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A Simulations

A.1 Simulation Details
Simulation Environment

* Each dimension of X} is sampled independently from Uniform(0, 5).

s 0*(P) = [05(P),0;(P)] = [0.1,0.1,0.1,0,0, 0], where 65(P), 05 (P) € R>.
Below also include simulations where [0 (P), 65 (P)] = [0.1,0. 1 0.1,0.2,0.1,0].

« t-Distributed rewards: R| Xy, A, ~ t5 + X, 05(P) + A, X, 0 (P), where t5 is a t-
distribution with 5 degrees of freedom.

* Bernoulli rewards: Rt|Xt, A, ~ Bernoulli(expit(v;)) for v, = X, 05(P) + A, X, 05 (P)
and €.13p’tt( ) = H—Tp(w)

« Poisson rewards: R;|X;, A; ~ Poisson(exp(1;)) for v; = X1 05(P) + A, X, 05 (P).
Algorithm

» Thompson Sampling with A/(0, I;) priors on each arm.
* (0.05 clipping
* Pre-processing rewards before received by algorithm:

— Bernoulli: 2R; — 1
— Poisson: 0.6 R;

Compute Time and Resources All simulations run within a few hours on a MacBook Pro.
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A.2 Details on Constructing of Confidence Regions

For notational convenience, we define Z; = [f( ‘ Atf(t].

A.2.1 Least Squares Estimators
A T T “lr
. Op = (thl W.Z,Z, ) ST WiZiR,
— For unweighted least squares, W; = 1 and we call the estimator é%LS.

— 1 - thisis equivalent to
Ve(Ae, Xe, Heo1)

using square-root importance weights with a uniform stabilizing policy. We call the
estimator O4VLS.

— For adaptively weighted least squares, W; =

» We assume homoskedastic errors and estimate the noise variance o2 as follows:
1 T
~2 L 7T h \2
ot = ;(Rt Z, 67)2.

» We use a Hotelling t-squared test statistic to construct confidence regions for 6*(P):

®2
Cr(a) = {9 cR?:

T
a1 [ 1 .
S (T ; Wtztzj> VT (O —6)

d(T 1)
- T-d

Fd,T—d(l - a)} (10)

— For the unweighted least-squares estimator we use the following variance estimator:
. o1 T
=03 YL, 42

— For the AW-Least Squares estimator we use the following variance estimator: Sr=

221 T 1 At 1 1-As T
orT Zt:l (A, Xe, He1) 1-my(Ae, Xt He—1) ZtZt .

* To construct (non-projected) confidence regions for 67(P) € R®:
we treat the unweighted least squares / AW-LS estimators, 673, as

-1
N (93*(73)7 1 (% ST WtZtZtT) St (% T WtZtZ,T> ) We use a Hotelling

t-squared test statistic to construct confidence regions for 65 (P):

Crla) = {91 e R : [V 2V T(or, - 0)] " < A=

< 2 _
ST 4 Fa, r—q, (1 a)}7

where Vir is the lower right di x d; block of  matrix
-1 . —1
(% Zthl WtZtZtT) Yr (% Zthl WtZtZtT> . Recall that for the unweighted

least squares estimator W; = 1 and for AW-LS W, = I —
Ve (A, Xe,He—1)

* For the AW-least squares estimator, we also construct projected confidence regions for 65 (P)
using the confidence region defined in equation (10). See Section below for more
details on constructing projected confidence regions.

A.2.2 MLE Estimators

Distribution v b(v) b'(v) b (v) %40
N(p, 1) I 3V v=u 1 0
Poisson()\) log A exp(v) exp(v) = A exp(v) = A exp(v) = A
Bernoulli(p) | log (2;) | log(1+¢”) | tfe =P | e =P(1—p) | p(1 —p)(1-2p)
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. éT is the root of the score function:

T
0= Wi (R —V0]2)) 2.
t=1
We use Newton Raphson optimization to solve for Or.

— For unweighted MLE, W; = 1.

— For AW-MLE, W, = ———L______: this is equivalent to using square-root impor-
Tt (A’th,Ht—l)

tance weights with a uniform stabilizing policy.
* Second derivative of score function: — Zthl V(05 2:) Z: 2.

* We use a Hotelling t-squared test statistic to construct confidence regions for 6*(P):

T ®2
A 1 A .
e (T > Wtb/'(agzt)ztth) VT (07 — a)]

t=1

Cr(a) = {0 €R?:

d(T —1)
< ———FFgr—q(1— .11
< g far a( 04)} (11)
— For the MLE variance estimator, we use 7 = ~ S°/_ " (01 2,)Z, Z].
— For the AW-MLE variance estimator, we use f)T =
1 7T 1 Ay 1 1=Aey T T
T Zt:l (A, Xe,He—1) 1—7e (A, X, He—1) b,/(aTZt)ZtZt .
* To construct (non-projected)  confidence regions for  67(P) €

R% we treat the MLE / AW-MLE estimators, 01, as
N(0:P), % (S0 W' (0 202,27 ) $31 (% LI Wb (07 20 2.2, )
We use a Hotelling t-squared test statistic to construct confidence regions for 65 (P):
®2 _
} < di(T 1)

Cr(a) = {91 eR% [vlj;/Z\FT(éT,l —61) T d

Fay r-a, (1 04)},

where Vir is the lower right di X d; block of  matrix

(% T Wtb"(é;Zt)thj> St (% s Wtb”(é;Zt)ZtZtT).

* For the AW-MLE estimator, we also construct projected confidence regions for 65 (P) using
the confidence region defined in equation (L1). See Section[A-2.5]below for more details on
constructing projected confidence regions.

A.2.3 W-Decorrelated
The following is based on Algorithm 1 of Deshpande et al. [2018].

