
APPENDIX

A. MISSING PROOFS FOR EF-TTSA

A1. INTERMEDIATE LEMMAS

We first present some intermediate lemmas, which shall be used to prove Lemma 1.

Lemma 5. Suppose Assumptions 1-4 hold. For any k ≥ 0, we have

E[||ȳk+1 − ȳ∗k||2|Fk]

≤ (1− λgβk + 3β2
kL

2
g)||ȳk − ȳ∗k||2 + β2

kσ
2
ψ +

(
2L2

g

λg
βk + 3β2

kL
2
g

)
(||dk||2 + ||ek||2). (1)

Proof of Lemma 5. Observe that by the definition of ȳk, we have ȳk+1 = ȳk + βkgk, implying that

E[||ȳk+1 − ȳ∗k||2|Fk] = ||ȳk − ȳ∗k||2 + 2βkE[〈ȳk − ȳ∗k, gk〉|Fk] + β2
kE[||gk||2|Fk]. (2)

Using the fact that 〈x, y〉 ≤ λg

4 x
2 + 1

λg
y2, we have

E[〈ȳk − ȳ∗k, gk〉|Fk] = 〈ȳk−ȳ∗k, g(x̄k, ȳk)〉+ 〈ȳk − ȳ∗k, g(x̄k, yk)− g(x̄k, ȳk)〉
+ 〈ȳk − ȳ∗k, g(xk, yk)− g(x̄k, yk)〉

≤ −λg
2
||ȳk − ȳ∗k||2 +

L2
g

λg
||dk||2 +

L2
g

λg
||ek||2, (3)

where the inequality holds due to Assumptions 2, 3 and the definitions of dk and ek.

By Assumption 2, we obtain

E[||gk||2|Fk] = E[||g(xk, yk) + ψk||2|Fk]

≤ E[||g(xk, yk)− g(x̄k, yk) + g(x̄k, yk)− g(x̄k, ȳk) + g(x̄k, ȳk)− g(x̄k, ȳ
∗
k)||2|Fk] + σ2

ψ

≤ 3L2
g||ȳk − ȳ∗k||2 + 3L2

g||dk||2 + 3L2
g||ek||2 + σ2

ψ. (4)

Substituting the results from (3) and (4) into (2) completes the proof of Lemma 5.

Lemma 6. Suppose Assumptions 1-4 hold. For any k ≥ 0, we have

E[||ȳk+1 − ȳ∗k+1||2|Fk] ≤ (1 + Ly,0Lfαk + Ly,0Lαk + 2α2
kσ

2
ξLy,1 +

4αkL
2
y,0L

2

λf
)E[||ȳk+1 − ȳ∗k||2|Fk]

+ (3αkLy,0Lf + 4α2
kLy,1L

2
f + 4α2

kL
2
y,0L

2
f )||ȳk − ȳ∗k||2

+ (
αkλf

4
+ 4α2

kLy,1L
2 + 4α2

kL
2
y,0L

2)||x̄k − x∗||2

+
(
αkLy,0L+ 3αkL

3
y,0Lf + 4α2

kLy,1L
2
f + 4α2

kL
2
y,0L

2
f

)
||dk||2

+ (3αkLy,0Lf + 4α2
kLy,1L

2
f + 4α2

kL
2
y,0L

2
f )||ek||2

+ α2
kLy,1σ

2
ξ + α2

kL
2
y,0σ

2
ξ .

Proof of Lemma 6. For any k ≥ 0, we have

E[||ȳk+1 − ȳ∗k+1||2|Fk] = E[||ȳk+1 − ȳ∗k||2|Fk] + 2E[〈ȳk+1 − ȳ∗k, ȳ∗k − ȳ∗k+1〉|Fk]

+ E[||ȳ∗k − ȳ∗k+1||2|Fk]. (5)
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By the mean-value theorem, there exists x̃k+1 = ax̄k + (1− a)x̄k+1 for a ∈ [0, 1] such that

E[〈ȳk+1 − ȳ∗k, ȳ∗k−ȳ∗k+1〉|Fk] = E[〈ȳ∗k − ȳk+1,∇y∗(x̃k+1)(x̄k+1 − x̄k)〉|Fk]

= αkE[〈ȳ∗k − ȳk+1,∇y∗(x̃k+1)fk〉|Fk]

= αk E[〈ȳ∗k − ȳk+1,∇y∗(x̃k+1)ξk〉|Fk︸ ︷︷ ︸
I1

]

+ αk E[〈ȳ∗k − ȳk+1,∇y∗(x̃k+1)(f(xk, yk)− f(xk, y
∗
k))〉|Fk]︸ ︷︷ ︸

I2

+ αk E[〈ȳ∗k − ȳk+1,∇y∗(x̃k+1)(f(xk, y
∗
k)− f(x∗, y∗(x∗)))〉|Fk]︸ ︷︷ ︸

I3

. (6)

For the term I1 in the above equation (6), it can be bounded as

I1 = E[〈ȳ∗k − ȳk+1, (∇y∗(x̃k+1)−∇y∗(x̄k))ξk〉+ 〈ȳ∗k − ȳk+1,∇y∗(x̄k)ξk〉|Fk].

