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A Organization of the Appendices

In the Appendix, we give proofs of all results from the main text. In Appendix B, we study properties
of square-root-Lipschitz functions and introduce some technical tools that we use throughout the
appendix. In Appendix C, we prove our main uniform convergence guarantee (Theorem 1 and
the more general version Theorem 6). In Appendix D, we obtain bounds on the minimal norm
required to interpolate in the settings studied in section 5. In Appendix E, we provide details on the
counterexample to Gaussian universality described in section 7.

B Preliminaries

B.1 Properties of Square-root Lipschitz Loss

In this section, we prove that square-root Lipschitzness can be equivalently characterized by a
relationship between a function and its Moreau envelope, which can be used to establish uniform
convergence results based on the recent work of Zhou et al. 2022. We formally define Lipschitz
functions and Moreau envelope below.

Definition 1. A function f : R — R is M-Lipschitz if for all z,y in R,
[f(@) = fly)| < Mz —yl. (33)

Definition 2. The Moreau envelope of a function f : R — R associated with smoothing parameter
A € Ry is defined as

H(@) = inf f(y)+ Ay — )2 (34)
yeR

Though we define Lipschitz functions and Moreau envelope for univariate functions from R to R
above, we can easily extend definitions 1 and 2 to loss functions f : Rx)Y — Ror f : RxYx0 — R.
We say a function f : R x ) — R is M-Lipschitz if for any y € } and 31, 92 € R, we have

|f(G1,y) = f(G2, )| < M1 — Gal.
Similarly, we say a function f : R x ) x © — R is M-Lipschitz if for any y € ),0 € O and

71, Y2 € R, we have
|f(2:/17y79) - f(g27y30)| < M‘.’gl - g2|
We can also define the Moreau envelope of a function f : R x ) — R by

A@,y) = inf fu,y) + Au—9)?,
u€ER
and the Moreau envelope of a function f : R x ) X © — R is defined as
F(@:,6) = inf f(u,y,0) + Mu = )%

The proof of all results in this section can be straightforwardly extended to these settings. For
simplicity, we ignore the additional arguments in )/ and © in this section.

The Moreau envelope is usually viewed as a smooth approximation to the original function f; its
minimizer is known as the proximal operator. It plays an important role in convex analysis (see
e.g. Boyd et al. 2004; Bauschke, Combettes, et al. 201 1; Rockafellar 1970), but is also useful and
well-defined when f is nonconvex. The canonical example of a /H-square-root-Lipschitz function
is f(x) = Ha?, for which we can easily check

() A

In proposition 1 below, we show that the condition fy > ﬁ f is exactly equivalent to v/ H-square-
root-Lipschitzness.

Proposition 1. A function f : R — R is non-negative and \/H -square-root-Lipschitz if and only if
forany x € Rand A\ > 0, it holds that

Irz) > mf(l’) (35)
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Proof. Suppose that equation (35) holds, then by taking A = 0 and the definition in equation (2), we
see that f must be non-negative. For an non-negative function f, we observe for any = € R, it holds
that

A
> > —
A2 0, o) 2 s @)
A
P i >

= VA>0, fuz) > /\Jer(x) since f) >0

oA+ H

>
inf ——/fa(z) = f(2)
H

inf inf My —z)? > b tion (2
< inf inf fly) + Ay —x)* > f(x) y equation (2)
= it it (142) 75) + O+ By — ) > f()

;;relR AZ0 A Y ymr =7

: Hf(y)

f H(y— )’ +2y/f(y)H(y — z)? > by \* =
< inf f)+H(y—2)* +2+/f(y)H(y —x)? > f(x) y =)
=Wy eR, (Vfy) +VHy —al)* = f(x)
—VyeR, VHly —z| > f(z) = f(v) since f > 0.
Therefore, f must be v/H-square-root-Lipschitz as well. Conversely, if f is non-negative and
/H-square-root-Lipschitz, then the above implies that (2) must hold and we are done. O

Interestingly, there is a similar equivalent characterization for Lipschitz functions as well.

Proposition 2. A function f : R — R is M-Lipschitz if and only if for any x € R and A > 0, it holds
that A2

T (36)

Iax) > f(x)
Proof. Observe that for any « € R, it holds that
2

VA0, fa(e) 2 ()~
2

il fa() + s > f()

M?
. _a2a S .
= /\>101F,156Rf(y) + Ay —2)* + o 2 f(x) by equation (2)

= il f(y) + Mly— | = f(a) bYA= gy ]

= VyeR, Mly—z| > f(z) — f(y)

and we are done. O

Finally, we show that any smooth loss is square-root-Lipschitz. Therefore, the class of square-root-
Lipschitz losses is more general than the class of smooth losses studied in Srebro et al. 2010.

Definition 3. A twice differentiable' function f : R — R is H-smooth if for all x in R
[f" ()| < H.

The following result is similar to to Lemma 2.1 in Srebro et al. 2010:
Proposition 3. Let f : R — R be a H-smooth and non-negative function. Then for any r € R, it

holds that
| (x)] < 2H f().
Therefore, \/f is \/ H /2-Lipschitz.

'The definition of smoothness can be stated without twice differentiability, by instead requiring the gradient
to be Lipschitz. We make this assumption here simply for convenience.
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Proof. Since f is H-smooth and non-negative, by Taylor’s theorem, for any z,y € R, we have

0< f(y)
= f(x) + f'(z)(y — =) + (y—x)°

2
< @)+ P @)= 2) + oy~ )

f"(a)

where a € [min(x,y), max(x,y)]. Settingy = « — % yields the desired bound. To show that v/f
is Lipschitz, we observe that for any x € R

-

and so we apply Taylor’s theorem again to show that

V(@) = VW) < VH/2 |z —y|

which is the desired definition. O

Fa |
2\/f(x)’ = VH?

B.2 Properties of Gaussian Distribution

We will make use of the following results without proof.

Gaussian Minimax Theorem. Our proof of Theorem 1 and 6 will closely follow prior works that
apply Gaussian Minimax Theorem (GMT) to uniform convergence (Koehler et al. 2021; Zhou et al.
2021; Zhou et al. 2022; Wang et al. 2021; Donhauser et al. 2022). The following result is Theorem 3
of Thrampoulidis et al. 2015 (see also Theorem 1 in the same reference). As explained there, it is a
consequence of the main result of Gordon (1985), known as Gordon’s Theorem.

Theorem 7 (Thrampoulidis et al. 2015; Gordon 1985). Let Z : n x d be a matrix with i.i.d. N'(0,1)
entries and suppose G ~ N(0,1,,) and H ~ N(0, 1) are independent of Z and each other. Let
Sw, Sy be compact sets and v : S, X S, — R be an arbitrary continuous function. Define the
Primary Optimization (PO) problem

®(Z) := min max(u, Zw) + (w, u) (37)

WESy UES,,
and the Auxiliary Optimization (AO) problem

¢(G, H) := min max |wl}2(G, u) + [[ull2(H, w) +$(w, v). (38)

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) for any c € R,

Furthermore, if we suppose that S.,, Sy, are convex sets and 1p(w, u) is convex in w and concave in u,
then Pr(®(Z) > ¢) < 2Pr(¢(G, H) > c¢).

GMT is an extremely useful tool because it allows us to convert a problem involving a random
matrix into a problem involving only two random vectors. In our analysis, we will make use of a
slightly more general version of Theorem 7, introduced by Koehler et al. (2021), to include additional
variables which only affect the deterministic term in the minmax problem.