* The W-decorrelated estimator for 8*(P) is constructed as follows with adaptive weights for
Wt S Rdi
T
OF° = 09" + ) Wi(Ry — X[ 6215).
t=1
» The weights are set as follows:
Wiy =0eR and W, = (I;— >0, S0, WeZ))

1
Ztix\T-HthH% fort > 1.

+ We choose At = mineig, ,(Z:Z," )/log T and mineig,,(Z;Z," ) represents the o quantile
of the minimum eigenvalue of Z; Z," . This is similar to the procedure used in the simulations
of Deshpande et al. [2018] and is guided by Proposition 5 in their paper.

* We assume homoskedastic errors and estimate the noise variance o2 as follows:

T
o1 .
#= (R~ 2 0P
t=1
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* To construct confidence ellipsoids for 6*(P) are constructed using a Hotelling t-squared
statistic:

Cr(a) = {9 eRY: (WP —0)TVLL(OYP — ) < d(TTi__dl)Fd,T,d(l - a)}
where Vp = 62, Zthl A LA

« To construct confidence ellipsoids for 85 (P) € R4 with the following confidence ellipsoid
where V7 is the lower right dy x d; block of matrix Vr:

R o di(T -1
CT(Oé) = {91 S Rdl . (9\%/7? - el)TVTll(HQVYR — 91) S %dl)Fth_dl(l — a)} .

A.2.4 Self-Normalized Martingale Bound

We construct 1 — « confidence region using the following equation taken from Theorem 2 of
Abbasi-Yadkori et al.| [2011]:

Cr(a) = {9 €O:(0r —0) Vr(br —0) < 0\/2 log (det(VT)l/2 det(AId)l/Q) + )\1/25} .

«

~ -1
br = (Ma+ X1 227 ) S 2R

Ve =LA+, Z: 7).

» )\ =1 (ridge regression regularization parameter).

* 0 = 1 (assumes rewards are o-subgaussian).
S = 6, where it is assumed that ||0* (P)|| < S (recall that in our simulations 6*(P) € R°).
O ={0ecR": |0, <6}

» For constructing confidence regions for 8*(P), we use projected confidence regions.

A.2.5 Construction of Projected Confidence Regions

We are interested in getting the confidence ellipsoid of the projection of a d-dimensional ellipsoid
onto p-dimensional space, for p < d.

* Defining the original d-dimensional ellipsoid, for x € R% and B € R4*4:

x Bx=1

-

For C € R¥—Pxd=p E ¢ RP*P and D € R4—PxP,

B:{C D]

* Partitioning the matrix B and vector x:
For y € R?"P and z € R”.

D' E
* Gradient of x ' Bx with respect to x:

(B+BT)x = 2Bx = {DCT E] m .

Since we are projecting onto the p-dimensional space, our projection is such that the gradient
of x" Bx with respect to y is zero, which means

Cy+Dz=0.

This means in the projection that y = —C 'Dz.
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* Returning to our definition of the ellipsoid, plugging in z, we have that

C D

1=x'Bx= [yT ZT] {DT E

} B] =y ' Cy+ ZZTDTy +2 Ez
= (C7'Dz)'C(C™'Dz) — 22" D" (C'Dz) + 2" Ez
=z'D'C'Dz—22"'D'C'Dz+2"Ez
=z (E-D'C'D)z.
Thus the equation for the final projected ellipsoid is

z"(E-D'C'D)z=1.

A.3 Additional Simulation Results

In addition to the continuous reward and a binary reward settings, here we also consider a discrete
count reward setting. In this discrete reward setting, the reward R; is generated from a Poisson
distribution with expectation Ep[R| Xy, A;] = exp(X, 05(P) — A, X, 03(P)). All other data
generation methods are equivalent to those used for the other simulation settings. Additionally we
will consider the setting in which 8*(P) = [0.1,0.1,0.1, 0.2, 0.1, 0] for the continuous reward, binary
reward, and discrete count settings.

To analyze the data, in the discrete count reward setting, we assume a correctly specified model for the
expected reward. We use both unweighted and adaptively weighted maximum likelihood estimators
(MLEs), which correspond to an M-estimators with mg (R, X¢, A;) set to the negative log-likelihood
of R; given Xy, A;. We solve for these estimators using Newton—Raphson optimization and do not
put explicit bounds on the parameter space ©.
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Figure 3: Poisson Rewards: Empirical coverage probabilities for 90% confidence ellipsoids for
parameters 0 (P) and parameters 6; (P) (top row). We also plot the volumes of these 90% confidence
ellipsoids for 6*(P) and parameters 05 (P) (bottom row). We set the true parameters to 6*(P) =
[0.1,0.1,0.1,0,0, 0] (left) and to 6*(P) = [0.1,0.1,0.1,0.2,0.1, 0] (right).
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90% Confidence Regions

Linear Model Linear Model Logistic Model Logistic Model
All Parameters Advantage Parameters All Parameters Advantage Parameters
1- e
~ S————————
0-95- ¥9 —OLS/MLE
0.90 — — e — g5
085 T / - ———— 23 AW-LS / AW-MLE
.85~ o
0.80- // __ AW-LS / AW-MLE
. (Projected)
E ———
10= ‘2
: \_ —  =W-Decorrelated
13 o
! = ——gs .
013 g __Sel-Normalized
0.013 23 Martingale Bound
0.001%

0 250 500 750 10000 250 500 750 10000 250 500 750 10000 250 500 750 1000
Timesteps

Figure 4: Empirical coverage probabilities (upper row) and volume (lower row) of 90% confidence
ellipsoids. In these simulations, 8*(P) = [0.1,0.1,0.1,0.2,0.1, 0]. The left two columns are for the
linear reward model setting (t-distributed rewards) and the right two columns are for the logistic
regression model setting (Bernoulli rewards). We consider confidence ellipsoids for all parameters
6*(P) and for advantage parameters 05 (P) for both settings.

