APPENDIX

A. MISSING PROOFS FOR EF-TTSA

A1l. INTERMEDIATE LEMMAS

We first present some intermediate lemmas, which shall be used to prove Lemma 1.

Lemma 5. Suppose Assumptions 1-4 hold. For any k£ > 0, we have

El||5k+1 — Ui IP1Fw]

2 2 2L§ 2712 2 2
<(1- gﬁk+35kL Mk — x| +5k0¢ Tﬁk‘f‘SﬂkLg (Idil1” + llex] 7). (D
g

Proof of Lemma 5. Observe that by the definition of g, we have §r11 = §r + Srgk, implying that

Ell[7x+1 — Gkl P17kl = 17x — G2l* + 2BcE[(Gk — Fs 90| Pl + BEEgel P 7). @)

Using the fact that (z,y) < ’\4—9552 + 192, we have
g

E[(gx — U5 96)|Fr] = (G —95, 9(Zr, Ur)) + Gk — Ui 9(Zk, yr) — 9(Zke, Ur))
+ Uk — U 9@k Yk) — 9( Ty Yi))

A L2 L2
< =gk — gil1? + Zldll® + Ellexl]?, 3)
2 A Ag

where the inequality holds due to Assumptions 2, 3 and the definitions of dy and ey.

By Assumption 2, we obtain

Elllgx|*|Fx] = Elllg(z, yr) + vl [* | Fx]
< Elllg(zk, yx) — 9(Zr, yr) + 9(@x, k) — 9(Z, i) + 9T, ) — 9, G| 1 Fk] + 07,
< 3L31|gr — Gill? + 3L |ldk||* + 3Lj |lex|* + o )

Substituting the results from (3)) and (@) into () completes the proof of Lemma 5. O

Lemma 6. Suppose Assumptions 1-4 hold. For any k£ > 0, we have
4akL2 OL2
Ay

+ (304kLy oLs +40iLy1 L} + 40i Ly o L7)||5k — 7kl

+ (% 2Ly L2 + 403 L2 o L7) |z, — 2|

+ (akL oL +3axLd oLy + 40 Ly 1 L + 40 L2 o L7) ||di| |
+ (BarLy,0Lys + 403 Ly 1 L} + 4ai L2 o L7)||ex||?

+ a%LyJJg + a%Lz,oag.

Elllgk+1 — e [P Fs] < (14 LyoLyon + Ly oLow + 20508 Ly 1 + JE[G+1 — Fil 1| Fx]

Proof of Lemma 6. For any k > 0, we have

El|gk+1 — TrialP1Fe] = ElllTrr1 — Gl P 1 Fe] + 2E[(Grr1 — T T — g )| Fi)
+ Ell175 — Trga|I?|Fw]- (5)



By the mean-value theorem, there exists Ty11 = aZ + (1 — a)T11 for a € [0, 1] such that

E[(@k+1 = Ti» U= Uk 1) 1Fk] = ELTE — Tk 1, VY (Trr1) (Torr — Tn)) [ Fr]
= o E[(T% — Trt1, VY (@rt1) fr) | F)
= o, [Ty — Jk+1, VY (Tht1)Er) | F)

Iy
+ ok B[k — Yr+1, VY (Tr1) (F (@8, i) — f (@85 y2))) [ F
I
+ ok B[k — Jrv1, VY (Trp) (f (wr, y3) — f(@, 9" (7)) Fr] . (6)
I3

For the term I; in the above equation @, it can be bounded as

I = B[ = Uk+1, (VY (@k41) — VY (@))€ + Tk — Trt1, VY () Ek) | Fr]-
< ax Ly 1 E[|75 = Gra ] 1 @yl 1€kl + 1T — Grall - 18k - 11€x1Fk]

T 1 1
< o Ly 10ZE[||5 — G 1P Fk] + sk Lyllf (2, y)|* + gakLy,lff?
< Ly 10ZB[| 7 — e |12 F] + 200 LF Ly 1| |Gk — TilP + 206 L2 Ly || 73, — ¥

1

+204 L7 Ly 1 |ldi]|* + 200 L Ly alex]|* + SanLyaog. (D)