≤ αkLy,1E[||ȳ∗k − ȳk+1|| · ||f(xk, yk)|| · ||ξk||+ ||ȳ∗k − ȳk+1|| · ||ξk|| · ||ξk|||Fk]

≤ αkLy,1σ2
ξE[||ȳ∗k − ȳk+1||2|Fk] +

1

2
αkLy,1||f(xk, yk)||2 +

1

2
αkLy,1σ

2
ξ

≤ αkLy,1σ2
ξE[||ȳ∗k − ȳk+1||2|Fk] + 2αkL

2
fLy,1||ȳk − ȳ∗k||2 + 2αkL

2Ly,1||x̄k − x∗||2

+2αkL
2
fLy,1||dk||2 + 2αkL

2
fLy,1||ek||2 +

1

2
αkLy,1σ

2
ξ . (7)

For the term I2 in the above equation (6), it can be bounded as

I2 ≤ Ly,0LfE[||ȳk+1 − ȳ∗k|| · ||yk − y∗k|||Fk]

≤ Ly,0Lf
2

E[||ȳk+1 − ȳ∗k||2|Fk] +
3Ly,0Lf

2
||ȳk − ȳ∗k||2 +

3Ly,0Lf
2

||ek||2 +
3L3

y,0Lf

2
||dk||2.

(8)

For the term I3 in the above equation (6), it can be bounded as

I3 = Ly,0LE[||ȳk+1 − y∗(x̄k)|| · (||x̄k − xk||+ ||x̄k − x∗||)|Fk]

≤ (
Ly,0L

2
+

2L2
y,0L

2

λf
)E[||ȳk+1 − y∗(x̄k)||2|Fk] +

Ly,0L

2
||dk||2 +

λf
8
||x̄k − x∗||2. (9)

In summary, substituting the results from (9), (8) and (7) into (6) gives

E [〈ȳk+1 − y∗(x̄k), y∗(x̄k)− y∗(x̄k+1)〉|Fk]

≤ (
Ly,0Lfαk

2
+
Ly,0Lαk

2
+

2αkL
2
y,0L

2

λf
+ α2

kLy,1σ
2
ξ )E

[
||ȳk+1 − ȳ∗k||2|Fk

]
+

1

2
α2
kLy,1σ

2
ξ

+ (
3αkLy,0Lf

2
+ 2α2

kLy,1L
2
f )||ȳk − ȳ∗k||2 + (

αkλf
8

+ 2α2
kLy,1L

2)||x̄k − x∗||2

+ (
αkLy,0L

2
+

3αkL
3
y,0Lf

2
+ 2α2

kLy,1L
2
f )||dk||2

+ (
3αkLy,0Lf

2
+ 2α2

kLy,1L
2
f )||ek||2. (10)

We observe that the last term in the equation (5) can be bounded as

E[||ȳ∗k − ȳ∗k+1||2|Fk] ≤ α2
kL

2
y,0E[||fk||2|Fk]

≤ 4α2
kL

2
y,0L

2
f ||ȳk − ȳ∗k||2 + 4α2

kL
2
y,0L

2||x̄k − x∗||2 + α2
kL

2
y,0σ

2
ξ

+ 4α2
kL

2
y,0L

2
f

(
||dk||2 + ||ek||2

)
. (11)

Substituting the results from (10) and (11) into (5) completes the proof of Lemma 6.

2



Lemma 7. Suppose Assumptions 1-4 hold. For any k ≥ 0, we have

E[||x̄k+1 − x∗||2|Fk] ≤ (1− λfαk + 4α2
kL

2)||x̄k − x∗||2

+ (
9L2

f

λf
αk + 4α2

kL
2
f )||ȳk − ȳ∗k||2 + α2

kσ
2
ξ

+ (
3L2

f

λf
αk +

12L2
fL

2
y,0

λf
αk + 4α2

kL
2
f )||dk||2 + (

9L2
f

λf
αk + 4α2

kL
2
f )||ek||2. (12)

Proof of Lemma 7. Observe that by the definition of x̄k, we have x̄k+1 = x̄k +αkfk, implying that

E[||x̄k+1 − x∗||2|Fk] = ||x̄k − x∗||2 + 2αkE[〈x̄k − x∗, fk〉|Fk] + α2
kE[||fk||2|Fk]. (13)

Using the fact that 〈x, y〉 ≤ λf

6 x
2 + 3

2λf
y2, we have

E[〈x̄k − x∗, fk〉|Fk] = 〈x̄k − x∗, f(x̄k, ȳ
∗
k)〉+ 〈x̄k − x∗, f(x̄k, y

∗
k)− f(x̄k, ȳ

∗
k)〉

+〈x̄k − x∗, f(x̄k, yk)− f(x̄k, y
∗
k)〉+ 〈x̄k − x∗, f(xk, yk)− f(x̄k, yk)〉

≤ −λf
2
||x̄k − x∗||2 +

3L2
y,0L

2
f

2λf
||x̄k − xk||2 +

3L2
f

2λf
||yk − y∗k||2 +

3L2
f

2λf
||x̄k − xk||2

≤ −λf
2
||x̄k − x∗||2 +

9L2
f

2λf
||ȳk − ȳ∗k||2 +

12L2
fL

2
y,0 + 3L2

f

2λf
||dk||2 +

9L2
f

2λf
||ek||2, (14)

where the inequality is by Assumptions 1, 2, 3, and the definitions of dk and ek.