In Figure[5] we plot the mean squared errors of all estimators for all three simulation settings (same
simulation hyperparameters as described previously for the respective simulation settings).
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Figure 5: Mean squared error estimators of §*(P) for linear model (top), logistic regression model
(middle), and generalized linear model for Poisson rewards (bottom). We consider simulations with
6*(P) =[0.1,0.1,0.1,0,0, 0] (left) and simulations with 6*(P) = [0.1,0.1,0.1,0.2,0.1, 0] (right).
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B Asymptotic Results
Throughout, || - || refers to the Lo norm.

B.1 Definitions

Here we define convergence in probability and distribution that is uniform over the true parameter.
We follow the definitions are based on those in Kasy|[2019] and [Van Der Vaart and Wellner [[1996,
Chapter 1.12].

Definition 1 (Uniform Convergence in Probability). Let {Z7(P)}r>1 be a sequence of random
variables whose distributions are defined by some P € P and some nuisance component 1. We say
that Z1(P) e uniformly over P € P as T — oo if for any € > 0,

sup PP,T/ (HZT(P) - C” > 6) — 0. (12)
PepP

For simplicity of notation, throughout we denote Zyp(P) — ¢ = opep(l) to mean Zp(P) Be

uniformly over P € P as T — oo.

Definition 2 (Uniformly Stochastically Bounded). Let {Z1(P)}r>1 be a sequence of random
variables whose distributions are defined by some P € P and some nuisance component 1. We say
that Z7('P) is uniformly stochastically bounded over P € P as T' — oo if for any € > 0 there exists
some k < oo such that

limsup sup Pp,, (|| Z7(P)|| > k) < e.

T—oco PeP

Similarly we denote Z(P) = Opep(1) to mean Z1(P) is stochastically bounded uniformly over
PePasT — oo.

Definition 3 (Uniform Convergence in Distribution). Let Z(P) € R4 and {Z1(P)}r>1 € R be
a sequence of random variables whose distributions are defined by some P € P and some nuisance

component 1. We say that Zr(P) RS Z(P) uniformly over P € Pas T — oo if

sup sup \Ep o, [f (Z7(P))] = Ep,, [f (Z(P))]| =0, (13)
PEP feBLy
where BL, is the set of functions f : R% — R with ||f(2)|lec < 1and |f(z) — f(z')| < ||z — #/||
forall z, 7' € R,

As discussed in |Kasy| [2019], Equation holds if and only if for any ¢ > 0 and any sequence
{Pr}r>1suchthat Pr € Pforall T > 1, Pp,. , (|| Zr(Pr) — c|| > €) — 0.

Similarly, Equation holds if and only if for any sequence {Pr}r>1 such that Pr € P for all
T2 L5 e, [Brp f (Ze(P)] - Brp 1f (2P| 0.

B.2 Consistency

We prove the first part of Theorem E, i.e., that 07 B g (P) uniformly over P € P. We abbreviate
mg(Yz, X, Ar) with mg ;. By definition of 6,
T T T

Z théT,t = sup Z th97t Z Z thex(’]})7t.
t—1 0€0 1 =1
Note that || — 6*(P)|| > € > 0 implies that
T T
sup Z Wimeg s = sup Z Wime 4.
0€0:)160—0%(P)||>e 1= 0ee —

Thus, the above two results imply the following inequality:

T T
sup Pp (HQT -0 (Pl > 6) < sup Pp - ( sup > Wimgs > the*(m,t>
PeP PeP 0€0:(|0—0*(P)||>e y—1 =1
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T T
=sup Pp » ( { Z tMe t} Z tMex(P),t = 0)
6co: \|0 0 (P)||>e _

Pep — ~
| L
= sup Pp » < sup {T Z Wimg,t —Ep [Wime | Hi 1] +EP,W[tha,t7‘lt—1]}
PeP 0E®:||0—0*(P)||>e =1
1 X
~7 2 {the «P)t — Ep o [Wimeg«(p) ¢| Hi—1] + EP,W[the*(P),tmt—ﬂ} > 0)-

By triangle inequality,

T
1
< sup PP,w( sup {T E (Wyme,, — ]EP,rr[the,thl])}
PeP 0€0:||0—0*(P)||>e€ =1

1
+ Ep Wt Mgt — Me=(P), N Hi—1
0cO: |\0 0 ||>e{ Z P | ]

t=1

’ﬂ\'—‘
N

{the «P)t — Ep x[Wimg«(p) o[ Hi— 1]} > 0) — 0. (14)

t=1

(e
We now show that the limit in Equation above holds.

* Regarding term (c), by moment bounds of Condition[5|and Lemmal[I]
% Zle {the*(P),t - EP,w[tha*(P),t‘Htﬂ]} = OPeP(1)~
* Regarding term (a), by Lemmal[2]

T
SUPpe@:(|0—0 (P)|>e {% >t (Wimg s — Ep,w[tha,tWt—l])} = opep(1).

Thus it is sufficient to show that term (b) is such that for some ¢’ > 0,

T
1
sup — E ]EPJ.—[Wt(mg’t — Mo=(P), )|Ht_1} < —6/ Ww.p. 1. (15)
0€®:|00*(P)|>5{T P

By law of iterated expectations,

T
1
sup {T Z EP,W[Wt(ma,t - m@*(P)7t)|Ht—1]}

0EBO:||0—0*(P)||>e

= { Z]Ep |:/ a Xta’Ht 1)E7D[Wt(m0t — Mg« (P), t)|Ht 1,Xt,At = a}da
0cO: |\9 9 (P)||>€
Since Wt € U(Htfl,Xt,At) we have that ]EP[Wt(mgt — mg*('p )|Ht 1,Xt7At = a} =