For the term I in the above equation @, it can be bounded as

Iy < Ly o LyE[||Gr+1 — Gl - Nk — yill1Fe]
Ly70Lf 3Ly,0Lf

< =BGk — Gl FR] + =

3L, oL 3L3 L
— o —xi2 y,0Lf 2 y,0-f 2
: 2L g — Gl + ==L e 2+ =

(3
For the term I3 in the above equation @, it can be bounded as
I3 = Ly o LE[||gk+1 — y* (Ze)[| - (|26 — 2kl + |26 — 2*[ )] Fi]

2L2 L?
< (Ly,OL + y,0
2 Af

) » LyoL Ao
Bl — v @IPIED + 22 + Kl a1 ©
In summary, substituting the results from (9), (8) and (7) into (6) gives

E[(Fe+1 — " (@), v (@k) — ¥ (Tet1)) | Fi]
LyoLsow | LyoLar  20kLyoL*

< (25 5 Y 4 R LoD [ — FIFIF] + j0iLy 0t
b (Bb bty ooy L)l — 0 + (UL 4 2070, 0L 76— 2
v (buol | 0buols oz, Il

(% + 203 Ly 1 L) ex]* (10)

We observe that the last term in the equation (3) can be bounded as
Elll7k — Fral P Fa] < ok Ly oEll| fel *| F]
< 4o L2 oL3|Tk — Gill® + 402 L2 o L?(|Z), — *||* + af L2 g0
+ 4 Ly o L7 (11l + [lexll?) - (1)

Substituting the results from (T0) and (TT) into (5) completes the proof of Lemma 6. O



Lemma 7. Suppose Assumptions 1-4 hold. For any k£ > 0, we have

E[l|Zx1 — 2*|]*[Fi] < (1 — Apoy + 4ai L?)| |24 — 27|
92
+ (5 Lay + 402 L) ||gr, — gil1? + ado?

Af
313 121312 91>
+(Tak+)\7“”k+4aiLfc)||dkH2+(Tfak+4aiL?)||ek||2. (12)
f f f

Proof of Lemma 7. Observe that by the definition of Zy, we have ZTy11 = Ty + ai fi, implying that
El|zk41 — «*[P|F] = [|2x — 2] + 204 E[(zx — 27, fi)|Fi] + ZE[ful |76l (13)

Using the fact that {x,y) < ’\f z? + 2/\ y?, we have

E{@x — 2%, fi)|[Fil = Tk — 2%, f(Zk, U1)) + (@ — 2, f(Zr, y5) — £(T, T3))
@k — 2", f(@k,yx) — [(@r,ur)) + (@6 — 2%, f(@r,yx) — @k, k)
3L§,OL?¢

Af, . B 3L2 3L2
— S|l — |+ o = el + Z o = vl + 55l — @l
12L2L2 o+ 3L%

I Il

9.2
P+ Ll (14)

_Ms
o 1Tk = 2\ s

g — g1+
+2/\f||yk urll® +

where the inequality is by Assumptions 1, 2, 3, and the definitions of d, and ey.

By Assumptions 2 and 4 we obtain
E[|| full?[Fe] < ALF||gk — gill® +4L7||zx — 2*[|* + 4LF(||d]* + lexl*) +0E.  (15)
Substituting the results from (T4) and (T3) into (I3) completes the proof of Lemma 7. O
A2. PROOF OF LEMMA 1
Proof of Lemma 1. Noting that by Lemmas 5, 6, 7, and with the choice of 8 = 201/\7?\1"0%, we have
Elllgs+1 — e ? + 1Ten — 2721 F6] < ((1+ coan) (1= AgBi + 3BLLY) + cacur) || — Tk
3
+ (1 = JowAsF 4a§LyL2) ||z — z*||?
+ Avag(||dl[* + [ler]]?) + A20f (0F + 03), (16)

where Ay = (1+ ¢2) (BL2+2L2/Ng) B+ c3. Ao = (1+c2) 8%+ Ly, c1 = Ly oL+ 4Ly oLy +
4L? (L*49L5

2Ly 102 + AL, L3 + Zu0T oy = Ly oLy + LyoL + 2L, 1ag + 4L;°L2 s = LyoL +
3Lyo0LyLy + 4L, L% + % o = 3Ly oLs +4L,L% + 54 and L, = L2 + Ly + 1.
Moreover, with the choice of aj, < min{ lﬁLyLQ , GLg(;:JW\f) }, we have

(14 coan) (1 — AgBr + 3R L5) + cacy <1 — %ak- (17)
which together with (I6) completes the proof of Lemma 1. [

B. MISSING PROOFS FOR ALGORITHM 1

B.1. PROOF OF LEMMA 2

We first prove lemma 2, which shall be used to prove Theorem 1.