Theorem 8 (Variant of GMT). Letr Z : n X d be a matrix with i.i.d. N'(0,1) entries and suppose
G ~ N(0,1,) and H ~ N(0,1,) are independent of Z and each other. Let Sy, Sy be compact

sets in R? x RY and R" x R™ respectively, and let 1) : Sy x Sy — R be an arbitrary continuous
function. Define the Primary Optimization (PO) problem

®(Z):= min max  (u, Zw) + ¥ ((w,w"), (u,u")) (39)
(w,w")ESw (u,u’)ESy

and the Auxiliary Optimization (AO) problem

¢(G,H) = min max  ||w||2(G,u) + ||ull2(H,w) + ((w,w'), (u,u')). (40)
(w,w)eSw (u,u’)ESyU

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G, H) < ¢) for any c € R,
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Theorem 8 requires Sy and Sy to be compact. However, we can usually get around the compactness
requirement by a truncation argument.

Lemma 1 (Zhou et al. 2022, Lemma 6). Let f : R? — R be an arbitrary function and S¢ = {x €
R? : ||z|l2 < 7}, then for any set K, it holds that

lim sup f(w)= sup f(w). 41

T weknsd wek
If f is a random function, then for any t € R
Pr (sup flw) > t) = lim Pr( sup f(w)>t]. 42)
wek rreo weknSd

Lemma 2 (Zhou et al. 2022, Lemma 7). Let K be a compact set and f, g be continuous real-valued
functions on R%. Then it holds that
lim sup inf Af(w)+ g(w)= sup g(w). (43)
00 ek 0SALST ( ) ( ) we: f(w)>0 ( )

If f and g are random functions, then for any t € R

Pr ( sup  g(w) > t) = lim Pr (sup inf Af(w)+ g(w) > t> : (44)

wek: f(w)>0 r—oo wek 0SALST

Concentration inequalities. Let oy, (A) denote the minimum singular value of an arbitrary matrix
A, and 0« the maximum singular value. We use || A|op = 0max(A) to denote the operator norm
of matrix A. The following concentration results for Gaussian vector and matrix are standard.

Lemma 3 (Special case of Theorem 3.1.1 of Vershynin 2018). Suppose that Z ~ N (0, 1,,). Then
Pr(||Z)l2 — v/n| > t) < e~/ (45)

Lemma 4 (Koehler et al. 2021, Lemma 10). For any covariance matrix Y. and H ~ N (0, 1), with
probability at least 1 — ¢, it holds that

| ISPHIE _ loa(4/s)

46
() ~ RE) (410)
and
IZHI5 < log(4/6) Tr(3?). (47)
Therefore, provided that R(X) 2 log(4/5)?, it holds that
I=Hl: )\ . TH(z?)
e — log(4/6 . 48

Theorem 9 (Vershynin 2010, Corollary 5.35). Letn, N € N. Let A € RN*" be a random matrix
with entries i.i.d. N'(0,1). Then for any t > 0, it holds with probability at least 1 — 2 exp(—t2/2)
that

VN = /i =t < opin(A) < Oax(A) < VN + Vi + . (49)

Conditional Distribution of Gaussian. To handle arbitrary multi-index conditional distributions
of y given by assumption (B), we will apply a conditioning argument. After conditioning on W7z
and &, the response y is no longer random. Importantly, the conditional distribution of x remains
Gaussian (though with a different mean and covariance) and so we can still apply GMT. In the lemma
below, Z € R™* is a random matrix with i.i.d. V'(0,1) entries and X = ZX1/2,
Lemma S (Zhou et al. 2022, Lemma 4). Fix any integer k < d and any k vectors w7y, ..., wy, in R¢
such that Zl/Qwi‘, . El/Qw}; are orthonormal. Denoting
k
P=1Iy-> (V%)) (s ?w))", (50)
i=1

the distribution of X conditional on Xw] = n1, ..., Xw}, = ny, is the same as that of

k
> mi(Sw)" + ZPu!/2, (51)
i=1
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B.3 Vapnik-Chervonenkis (VC) theory

By the conditioning step mentioned above, we will separate x into a low-dimensional component
W T2 and the independent component Q7 z. Concentration results for the low-dimensional compo-
nent can be easily established using VC theory. As mentioned in Zhou et al. 2022, low-dimensional
concentration can be established using alternative results (e.g., Vapnik 1982; Panchenko 2002;
Panchenko 2003; Mendelson 2017).

Recall the following definition of VC-dimension from Shalev-Shwartz and Ben-David (2014).

Definition 4. Let H be a class of functions from X to {0,1} and let C' = {cy, ...,¢;} C X. The
restriction of H to C'is

He = {(h(cr), .., h(em)) : h € H}.

A hypothesis class H shatters a finite set C' C X if |Ho| = 2/€!. The VC-dimension of # is the
maximal size of a set that can be shattered by H. If H can shatter sets of arbitrary large size, we say
‘H has infinite VC-dimension.

Also, we have the following well-known result for the class of nonhomogenous halfspaces in R¢
(Theorem 9.3 of Shalev-Shwartz and Ben-David (2014)), and the result on VC-dimension of the
union of two hypothesis classes (Lemma 3.2.3 of Blumer et al. (1989)):

Theorem 10. The class {z — sign({w,z) +b) : w € R4 b € R} has VC-dimension d + 1.

Theorem 11. Let H a hypothesis classes of finite VC-dimension d > 1. Let Ho := {max(hq, hs) :
hi,hy € H} and Hs := {min(hq, ha) : h1, ho € H}. Then, both the VC-dimension of Hz and the
VC-dimension of Hsz are O(d).

By combining Theorem 10 and 11, we can easily verify the VC assumption in Corollary 1 for the
phase retrieval loss f(7,y) = (|§| — y)?. Similar results can be proven for ReLU regression. To
verify the VC assumption for single-index neural nets in Corollary 2, we can use the following result
(equation 2 of Bartlett et al. (2019)):

Theorem 12. The VC-dimension of a neural network with piecewise linear activation function, W
parameters, and L layers has VC-dimension O(W Llog W).

We can easily establish low-dimensional concentration due to the following result:

Theorem 13 (Vapnik 1982, Special case of Assertion 4 in Chapter 7.8; see also Theorem 7.6).
Suppose that the loss function l : Z x © — R satisfies

(i) for every 6 € ©, the function l(-,0) is measurable with respect to the first argument
(ii) the class of functions {z — 1{l(z,0) >t} : (0,t) € © x R} has VC-dimension at most h

and the distribution D over Z satisfies for every 6 € ©
E..p[l(z,0)4/4 .
E..pli(z,0)] —

then for any n > h, with probability at least 1 — § over the choice of (z1,. .., zn) ~ D", it holds
uniformly over all 0 € © that

%i 1(,0) > <1 3 87\/h(10g(2n/h) +1)+ 1og(12/§)) E.pli(z 0)]. (53)

X n
=1

(52)

C Proof of Theorem 6

It is clear that Theorem 1 is a special case of Theorem 6. Therefore, we will prove the more general
result here.