WiEp[mo: — mg«(p)¢|Hi—1,Xe, Ay = a]. By Condition ll we have that W Ep[mg, —
mg«(py¢|He—1, Xt, Ar = a] = WiEp[me, — mg-(p),.|Xt, As = a]. Thus we have,
Hi 1}}

— { Z Ep
Since forall 6 € ©, Ep [mg’t — mg=(py,¢|Xt, As] < 0 with probability 1 by Condition |Z and since

Hi 1}}

/ (a, X¢, Heo 1)WtE7>[m0 t — Mo+ (P), | X¢, Ay = alda

0€O: H9 0 (P)||>€

0 < 72— < 1 with probability 1 by cOnditionﬂ

T
< sup L Z {/ mi(a, Xo, He1)WPEp[mo, — mo-(p) | Xy, Ay = alda Ht—l] :
T 0€O:]|9—0*(P)||>c T\/Pmax cA Y k ' e
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: 2 (A, X))
Since W7 = ALK D)

0€0O:(|6—6*( Ty Pmax §

sta

T
1 sta
= sup . { ZE {/ T (a, Xo)Epmgr — mg«(p) 4| Xe, Ar = alda
>e €A

Ht_1:| } .
By Condltlonland since 7}

T
1 / .
- Sup T (a, Xe)Epmor — mo=(p) +| Xi, Ar = a]da] )
0€0:||6—6" ( |>6{T\/mz { ca b (P).t

By law of iterated expectations,

T
1 1
= sup e me (Mot — Mg=(p)t| ¢ < — J.
06@:|0—9*(P)|>5{T\/pmax ; [ ) ]} V/Pmax

The last inequality above holds for some § > 0 for all sufficiently large 7" by Condition [8. Thus
’_
Equation (I3)) holds for ¢’ = mé.

is pre-specified, we can drop the conditioning on H;_1, i.e.,

B.3 Asymptotic Normality

We prove the second part of Theorem [I] i.e., that
So(P) Y2 My (b0)VT (0 — 6% (P)) 2 N (0,1;) uniformly over P € P. (16)

B.3.1 Main Argument
The three results we show to ensure Equation holds are as follows:

S (P)~Y2VT My (0*(P)) =t N (0,1;) uniformly over P € P. (17)
For €,;, > 0 as defined in Condition 6]

sup |37(0)||, = Opep(1). (18)
6€0:0—6*(P)||<ewns

For matrix H positive definite,
= Mp(0*(P)) = H + opep(1). (19)

For a reminder on the notation of opep(1) and Opep(1) see definitions [I2 and 2. For now, we
assume that Equations (17), (18], and hold; we will show they hold in Sections[B.3.2,[B.3.3] and
[B.3.4]respectively. Our argument is based on[Van der Vaart [2000, Theorem of 5.41].

By differentiability Condition |2| since O is the maximizer of criterion Mr(0),
0 = My (07).

By differentiability Condition again and Taylor’s theorem we have that for some random 6 on the
line segment between 6* (P) and O,

0= Mr(fr) = MT<0*<P>>+MT(0*(P>><éT—0*<P>>+§<9}—9*<P>>TMT<éT><éT—9*(79))-

By rearranging terms and multiplying by /7T,

VTR (0°(P)) = Wiz (0° (P)VT(r — 0°(P) + 5 (6r — 0 (P)) T §i2(Gr)VT 0y — 0°(P))
B (6 (P)) + 5 (B — 6°(P)) i (Br) | VT (Or — 6°(P)).
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Note that by the above equation and Equation (17), we have that
. 1 - .~ R
Sr(P) 2 1120 (P) + 562 ~ 0°(P)) i) VEGr - 0°(P)
BN (0,1;) uniformly over P € P. (20)

By Equation (19), the probability that Mz (6*(P)) is invertible goes to 1 uniformly over P € P.
Thus by Equation (20), we have that

S (P [T+ (6 = 6" (P) R (Br) (0" (P) | At (6” (PYVT (6 — 0°(P)

= (1t §20(P) 2O = 0P A2 )0 (P) 5P
Sr(P) Y2 My (0*(P)VT (0 — 6*(P)) B N (0,1;) uniformly over P € P. (21)

We now show that 1X7(P)~V/2(0r — 0*(P)) T M1 (0r) Mr(6*(P) "' Sr(P)V/? = opep(1). It
is sufficient to show that || Sz (P) ~/2|[||0r — 0*(P) ||| Mz (0r) ||+ | M (6% (P) = [[[|Z2(P) /2] =
opep(1).

* By Condition E, the minimum eigenvalue of X1 (P) is bounded uniformly above some
constant greater than zero, so supp¢p || S7(P) V2| = O(1).

b1 —6*(P)|| = oper(1),

« By uniform consistency of 67, L6, o (P <ems = opep(1). Thus by Equation (I8),
Mr(07) = Opep(1).

* By Equation (19), the minimum eigenvalue of — M7 (0*(P))~! is bounded above that of

positive definite matrix H. Thus | M7 (0*(P))7!|| = Opep(1).

« By Condition[5} suppp | Z7(P)/?|| = O(1).
Thus, by Slutsky’s Theorem and Equation (21)), we have that
Sr(P) Y2 N (6% (P))VT (6 — 6%(P)) 3 N (0, I;) uniformly over P € P. (22)

* By uniform consistency of Or,

Lastly, to show our desired result, that X (P)~V/2NMp(0p)VT(6r — 0%(P)) 2
N (0,1;) uniformly over P € P, by Equation and Slutsky’s Theorem it is sufficient
to show that X7 (P)~Y2My(Or) Mp(0*(P)) 1S (P)Y/2 5 1 uniformly over P € P.