Proof of Lemma 2. By Assumption 5, for any k£ > 0, we have
Ell|dr1,61*1Fk) = E[l|dii + ok fr.i — Qldri + an fr.a)|1*Fx]
< (1= O)E[l|dri + aufrl[*|F2]
< (1= 8) A+ a)lldril® + (1 = 8) (1 +a™"ag|| f(zryn)l]” + (1 = §)aiot,

(18)

where the last inequality holds since ||z + y||? < (1 + a)||z||? + (1 + a™1)]|y||? for any a > 0.

By Assumptions 1 and 2 we obtain

S s yi) 1P = 11 f (s yi) — F(@ry ) + f (T yi) — F(Zk, i)
+ f (@, 0r) — f (@0 00) + F (@, 05) — 2%,y ()|
AL2 ,
S4L%@w—%ﬂy+ﬂﬂ@k—w|P+‘gi§:mﬁﬂﬁ+ﬂ%ﬂ|)
i€[n]
Substituting the results from (I9) into (I8) we obtain
1
- > EllldirralP1Fe] < (1= 8)1+a) + (1= 8)(1+a"" )i LF) = §:|VMZH2
i€[n]
_ 1
+(1-0)(1+a 1)4aiL§E > llewill* + (1 = 0)aio?
i1€[n]
+(1=0)(1+a H4ag L |ge — g£l1? + (1= 6)(1 + ™ " )daf L?| |z, — =¥,
Similarly, by Assumption 5, for any £ > 0, we have
E[|lex+1,il1*1Fk] = Elllex,i + Brgr,i — Qlew,i + Brgu.il||*|F]
< (1= 0)E[llex.i + Brgr.qlI*|Fil
< (1 =8)1+b)lersl* + (1 =01 +b0")BRg(xe, yn)II” + (1 - 6)Bios,

(19)

(20)

2y

where the last inequality holds since ||z + y|[* < (1 + b)|[x[[* 4+ (1 + b~")|Jy||? for any b > 0.

By Assumption 1, we obtain

lg(zr, y)lI? < 9@k, yk) — 9Tk, yk) + 9T, yi) — 9T, Ti) + 9(Tie, Ti) — 9(Twe, Ti) 1]

_ x 1 1
SiﬂiHyk-yMP'+3L3; §:|VM¢H24-3L3g > llewll*-

i€[n] i€[n]
Substituting the results from (22) into 1) yields
1
o > Elllenaal PIFR]) < (1= 8)(1+b) + (1= 8)(1 +b" Z llex.il |

i€[n]

1
+ (=) +b7D3BLE - D el + (1 - 5)/%

i€[n]
+ (1 =0)(1+b736ELY) gk — gil -
Lettinga =b = g. Combining the results from and 1| we obtain

1 0.1
~ > Ellldkl + lewsnall*1F1] < (0= 5) =~ > (ldiall® + llexl )

1€[n] i€[n]
+(1—06) (1+ B%) i (of +03)
4 3 .
+A=0)(A+ %) (4LF +352L3) aillgn — gill?