Notation. Following the tradition in statistics, we denote X = (21, ..., z,,)7 € R"*? as the design
matrix. In the proof section, we slightly abuse the notation of 7; to mean Xw; and £ to mean the
n-dimensional random vector whose i-th component satisfies y; = (71 4, ..., Mk.4, &) We will write

X = Z%'Y/? where Z is a random matrix with i.i.d. standard normal entries if 1 = 0.
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Throughout this section, we can first assume p = 0 in Assumption (A) without loss of generality
because if we define f : R x ) x © — R by

F@,9,0) == F(@+ (w(6), ), y,0), (54)
then by definition, it holds that

f(<w(9)7 x>a Y, 0) = f(<w(9)7 T = /1'>7 Y, 0)
and so we can apply the theory on f first and then translate to the problem on f. Similarly, we can
also assume $'/2wj, ..., /2w are orthonormal without loss of generality. This is because we can
denote W € R by W = [w}, ..., w}] and let W = W (WTXW)~1/2, By definition, it holds that
WTEW = I and so the columns of W = [}, ..., wy] satisfy Y2405, ., 21/2121,"; are orthonormal.
If we define § : R**1 — R by

§(7717 o Tl E) = 9([771» ceey nk](WTEW)l/z + /LTVV, 5)7 (55)
then y = (=7 W, €) and so we can apply the theory on §.
We will write the generalization problem as a Primary Optimization problem in Theorem 8. For
generality, we will let F’ be any deterministic function and then choose it in the end.

Lemma 6. Fix an arbitrary set © C R? and let F' : © — R be any deterministic and continuous
Sfunction. Consider dataset (X,Y") drawn i.i.d. from the data distribution D according to (A) and (B)
with u = 0 and orthonormal El/QwT, e El/Qw,’g. Then conditioned on Xw] = 11, ..., Xwj, = n;,
and &, if we define

P = sup 1nf N, Zw) + Y(u, 0, M| 1y ooy M1, €) (56)
(w, uQ)ERdXR"X@ ER™
w=P=2w(0)

where P is defined in (50) and v is a deterministic and continuous function given by

1 n
¢(Ua97 A | m, "'777/%5) = F(e) - E Zf(uiag(nl,ia -"ank,i7§i)79)
i=1

. (57)
+ (A (Z m(EwZ-‘)T> w(f) —u),
i=1
then it holds that for any t € R, we have
Pr (sup F(0) — L(6) >t ‘ 7, ~-~777k7f> =Pr(® > t). (58)
0cO

Proof. By introducing a variable u = X w(@) we have

sup F(0) — L(0) = sup F(#) — — Z J((w i)y Yir 0)
0cO 0cO
= sup inf (A, Xw(0) —u)+ F(0) — *Zf i, Yi, 0

€O, ucER™ AER™

Conditioned on Xw] = nq, ..., Xw}, = 1 and &, the above is only random in X by our multi-index
model assumption on y. By Lemma 5, the above is equal in law to

k n
1
sup inf (A, < E ni(Swi)T + ZP21/2> w() —u) + F(0) — — E (us, yi, 0
i=1 —

6€O,ucRn ACR™ n
= s inf (A (ZPEY2)w(O)) + (w0, A m, s €)
0eO,ucRn AER™

= sup inf (X, Zw) +¢(u, 0, X[, ... i, €)
(w,u,0)eR? xR x© MER
w=Px/2w(0)

=o.

The function v is continuous because we require F), f and w to be continuous in the definitions. [J
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Next, we are ready to apply Gaussian Minimax Theorem. Although the domains in (56) are not
compact, we can use the truncation lemmas 1 and 2 in Appendix B.

Lemma 7. In the same setting as Lemma 6, define the auxiliary problem as

n

1
U= sup F(0)—— flug,y;, 0 (59)
L 0 = 2 S0
(H,PSY2w(0))>|| | PEY ?w(0)[l2G+ 5, (w(8),Zw] )ni—ul|,
then for any t € R, it holds that
Pr (sup F(0) — L(0) > t) < 2Pr(¥ > t). (60)
e

where the randomness in the second probability is taken over G, H, 11, ...,y and €.

Proof. Denote S, = {(w,u,0) € REXR" x O : w = PX2w(0) and ||w||z + |lull2 + |0]]2 < 7}.
The set S, is bounded by definition and closed by the continuity of w. Hence, it is compact. Next,
we denote the truncated problems:

®,.:= sup inf (A, Zw)+Y(u, 0, A |01,y i, &) (61)
(w,u,0)ES, AER™
®,.,:= sup inf (A, Zw) + ¥(u, 0, \ |01, ey M, £)- (62)

(w,u,0)€S, IM2<s
By definition, we have ®,. < ®,. ; and so
Pr(®, > t) < Pr(®,, >t).
The corresponding auxiliary problems are

VU, = sup inf [[A[[2(H,w) + |lwll2(G, A) + 9 (w, 0, X[ 91, s 7k, §)
(w,u,0)€S, IM=2<s

k
= su inf || A||2(H, w) + (A, [|w||.G + i(w(f),Xw)) —u
LI I+ O G 3w, 5)
1 n
+ F(G) - EZf(uiag(nl,i7~"7nk,i7£i)a9)
i=1

k
lwll2G + ) mi{w(6), Swf) —u
i=1

= sup inf A\ [ (H,w)—
(w,u,0)€S, 0SASs (

)

1 n
F)—— x [ZREES) 79 1‘,0
+ F(0) n;f(u g(m, Nh,ir§i), 0)
and the limit of s — oo:

1 n
\Ilr = sup F(G)i 7Zf(uiag(nl,i7-"77716,7;751')79)
(w,u,0)ES, n i—1
(Haw)2|[[wll2aG+35_y mi(w(6), Zw)) —ul),

By definition, it holds that ¥,. < ¥ and so
Pr(¥, >t) < Pr(¥ >1t).
Thus, it holds that
Pr(® > t) = lim Pr(®, > t) by Lemma 1

T—00

< lim lim Pr(®, s > ¢)

r—=00 §—00

<2 lim lim Pr(¥, > t) by Theorem 8

rT—00 S— 00

=2 lim Pr(¥, >t) by Lemma 2
r—00

< 2Pr(¥ >1t).
The proof concludes by applying Lemma 6 and the tower law. O

19



666

667

668

669

670

671

672

673

674

675

676
677

678

679

680
681

682
683

685

The following two simple lemmas will be useful to analyze the auxiliary problem.
Lemma 8. Fora,b, H > 0, we have

A H2
ig%_)\CH_ ﬁb— (Vb — VHa)2.

Proof. Observe that

H
-\ b=>b— inf A —b.
T FY oM T H A

Define f(\) = Aa + HLHb, then

, Hb Hb
fN=a— 5 <0 (H+A)2§7

(H+ M)
<= —\/@—Hg)\gy/@—H
a a

Since we require A > 0, we only need to consider whether \/% —H>0 < b> Ha. If

b < Ha, the infimum is attained at A = 0. Otherwise, the infimum is attained at A* = ,/ % — H, at
which point

f(A*) =2V Hba — Ha.
Plugging in, we see that the expression is equivalent to (v/d — v H a)i in both cases. O

Lemma9. Fora,b > 0, we have

b
sup —Aa — — = —V4ab
A>0 A

Proof. Define f(\) = —Xa — 2, then
/ b b

N=—a+—>0 < — >\

f( ) a+ )\2 — a —

and so in the domain A > 0, the optimum is attained at A* = /b/a at which point f(\*) =
—2+/ab. O

We are now ready to analyze the auxiliary problem.