Note if we can show that My (67)Mz(6*(P))~! L I, uniformly over P € P, then

Sr(P)V2Mr(0r)Mr (07 (P) ' Sp(P)Y/2 = S¢(P)7? [Ia+ oper(1)] S2(P)/? =
I; + 270(P) " YV2opep(1)2r(P)Y?2 = I + opep(l).  The last limit holds since
IS7(P)"Y2|| = Opep(1) and ||S7(P)Y2| = Opcp(1) by Condition [5 (use the same

argument as that used in the bullet points below Equation 1)).
Thus it is sufficient to show that My (A7) My (6* (P)) L I, uniformly over P € P. By Taylor’s

Theorem, for some random 67 on the line segment between éT and 6*(P),
My (Or) = Mp(0°(P)) + M1 (07) (07 — 6% (P)).

Recall that the probability the inverse of My (6*(P)) exists goes to 1 by Equation (use
the same argument as that used in the bullet points below Equation (21)). Thus we have that

My (07) My (0*(P)) ! equals the following:
Ner (6% (P)) + R (0r) (Or — 07(P))| Ntz (67 (P)) !
= Iy + M (07)(0r — 07 (P)) Mp(6*(P)) ™"
Note that A7 (07) (07 — 6*(P)) My (0*(P)) ™' = opep(1) because
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* By uniform consistency of O, l\lér—G*(P)HSem = opep(1). Thus by Equation (18),
Mr(0r) = Opep(1).

« By uniform consistency of 07, |07 — 0*(P)| = opep(1).

+ By Equation (I9). |7 (6*(P)) || = Opep(L).

B.3.2  Asymptotic Normality of X7 (P)~1/2\/T My (6*(P))

We will show that Equation holds by applying a martingale central limit theorem. For notational
convenience, we let 119 ; := 1ig(Y3, X, A;). Note that by definition X7 (P)~1/2\/T My (0*(P)) =

T
ET(P)_l/zﬁ S, Witnge(py.4. We first show that {ET(P)_1/2%thg*(p)7t}t:1 is a mar-
tingale difference sequence with respect to {#;}_,. Forany ¢t € [1: T,

Ep x

)

1
—— 0 (P)"V2Wie T ring-
{\/T 7(P) f 0=(P).t

Ht—l}

1 .
(f) ﬁEP’F |:EP [ZT(P)_1/2Wtch9*(P)7t‘HtfhXt;Ati| ’Ht1:|
1 - .
(T) ﬁZT(P) 1/2E”Pvﬂ' |:WtCTE7J [me*(P),t‘Ht—hXt;At] Ht—1:| (f)

* Above, (a) holds by law of iterated expectations.

* (b) holds since W, € o(H;_1, Xy, A;) and since Y1 (P) are a function of stabilizing policies
{m}®}>1, which are pre-specified.

® By Conditionm ]EP I:mg* (P),t ’Htfh Xt, At] = ]EP I:TI’LQ* (P),t ’Xt7 At] . Equahty (C) holds
because Ep [mg*(p)7t|Xt, A;] = 0 with probability 1 by Conditionm note that 8*(P) is a
critical point of Ep[mg | X¢, A¢].

By Cramer-Wold device, to show that Equation holds, it is sufficient to show that for any fixed ¢ €
R? with [[e||z = 1, that cTET(P)_l/Q% S Watnge(py. BN (0,¢7I4¢) uniformly over P €
P. We now apply Theorem 2| a uniform version of the martingale central limit theorem of [Dvoretzky
[[1972]; while the original theorem holds for any fixed P, we can show uniform convergence in
distribution by ensuring that the conditions of the theorem hold uniformly over P € P (see Definition
[). By Theorem[2] it is sufficient to show that the following two conditions hold:

1. Conditional Variance: 1 5>/ Ep . {cTZT(P)_IQthG*(m’t}Q
over P € P.

"Htl} £> o? uniformly

2. Conditional Lindeberg: For any § > 0,

T _ . 2 P .
T 2ot=1 Epon [{CTZT(P) VEWing- ()t} Ler 50 (P)-1/2Waringe iy o |50V Ht—l] — 0 uni-

formly over P € P.

1. Conditional Variance

T
S (W) i)

]

T
== Epx [WECTET(P)UQW??(P),ﬁT(P)l/ZC




/ mi(a, Xi, He—1)Ep {mege?(p)yt”{t—hXMAt = a] da
acA

/ ““(a Xt)E'p [mg* (P), t’Ht 1,Xt,At = a:| da Ht 1:| } ET(’P)il/ZC
acA

Sl
[}
‘4
™
3
|
=
o
—N—
Nl
(]~
=
A}
— | | pu—|

T
1 ) B
= CTET(P)_U2 {T E Ep |:E73,7r§}ﬂ [mS@}(P)’JXt} Ht—1:| } Sr(P) 1/2¢

T
_ 1 . _
= CTZT(P) 1/2 {T E EP,W%‘“ |:m:9®*2(73),t:| } ET('P) 1/2c

~
I
—

* Above, (a) holds since X1 (P) are a function of stabilizing policies {7} };>1, which are
pre-specified.

» Equality (b) holds by law of iterated expectations.

» Equality (c) holds since W; = \/ - ZE G50 € o(Hy 1, X, Ay).
e Equality (d) holds because by Condition E, Ep[mg@i?(m JHe 1, X, Ay = a] =

Ep [mg??(m | Xt, Ay = a] and by law of iterated expectations.

Equality (e) holds because by Condition [I, the distribution of X; does not de-
pend on Ht_l, SO Ep [Ep’ﬂ?a [m?iip)i‘Xt] Ht—1:| = E'p |:EP=7T§,la [m?i?(P)’JXt}} =

Ep s [mg%?(m t} ; the last equality holds by law of iterated expectations.

Equality (f) holds by definition.

