma 2.2, f5:(x) has Ly s-Lipschitz continuous gradient with L 5 = @LO. Furthermore,
according to Lemma 1.2.3 in Nesterov (2013), we have the following inequality

Lis
fox(@er1) < foi(ze) + (Vs i(we), i1 — ) + %”zt-&-l — x|

2
= foale) =9 isalr). )} + 22 ()| ()
2
= Jsalw) = 1V foaln), A = 9 a4 8 gy )

where Ay = gy(x) — V f5.(z¢). According to Lemma 2.4, we know that E,,, [§:(2¢)] = V fs.1 ().
Therefore, taking expectation over u; conditional on z; on both sides of inequality (32) and rearrang-
ing terms, we obtain that

L 2
IV () I2] < Elfso(w0)] — Elfsu(@een)] + —2 Bl gzl
L1757)2

El|ge(z)1?] + Elfs 41 (@141)] — E[fs(ze41)],
(33)

< E[fse(x)] — Elfs 41 (2e41)] +
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where the expectation is conditional on x;. Then, we can further condition both sides of (33) on x
without changing the sign of inequality, and then apply the tower rule of conditional expectation
to make the expectation in (33) become full expectation. Telescoping the above inequality over
t =0,...,7 — 1 and dividing both sides by 7, we obtain that

T-1 T—1
> BNV o)) < SAAZERIEIL 4 B S Rl )l + 5
=0 t=0

(34)

Elfs0(@0)] = fir | Lisn <= puryi Wr
= 2 D Elllg ()] + =
N 2 =
where f§ 1 is the lower bound of the smoothed function fsr(x). f 57 Must exist because we assume
the orignal function f;(z) is lower bounded and the smoothed function has a bounded distance from
f+(x) due to Lemma 2.2 for all ¢.
Next, we consider the case where Assumption 4.1.2 holds. Summing the bound in (5) from ¢t =

1,..., T, adding E[|go(z0)]?] E[||gr (z7)]|?] to the right hand side,
we obtain that

T
- 1 _ 16 2d Wr
B[ 1)) < ;—Elao()|’] + = L3(d+ 4T+ ===, (39)
Substituting this bound into the inequality (34), we obtain that
Elfs0(@o)] — f5r fLon 1 N
Z E[|V f3.(z0)||?] < r ) Wr E[]l5(o)|I?]
n N 2 l1-a
N (36)
26 1-a 20 1—a 62°
To fullfill the requirement that | f(x) — f57t(x)| < ey, we set the exporation parameter 6 = ﬁ. In
2 Lo
1.5
addition, let the stepsize be n = m. Then, we have that o« = 4d§§"2 =3 dT <
T2> 5= der- . Therefore, we have that 1~ < 2. Substituting this bound and the choices of 7 and J into
the bound (??), we finally obtain that
T—1 3Tl 2
. a1+ €;E[[[go(zo)ll
Y EVfse(@e)l’) < 2V2LE(Elf5.0(w0)] = fz + Wr) fT + FEl(oI’]
Pt f 2v2dT
1(d+4)2 . L2 dYSWp
4v2Lge2 ———T2 + — . 37
+4V2Lge} 1 + 5 T (37)

The proof is complete.

F PROOF OF THEOREM 4.3

We first consider the case where Assumption 4.1.1 holds. Note that when f, € C''! with Lipschitz
constant Ly, the smoothed function f5, € C L1 with Lipschitz constant L;. Therefore, following the
proof of Theorem 4.2 but replacing L, s with L1, we obtain that

T—1 T—1

E[fs.0(zo)] — f5 L y W,

S ElIV sl ) < ML 2L S Bllge)l - L G8)
=0 K =0 K

Since f; € C*1, according to Lemma 2.2, we have that ||V f5+(2) — V fi(x)|| < dLy(d + 3)3/2.