Lemma 10. In the same setting as in Lemma 6, assume that for every § > 0

(A) Cs:R% — [0, 00| is a continuous function such that with probability at least 1 — & /4 over
H ~ N(0, 1), uniformly over all w € R?, we have that

(SY2PH w) < Cs(w) (63)

(B) €5 is a positive real number such that with probability at least 1 — 6 /4 over {(Z:, Ji) }j-y
drawn i.i.d. from D, it holds uniformly over all 0 € © that

LS ot 2.5.0) >

= 1—|—eéE(ivﬂ)ND[f«Qﬁ(w(e)),i‘>,gj,9)]_ (64)

where the distribution D over (Z,7) is given by

‘%NN(O7I]€+1)7 éNDE? g:g(i.laai'lmg)
and the mapping ¢ : R — R**1 is defined as

¢(w) = ((w, Swi), ..., (w, Swp), | PE2w]2)T.
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686 Then the following is true:

687 (i) suppose for some choice of My that is continuous in 0, it holds for every y € Y and 6 € ©,
688 f is My-Lipschitz with respect to the first argument, then with probability at least 1 — 0,
689 uniformly over all 6 € ©, we have
A Cs(w(0))?2

L) < (1+ ) (Lw) + My ‘W) | ©9)
690 (ii) suppose for some choice of Hy that is continuous in 0, it holds for every y € Y and 0 € O,
691 f is non-negative and \/f is \/Hy-Lipschitz with respect to the first argument, then with
692 probability at least 1 — 6, uniformly over all § € ©, we have

LB) < (1+6) (x/me) + VW) . (66)

693 Proof. First, let’s simplify the auxiliary problem (59). Changing variables to subtract the quantity
soe G || PE2w(8)]], ¥ (w(B), Sw} )i from each of the former u;, we have that

U= sup F((‘))—%Zf (ui+Gi H +Z 6), Sw; mz,yl,0>
i=1

(u,0)ER™ xO
l[ull2<(H,PE2w(0))

695 and separating the optimization problem in u and 6, we obtain
U = sup F(0)

0cO
! f S (wia
- — in (7 i
n u€ER™:

lulla<(H,PE/2w(0)) =1

k
9H Z K2 179 .

696 Next, we will lower bound the infimum term by weak duality to obtain upper bound on V:

inf . HP21/2 H ), Swi)mi, i, 0
s Soeva e, s

lwlla < (H,PSY/2w(0)) =1
= inf sup A(||ull3 — (X2 PH,w(0))?)
u€eRn A>0

n k
+ Zf <uz le/Qw(é?)H2 + Z 0), Zwy)my z,ylﬁ)
i=1 =1

>sup —A(ZV2PH, w(0))?

A>0
k
inf i+ Gi | P2 2u(0)| )o X s i 0 ) + Allull3
W, <u )+ 3 000) i)+ Al
:sup—)\<21/2PH,w(0)>
A>0
n k
: . 1/2 2
+) it f (u Py H;; ), Dy nz“yw) + i

k
:ig% —\XY2PH, w(h))? + ; i (Gi HPZl/2w(9)H2 + lzzl ), Zw] Z,yzﬁ) )

697 Suppose that for every y € Y and 6§ € O, f is My-Lipschitz with respect to the first argument, then
698 by Proposition 2, the above can be further lower bounded by the following quantity:

sup —A(SY2PH, w(0))? — "M9 +§n:f<z 9), Swy mZ+HP21/2 )HzGi,ym@).

AZ0 i=1 =1

21



699
700
701

702

704
705

706

707

709

710

71

712

713

On the other hand, suppose that for every y € Y and § € O, f is non-negative and +/f is v/ Hy-
Lipschitz with respect to the first argument, then by Proposition 1, the above can be further lower
bounded by:

su )\ZI/QPHwG ), Zw;’) 1+HP21/2 H Gi,yi,0 || .
AP+ e |2 (300, vt [t

1

Notice that if we write Z; = (714, ..., ki, Gi), then (Z;, y;) are independent with distribution exactly
equal to D. Moreover, we have

k
f (Z(w(ﬁ), wy)m,; + HP21/2U1(9)H2 Gu@/iﬁ) = f((o(w(0)),Z:), s, )

and it is easy to see that the joint distribution of ((¢(w(f)), Z),y) with (&,y) ~ D is exactly the
same as ((w(0), z),y) with (z,y) ~ D. As a result, we have that

E i yy~plf (o(w(0)),Z),y,0)] = L(6).
By our assumption (63), (64) and a union bound, we have with probability at least 1 — §/2
[(SV2PH,w(6))] < Cs(w(0))

1
,Zf (Z )s Xw[ )ym; + Hle/z )HQGi,yiﬁ) > 1 +65L(0)'

Therefore, if f is My-Lipschitz, then by by Lemma 9, we have

Cs(w(9))> My 1
U <supF(f) —sup-—-A\——""—— —2+—L(0
_968 (6) Azpo n 4N 1+es ©)

Cs(w(6))? 1
= sup F(0) + |/ M2 -
g PO M T+ e

L(0)

Consequently, by taking F'(0) = 1~ L(0) — M/ W and Lemma 7, we have shown that

with probability at least 1 — §, we have

. . 2
sup F(6) — L(6) <0 — L(0) < £(0) + My | SO
gek T+es n
If \/f is v/Hy-Lipschitz, then by Lemma 8
Cs (w(@))2 A 1

U < sup F(6) —sup —\ + L(6
796113 © A>% H9+)\1+€6 ©

/ [ HoCs(
= sup F'(0 0Cs(w
oeK

Consequently, by taking F'(6) = <\/ % - \/ W) and Lemma 7, we have shown that
+

with probability at least 1 — §, we have

sup F () — L(9) < 0.
e

Rearranging, either we have

S EEOE ) s
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or we have

2

L H 2 L H 2 -

O _ [AGWOF , _ ( [10) _ [HGWOPE) _;,
1+es n 1+es n
2
~ H, 2
— L)< (1+e) ( i)+ HeColw(6) )

n

In either case, the desired bound holds. O

Finally, we are ready to prove Theorem 6. In the version below, we also provide uniform convergence
guarantee (with sharp constant) for Lipschitz loss.
Theorem 14. Suppose that assumptions (A), (B), (E) and (F) hold. For any § € (0,1), let Cj :
R? — [0, 00] be a continuous function such that with probability at least 1 — § /4 over x ~ N (0, %),
uniformly over all 0 € ©,

(w(0),Q"z) < Cs(w(h)). (67)
Then it holds that

(i) ifforeach @ € © andy € Y, f is My-Lipschitz with respect to the first argument and My is
continuous in 0, then with probability at least 1 — 6, it holds that uniformly over all 0 € ©,
we have

Cs(w(0))?