2. Conditional Lindeberg

T %t—1:|

2
TZEP” {(c WiXr(P)~ 1z me- (P).t ) l\cTWtzT(P)—lﬂme*(p),t

T Ht1:|

T
1 2. T 1/2 —1/2
= TZEP;W |:Wtc ZT<7)) / me (79) ZT(P) / CH|cTW,,ET(7?)*1/2m9*(7;),t

t=1

pmax

b) 1262

d 2
; { ( S (P)~ 21ing: (P),tZT(P)_UQC) ‘%1]
T

[ ( Er(P)” 1/2m9 *(P),t ZT(P)_l/%)2 Ht1:|

2
— Pmax ZEP |;/’E a Xt,Ht 1)E’P |:W2 ( (7)) 1/2m0 “(P), tE (P)71/2c> ‘Htl»XhAt = (Z:| da

T
Pmax sta T 2 . —-1/2 2
(j) T252 tzZl]EP |:/ae.A “(a, X¢)Ep {(C Yr(P)~ 1/ me*(p) X (P) 1 C) Hi1, Xe, Ay = a} da Ht—l]
p d 2
= Tr;g; ZEP [EP {(CTZT(P) Vg (P T (’P)fl/%) ‘Xt] ‘%&-1}
t=1

T
_ Pmax Z T 1/2,: —1/2 2
(?) T252 . E'P,ﬂ'i‘“ |:(C ET(P) me (7)) tZ (P) C) :| (;; 0

24
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* Above, inequality (a) holds because ]l|W TSy (P)-1/2
W2 gz S (P) 21l p) Sr(P)~H2e > 1.

* Inequality (b) holds because by Condition@, W2 < pmax With probability 1.
* Equality (c) holds by the law of iterated expectations.

|>VTs = 1 if and only if

mS*(P) t

« Equality (d) holds since W, = %

* Equality (e) holds because by Condition [I]
EP [(CTET(P) I/ng*( )ngT(P 1/2 |Ht 1, XtaAt =a
Ep [(CTET('P) 1222 “p )tZT(P)’l/Qc |Xt} and by law of iterated expectations.

c O'(Ht_l,Xt, Af)

» Equality () holds since the distribution of X; does not depend on #;_1 by Condition [1]and
by law of iterated expectations.

* Regarding limit (2), it is sufficient to show that
2
S Ep [(cTZT(P) 1V2p (p) tZT(P)_1/2c> is uniformly  bounded

over P € P for all sufficiently large T'. By Condition the minimum eigenvalue of 37 (P)
is bounded above zero uniformly over P € P for all sufficiently large T'; this bounds the
maximum eigenvalue of ¥ (P)~!. Also by Condition E the fourth moment of g+ (p) ;
with respect to P and policy 75" is uniformly bounded over P € P and ¢ > 1. With these

2
two properties we have that Zthl Ep rya [(cT Sr(P)~ I/Qme*(P) tET(P)*l/Qc) } is
uniformly bounded over P € P for all sufficiently large 7.

B.3.3  Showing that sup,ce.g_g-(p)||<cs |17 (0)]], is bounded in probability

Recall that for any B € R¥*4*4, we denote || B[, = 3¢, E?Zl S |Bijk|. We abbreviate
ﬁig (Y;g, Xt, At) with ﬁig,t.

By triangle inequality, <1 23:1 W ||iig,¢||,- Thus we have

that

(@), = ||+ 20 Weiiio |

T
1
sup M), < sup = Wi |itig,l; -
6€0:|0—6%(P)||<ewns H Hl 0€0:|6—0*(P)|| <ews T tzz:l !

By Condition E] (ii), there exists a function 77 (note it is not indexed by ) such that for all P € P, we
have that SUpgc e 9o« ()| <ew: [1T0,¢ll; < [[7(Ye, X, Al

T
1
S T Z Wt Hm(}/anh At)Hl .
t=1
Adding and subtracting + S Bp e [W || (Y, Xy Ag) |y [Heoa],

T
=7 > Wi |liii(Ya, Xi, Ao |y —Bop e (Wi [[750(Ys, X, Ay [Ho—a ]+ Bop 2 (Wi [[750(Ye, X, Ay [Hia] -

By second moment bounds on ||7i(Y;, Xy, A¢)||; from Condition |§ (i), by Lemma |I, we have that
F i Wl (Y, Xoy Aoy = Eop o (W [l (Y, X, Aoy [Hi1] = oper(1),

T
1
= opep(1) + T E Ep x (W [l (Ye, Xoy Aol [Hi-1]

t=1

Since by Condition \/7

1
T\/ Pmin

< opep(1) + ZEM W2 [|#7(Ye, X, Ag) |y [ He—1]
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Since W2 = % and by Condition

T
1
=opep(1) + m— ) Ep au [[[ii(Ys, X, A)l[1] = Opep(1).
T\/ Pmin tz:; !

Note that by Jensen’s inequality, Ep s [[[712(Y2, Xy, Ag)];] < \/E’pﬂ.r;la {Hfri(Yt,Xt, At)||ﬂ B

Condition E (), suppep 1 Ep pi [||m(Yt, X, Ay) ||ﬂ is bounded, which implies the final limit
above.

B.3.4 Lower bounding — My (6*(P))
We now show that —M7(0*(P)) = H + opep(1), for positive definite matrix H introduced in
Condition[7] (ii).
.. 1 T . .
By Condmonand Lemma F e Witigepye — Ep 1 [thg*(p),tﬂ-[t,l] = opep(1), sO

T T
S 1 .. 1 .
—MT(Q (7))) = —T E the*(P),t = OPeP(l) - T E E’P,ﬂ' [thQ*(P),trHtfl]

t=1 t=1

By law of iterated expectations,

= opep(l = [WiEp [fig-(p) e|He—1, X¢, Ae] [Hi—1]

HMH

By Condition|[I]

T
1
=oper(l) = 7= D Ep x [Wip [ifg-(p).o| Xp, Ar] [Hio1]

t=1

By Condition | we have that Ep [7'7'19*(7;) +| X, A;] = 0; recall that 6* (P) is a maximizing value of
Ep » [meo| X1, A¢]. Also since \/; < 1 with probability 1 by Condmonﬁ,