Furthermore, we have that
T—1 T-1

Z]E IV f(20)lI”] ZE IV f(@e) =V foe(we) + Y fs,(x0)[|%]

< 2E[I|Vf ) — Vfa,t(wt)ll ]+ 2E[|[V fo.2 () [I°]. (39)
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Next, we consider the case where Assumption 4.1.2 holds. Substituting the bound in (35) into (38)
and using the bound in (39), we obtain that

T—1
E[fs0(z0)] — f5 1% L ~ 16L
S EIV @)} <2 2T 4 9=+ B g (e0)P)n + g L3(d+ 4T
t=0 N N o -
2dL,Wr 1 ) -
T —a 52 +2L7{(d+ 3)°6°T, (40)
-1 — 1 _MdLgn® 1 1anq 1 tuti
Choose n = TN and 6 = P Then, o = = ouT < 5 and = < 2. Substituting
these results into the above inequality, we finally obtain that
T—1 -
, LiE[[|go(x0)|?]
E[|V %] < 4v2Lo(E — i+ Wy)di T2 4 ——— LT
2 IV f (@) < 4V2Lo(Elfs.0(z0)] = fir + Wr) + J2LodiT?
d+ 4)2 201 4= d+3)3
+8VAL, Lo’ ;4 e ‘[L 1d%WT+2L§(d+75)T%. @1
3 0 3

The proof is complete.

G PROOF OF LEMMA 5.2

Consider the case when F}(z,£) € C%0 with Ly(€). According to (13), we have that

E[||ge(z+)|?] = E[%<Ft($t + Sug, &) — Fyor (o1 + w1, 1)) ]|
< %EKFt(l‘t +dug, &) — Fi(ae—1 + 5ut—1’§t))2”ut”2]

2
+ EE[(Ft(-Tt—l +ous—1,&) — Fro1(we—1 + 5Ut—1,€t—1))2||ut||2]~
(42)

Using the bound in Assumption 5.1 and the fact that the generation of random objective func-
tions Fy_1(+,&—1) and Fy(+, &) are independent of u;, we get that S%E[(Ft(:ct_l + dup—1,&) —

Fi 1(wp—1+6us_1, ft_l))2 lluel]?] < %Vﬁg. In addition, adding and subtracting F; (x;_1 + duy, &)
in (Ft (z¢ + 0w, &) — Fi(wi—1 + dug—1, ft))z in above inequality, we obtain that

4
Ellge(we) I°) < s BI(Fu(we + dur, &) = Fulwem + ur, &) lue]|*]
4
+ S El(Ful@or + 0w, &) = Fywea + 0w, €0)) lud?) - (43)
2d
+ ﬁE[(Ft(xt—l +0u—1,&) — Fr—1 (-1 + 6Ut—17§t—1))2]'

By Lipschitz continuity of F(+; &), we can bound the first two items on the right hand side of above
inequality following the same procedure after inequality (16) and get that

. 4dL2n? N
E[[|gs(z)[|”] < 5377 E[l|ge(ae—1)[1*) + 16L5(d + 4)°
2d
+ (TQE[(Ft(ﬂ?t—l +ous—1,&) — Fro1(we—1 + 5Ut—17§t—1))2]-

The proof is complete.

H RESIDUAL-FEEDBACK CONVEX OPTIMIZATION WITH UNIT SPHERE
SAMPLING

Consider the online convex zeroth-order optimization problem (P) with a compact constraint set X.
In this section, we assume that the objective function f(x) cannot be queried outside the constraint

17
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set X'. To satisfy this requirement, we estimate the gradient as
d
0

ge(xt) = (ft(ﬂct +0ut) — fio1(xe—1 + 5“2671))“25; (44)

where u;_1 and u; are independently and uniformly sampled from the unit sphere S := {x € R? :
||| = 1}. Consider the smoothed function f5(z) = Evcp [ f (2 + dv)]|, where the random vector v is
uniformly sampled from the unit ball B = {z € R?: ||z|| < 1} . Then, we have the following lemma

Lemma H.1. The function () is an unbiased estimate of the gradient ¥V f5(x), i.e., E[gi(2;)] =
V fs(a1).

Proof. Since u; is sampled independently from z;_; and u;_1, and u; has zero mean, it is straight-
forward to complete the proof by applying Lemma 2.1 in Flaxman et al. (2005). O

To ensure that the iterates are confined within the constraint set X', we consider the update
T =gy x (20 — nge(z)), 45)

where the set (1 — &)X := {(1 — &)z : Vo € X'} is a shrinked version of the original constraint set
X. The goal is to select a parameter ¢ so that for every z¢ € (1 — &)X, z¢ +du € X forevery u € S.
To achieve this, we first make the following assumption that is inspired by Flaxman et al. (2005);
Bubeck et al. (2012).