(1—€) L(6) < L(6) + My (68)

(ii) if for each 0 € © andy € Y, f is non-negative and +/f is /Hy-Lipschitz with respect to
the first argument, and Hy is continuous in 6, then with probability at least 1 — 0, it holds
that uniformly over all § € ©, we have

2
(1- ) L) < (@ + W) )

where e = O <7—\/hlog("/h)+10g(1/5)>_

n

Proof. We apply the reduction argument at the beginning of the appendix. Given D that satisfies
assumptions (A) and (B), we define (@], ..., w;] =W = W(WTEW)~1/2 and £, § as in (54) and
(55). For {(x;,y;)}"_, sampled independently from D, we observe that the joint distribution of
(z; — p,y;) can also be described by D’ as follows:

(A) z~N(0,%)
(B’) y= f](nh 777/635) where i = <I7u~)l>

Indeed, we can check that

y=g(z"W,¢)
=g((z — W WWTSW)V2 + "W, ¢)
= ?](((E - M)va 5)

Moreover, by construction, we have
n

L) = Fw(0), 2 — 1), y:,0)
=1

3=

3

L(0) = Ep f ((w(0), zi), yi, 0)

and D’ satisfies assumptions (A) and (B) with z = 0 and orthonormal ¥'/2w?, ..., ©1/2¢5F and falls
into the setting in Lemma 6. We see that f being Lipschitz or square-root Lipschitz is equivalent to
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f being Lipschitz or square-root Lipschitz. It remains to check assumptions (63) and (64) and then
apply Lemma 10. Observe that

$-1/2pyl/2 _ »2=1/2 (Id _ 21/2WWT21/2) n1/2
=L - WWIS =T - wWWTsw)'wTs (70)
=Q
and so X1/2p = QTx1/2,

To check that (63) holds, observe that (X'/2PH, w) has the same distribution as (Qw, z). To check
that (64) holds, we will apply Theorem 13. Note that the joint distribution of ({¢(w(6)), Z), ) with

(Z,7) ~ D is exactly the same as ((w(6), z),y) with (x,y) ~ D’ and so

Epf({¢(w(9)), %), y,0)']* _ Ep[f((w(0),7),y,0)"""* _ Ep[f((w(6),).y,0)']'/*
b

) :
Eplf((¢(w(0)), z),y,0)] Ep [f((w(8),2),y,0)] Ep[f((w(0),2),y,0)]

Therefore, the assumption (E) is equivalent to the hypercontractivity condition in Theorem 13.
Note that {(z,y) — 1{f((¢(w(h)),z),y,0) > t} : (,t) € © x R} is a subclass of {(z,y) —
H{f((w,x) +b,y,0) >t} : (w,b,t,0) € R¥1 x R x R x O}. Therefore, by assumption (F), we
can apply Theorem 13 and (64) holds. O

D Norm Bounds

The following lemma is a version of Lemma 7 of Koehler et al. (2021) and follows straightforwardly
from CGMT (Theorem 7), though it requires a slightly different truncation argument compared
to the proof Theorem 6. For simplicity, we won’t repeat the proof here and simply use it for our
applications.

Lemma 11 (Koehler et al. 2021, Lemma 7). Let Z : n X d be a matrix with i.i.d. N'(0, 1) entries and
suppose G ~ N(0,1,,) and H ~ N (0, 1;) are independent of Z and each other. Fix an arbitrary

norm || - ||, any covariance matrix ¥, and any non-random vector ¢ € R", consider the Primary
Optimization (PO) problem:
®:= min |w]| 1)
weR?:
Zs' /2w=¢

and the Auxiliary Optimization (AO) problem:
U= wmir; [lw]]. (72)
IGIS2wla—gll2<(5"/ H w)
Then for any t € R, it holds that
Pr(® >1t) <2Pr(¢ >1). (73)

The next lemma analyzes the AO in Lemma 11. Our proof closely follows Lemma 8 of Koehler et al.
2021, but we don’t make assumptions on £ yet to allow more applications.

Lemma 12. Let Z : n x d be a matrix with i.i.d. N'(0, 1) entries. Fix any 6 > 0, covariance matrix

Y and non-random vector £ € R™, then there exists € < log(1/9) <Tll + ﬁ + R(TLZ)> such that

with probability at least 1 — 0, it holds that

2
. s oo B T
min w3 < ( +€)Tr(2) (74)
Ze 2w=¢

Proof. By a union bound, there exists a constant C' > 0 such that the following events occur together
with probability at least 1 — §/2:
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1. Since (G, &) ~ N(0, [€]|2), by the standard Gaussian tail bound Pr(|Z| > t) < 2¢~+/2,

we have
(G, &) < [I€]l2v/210g(32/6)

2. Using subexponential Bernstein’s inequality (Theorem 2.8.1 of Vershynin (2018)), requiring
= Q(log(1/4)), we have
IG]I3 < 2n

3. Using the first part of Lemma 4, we have

IS HE > TH(S) (1 - OW>

4. Using the last part of Lemma 4, requiring R(X) > log(32/6)?
IZH]3 Tr(2?)
[/ H 13 Tr(%)

< C'log(32/6)

Therefore, by the AM-GM inequality, it holds that
IGIZY 2wl — €13 = IGIZIEY w3 + 1613 — 2(G, OIIZ 2wl

< 2022w + [|€]13 + 2/1€]|21/210g(32/6) | 2w,
21 32/6
< snz 2wl + (14 2B e

s2H

=20, for some o > 0. Then we have

To apply lemma 11, we will consider w of the form w = «

Tr(X? 2log(32/6
IG5 2wl — 15 < 3nCog(32/0) o+ (14 ZEE2 )

and

(SV2H w)? = o?|SV2H |2 > o Tr (D) (1 - c%) .

So it suffices to choose « such that
(1 + 2200 ) g3

a? >
Tr(%) (1 - C%) 3nC log(32/0) 5
21og(32/6
_ L+ Zos €13
Tr(X)
1—Clog(32/4) <\/ﬁ ))
and we are done. O

A challenge for analyzing the minimal norm to interpolate is that the projection matrix () is not
necessarily an orthogonal projection. However, the following lemma suggests that if ¥+ = QTXQ
has high effective rank, then we can let R be the orthogonal projection matrix onto the image of @
and RY.R is approximately the same as ¥ in terms of the quantities that are relevant to the norm
analysis.

Lemma 13. Consider Q = I — Zz Lwi(wi) TS where Y/ %w}, ..., XY 2w} are orthonormal and
we let R be the orthogonal projection matrlx onto the image of Q Then it holds that rank(R) = d—k
and

RYw} =0 forany i=1,.., k.
Moreover, we have QR = R and RQ) = Q, and so

R <1 k__m ) 1

Tr(RXR) — n  R(QTXQ) Tr(QTEQ)
k n
n

R(RSR) ~ (1 N R(QTEQ)) RQTSQ)
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787 Proof. Itis obvious that rank(R) = rank(Q) and by the rank-nullity theorem, it suffices to show the
nullity of @ is k. To this end, we observe that

788

790

791

792
793

794
795

796

797

798

799
800
801

Quw=0 < n /2 (I

k
— (I 2(21/2 )(21/2 )

=1

— 22w € span{Z 2w}, ...,

k

=1

<~ w € span{wy, ..., wj }.

It is also straightforward to verify that Q2 =

and

_2(21/2 )(21/2 ) ) El/Qw:O

)El/Qw:()

21/210;;}

Q and QTYw} = 0 fori = 1,..., k. For any v € RY,
Ru lies in the image of @ and so there exists w such that Rv = Qw. Then we can check that

v RYw} = (Rv, Sw;)
= (Qu, Xw]) = <w,QTwa> =0

(QR)v = Q(Rv)
= Q(Qu) = Q*w

= Qw = Rwv.