1 T

T /o E 7T W2]E ™ 7 * XaA Hf
T\/m; P, [ t &P, [mé) ('P)7f,| ¢ t]| + 1]

> opep(l) —

(A, X4)

. 2 _
Since W7 = AKX H 1)

1
= 1 E 7T°“ * H
opep(l) — T\/mz Py [0- Pyt Hi1]
Note that for any ¢ > 1, Ep [T+ (p) i|Hi-1] = Ep, - 1729+ (7;) +] because {r}"},> are pre-
specified. Recall that by Condltlonlzfor all sufficiently large T', — Z =1 Ep qa [mg*(p”} - H
for all P € P. Thus our final result 1s that

— Mr(6"(P)) = H + opep(1). (23)
B.4 Lemmas and Other Helpful Results
Theorem 2 (Uniform Martingale Central Limit Theorem). Let {Z7(P)}r>1 be a sequence of
random variables whose distributions are defined by some P € P and some nuisance component

7. Moreover, let {Z1(P)}r>1 be a martingale difference sequence with respect to F;, meaning
Ep ,[Z:(P)|Fi—1] =0 forallt > 1 and P € P.

(a) + S Bp o[ Z4(P)2|Fii] L5 2 uniformly over P € P, where o® is a constant 0 <
0? < 0.
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(b) Foranye >0, 7 Zthl Ep o Ze(P)*1 1 2,p)|> el Fi-1] L 0 uniformly over P € P.

Under the above conditions,

Z Z(P) B N(0, %) uniformly over P € P.

Proof: By by Kasy [2019, Lemma 1], it is sufficient to show that for any sequence {Py}32_, with
PrePforallT > 1, % Zthl Z(Pr) =t N(0,0?). In this setting, since Pr depends on T, we
consider triangular array asymptotics and additionally index by T, e.g., Fr ;.

I\Lote that + 1 Ep, ,[Z:(Pr)?| Fr.i-1] £ 52, by Kasy| [2019, Lemma 1] and condition (a)
above.

Also, for any € > 0, = Z;";l Eprm [Ze(Pr)* 1 2,(pr) e Fri—1] £ 0, by Kasy [2019| Lemma 1]
and condition (b) above.

Thus by the martingale central limit theorem of Dvoretzky|[[1972], we have that for the sequence
{PT } T=1-

1 <& b
S ZPr) B N(0,1).
JT t; ”

Since the sequence {Pr}52_; were chosen arbitrarily from P, the desired result is implied again by
Kasy|[2019, Lemma 1].

Lemma 1. Ler f(Y;, X3, A;) € R% be a function such that
SUppep 1 Ep pn {Hf(Yt, Xy, At) ||2} < m for some m < oco. Under Conditionsand|§|

o9 Z {Wtf Vi Xi, ) = B WV Xe, A i) | = Open(D). 24)

Note that the above equation implies that
1 Z
Fo {Wtf(n X, Ay) = Ep o [Wi f (Y2, Xy, At>|Ht1]} = opep(1).
t=1

LemmalT]is a type of martingale weak law of large number result and the proof is similar to the weak
law of large numbers proofs for i.i.d. random variables.

Proof: We denote the k™ € [1: df] dimension of vector f(Y;, X, A;) as f*(YVi, Xy, Ap). Itis
sufficient to show the result for any dimension of vector f (Y3, X, A;). For notational convenience,

let ft = fk(Yt,Xt,At). Lete > 0.
sup Pp > €
PepP

2
< 7SUPEPW (Z{Wtft_EP,fr[Wtft|Htl]}>

(@) Te? pcp 1
T

= —— sup Ep
(b) T'e? pep Zl

1
< 5 su Ep VV2
(0 Te? 'PEII)’Z & ft]

T
% Z {Wtft - Ep,w[Wtft|Ht1]}

2
{Wtft - EP,w[Wtft|Ht1]} ]

1
= —— sup ZEP |:/ Wt 7rt(a Xt,Ht 1)E7D[ft |Ht 1,Xt,At —a]d :l
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1 st
= 75 Supb ZEP [/ ™ (a, X)) Ep[fF[Hio1, Xi, A = alda
acA

1

T
4m
- — ]E s 2
() Te i@?; P 1]

<
() €

* Above (a) holds by Chebyshev’s inequality.

* (b) holds because the above terms form a martingale difference sequence with respect
to Hi—1,1.e., Ep » [Wtft — Ep 2 [Weife|Hi—1] ’Ht,l] = 0; this implies that cross terms
disappear, i.e., for t > s,

]EP,Tr |:(Wtft - E’P,Tr[WthHt—l}) (sts - IEPJ\'[WSfSHS—l]>:|

= ]EP,W |:]E73,7r |:(Wtft - EP,W[Wth,Htl}) (sts - EP,W[stsHsl]>

Since s > t,

)
’H” 0.

©(© holds because Ep [{Wifi— B [WifilHi]}?| = Ep.[WPf7] -

Ep,x [Epx[WifilHe-1]*] < Epx [WEFF].
* (d) holds by law of iterated expectations.

= EP,W |:<Wafa - ]E’P,Tr[sts|Hs—1]>E7’,7r l:Wtft - EP,W[Wth,Ht—l}

T (A, Xt)

me(Ae, Xe, He—1) "

* (f) holds since by Condition |I, Ep[f2|Hi—1, Xt, Ai] = Ep[f?|X;, A¢] and by law of
iterated expectations Ep rwu [ 7| = Ep [ [ . m%(a, X¢)Ep[f2| Xy, Ay = a]da).

* (e) holds because W; =

€A
* (g) holds since suppep ¢>1 Ep [fﬂ <m < oo.