Assumption H.2. There exist contants r and 7 such that r/B C X C 7B.

Then, we have the following lemma.

Lemma H.3. [fthe parameter £ satisfies 1 > £ > %, then for every iterate x; obtained using (45),
we have that Ty + duy € X for all us € S.

Proof. When'1 > ¢ > 2, we get that ||§ul| < &r. Therefore, there exists 2’ € rB C X such that
the vector du = £z’. Since z; € (1 — &)X, there exists z € X such that z; = (1 — §)z, and there
exists 2 € X such that du = £x’. As a result, we have that x; + du = (1 — §)x + {2’ € X. This is
because set X is convex. O

Next, we study the regret Ry := E [ ZtT:_Ol fe(xy) — mingex ZtT:_ol ft(x)} achieved by executing
the online update (45) We do so in the following two steps. First, in Lemma H.4, we provide
an upper bound on the difference between the optimal solution that lies in the set (1 — £)X" and
the one that lies in the set X, i.e., minge_¢)x ZtT:_Ol fe(x) — mingexy ZtT:_Ol ft(x); Then, in
Theorem H.7, we bound the regret defined by the expected difference between the function values

achieved by running the update (45) and the term min ¢ (;_¢)x ZtT;()l fi(x),ie,E [ ZtT;Ol fe(w) —

minge—g)x ZtT;()l ft(x)] . Adding the two bounds above, we can complete the proof.

In the following lemma we provide a bound on minge(—¢)x Zz:_ol fi(x) — mingex Z;T:_Ol fe(x).

Lemma H.4. If the function f; is convex and f; € C*° with Lipschitz constant Ly for all time t, we
have that

T—1
> RE) = fia”) < FLET, (46)
t=0

t

~

i
=

*

where xz = argminge(—¢)x ZtT;Ol fi(z) and z* = arg min, ey ZtT;()l fi(z).

Proof. Since z* € X, we have that (1 — §)z* € (1 — £)X'. Moreover, since z is the minimizer in
the set (1 — &)X, we get that

T-1 T-1
PR ACHESD PR A(CEN It (47)
t=0 t=0

18
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Also, since f; is convex and (1 — &)a* = (1 — &)z™ + £0, we have that

fe((T= &)™) < (1= &) f(z") + ££(0)
< (1= fe(a™) + & fe(x™) = Efe(a™) + £ £:(0)
< fe(z®) + ELollz™|| < fe(z™) + TLo§, (48)

where the last inequality is due to the fact that * € & C 7B. Summing the inequality (48) over time,
we obtain that

T-1 T-1
DA =9a") = D fula) < TLeET. (49)
t=0 t=0

Adding up the inequalities (47) and (49) and rearranging terms completes the proof. O

Next, we study the regret E { ZtT;Ol fe(xy) —minge_g)x ZtT;Ol ft(x)} following similar steps as

in Section 3. First, we can bound the difference between the smoothed objective function f5; and f;
for every time step ¢ as follows.

Lemma H.5. Consider a function f and its smoothed version fs. It holds that

5L07 Lff € 00707
st - £ < { oo TS

Proof. Recall that f5(x) = Eyep[f(z + 6v)]. Then, we have that

|[fs(z) = f(2)| = [Ever [f(z + dv) = f(2)]|
< EUEB [|f(£l? + 61}) - f($)|]
S Eve[ﬂg [L0||5’UH] (50)

Furthermore, since v € B, we have that ||dv|| < d. Combining this inequality with (50), we have that
|fs(z) — f(x)| < Eyer[0Lo| = Lod. When the function f € C! with Lipschitz constant Ly, we
have that

(V7 (@), 60) — 2260l < o+ 00) — (@) < (VFG),00) + 2avl?, D)

for all v € B. Taking the expectation of (51) over v sampled uniformly from the unit ball B and
recalling that v is sampled independently from x and has zero mean, we get that

—L16% < —%]EUGB[H&MF] < Eycn [f(:c + 0v) — f(x)] < %EUGB[”&)‘H < L16%. (52
In addition, because | f5(z) — f(z)| = |Eyep [ f(z + 0v) — f(x)]], we obtain that | f5(z) — f(z)]

<
L,62. The proof is complete. O

The next lemma provides a bound on the second moment of the gradient estimate (44) under
update (45).