Since the choice of v is arbitrary, it must be the case that RXw} = 0 and QR = R. For any v € R,

(RQ)v = R(Qu) =

by the definition of orthogonal projection. Therefore, it must be the case that RQ) = (). Finally, we

we can check

use R = QR = RQT to show that

Tr(RER) = Tr(RQTSQR)
= Tr(Q"%Q)

Qu

— Tr(QTEQR)
~Tr(Q"SQ(I - R))

> T(Q7EQ) - \/Tr((QT£Q)?) Tr(I - R)?)

— THQTRQ) (1 -

and

—~ —~~

Rearranging concludes the proof.

D.1 Phase Retrieval

k

SQRQTYQRQ™)
RQTSQ)R(QTEQR))
RQ"YQ)(Q"SQR))
Q"EQ)?).

k

n

R(QTEQ)>

— Tr(QTEQ) (1 n R(QTEQ)>

= Tr((Q"2Q)*R)

Theorem 2. Under assumptions (A) and (B), let f : R x Y — R be given by f(7),v) := (|§| — y)?

with ) = Rsq. Let Q be the same as in Theorem I and ¥+

Quw* = 0 and for some p € (0, 1), it holds that

Ly(w?

) <

26

(1+p)Ls(w

).

= QTYQ. Fix any w* € R? such that

C))



802

803

805
806
807

808

809
810

811

812
813

814

816

817

819
820

821
822

823
824

825
826

Then with probability at least 1 — 6, for some € < p + log (%) (\/15 +
holds that

1 k n .
JRED Tt m) .

#
, i nLy(w)
o el < It 09y PRy

Vi€ [n],(w,z;)?=y?

(10)

Proof. Without loss of generality, we assume that y lies in the span of {Xwj, ..., Yw;}} because
otherwise we can simply increase k by one. Moreover, we can assume that {%1/2w}, ..., 51/2w}}
are orthonormal because otherwise we let W = W(WTXW)~! and conditioning on W7 (z — p) is
the same as conditioning on W7 (x — ). By Lemma 5, conditioned on

i T T

: =W (z1—p), .. W(zy — )]

T

M

the distribution of X is the same as
k

X =17+ ni(Zw)” + 2512Q
i=1
where Z has i.i.d. standard normal entries. Furthermore, conditioned on W7 (x — 1) and the noise
of variable in y (which is independent of x), by the multi-index assumption (B), the label y is
non-random. Since Qu* = 0, we have w! = 3% (w}, Lw!)w} and so

k
<wﬁ7x> = <wﬁwu> + Z<w;72wﬁ><w:71’ - :u>
=1

Therefore, (w*, x) also becomes non-random after conditioning. We canlet I = {i € [n] : (w*, z;) >
0} and define £ € R™ by
€ = {yl — [(wh, ;)| ifiel
Wt )| -y ifid L
and ¢ is non-random after conditioning. Following the construction discussed in the main text, for
any w¥ € R, the predictor w = w 4 w satisfies |(w, z;)| = y; where
1

w™ = argmin |Jw||2
weR®:
Xw=¢
by the definition of £. Hence, we have
_min lwllz < llw|l2 + lw™ |2
weR®:Vig([n] (w,z;)2=y?

and it suffices to control ||w||o.

Let R be the orthogonal projection matrix onto the image of () and we consider w of the form Rw to
upper bound |lw||2. By Lemma 13, we know QR = R and RXw} = 0. By the assumption that
lies in the span of {3w7, ..., Zw} }, we have

k
(mT + ) mi(Zwp)" + 221/2Q> Rw = Z%'?Ruw.
i=1
Since R is an orthogonal projection, it holds that || Rw||z < ||w||. Finally, we observe that the

distribution of ZX'/2 R is the same as Z(RXR)'/? and so

lwtllz < min .
weR®:

Z(REZR)Y?w=¢
We are now ready to apply Lemma 12 to the covariance RXR. We are allowed to replace the
dependence on RY. R by the dependence on X by the last two inequalities of Lemma 13. The desired

conclusion follows by the observation that ||¢]|3 = nL(w") and the assumption that L ;(w!) <
(1+ p) Ly (wF). 0
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D.2 ReLU Regression

The proof of Theorem 3 will closely follow the proof of Theorem 2.

Theorem 3. Under assumptions (A) and (B), let f : R x Y — R be the loss defined in (13) with
Y = Rxq. Let Q be the same as in Theorem 1 and ¥+ = QT Q. Fix any (w*, b*) € R4*! such that
Quw* = 0 and for some p € (0, 1), it holds that

Ly(w®, b%) < (14 p)Ly(w?, b%). (14)

Then with probability at least 1 — 6, for some € < p + log (%) (
holds that

1 1 k n .
\/ﬁ—"_\/m—i_nﬁ_R(ZL))’lt

# bﬁ)
. § nL g (wk,

(w,br)lgﬂgd“: [wll2 < Jlw[l2 + (1 +€) Tr(z1)
Vi€ [n],o((w,z;)+b)=y;

: (15)

Proof. Welet I = {i € [n] : y; > 0} and for any (w*, b*) € R, we define £ € R™ by

€ = yi — (Wb, z) — bt ifiel
T\ —o((w m) + bE)ifi g T

By the definition of &, the predictor (w, b) = (w® + w™, b*) satisfies o ((w, z;) + b) = y; where

wh = argmin |Jwl|s.

weR?:

Xw=¢
Hence, we have

. 1
min [wllz < w(la + [lwh |2
(w,b)eRIT:
Vi€[n],o((w,xi)+b)=y;

and it suffices to control ||w||o.

Similar to the proof of Theorem 2, we make the simplifying assumption that y lies in the span
of {Swi, ..., Swi} and {2'/2wi, ..., B1/2w;} are orthonormal. Conditioned on W7 (z; — 1) and
the noise variable in y;, both y; and (wﬁ, x;) are non-random, and so ¢ is also non-random. The
distribution of X is the same as

k
X =1+ ni(Zw)" + Z2512Q.

i=1
If we consider w of the form Rw, then we have
[wrle < min [lwls.
weR®:
Z(RZR)Y?w=¢

We are now ready to apply Lemma 12 to the covariance RXR. We are allowed to replace the
dependence on RY.R by the dependence on ¥ by the last two inequalities of Lemma 13. The
desired conclusion follows by the observation that [|£[|3 = nL;(w*, b*) due to the definition (13) and

the assumption that L ; (w?) < (1 + p)L s (wt, b%). O
D.3 Low-rank Matrix Sensing

Theorem 4. Suppose that d1dy > n, then there exists some € < 1/ M + ﬁ such that with
probability at least 1 — ¢, it holds that

no?

min X[ < VPIX*[lr + (1+€) (17)

vi€[n],(A:,X)=y; dy Vdy
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850 Proof. Without loss of generality, we will assume that d; < ds. We will vectorize the measurement
g5t matrices and estimator A1, ..., A,, X € R a5 qy, ... a,,z € R¥19 and define ||z, = || X||.
gs2 Denote A = [a1, ..., a,]T € R"*%192 We define the primary problem ® by

o= min | X« = min ||z
Vi€ [n], (A, X)=¢€ Ar=¢

853 By Lemma 11, it suffices to consider the auxiliary problem

U= min 1| -
IGllzlla—€ll2<—(H,)

854 We will pick z of the form z = —aH for some a > 0, which needs to satisfy o|| H||3 > ||aG||H ||z —
855 £||2. By a union bound, the following events occur simultaneously with probability at least 1 — 6/2:

856 1. by Lemma 3, it holds that
IGll2 < v/ + 2+/10g(32/9)
llgliz < V/n+ 24/log(32/6)
g
|H |2 < /dids + 2+/10g(32/6)
857 2. Condition on &, we have ”71”<G, &) ~ N(0,1) and so by standard Gaussian tail bound
858 Pr(|Z| > t) < 2e1°/2

'ﬁ’gﬁ” < \/2Tos(16/5)

859 Then we can use AM-GM inequality to show for sufficiently large n

laGIIH ]2 — €lI3
=o?|GIIH3 + lIEl” — 20l H|2(G, €)

2
log(32/6 21og(16/6
<na?|[H] <1+2 g<n/>> + el + 2vmal H ey 2200

<na?| H3 (1 10 W’;@) n (1 ' J@) el

seo and it suffices to let
log(32/46 2log(16/d
Q2| > no| H]3 <1+10 Og%/)>+<” g;/)> €l

861 Rearranging the above inequality, we can choose
1/2

1 + 10 7(n / ) n0-2
n log 32/6 log' 32/6 2
1— I, da <1+10 (n/)) (1+2 l(llQ/ )>

gs2 and since H as a matrix can have at most rank d;, by Cauchy-Schwarz inequality on the singular
ges values of H, we have | H||. < +/di||H||2 and

2]« = el H][« < avdi|H|2 < (1+¢)

M + 774 - The desired conclusion follows by the observation that || X (|, <

/7| X*|| r because X* has rank r. O

ges for some € <
8

fo2)
a
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gss Theorem 5. Fix any 6 € (0,1). There exist constants c1,ca,cs > 0 such that if dids > cin,
867 dg > cody, n > car(dy + dz), then with probability at least 1 — § that

IX = X*||% _ r(di+ do) r(di+dz) o dn o?
< + + )5+ — .8
X% n o x0T \WVa o) e 1

sss  Proof. Note that (A, X*) ~ N(0, || X*||%) and so by the standard Gaussian tail bound Pr(|Z| >
geo t) < 2e—t*/ 2 Theorem 9 and a union bound, it holds with probability at least 1 — 6/8 that

(4, X™)| < /210g(32/0)[| X" ||
|Allop <V + V/da + 1/210g(32/5).

g7o  Then it holds that
(A, X*)

A
X%

X*

(4, X))
< [|Allop + X,
! HX*II2 3

op

< Vdi +dy ++/210g(32/9) + |||))((*H0p 21og(32/6)
F
< V/dy ++/da + +/8log(32/9).

871 Therefore, we can choose C'5 in Theorem 1 by

X) = (Vi + Vi 4 /Blog(32/3) ) 1 X

g72 and applying Theorem 1 and Theorem 4, we have

(1-gr(x) < S0
(Vi + vV + /3 10g(32/6))2 =\
< . VAIX [+ (14 )y 2

2 2
d1 dg 810g(32/5) T(dl V dg) o 12
\/d1de +\/dlvd2 N4 vd, .t Far 1

873 where € is the maximum of the two € in Theorem | and Theorem 4. Finally, recall that
L(X)=0"+|X - X" %
g74 Assuming that d; < ds, then the above implies that
IX = X%
1X11%

2
8log(32/6) r(dy + da) o o2
<SA- 1+ 144/ 1+1/7 + s -
da n IXr) X%
d1+d2 d1+d2 + d1 + 0'2
o\ |X*||F dy [ X%

s75 and we are done. ]

s76  E  Counterexample to Gaussian Universality

877 By assumption (G), we can write ;q—j = h(z;;) - Ellcﬁkzi where z; ~ N (0, I4_). We will denote

g7 the matrix Z = [z1, ..., 2,]T € R™*(@=F) Following the notation in section 7, we will also write

79 X = [X|, X|4—x] where X, € R"* and X|;_; € R™*(@=%)_ The proofs in this section closely
gso follows the proof of Theorem 6.



ss1 Theorem 15. Consider dataset (X,Y') drawn i.i.d. from the data distribution D according to (G)
ss2 and (H), and fix any f : R x J — Rsq such that \/f is I-Lipschitz for any y € Y. Fix any § > 0
883 and suppose there exists es < 1 and Cs : RY™% — [0, 0o] such that

o3
N

884 (i) with probability at least 1 — 6 /2 over (X,Y') and G ~ N (0, I,,), it holds uniformly over
885 all wyy, € R¥ and ||w)g—||s,,_, € Rxo that

1 = s i) + b(zap) [wia—klls . Gis vi) [f((w x) y)}

— > (1 — 65)1[5@ AN I

n ; h(zik)? h(z)?
886 (ii) with probability at least 1 — 6/2 over zjq_j, ~ N(0,%4_,), it holds uniformly over all
887 W)g—k € RYF that

(Wia—k> 2ja—k) < Cs(wja—) (75)

888 then with probability at least 1 — 6, it holds uniformly over all w € R? that

2
— e f((w,x),y) l = f(<waz1>ayz) 05(w|d7k:)
“ 5)E{ h(),)? ] = <n; h(@ k)2 T ) ' 70)

889 Proof. Note that
1/2
(Wid—t, Tija—k) = M%) - (Wia—, Z‘d/_kzi>

goo andso forany f: R x ) x R* — R, we can write

weR?

®:= sup F(w)— %Zf((w,wi%yi,xuk)
i=1

1 n
= sup F(w) — = Zf(<w|k71'i|k> + ()5 )wis i, Tigk)
weR? weR™ n i=1
u:Zletffkw‘d_k

n

. /2 1
= sup inf (A\ZS7 waip —u) A+ Fw) — = F(wis i) + h(@) s, yis T
weR g R AER™ |d—k Wl n ; | | | |

so1 By the same truncation argument used in Lemma 7, it suffices to consider the auxiliary problem:

. 1/2 1/2
U= sup nf [Mo(H, 202 wia k) + (G802 pwia ks — u,A)
weRL yueR" AER™

1 n
+ F(w) — o Zf(<w|k,ffi|k> + (@i )i, Yi, Tif)
i=1
= sup inf A (<H, E‘lﬁkw\dqﬁ — HG”Z‘lc{Ekw\dkaQ — UH2>

weRL ycR” A20

+ F(w) — % Zf(<w|k7$i|k> + (5 )wis i, Tigr)

=1
g2 Therefore, it holds that
1 n
U= sup F(w) — = Z Tk Tir) + Mg p) i, Yir Tir)
wE]Rd,uE]R" n i=1
(H21) wia-) 2| GIEL2 wja-illa—u
1 n
= sup F(w) — - ui&{n Zf(<w|kvxi|k> + () wis Yi, Tig) -
weR .
(L2 a0 2| GIS2 oo =]
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893 Next, we analyze the infimum term:

n
s D S (G ige) + hwe)us, s zie)
<Hs2\ld/ikw|d—k>2||GHZ\1d/Ekw|d_kHziqu =
n
- . 1/2
= b e + b (w2 i l2Ga) v i)

=1
lulla<CH2 02w )

= inf sup A(|[ul|? — (H, 22 wiyi)?
af, sup (lull® = (H, %" ywja—r)*)

+ > Fwp @) + bl (Uz + Hz|ld/ikw|d—k“2Gi) Vi Tifke)

i=1

>sup inf A(||lul* — H,El/2 Wig_p)?
2sup i Ml — (9 g -1)?)