4
+(1—9) (1 + 5) 4o L3 |z — ¥ |2,

(22)

(23)

(24)

(25)
(26)

27)

where the inequality is by the choice of {ay,} and {8y }. This completes the proof of Lemma 2. [



B.2. PROOF OF THEOREM 1

Proof of Theorem 1. By Lemma 2, we have

5 As
where Az = 5(4Lfc +4L% + 3L§ 62) and Ay = 1 + B2. Unrolling ®;, recursively up to 0 we get
Ay & 5 a 5
3 k—t 20 k—t 2 ( 2 2
D1 < ;(1 SUCRE ;(1 —5) ot (o + o) (29)

Let aj, = % and wy = k + k where £ > 18, We see that w41 < wi(1 + $). Multiplying
both sides of ([29) by wy41, we obtain

Ay b b 5o
Wi Ppyr < A+ A=) i+ A1+ ) ( 1— S tad (o2 +02). (30)
t=0

4 P 2 4
Summing (30) over k = 0 to T — 1 yields
T—1 T-1 k
A 5 Okt 2=
Zwkfbk < 7(14—1) W Z(l 5) a2
t=0 k=0  t=0
5 Il k
+Au(l+ ) Swe Y (1- ) tai(of +03)
k=0  t=0
T-1 k
A ) )
<220+ Y S0 St
0 ViD= 4
5 =1k
AL+ ) D> (=) (o + o)
k=0 t=0
T-1 T-1
4A 0 — 4A 0
< T;(HZ) aiwk:k+74(1+i)2ai(ag+ai). 31)
k=0 k=0
By Lemma 1, we have
- A -
Zkt1 < (1 — ;ak) Er+ Ao @y + AQO&%(U? + O'i) (32)

Multiplying both sides of || by /\47“”’“‘ and rearranging the terms, we obtain

Z wiEy < 42 ( wkuk B wkEk—H) A7 | Zw/ﬂ)k

)\fOék )\fOék
T—1
4A
2204 0) S i e
f k=0
Letw, =k +kand Wy = Zf;ol wg. Observe that
Ao Wk 1 1 2 1 2
1-— == k—2 k)< - k—1)"-1)< = k—1). 34
(1= 28— S+ k=) (64 K) < G+ k=12 =) € Gtk =17 G
Then, the above inequality (33) can be simplified as
T-1 = AN, T
1
Zwk._k< Z H+k*1) ka(li+k) s—tk+1 TwakCIJk
k=0 = k=0
T-1
4A
+ Ti(o? + 01211) Z Wi Ol
k=0
T-1
1 4A
< Sk —1PEg+ ! Z wpdy + 222 wray. (35)
k:O



Substituting the results from (3T) into (35) we obtain

., 8A 4A 5 =
Zwk i + Pr) (H—1)2_3+T4( +Tf1) 1+1)Zaiwk(0§+ai)
k=0
8A
+ . 2 akwk(ff? + 012/,)7 (36)
=0

where the inequality is by the choice of step size satisfying (1 + 4A1 )1+ )4(@3 of < 1. With
Wr = Zk:o wy,, we have that Wy = Zk:o wy, = w > T;

Dividing both sides of (36)) by Wr and rearranging the terms, we obtain

1« 1
W Zwk Ep+ @) <O < 52T2) (37)

where we omit the constants involved are only numerical constants that are independent of § and
T. Since |lyx — v*(zp)||* + |Jzk — 2¥||* < O (Ek + ®k), we prove the first part of Theorem
1. Then, Robbins-Siegmund’s theorem which together with the choice of ay = @(ﬁ) and
Br = O(37175) immediately implies that limy.o0 ||yx — y*(zx)|* = 0 a.s., and limy o0 ||k —

z*||2 =0 a.s. O

C. MISSING PROOFS FOR ALGORITHM 2
We first prove lemma 3, which shall be used to prove Theorem 2.

C.1. PROOF OF LEMMA 3

Proof of Lemma 3. For every k > 0, denoting ko = |k/K |. By Algorithm 2, we have that z, =
Tk, ; for Vi € [n]. Using the fact that E[|| X — E[X]||?] = E[||X||?] — ||E[X]||?], we have

1 o 1
= D Ek = T+ whoi — will® < - D lawi —zrall® (38)

1€[n] i€[n] 1€[n]

k—1 k-1
Observe that xy, ; — Ty i = Zj ko @i f3i = Zj=ko a; (f(zj,,v5,:) + &j.i)- Then, we have

- Z |5 — x4l < = Z I Z a; (f(x),950) + &) II°

[n]  J=ko
1 - k—1
< YK Z lloi (i w3 )P + D @0, (39)
i€n]  j=ko Jj=ko

By Assumption 2 we obtain
@iy )lI? S W F (g yi0) — F(@5,950) + F(@5,950) — F(Z5,75)
+ f(@5,95) = F(@5,57) + £(@5,55) — f*, 5" (@*)]]?