By Assumptions 2 and 4 we obtain

E[||fk||2|Fk] ≤ 4L2
f ||ȳk − ȳ∗k||2 + 4L2||x̄k − x∗||2 + 4L2

f (||dk||2 + ||ek||2) + σ2
ξ . (15)

Substituting the results from (14) and (15) into (13) completes the proof of Lemma 7.

A2. PROOF OF LEMMA 1

Proof of Lemma 1. Noting that by Lemmas 5, 6, 7, and with the choice of βk =
2c1+λf

λg
αk, we have

E[||ȳk+1 − ȳ∗k+1||2 + ||x̄k+1 − x∗||2|Fk] ≤
(
(1 + c2αk)(1− λgβk + 3β2

kL
2
g) + c4αk

)
||ȳk − ȳ∗k||2

+

(
1− 3

4
αkλf + 4α2

kLyL
2

)
||x̄k − x∗||2

+ ∆1αk(||dk||2 + ||ek||2) + ∆2α
2
k(σ2

ξ + σ2
ψ), (16)

where ∆1 = (1 + c2)
(
3L2

g + 2L2
g/λg

)
β̄ + c3, ∆2 = (1 + c2) β̄2 + Ly , c1 = Ly,0L+ 4Ly,0Lf +

2Ly,1σ
2
ξ + 4LyL

2
f +

4L2
y,0L

2+9L2
f

λf
, c2 = Ly,0Lf + Ly,0L + 2Ly,1σ

2
ξ +

4L2
y,0L

2

λf
, c3 = Ly,0L +

3Ly,0LyLf + 4LyL
2
f +

12L2
fLy

λf
, c4 = 3Ly,0Lf + 4LyL

2
f +

9L2
f

λf
, and Ly = L2

y,0 + Ly,1 + 1.

Moreover, with the choice of αk ≤ min{ λf

16LyL2 ,
λ2
g

6L2
g(2c1+λf )}, we have

(1 + c2αk)(1− λgβk + 3β2
kL

2
g) + c4αk ≤ 1− λf

2
αk. (17)

which together with (16) completes the proof of Lemma 1.

B. MISSING PROOFS FOR ALGORITHM 1

B.1. PROOF OF LEMMA 2

We first prove lemma 2, which shall be used to prove Theorem 1.
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Proof of Lemma 2. By Assumption 5, for any k ≥ 0, we have

E[||dk+1,i||2|Fk] = E[||dk,i + αkfk,i −Q[dk,i + αkfk,i]||2|Fk]

≤ (1− δ)E[||dk,i + αkfk,i||2|Fk]

≤ (1− δ)(1 + a)||dk,i||2 + (1− δ)(1 + a−1)α2
k||f(xk.yk)||2 + (1− δ)α2

kσ
2
ξ , (18)

where the last inequality holds since ||x+ y||2 ≤ (1 + a)||x||2 + (1 + a−1)||y||2 for any a > 0.

By Assumptions 1 and 2 we obtain

||f(xk, yk)||2 = ||f(xk, yk)− f(x̄k, yk) + f(x̄k, yk)− f(x̄k, ȳk)

+ f(x̄k, ȳk)− f(x̄k, ȳ
∗
k) + f(x̄k, ȳ

∗
k)− f(x∗, y∗(x∗))||2

≤ 4L2
f ||ȳk − ȳ∗k||2 + 4L2||x̄k − x∗||2 +

4L2
f

n

∑
i∈[n]

(||dk,i||2 + ‖ek,i‖2). (19)

Substituting the results from (19) into (18) we obtain

1

n

∑
i∈[n]

E[||dk+1,i||2|Fk] ≤
(
(1− δ)(1 + a) + (1− δ)(1 + a−1)4α2

kL
2
f

) 1

n

∑
i∈[n]

||dk,i||2

+ (1− δ)(1 + a−1)4α2
kL

2
f

1

n

∑
i∈[n]

||ek,i||2 + (1− δ)α2
kσ

2
ξ

+ (1− δ)(1 + a−1)4α2
kL

2
f ||ȳk − ȳ∗k||2 + (1− δ)(1 + a−1)4α2

kL
2||x̄k − x∗||2. (20)

Similarly, by Assumption 5, for any k ≥ 0, we have

E[||ek+1,i||2|Fk] = E[||ek,i + βkgk,i −Q[ek,i + βkgk,i]||2|Fk]

≤ (1− δ)E[||ek,i + βkgk,i||2|Fk]

≤ (1− δ)(1 + b)||ek,i||2 + (1− δ)(1 + b−1)β2
k||g(xk, yk)||2 + (1− δ)β2

kσ
2
ψ, (21)

where the last inequality holds since ||x+ y||2 ≤ (1 + b)||x||2 + (1 + b−1)||y||2 for any b > 0.