+ > Fwpes @) + Bl (Ul + Hz|ld/ikw|d—k”2Gi) Vi Tif)

i=1

1/2
=sup —\(H, E|d(_kw\d—k>2
A>0

A 2
Us
h(z;))?
1

so4  Now suppose that f takes the form f (7, y, z|;) = "E? f(#,y) for some 1 square-root Lipschitz f

n
. 1/2
+ z; JinefRf(@Uw, Tijk) + Ui + ||E|d/_kw\d—k||2h(17i|k)Gia Yir Tijg) +
.

895 and by a union bound, it holds with probability at least 1 — ¢ that
1/2
<E|d/_kHaw|d7k>2 < Cs(wig—r)?

I 1 1/2 1
- PR y g by — h 1 Gi7 [ Z 1- E 9 ) )
n ; h(xz|k)2 f(<w|k X |k> + || |d7kw|d k||2 (.’E \k) y) ( 65) h(x|k)2 f(<w .’E> y)
so6 then the above becomes
n 1 5
NESY2 Howyy )2 S , S22 wigilleh (i) Gi, s
b =M H vt 4 3 g Pl v + IS wta kb G i)

PR 1
>sup —MEY2 Howyg_ )% + czige) + 1572 wia—ill2h (i) Gy vi
—igl(’) ( |d—k 11> W)d k) N+l ;h(xi‘k)gf“w\k o) + || ld—kWld kll2h (i) Gis yi)

> sup —)\C'(;(w|d,k)2 + (1 —e¢e)nkE [fL(mlk)?f(<w7 z), y)]

A>0 A+1

Zn (\/(1 — 66)E [h(xlk)Qf“w’@’y)} _ CES(\U;L;jk)>+

897 where we apply Lemma 8 in the last step. Then if we take

Flw) - <\/ (1 e)E {h(;wf«w,xm)} - W)
.

sos  then we have ¥ < 0. To summarize, we have shown

. L, ~ Cs(wyg—p) 27ln F . o
(\/(1 6)E |:h($|k)2f(< ’ >7y):| \/ﬁ >+ nzh(qu)zf« ’ z>7yz)§0

se9  which implies

’ {h(lzf«w’x%y)} <(-e)” (;Z h 1 S fw,ai), ) + C5(“’d—k)> 0

))
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904

905

906

907

908
909

911

Theorem 16. Under assumptions (G) and (H), fix any wl*k € R* and suppose for some p € (0,1), it
holds with probability at least 1 — §/8

1 (v (i) y— (i)
nz<h(%lk> ) <(149)E (h(x|k) ) . (77)

=1

Then with probability at least 1 — 6, for some € S p + log (%) <\/15 + \/R(El ) + R(Eﬁz k)>, it
ld—k —k

holds that )
b | (s
: 2 * 12
min wl|3 < ||w +(1+4+€ 78
wepiatn [wllz < [lwpllz + (1 +¢€) TS0 ) (78)
Proof. Fix any wl*k € R¥, we observe that
. 2 . 2 2
min Wy = min W\k|la + || W)d—k
weRL:VE (w,z;)=y; || ”2 wGRd:Vi,@u‘k,zi‘k>+<w‘d,k,m”d,k>:yiH \||2 || | ||2
< Jlwiill3 + min [wia—l3-
wyg—x ERCTT:
Vi (Wia—k,Tijd—k)=Yi — (W] Ti|k)
Therefore, it is enough analyze
P = min W) g— = min Wid—k||2-
- [wia—ll2 - lwja—xll2
g )= ) PR AT L
By introducing the Lagrangian, we have
n *
Yi — <’LU k7Ii|k>
®= min ma Nl (BY2 w2 — IR TR + ||wiq—
w4 pERI=F Jaax £ i << |d—kWld—k> i) h(ix) lwja—kll2

w)4_ ERI—F NER™ h(zir)

Similarly, the above is only random in Z after conditioning on X ‘kw‘*k and ¢ and the distribution

of Z remains unchanged after conditioning because of the independence. By the same truncation
argument as before and CGMT, it suffices to consider the auxiliary problem:

n *
. yi — (w kaxi\k>
= min max (A, ZE‘ld/Ekw‘d,Q — E Ai ( + ||w|dflc||2-
i=1

min max

w‘d,kERd*k AER™ h(zllk)

i yi — (W, T4))
All2(H, E\lﬁkw\dw) + Z Ai <||Zld/ikwdk2Gi S e
i=1

+ | wja—kll2

n

= min  max [Nz | (H, %)% wjai) + Z(IIElﬁkwd—klaGi

’w\d_kERd’_k AER™ £
=1

yi — (Wi i)\

+ lwjg—kll2
and so we can define

U= min Wig—kl|2-
wja— ERIH: [w]a—kll2

s 1/2 vi— (W Tifk) 2 1/2
\/Z?:1(”Z‘,;_kw\d—klei*W S<*2|,,/,_kH1w|d7k>

1/2
To upper bound W, we consider w)q_y, of the form —oz”zl'fz;’“ml, then we just need
ld—k 2
2
" ||E|d,kH||2 Yi — <w|*k71'i|k> 2 1/2 2
Z A1z Gi - <a Hz|d_kH||2~
=\ I h(@ik)
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9
9

2 By a union bound, the following occur together with probability at least 1 — §/2 for some absolute
3 constant C' > 0:

914 1. Using the first part of Lemma 4, we have
log(32/6
IS HIE > Te(Sy ) (1- 018820
R(Xja-r)
915 2. Using the last part of Lemma 4, requiring R(¥)4—%) 2 log(32/6)?
Yo H|12 Tr(32,_,)
I |1d/2k 12 < Clog(32/6) ik
=02 H 13 Tr(X)4-x)
916 3. Using subexponential Bernstein’s inequality (Theorem 2.8.1 of Vershynin (2018)), requiring
917 n = Q(log(1/0)),
1= o
— - <
- ZGZ <2
i=1
918 4. Using standard Gaussian tail bound Pr(|Z] > t) < 2¢=t*/2, we have
* n * 2
1 i Gilyi — (Wi, zijk)) < |1 Z yi — (W, Tijk) [21og(32/6)
n = h(zik) T\ h(@ik) n
919 5. By assumption, it holds that
2 2
1< [ Yi— <U1‘*k79€i\k> y— <w‘*k,$|k>
— P L ——— < (1+ P) -E [ L
n ; < h(ix) ( h(z)
920 Then we use the above and the AM-GM inequality to show that
2
1 zn: aHZ\dkaHQ Y (W Tijk)
n \ IS H h(zir)
2
S 1 H|3 Y — (Wi, Tjw)
S20{2” |1c;2k ||§ Y (14p)-E ( - k2 ]
”E|d_kH||2 (‘le)

o 1 Za—kH 2 (1+p) E <y<w*k’xlk'>>2 210g(32/6)

1/2
1507 |2 n

< C'log(32/0) <2+ 210g(§2/6)> agTr(E%d—k)

Tr(2)4-x)
210g(32/4) y— iz
0g — Wk Lk
+ |14+ ————= |1 +p)-E|| —————
< " >( & ( Geie) )
921 After some rearrangements, it is easy to see that we can choose
(1+ 210g(32/5)) (1+p) nE |:(y_§:z’rk’:§k>)2:|
2
o =
v log(32/6) [210g(32/5) n Tr(3)4-1)
1 Oiﬁ(z‘d,k) C'log(32/9) <2+ - > RS 0h)
922 and the proof is complete. O
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