< 4L3||g; = 55117 + 4L%|3; — 27| + ALF[|dyal[® + 4LF llegal” . 40)
Substituting the results from (@0) into (39) we obtain
k-1 k—1
- Z 2% — zial|* < 4LFK Y adlly; — 311 +4LPK Y afllz; — 27|
ze[] Jj=ko Jj=ko
k—1
ALK Z Z (ldjal? + el ?) + Y ajoz. (4D
[n] 7=Fo Jj=ko



Similarly, using the fact that g, = y, ; for Vi € [n], we have
1 _ 1 _ _ 1
- > Tk — ykill* = - Tk = ko + Ykosi — Yrill* < - > ks — vkl 42)
i i€[n] i€[n]

and

= Ykoi = Z Bigji = Z Bi (9(x5,6,Y5,6) + ¥j4) - (43)

Jj=ko Jj=ko

Then, we have

*Z”yk_ S*Z ZH/ng-r]uy]z | +262 . (44)

i€[n] [n]  J=ko Jj=ko

By Assumption 2, we obtain

g(@ji,u5.0I1° < lg(x)i,95.) — 9(Z;, yj i)+ 925,950 — 9(25,55) + 9(Z5,55) — 9(25, 57117

< 382015~ I + 302 3 (el + ezl ). (45)
ze[n]
Substituting the results from (45) into (#4) gives
k—1
- Z 19 — il 2 < 32K S 82155 — 712
ze[ ] J=ko
1 k—1 k—1
+3LGE D Y 65 (il P+ llesal P) + - By @)
i€[n] j=ko j=ko

Combining the results from (41)) and (46), and using the definitions of =, and @, we get

k—1 k—1

Oy < (ALF +AL% +3LL3%)K > a3®; + (AL} +3LIFHK Y o7,
Jj=ko J=ko
B k—1
+(1+5%) > af(of + 7). (47)
J=ko

Recursively substituting every ®; for j > £y we obtain

k—1
O, < (417 +3L2B*K H +(ALF +4L% + 3L23%) Ka}) Y ol
t=ko+1 Jj=ko
B k—1 - k—1
+(1+8%) J] (14 (ALF +4L° + 3L Ka?) Y | of (07 + 7). (48)
t=ko+1 j=ko
Observe that
k—1 B 1\E
[T U+ AL +4L% +3L23%) Kaf) < (1 + K) <2, (49)
t=ko+1
where the inequality is by the choice of oy, < L ——. Then, (48)) can be simplified as
\/(4L2}+4L2+3L3ﬂ2)K
k—1 k—1
k< (BLF+6LLB°)K > afE; +2(1+5%) ) of (o +07), (50)
Jj=ko Jj=ko
This completes the proof. O



C.2. PROOF OF THEOREM 2
Proof of Theorem 2. By Lemma 1, we have

A
Zr+1 < (1 - ;ak) Er+ Ao ®p + AQO[%(UE + Ui) (28

Multiplying both sides of 1) by /\4;“”;]6 and rearranging the terms, we obtain

T—1 T—1
A = = 4A
(( ——foz )wk E Wk k+1> 1Zwk‘1’k
k=0

W=k Z k )\fak )\fak

k=0 k=0
T—1
4N
5 2(0f+03) > wiay. (52)
k=0
> 4K and Wy = Zf;ol wy,. Observe that

Let o, = )\f(,§+ﬁ) and wy = k + k where K

(k+k—1)2  (53)