Lemma H.6 (Second moment). Assume that f; € C°° with Lipschitz constant Ly for all time t.
Then, under the ZO update rule in (45), the second moment of the residual feedback (44) satisfies:

4d2L2 2
0" E

52 Ellge1(ze-1)II") + Dr, (53)

E[[|gs(z0)[”] <
where Dy := 16d2L3 + 25 E[(fi(wi—1 + 6ur1) — fi1(z—1 + Sus_1))°].

19
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Proof. By definition of the residual feedback (44), we have that

~ 2 d2 2 2
Elllge(@)l’] = Bl (fi(we + 0ue) = fima(@smr + due—1)) " ue]

2
< ZCRI(fular+ 9ue) — ol + ) )
2

4 2EEI(fulres + 0ue1) = for (e + b)) Jul?) 9
< 2Rl fswi+ 6 Sup1)?
S 5T (x4 ouy) — fi(we—1 + utﬂ)) ]

2d2 2
+ ?E[(ft(xtfl +oup—1) — fro1(@e—1 + 5Ut71)) 1,

where the last inequality is because u; € S. Moreover, adding and subtracting f;(2:—1 + duy) to the
term (ft(:ct + 0ug) — fe(wi—1 + dug— 1))2 in the inequality (54), we obtain

E(la(e0)?) < CE{(fu(@r + 8u) — filwrs + 5u))

52
4d? 2
+ ?E[(ft(mtfl + 0ug) — fi(zi—1 + dup—1))] (55)
2d? 2
+ FE[(ft(xtfl 4+ 0ui—1) = fr—1 (w1 + dug—1)) 7).
Since f; € C0 is Lipschitz with constant L, we further obtain that
- 2 4d2L3 27 2p 2
Efllglz) "] s —55— Elllwe — 24— 112) + 4d® LE[[|uy — we—1|?]
2d? 2
+ 672E[(ft($t—1 + 0up—1) — fro1(Te—1 + 0ug—1)) 7. (56)

Since u; € S, we get that E[[|lus — u;—1]|?] < 4. Substituting this bound into inequality (56), we
obtain that

4d% 12
E[[|g(z)[?] < OE[IISEtf:Et 1|1 + 164> L2
2d2 ,
+ ?E[(ft(xt—l +oug—1) — fro1(@i—1 + 5ut—1)) ). (57)

Since z; = (1 ¢y [xt_l - ng(xt_l)] . we get that ||z, — 21| = [TTn_g)x [:vt_l - ng(xt_l)] -
I(1—¢)x [zi—1]]] < n]lg(w¢—1)]| due to the nonexpansiveness of the projection operator onto a convex
set. Therefore, we have that

- 4d?Lin?
Ellgu(eo)l?) <2l (w1 0)|P) + 166213
242 )
+ ?E[(ft(xt—l +oug—1) — fro1(xe—1 + 5Ut—1)) ] (58)
The proof is complete. O

Using Lemmas H.1-H.6, we can obtain the main theorem for online convex optimization using (45).

Theorem H.7 (Regret for Convex Lipschitz f;). Let Assumption 3.1 hold. Assume that ft € CY0

convex with szschztz constant Lg for all t. Run ZO with residual feedback for T' > 7'_2L0 iterations
S

. _ iy _ -
it = 2ﬁLm/ETZ and 0 Lgri’ where q € R is a user-specified parameter. Then, we have that
3
RT S 4\/ﬁL0T% + M + 8\/>d2 f% %
2\/7L0T4
V2drV7
+(2+ ) Ly WdrT? + —55 LT 59)

1-2
L q

Asymptotically, we have Ry = O((Lo + L(lJ 74 [y 1Vf2)\/ dFT%).
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Proof. First, we provide a bound on the regret that compares the sum of the function values ob-
tained using (45) to that obtained for the optimizer ¢ in the shrinked constraint set (1-9X,1ie.,