By Assumption 1, we obtain

||g(xk, yk)||2 ≤ ||g(xk, yk)− g(x̄k, yk) + g(x̄k, yk)− g(x̄k, ȳk) + g(x̄k, ȳk)− g(x̄k, ȳ
∗
k)||2

≤ 3L2
g||ȳk − ȳ∗k||2 + 3L2

g

1

n

∑
i∈[n]

||dk,i||2 + 3L2
g

1

n

∑
i∈[n]

||ek,i||2. (22)

Substituting the results from (22) into (21) yields

1

n

∑
i∈[n]

E[||ek+1,i||2|Fk] ≤
(
(1− δ)(1 + b) + (1− δ)(1 + b−1)3β2

kL
2
g

) 1

n

∑
i∈[n]

||ek,i||2

+ (1− δ)(1 + b−1)3β2
kL

2
g

1

n

∑
i∈[n]

||dk,i||2 + (1− δ)β2
kσ

2
ψ

+
(
(1− δ)(1 + b−1)3β2

kL
2
g

)
||ȳk − ȳ∗k||2. (23)

Letting a = b = δ
4 . Combining the results from (20) and (23) we obtain

1

n

∑
i∈[n]

E[||dk+1,i||2 + ||ek+1,i||2|Fk] ≤ (1− δ

2
)

1

n

∑
i∈[n]

(
||dk,i||2 + ||ek,i||2

)
(24)

+(1− δ)
(
1 + β̄2

)
α2
k(σ2

ξ + σ2
ψ) (25)

+(1− δ)(1 +
4

δ
)
(
4L2

f + 3β̄2L2
g

)
α2
k||ȳk − ȳ∗k||2 (26)

+(1− δ)
(

1 +
4

δ

)
4α2

kL
2||x̄k − x∗||2, (27)

where the inequality is by the choice of {αk} and {βk}. This completes the proof of Lemma 2.
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B.2. PROOF OF THEOREM 1

Proof of Theorem 1. By Lemma 2, we have

Φk+1 ≤
(

1− δ

2

)
Φk +

∆3

δ
α2
kΞk + ∆4α

2
k

(
σ2
ξ + σ2

ψ

)
, (28)

where ∆3 = 5(4L2
f + 4L2 + 3L2

gβ̄
2) and ∆4 = 1 + β̄2. Unrolling Φk recursively up to 0 we get

Φk+1 ≤
∆3

δ

k∑
t=0

(1− δ

2
)k−tα2

tΞt + ∆4

k∑
t=0

(1− δ

2
)k−tα2

t

(
σ2
ξ + σ2

ψ

)
. (29)

Let αk = 8
λf (κ+k) and wk = κ + k where κ ≥ 16

δ . We see that wk+1 ≤ wk(1 + δ
4 ). Multiplying

both sides of (29) by wk+1, we obtain

wk+1Φk+1 ≤
∆3

δ
(1 +

δ

4
)

k∑
t=0

(1− δ

2
)k−tα2

tΞt + ∆4(1 +
δ

4
)

k∑
t=0

(1− δ

2
)k−tα2

t

(
σ2
ξ + σ2

ψ

)
. (30)

Summing (30) over k = 0 to T − 1 yields
T−1∑
t=0

wkΦk ≤
∆3

δ
(1 +

δ

4
)
T−1∑
k=0

wk

k∑
t=0

(1− δ

2
)k−tα2

tΞt

+ ∆4(1 +
δ

4
)

T−1∑
k=0

wk

k∑
t=0

(1− δ

2
)k−tα2

t (σ
2
ξ + σ2

ψ)

≤ ∆3

δ
(1 +

δ

4
)

T−1∑
k=0

k∑
t=0

(1− δ

4
)k−tα2

twtΞt

+ ∆4(1 +
δ

4
)

T−1∑
k=0

k∑
t=0

(1− δ

4
)k−tα2

t (σ
2
ξ + σ2

ψ)

≤ 4∆3

δ2
(1 +

δ

4
)

T−1∑
k=0

α2
kwkΞk +

4∆4

δ
(1 +

δ

4
)

T−1∑
k=0

α2
k(σ2

ξ + σ2
ψ). (31)

By Lemma 1, we have

Ξk+1 ≤
(

1− λf
2
αk

)
Ξk + ∆1αkΦk + ∆2α

2
k(σ2

ξ + σ2
ψ). (32)

Multiplying both sides of (32) by 4wk

λfαk
and rearranging the terms, we obtain

T−1∑
k=0

wkΞk ≤ 4

T−1∑
k=0

(
(1− λf

4
αk)

wkΞk
λfαk

− wkΞk+1

λfαk

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (33)

Let wk = κ+ k and WT =
∑T−1
k=0 wk. Observe that

(1− λfαk
4

)
wk
λfαk

=
1

8
(κ+ k − 2) (κ+ k) ≤ 1

8
((κ+ k − 1)2 − 1) ≤ 1

8
(κ+ k − 1)2. (34)