ool —

(k+Ek-1)%2-1)<

0| =

)\fak W 1
= - k—2 k) <
Ibwi I CRLERICEE

Then, the above inequality (52)) can be simplified as

(1-

T—1 lTl 4A
Zwkuk< Z K—Fk—l) Hk—(lﬂ—Fk‘) Ekt1 +Tlewk(I>k
k=0

2=
T-1
4A
+ sz(“? + o) D wkon
k=0
1 AA —
< 5(/{—1 2:3+—12w;€¢k+ 05 +0’w Zwkak. (54)
k=0
By Lemma 3, we have
k—1 k—1
P, < AsK Z a?Ej + Ag Z a? (Ug + O'i) , (55)
Jj=ko Jj=ko
where A5 = 8L% 4 6L 3% and Ag = 2(1 + 3?). Summing over k =0to T — 1 yields
T—1 k—1 T—1 k-1
Zwk¢k<A5KZZ 1+ —= k]aw]uJ—FAGzZ 1+ —= kjwja?(ag—l—ai)
k=0 j=ko k=0 j=ko
T-1 -1
< 2A5K? Z aiwkEk + 2Ag K Z wkai (0‘? + ai) , (56)
k=0 k=0
Lyk=i <2

where the first inequality is by the choice of wy, = k + x and the fact that (1 +
Substituting the results from (56) into (54) we obtain

T-1
4A
Z wi (Z+Dk) < (n — 1) =0 2y <1 + 1> Z wi Py + 05 + % Z WO
k=0
T-1
4A
(k—1)%22 + (1 + 1) 2A5 K2 Z arwpZg
A
k=0
T—-1 T—-1
4A 4A
+ (1 + 1) 206K > wrai (0F +03) + T2 (02 +07) > wrar. (57)
! Pt f -



The above inequality (57) can be simplified as

T-1

> wp(Ek + @) < (k- 1)°E]
k=0

Al -1 SAQ T—
n (Af ; 1) 801 3 wne (oF +8) + 52 (02 08) S w69

where the inequality is by the choice of step size satisfying (% + 1) 2A5K%a3 < % Similarly,
with W = ZZ:_Ol wy,, we have that Wy = Zf;ol wy = Wf—l)T > T; Dividing both sides of
(38) by Wy and rearranging the terms, we obtain

T-1

1 1 K?
T Hk+q>k><o<T TQ) (59)

where we omit the constants involved are only numerical constants that are independent of K and
T. Since ||yx — y*(xx)||*> + ||zx — 2¥|]* < O (2 + @), we prove the first part of Theorem
2. Then, Robbins-Siegmund’s theorem which together with the choice of a, = O (- K) and B =

O(w) 12

limy o0 || —

1mmedlately implies that limy, oo ||7x —y* (Z1)]|> = 0 a.s., limg o0 | [T —2*||?> = 0 @.5.,

=0 a.s., and limy o0 ||Tf — zxi||> = 0 a.s. O

D. MISSING PROOFS FOR ALGORITHM 3

We first prove lemma 4, which shall be used to prove Theorem 3.

D.1. PROOF OF LEMMA 4

Proof of Lemma 4. By Assumption 4, for any £ > 0, we have

Nkl = 11w ol = 11D b (F(@r—isyp—i) + &) II”
=1 =1

< Tzai%\lf(mkmykfi)HQ + Zaiﬂ-ag- (60)

i=1 i=1
By Assumption 2 we obtain

1f (@i yn-i) I < ALFGr—i = Gl + 4L%||Za—s — 27 |* + 4L (gl | + ller—il|*)-

(61)
Substituting the results from (61} into (60) gives
ldl|* < ALFT Y afillgh—i — Giil® +4L°7 Y af_il|@p—i — 27|
i=1 i=1

Faz3e Y, (i + llewss ) + 3 oo ©

Similarly, by Assumption 4, for any k£ > 0, we have

llexl]* = || Zﬁkfigk7i||2 = || Zﬂkﬂ' (9(Th—ir Yn—i) + Yr—s) |I?