E [ZtT;Ol fe(xe) —minge_g)x ZtT;Ol ft(a;)} . Since f54(z) is convex for all ¢, we conclude that

fst(@e) = fou(x) < (Vfsi(ae),xr — ), forallz € (1 - §X. (60)

Adding and subtracting g;(z;) to V f5.(x;) in inequality (60), and taking the expectation of both
sides with respect to u, we obtain that

E|[fsu(z) — fs1(@)] < E[(Ge(20), 20 — )], (61)
Since z441 = (1_¢)x [21 — ng(x)], forany z € (1 — )X we have that
241 = =l|* = T —g)a [2: = ng(xe)] = Mgy [2] ]
<l = ng(ae) — =
= o —l” = 20(ge(xe), 20 — 2) + 021 Ga (0|2 (62)
Rearranging the terms in inequality (62) yields

1 7~
m —(lze — I = |lwegr — =) + §||9t(xt)||2' (63)

Taking the expectation of both sides of inequality (63) with respect to u; and substituting the resulting
bound into (61), we obtain that

T-1 T-1 1 n T-1
B[ D folee) = 3 fuu@)] < 5llwo — 2l + SB[ S g ] (64)
t=0 t=0 t=0

Since fi(z) € C%°, we know that |fs;(z) — fi(x)] < §Lg. Therefore, we obtain

(Ge(xe), 20 — ) <

T-1 T-1 T-1 T-1
B[ filw) = > fe@)] =E[ Y forlw) = > foula)]
t=0 t=0 t—OT X t=0 -
Z fe(xe) — fo4( xt Z — fau( ))]
t=0 - t=0
||x0 P+ ”E (S ge@)|?] +2LodT, (65)
t=0

where we have made use of the bound in (64). Telescoping the bound in (53) overt =1,2,....T — 1,

adding E||go(z0)||?] to both sides, and adding 4d” LO" E[||gr—1(z7_1)||?] to the right hand side,
we obtain that

T-1 21,2
1 16 2d<Vz 1
< — E[|g 24— @PI2T LT 66
B3 ] < Bl + P To0 g
where a = MQ#. Substituting the bound in (66) into (65) yields
5 g y
T-1 T-1 . 16
felw) = > ful)] ||5U0 -zl + Y E[l|go(z0)l1?] + T o ad2LgTIT
t=0 t=0
2d? V]? n
+2Ly0T + —T. (67)

a 52
Since inequality (67) holds for all z € (1 — ¢ )X , we can replace « in (67) with x¢. Furthermore,
using Lemma H.4, we have that

T—

1
Z fe(@g) = fi(a*) < FLoET. (68)
0

t=
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Summing inequalities (67) and (68), we obtain

T—1
E[;ft(zt fo g 27”1107$Z‘i2+ﬁﬁl“|§o($0)”2] 16

d2L2

52 TPy FLeeT, (69)

where [|lzg — 2% [|* < 47, According to Lemma H.3, we can select { = 2 to guarantee that all iterates

3
s + dup € X for all u; € S. Furthermore, letn = —>—— and § = ,where g € Risa
t t t n 2fL0fT4 Lng 4
4d2 1202

user-specified parameter. Then, o« = —5— = _2L2q <1 5 wWhenT" > 2L . Substituting these
parameter values into (69), we obtain that

T-1 T-1 s E[]lgo(zo)I? ]f% .
E[Y fulw) = Y file®)] < aV2rdLTH + =0tV T | 8\/2dS Lot T
t=0 t=0

2V2dLo T4
F 2+ ;)L};q\/dﬂ% + L2 N2 VAT, (70)
The proof is complete. O

I DISCUSSION ON THE ONLINE OPTIMIZATION WITH ADVERSARIES

In Section 2, we consider online optimization problems where the sequence of the objective functions
{ft}+ is randomly generated and is independent of the agent’s decisions. This assumption is satisfied
when the non-stationarity of the environment is caused by the nature. In this section, we consider
a different scenario where the objective function is selected by an opponent. Specifically, at time ¢,
the agent selects a decision x; + duy, then the opponent selects a objective function f; according to
the history information H; = {x¢ + dug, fo, ..., Tt—1 + dus—1, ft—1,2+ + dus } to maximize the
agent’s regret.