Then, the above inequality (33) can be simplified as
T−1∑
k=0

wkΞk ≤
1

2

T−1∑
k=0

(
(κ+ k − 1)2Ξk − (κ+ k)2Ξk+1

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk

≤ 1

2
(κ− 1)2Ξ2

0 +
4∆1

λf

T−1∑
k=0

wkΦk +
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (35)
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Substituting the results from (31) into (35) we obtain

T−1∑
k=0

wk(Ξk + Φk) ≤ (κ− 1)2Ξ2
0 +

8∆4

δ
(1 +

4∆1

λf
)(1 +

δ

4
)

T−1∑
k=0

α2
kwk(σ2

ξ + σ2
ψ)

+
8∆2

λf

T−1∑
k=0

αkwk(σ2
ξ + σ2

ψ), (36)

where the inequality is by the choice of step size satisfying (1 + 4∆1

λf
)(1 + δ

4 ) 4∆3

δ2 α
2
k ≤ 1

2 . With

WT =
∑T−1
k=0 wk, we have that WT =

∑T−1
k=0 wk = (2κ+T−1)T

2 ≥ T 2

2 .

Dividing both sides of (36) by WT and rearranging the terms, we obtain

1

WT

T−1∑
k=0

wk(Ξk + Φk) ≤ O
(

1

T
+

1

δ2T 2

)
, (37)

where we omit the constants involved are only numerical constants that are independent of δ and
T . Since ||yk − y∗(xk)||2 + ||xk − x∗||2 ≤ O (Ξk + Φk), we prove the first part of Theorem
1. Then, Robbins-Siegmund’s theorem which together with the choice of αk = Θ( 1

k+1/δ ) and
βk = Θ( 1

k+1/δ ) immediately implies that limk→∞ ||yk − y∗(xk)||2 = 0 a.s., and limk→∞ ||xk −
x∗||2 = 0 a.s.

C. MISSING PROOFS FOR ALGORITHM 2

We first prove lemma 3, which shall be used to prove Theorem 2.

C.1. PROOF OF LEMMA 3

Proof of Lemma 3. For every k ≥ 0, denoting k0 = bk/Kc. By Algorithm 2, we have that x̄k0 =
xk0,i for ∀i ∈ [n]. Using the fact that E[||X − E[X]||2] = E[||X||2]− ||E[X]||2], we have

1

n

∑
i∈[n]

||x̄k − xk,i||2 =
1

n

∑
i∈[n]

||x̄k − x̄k0 + xk0,i − xk,i||2 ≤
1

n

∑
i∈[n]

||xk,i − xk0,i||2. (38)

Observe that xk,i − xk0,i =
∑k−1
j=k0

αjfj,i =
∑k−1
j=k0

αj (f(xj,i, yj,i) + ξj,i). Then, we have

1

n

∑
i∈[n]

||x̄k − xk,i||2 ≤
1

n

∑
i∈[n]

||
k−1∑
j=k0

αj (f(xj,i, yj,i) + ξj,i) ||2

≤ 1

n

∑
i∈[n]

K

k−1∑
j=k0

||αjf(xj,i, yj,i)||2 +

k−1∑
j=k0

α2
jσ

2
ξ . (39)

By Assumption 2 we obtain

||f(xj,i, yj,i)||2 ≤ ||f(xj,i, yj,i)− f(x̄j , yj,i) + f(x̄j , yj,i)− f(x̄j , ȳj)

+ f(x̄j , ȳj)− f(x̄j , ȳ
∗
j ) + f(x̄j , ȳ

∗
j )− f(x∗, y∗(x∗))||2

≤ 4L2
f ||ȳj − ȳ∗j ||2 + 4L2||x̄j − x∗||2 + 4L2

f ||dj,i||2 + 4L2
f ‖ej,i‖

2
. (40)

Substituting the results from (40) into (39) we obtain

1

n

∑
i∈[n]

||x̄k − xk,i||2 ≤ 4L2
fK

k−1∑
j=k0

α2
j ||ȳj − ȳ∗j ||2 + 4L2K

k−1∑
j=k0

α2
j ||x̄j − x∗||2

+ 4L2
fK

1

n

∑
i∈[n]

k−1∑
j=k0

α2
j

(
||dj,i||2 + ||ej,i||2

)
+

k−1∑
j=k0

α2
jσ

2
ξ . (41)
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Similarly, using the fact that ȳk0 = yk0,i for ∀i ∈ [n], we have

1

n

∑
i∈[n]

||ȳk − yk,i||2 =
1

n

∑
i∈[n]

||ȳk − ȳk0 + yk0,i − yk,i||2 ≤
1

n

∑
i∈[n]

||yk,i − yk0,i||2. (42)

and

yk,i − yk0,i =

k−1∑
j=k0

βjgj,i =

k−1∑
j=k0

βj (g(xj,i, yj,i) + ψj,i) . (43)

Then, we have

1

n

∑
i∈[n]

||ȳk − yk,i||2 ≤
1

n

∑
i∈[n]