i=1 i=1

<ty B llg@r—iyn-i)I* + > B0, (63)

i=1 i=1



By Assumption 2, we obtain

Ng(@r—i> ye—i)|I* < lg(@r—i> yb—i) — 9(Fr—i, yb—i) + 9(Tr—i, yb—i)
— 9@k i) + 9(Tris Uri) — 9(Tr—i, G5 )|
< 3Ll Gk—i = il + 3L ldu—ill* + 3LZ[ler—il[*. (64)
Substituting the results from (64) into (63) yields
llex | < 3L3T Z/@i—i”gk—i — Gl
i=1
+3L30 > Bry (k=i + llen—ill?) + > Br_ios.- (65)
i=1 i=1
Combining the results from (62) and (63), and using the definitions of =, and ®;,, we get
k—1
O < (4LF +4L7 + 3L > af®;
j=k—1
k—1 k—1
+ AL 4300307 Y a5+ (1+5°) D af (ol +07). (66)
j=k—1 j=k—1
Recursively substituting every ®; for j > k£ — 7 we obtain
_ k—1
Oy < (4LF + 3L 3%)T H 14 (4LF +4L% + 3L2B%)raf) > olE;
t=k— j=k—1
_ k—1
(1+ 3% H (14 (4L} +4L% +3L2B%)r0f) > of (0 +07). (67)
t=k— j=k—1
Observe that
k—1 1 T
[T (1+@ALF +4L% 4+ 3L23%)7a?) < (1 + ) <2, (68)
t=k—T1 T
where the inequality is by the choice of oy, < L ——. Then, (68)) can be simplified as
\J(4L3+4L24+3L2 %)
k-1 k-1
P, < (8L +6L§ﬂ T Z a_]—|—2 (1+ 5% Z a ag—&—aw) (69)
j=k—1 j=k—71
This completes the proof. O
D.2. PROOF OF THEOREM 3
Proof of Theorem 1. By Lemma 1, we have
- A -
kg1 < (]. — QfCtk) Er+ Ao @y + Agai(ag + O’i) (70)
Multiplying both sides of 1) by N “”“ and rearranging the terms, we obtain
T-1 T-1 T-1
- A wiEk wkEkJrl) 444
WL (1—=ag) — + wi, Py,
k=0 kZO ( 4 )\fOLk )\fOLk )\f kZ:O
T—1
4A
+ —2 wray. (71)
k:O
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Letak:%andwk:k—kﬁwhereﬁzéhand WT:Z£;01wk.Observethat
Apog, Wi 1 1 9 1
1-— == k—2 k)<= k—1)° -1 - k—1 72
(1= 5 = S k=D et R < (s k= 1P =) S Gat k= 1% (72)

Then, the above inequality can be simplified as

T-1 Tl T-1

4A
Zwk~k< Z (k+k—1)2E, — (k+ k) ~k+1)+T1 wi P
k=0 2= I k=0
4A
+ — 2 Zwkak
f
T-1
1 4A
<Gl —DPE+ wabw ( 03) > wpar.  (73)
k=0

By Lemma 4, we have

k—1 k—1
(I)kSAE,T Z C(?Ej—‘rA(, Z O[ 0'5 +Uw) (74)

j=k—71 j=k—1

where A5 = (8L} + 6L23%) and Ag = 2(1 + 7). Summing over k =0to T — 1 yields

T—1 T—1 T-—1
> wp®y < 28572 0fwiEg + 2867 Y wiaf (0F +03), (75)
k=0 k=0 k=0

where the inequality is by the choice of wy, = k+ k where x > 47 and the fact that (1 + = )k <.
Substituting the results from (73) into (73) yields

T—1
= - 4N,
Zwk(:k + @) < (k—1)2Z2+ (1 + Tf V4AgT ];) wrk( 05 + Jw)
T-1
8A
+ T2 wkak(ag + ai). (76)
I k=0
where the inequality is by the choice of step size satisfying (4A1 + 1) 2A57%03 < 1 . Similarly,

with Wy = Zk:o wy,, we have that Wy = Zk:o wy, = M > T D1V1d1ng both sides of
(76) by W7 and rearranging the terms, we obtain

1 72
Zwk uk+@k)<O<T T2> (77)

where we omit the constants involved are only numerical constants that are independent of 7 and T'.
Since ||y — y* (xp)||? + ||z — 2*[|? < O (Eg + Py), we prove the first part of Theorem 3. Then,
Robbins-Siegmund’s theorem which together with the choice of ax = O( +T) and 3, = (er)

immediately implies that limy_,  ||yx — y* (zx)||? = 0 a.s., and limy o0 ||z — 2*[|*> = 0 a.s. O
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