When the gradient estimator (3) is applied, where the searching direction u, is sampled from Gaussian
distribution A/(0, I'), we have the following Lemma in adversarial scenario.

Lemma L1 (Second moment). Assume that f; € C°° with Lipschitz constant Ly for all time t. Then,
under the ZO update rule in (4), the second moment of the residual feedback satisfies: for all t,

. 4dLEn? -
Eflgi ()”) < 52 El[gi-1 (x| + Du, G

where Dy = 16L2(d + 4)2 + 521E[(ft(xt,1 4 Sur 1) = froa (w1 + Sur 1))’ Jue])?].

Proof. The proof is essentially the same as the proof of Lemma 2.5, except that the bound
E[(ft(ﬂft—i +ou—1) — fio1(ze—1 + 5ut—1)) [l | ] < ?;glE[(ft(xt—l +ous—1) = fio1(ze—1 +

5ut,1)) 2] used under (14) does not apply in the adversary case, because the selection of the function
ft depends on u;. Since the other derivations in the proof of Lemma 2.5 does not rely on the
independence between u; and fy, they still hold. It is straightforward to obtain the bound in (71). [

Next, we present the assumptions on the adversary agent for online convex optimization problems.
Assumption L2 (Bounded Adversary). Given the history H;, the adversary agent selects a function
ft such that for all time t there exists a constant Vf2 that satisfies

| fi(@e—1 + 0ug—1) — fr1(2e—1 + Sug—1)|* < Vf2~ (72)

Then, within the expectation term in D; in the bound (71), for any realization of the random vector

uy, the bound (fi(z¢—1 + dug—1) — fro1(zi—1 + 6ut,1))2 < Vf2 holds according to Assumption 1.2.
Therefore, we have that

ZE[(fres + Sue1) — foor (e + 0w 1)) uel?) <

2d
E[VFluel?] < (TQVJ?. (73)

| v
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Therefore, after combining Lemma 1.1 and Assumption 1.2, we can achieve the bound on the second
moment E [||§t(xt) HQ]

- 4dL2n?
Efllg:(z0l”] < —55—Ellge(@-1)[?] + 16L5(d + 4) +

62 Vf (74)
This is the same bound we obtained by combining Lemma 2.5 and Assumption 3.1. And it can be
used to obtain (23) in the proofs of Theorems 3.2, which is also used in 3.4. Then, it is straightforward
to follow the same proofs of Theorems 3.2 and 3.4 to get the same regret bounds in online convex
optimization problems under adversarial environment.

Finally, we present the assumptions on the adversary agent for non-stationary non-convex optimization
problems.

Assumption L3. From timet = 0 to T, the adversary agent selects a sequence of objective functions
{f+} such that

1. There exists a constant Wy that satisfies Zle E(fs.t(xt) — fsp—1(z)] < Wy, where the
expectation is taken with respect to x.

2. Attimet > 1, given the history Hy, the adversary agent selects a function f; such that there exists
a constant Vﬁt that satisfies

\fe(@r—1 + ue—1) — feor (1 + ue1) | < V7. (75)
Furthermore, we have that
T
S VE <Wr. (76)
t=1

Different from Assumption 1.2, where at each time ¢, the adversary should select a function f;
according to a uniform function variation bound VfQ, Assumption 1.3.2 allows the adversary to select

f+ according to a varying function variation bound Vf However, there also exists a budget WT for
the adversary, which represents the total variation on the functions that the adversary is allowed to
make from time ¢ = 0to 7.

Then, similar to the discussion under Assumption 1.2, within the expectation term in D; in the
bound (71) for any realization of the random vector u;, the bound ( fe(@e—g +0us—1) — fro1(ae—1 +

dug— 1)) < Vf2 holds at time ¢ according to Assumption 1.3. Therefore, we can combine Lemma I.1
and Assumption I.3 and use similar derivation in (73) to achieve the same bounds in (34), (35) and
(38), which are used in the proof of Theorems 4.2 and 4.3. The other part of the proofs remains the
same. Therefore, by combining Lemma I.1 and Assumption 1.3, we achieve the same regret bounds in
Theorems 4.2 and 4.3 in online non-stationary non-convex optimization problems under adversarial
environment.
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