K

k−1∑
j=k0

||βjg(xj,i, yj,i)||2 +

k−1∑
j=k0

β2
jσ

2
ψ. (44)

By Assumption 2, we obtain

||g(xj,i, yj,i)||2 ≤ ||g(xj,i, yj,i)− g(x̄j , yj,i) + g(x̄j , yj,i)− g(x̄j , ȳj) + g(x̄j , ȳj)− g(x̄j , ȳ
∗
j )||2

≤ 3L2
g||ȳj − ȳ∗j ||2 + 3L2

g

1

n

∑
i∈[n]

(
||dk,i||2 + ||ej,i||2

)
. (45)

Substituting the results from (45) into (44) gives

1

n

∑
i∈[n]

||ȳk − yk,i||2 ≤ 3L2
gK

k−1∑
j=k0

β2
j ||ȳj − ȳ∗j ||2

+ 3L2
gK

1

n

∑
i∈[n]

k−1∑
j=k0

β2
j

(
||dj,i||2 + ||ej,i||2

)
+

k−1∑
j=k0

β2
jσ

2
ψ. (46)

Combining the results from (41) and (46), and using the definitions of Ξk and Φk, we get

Φk ≤ (4L2
f + 4L2 + 3L2

gβ̄
2)K

k−1∑
j=k0

α2
jΦj + (4L2

f + 3L2
gβ̄

2)K

k−1∑
j=k0

α2
jΞj

+ (1 + β̄2)

k−1∑
j=k0

α2
j (σ

2
ξ + σ2

ψ). (47)

Recursively substituting every Φj for j ≥ k0 we obtain

Φk ≤ (4L2
f + 3L2

gβ̄
2)K

k−1∏
t=k0+1

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)Kα2
t

) k−1∑
j=k0

α2
jΞj

+ (1 + β̄2)

k−1∏
t=k0+1

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)Kα2
t

) k−1∑
j=k0

α2
j

(
σ2
ξ + σ2

ψ

)
. (48)

Observe that
k−1∏

t=k0+1

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)Kα2
t

)
≤
(

1 +
1

K

)K
≤ 2, (49)

where the inequality is by the choice of αk ≤ 1√
(4L2

f+4L2+3L2
gβ̄

2)K
. Then, (48) can be simplified as

Φk ≤ (8L2
f + 6L2

gβ̄
2)K

k−1∑
j=k0

α2
jΞj + 2(1 + β̄2)

k−1∑
j=k0

α2
j

(
σ2
ξ + σ2

ψ

)
, (50)

This completes the proof.
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C.2. PROOF OF THEOREM 2

Proof of Theorem 2. By Lemma 1, we have

Ξk+1 ≤
(

1− λg
2
αk

)
Ξk + ∆1αkΦk + ∆2α

2
k(σ2

ξ + σ2
ψ). (51)

Multiplying both sides of (51) by 4wk

λfαk
and rearranging the terms, we obtain

T−1∑
k=0

wkΞk ≤ 4

T−1∑
k=0

(
(1− λf

4
αk)

wkΞk
λfαk

− wkΞk+1

λfαk

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (52)

Let αk = 8
λf (k+κ) and wk = k + κ where κ ≥ 4K and WT =

∑T−1
k=0 wk. Observe that

(1− λfαk
4

)
wk
λfαk

=
1

8
(κ+ k − 2) (κ+ k) ≤ 1

8
((κ+ k − 1)2 − 1) ≤ 1

8
(κ+ k − 1)2. (53)

Then, the above inequality (52) can be simplified as

T−1∑
k=0

wkΞk ≤
1

2

T−1∑
k=0

(
(κ+ k − 1)2Ξk − (κ+ k)2Ξk+1

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk

≤ 1

2
(κ− 1)2Ξ2

0 +
4∆1

λf

T−1∑
k=0

wkΦk +
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (54)

By Lemma 3, we have

Φk ≤ ∆5K

k−1∑
j=k0

α2
jΞj + ∆6

k−1∑
j=k0

α2
j

(
σ2
ξ + σ2

ψ

)
, (55)

where ∆5 = 8L2
f + 6L2

gβ̄
2 and ∆6 = 2(1 + β̄2). Summing (55) over k = 0 to T − 1 yields

T−1∑
k=0

wkΦk ≤ ∆5K

T−1∑
k=0

k−1∑
j=k0

(1 +
1

K
)k−jα2

jwjΞj + ∆6

T−1∑
k=0

k−1∑
j=k0

(1 +
1

K
)k−jwjα

2
j

(
σ2
ξ + σ2

ψ

)
≤ 2∆5K

2
T−1∑
k=0

α2
kwkΞk + 2∆6K

T−1∑
k=0

wkα
2
k

(
σ2
ξ + σ2

ψ

)
, (56)

where the first inequality is by the choice of wk = k + κ and the fact that (1 + 1
K )k−j ≤ 2.

Substituting the results from (56) into (54) we obtain

T−1∑
k=0

wk(Ξk+Φk) ≤ 1

2
(κ− 1)2Ξ2

0 +

(
4∆1

λf
+ 1

) T−1∑
k=0

wkΦk +
4∆2

λf

(
σ2
ξ + σ2

ψ

) T−1∑
k=0

wkαk

≤ 1

2
(κ− 1)2Ξ2

0 +

(
4∆1

λf
+ 1

)
2∆5K

2
T−1∑
k=0

α2
kwkΞk

+

(
4∆1

λf
+ 1

)
2∆6K

T−1∑
k=0

wkα
2
k

(
σ2
ξ + σ2

ψ

)
+

4∆2

λf

(
σ2
ξ + σ2

ψ

) T−1∑
k=0

wkαk. (57)
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The above inequality (57) can be simplified as

T−1∑
k=0

wk(Ξk + Φk) ≤ (κ− 1)2Ξ2
0

+

(
4∆1

λf
+ 1

)
4∆6K

T−1∑
k=0

wkα
2
k

(
σ2
ξ + σ2

ψ

)
+

8∆2

λf

(
σ2
ξ + σ2

ψ

) T−1∑
k=0

wkαk, (58)

where the inequality is by the choice of step size satisfying
(

4∆1

λf
+ 1
)

2∆5K
2α2

k ≤ 1
2 . Similarly,

with WT =
∑T−1
k=0 wk, we have that WT =

∑T−1
k=0 wk = (2κ+T−1)T

2 ≥ T 2

2 . Dividing both sides of
(58) by WT and rearranging the terms, we obtain

1

WT

T−1∑
k=0

wk(Ξk + Φk) ≤ O
(

1

T
+
K2

T 2

)
. (59)

where we omit the constants involved are only numerical constants that are independent of K and
T . Since ||yk − y∗(xk)||2 + ||xk − x∗||2 ≤ O (Ξk + Φk), we prove the first part of Theorem
2. Then, Robbins-Siegmund’s theorem which together with the choice of αk = Θ( 1

k+K ) and βk =

Θ( 1
k+K ) immediately implies that limk→∞ ||ȳk−y∗(x̄k)||2 = 0 a.s., limk→∞ ||x̄k−x∗||2 = 0 a.s.,

limk→∞ ||ȳk − yk,i||2 = 0 a.s., and limk→∞ ||x̄k − xk,i||2 = 0 a.s.

D. MISSING PROOFS FOR ALGORITHM 3

We first prove lemma 4, which shall be used to prove Theorem 3.

D.1. PROOF OF LEMMA 4

Proof of Lemma 4. By Assumption 4, for any k ≥ 0, we have

||dk||2 = ||
τ∑
i=1

αk−ifk−i||2 = ||
τ∑
i=1

αk−i (f(xk−i, yk−i) + ξk−i) ||2

≤ τ
τ∑
i=1

α2
k−i||f(xk−i, yk−i)||2 +

τ∑
i=1

α2
k−iσ

2
ξ . (60)

By Assumption 2 we obtain

||f(xk−i, yk−i)||2 ≤ 4L2
f ||ȳk−i − ȳ∗k−i||2 + 4L2||x̄k−i − x∗||2 + 4L2

f (||dk−i||2 + ||ek−i||2).

(61)

Substituting the results from (61) into (60) gives

||dk||2 ≤ 4L2
fτ

τ∑
i=1

α2
k−i||ȳk−i − ȳ∗k−i||2 + 4L2τ

τ∑
i=1

α2
k−i||x̄k−i − x∗||2

+ 4L2
fτ

τ∑
i=1

α2
k−i
(
||dk−i||2 + ||ek−i||2

)
+

τ∑
i=1

α2
k−iσ

2
ξ . (62)

Similarly, by Assumption 4, for any k ≥ 0, we have

||ek||2 = ||
τ∑
i=1

βk−igk−i||2 = ||
τ∑
i=1

βk−i (g(xk−i, yk−i) + ψk−i) ||2

≤ τ
τ∑
i=1

β2
k−i||g(xk−i, yk−i)||2 +

τ∑
i=1

β2
k−iσ

2
ψ. (63)
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By Assumption 2, we obtain

||g(xk−i, yk−i)||2 ≤ ||g(xk−i, yk−i)− g(x̄k−i, yk−i) + g(x̄k−i, yk−i)

− g(x̄k−i, ȳk−i) + g(x̄k−i, ȳk−i)− g(x̄k−i, ȳ
∗
k−i)||2

≤ 3L2
g||ȳk−i − ȳ∗k−i||2 + 3L2

g||dk−i||2 + 3L2
g||ek−i||2. (64)

Substituting the results from (64) into (63) yields

||ek||2 ≤ 3L2
gτ

τ∑
i=1

β2
k−i||ȳk−i − ȳ∗k−i||2

+ 3L2
gτ

τ∑
i=1

β2
k−i
(
||dk−i||2 + ||ek−i||2

)
+

τ∑
i=1

β2
k−iσ

2
ψ. (65)

Combining the results from (62) and (65), and using the definitions of Ξk and Φk, we get

Φk ≤ (4L2
f + 4L2 + 3L2

gβ̄
2)τ

k−1∑
j=k−τ

α2
jΦj

+ (4L2
f + 3L2

gβ̄
2)τ

k−1∑
j=k−τ

α2
jΞj + (1 + β̄2)

k−1∑
j=k−τ

α2
j

(
σ2
ξ + σ2

ψ

)
. (66)

Recursively substituting every Φj for j ≥ k − τ we obtain

Φk ≤ (4L2
f + 3L2

gβ̄
2)τ

k−1∏
t=k−τ

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)τα2
t

) k−1∑
j=k−τ

α2
jΞj

+ (1 + β̄2)

k−1∏
t=k−τ

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)τα2
t

) k−1∑
j=k−τ

α2
j

(
σ2
ξ + σ2

ψ

)
. (67)

Observe that
k−1∏
t=k−τ

(
1 + (4L2

f + 4L2 + 3L2
gβ̄

2)τα2
t

)
≤
(

1 +
1

τ

)τ
≤ 2, (68)

where the inequality is by the choice of αk ≤ 1√
(4L2

f+4L2+3L2
gβ̄

2)τ
. Then, (68) can be simplified as

Φk ≤ (8L2
f + 6L2

gβ̄
2)τ

k−1∑
j=k−τ

α2
jΞj + 2(1 + β̄2)

k−1∑
j=k−τ

α2
j

(
σ2
ξ + σ2

ψ

)
, (69)

This completes the proof.

D.2. PROOF OF THEOREM 3

Proof of Theorem 1. By Lemma 1, we have

Ξk+1 ≤
(

1− λf
2
αk

)
Ξk + ∆1αkΦk + ∆2α

2
k(σ2

ξ + σ2
ψ). (70)

Multiplying both sides of (70) by 4wk

λfαk
and rearranging the terms, we obtain

T−1∑
k=0

wkΞk ≤ 4

T−1∑
k=0

(
(1− λf

4
αk)

wkΞk
λfαk

− wkΞk+1

λfαk

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (71)
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Let αk = 8
λf (k+κ) and wk = k + κ where κ ≥ 4τ and WT =

∑T−1
k=0 wk. Observe that

(1− λfαk
4

)
wk
λfαk

=
1

8
(κ+ k − 2) (κ+ k) ≤ 1

8
((κ+ k − 1)2 − 1) ≤ 1

8
(κ+ k − 1)2. (72)

Then, the above inequality (71) can be simplified as

T−1∑
k=0

wkΞk ≤
1

2

T−1∑
k=0

(
(κ+ k − 1)2Ξk − (κ+ k)2Ξk+1

)
+

4∆1

λf

T−1∑
k=0

wkΦk

+
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk

≤ 1

2
(κ− 1)2Ξ2

0 +
4∆1

λf

T−1∑
k=0

wkΦk +
4∆2

λf
(σ2
ξ + σ2

ψ)

T−1∑
k=0

wkαk. (73)

By Lemma 4, we have

Φk ≤ ∆5τ

k−1∑
j=k−τ

α2
jΞj + ∆6

k−1∑
j=k−τ

α2
j

(
σ2
ξ + σ2

ψ

)
, (74)

where ∆5 = (8L2
f + 6L2

gβ̄
2) and ∆6 = 2(1 + β̄2). Summing (74) over k = 0 to T − 1 yields

T−1∑
k=0

wkΦk ≤ 2∆5τ
2
T−1∑
k=0

α2
kwkΞk + 2∆6τ

T−1∑
k=0

wkα
2
k

(
σ2
ξ + σ2

ψ

)
, (75)

where the inequality is by the choice of wk = k+κ where κ ≥ 4τ and the fact that (1+ 1
τ )k−j ≤ 2.

Substituting the results from (75) into (73) yields

T∑
k=0

wk(Ξk + Φk) ≤ (κ− 1)2Ξ2
0 + (1 +

4∆1

λf
)4∆6τ

T−1∑
k=0

wkα
2
k(σ2

ξ + σ2
ψ)

+
8∆2

λf

T−1∑
k=0

wkαk(σ2
ξ + σ2

ψ). (76)

where the inequality is by the choice of step size satisfying
(

4∆1

λf
+ 1
)

2∆5τ
2α2

k ≤ 1
2 . Similarly,

with WT =
∑T−1
k=0 wk, we have that WT =

∑T−1
k=0 wk = (2κ+T−1)T

2 ≥ T 2

2 . Dividing both sides of
(76) by WT and rearranging the terms, we obtain

1

WT

T−1∑
k=0

wk(Ξk + Φk) ≤ O
(

1

T
+
τ2

T 2

)
. (77)

where we omit the constants involved are only numerical constants that are independent of τ and T .
Since ||yk − y∗(xk)||2 + ||xk − x∗||2 ≤ O (Ξk + Φk), we prove the first part of Theorem 3. Then,
Robbins-Siegmund’s theorem which together with the choice of αk = Θ( 1

k+τ ) and βk = Θ( 1
k+τ )

immediately implies that limk→∞ ||yk−y∗(xk)||2 = 0 a.s., and limk→∞ ||xk−x∗||2 = 0 a.s.

11