Lemma 2. Let mg; := mg(Yy, Xy, Ar). Under Conditions E] [7] and@]

T
1
sup § + Z Wimeg s — EPJ\'[the,t|Ht—1] = OPGP(l)' (25)
veo | T =

Lemma I is a type of martingale functionally uniform law of large number result and the proof
is similar to the functionally uniform law of large numbers proofs for i.i.d. random variables [Van
Der Vaart and Wellner [[1996, Theorem 2.4.1].

Proof:

Finite Bracketing Number: Let § > 0. We construct a set Bs which is made up of pairs of functions
(I,u). We show that we can find B that satisfies the following:

(a) Forany 6 € ©, we can find (I, u) € Bs such that
M) Uy, z,a) < my(y,z,a) < u(y,z,a) for all (z,y) in the joint support of {P € P} and
alla € A.
(i) suppep i>1 Ep rpo [[u(Ys, X, Ae) — 1(Ye, Xy, Ar)[] < 6.

(b) The number of pairs in this set is finite, i.e., | Bs| < co.

(c) Forany (I,u) € Bs, for some m < oo which does no depend on 6,
SupreP7t21 ]E,P,Tl'z‘a [U(Yf, Xt7 At)Q:I S m and Supfpep,t21 E’P,ﬂ'i‘a [l()/f, Xt7 At)2} S m.

Showing that we can find B;s that satisfy [@, means that | Bs| is an upper bound on the bracketing

number of {my : § € O©}. For more information on bracketing functions, see [Van Der Vaart and
Wellner| [[1996] and |Van der Vaart [2000].
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To construct B, we follow a similar argument to Example 19.7 of [Van der Vaart [2000] (page 271).
Make a grid over © with meshwidth A/2 > 0 and let the points in this grid be the set G5/ C ©;
we will specify A later. Note that by construction, for any § € © we can find a § € G /5 such that
16" = 0]l < A.

By our Lipschitz ConditionEI, we have that for any 0,0 € ©, |my(Y;, Xy, Ar) — mg (Ye, Xy, Ap)| <
9(Y:, Xy, Ay)||6 — ¢'|| for function g such that for some m,; < oo,

sup Ep,ﬂ?a [Q(Yh Xta At)2] < mg. (26)
PeP,t>1

We now show that we can choose Bs = {(mg — g(Yy, Xy, Ay),mo + 9(Yy, Xy, Ay)) : 0 € Gy o}
Note that by compactness of ©, Condition E, the number of points in G, /2 is finite, so above
holds.

To show that holds for our choice of Bs, recall that for any § € © we can find a ' € G, /2
such that ||#” — 6|| < A. Also, by the Lipschitz Condition |mg (Ye, X, Ar) — mor (Ye, Xy, Ap)| <
9(Ye, X, A0 — 0')) < g(Yz, X¢, A)X. Thus we have that

mg/(}/hXtaAt) - g(YtaXt7At)>\ S mg()/hXtaAt) S mg/(}/thhAt) +g(n7XfaAf)A
Note that

» SIl)lp>11E’P,‘n'§'a [me/(}/h Xta At) + g(Yta Xt7 At)A - {mQ' (5/;5’ Xt7 At) - g()/h Xta At))\}]
eP,t>

=2)\ sup Epﬂr?a [g(}/hXt; At)] < 2)\,/mg < Q.
PeP,t>1

The inequalities above hold by Equation (26) and since Ep w[g(Y:, Xi, 4r)] <
\/E'pm-;m [9(Y:, X, Ap)?] by Jensen’s inequality. @ above holds for our choice of Bs by
letting meshwidth A = §/(2,/my).

We now show that[(c) above holds. Note that

sup ]E'P,Tr;la [{me(ythtﬂAt) +g(1/t7Xt7At)}2:|
PeP,t>1

<3 sup Epu [mo(Ye, Xi,A)?] +3 sup Ep o [9(Ye, Xi, Ar)?] 27
PePt>1 PePt>1

Note that the above upper bound, Equation (27)), also holds for
SUPpep,;>1 Ep {{me(Yta X, Ar) — g(Ve, X, At)}zl

Since, m@(}/ty Xt7 At) = m@(}/tv Xta At) — Mg+ (P) (}/t, Xta At) + Mo~ (P) (}/ta Xt7 At)’

2
<9 sup Eppm {{me(YuXt’At) — mg-(p)(Ye, X, A) } }
PeP,t>1

+9 sup  Ep ra [mgep) (s, X, Ar)?]
PEP,t>1

+3 sup Ep e [g(Ye, Xy, Ar)?] .
Pept>1
Note that suppcp ;51 Ep s [mg- (py (Y, Xy, Ar)?] is bounded by our moment Conditionand that
suppep 11 Ep n [9(Y2, Xy, Ap)?] is bounded by Equation (26).
By our Lipschitz Condition E, for any 6 € O, |mg(Ys, X¢, Ar) — mge(py(Ye, Xt, Ar)| <
9(Yy, Xy, Ay)[|6 — 67(P)]|. Thus,

2
sup ]Epm-;m |:{m9(}/;5, Xt, At) — mg*(p)(n, Xt, At)} i|
PeP,t>1

< sup Ep o [9(Ye, Xi, A0)?] 16— 67 (P)|1°.
PeP,t>1

The above is bounded by Equation and by compactness of ©, Condition 3} Thus|(c)|above holds
for our choice of B.
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Main Argument: We now show that for any € > 0,

T
1
sup Pp (sup {T > Wimg, — Ep,ﬁ[wtme,tmt_l]} > e) — 0. (28)
PeP IC) P

An analogous argument can be made to show that
T
suppep Pp.x (supee@ {—% Doy Wemey — Ep,ﬂ[thgA’Ht,l]} > e) — 0.

Let § > 0; we will choose § later. Let Bs be the set of pairs of functions as constructed earlier.

T
1
sup {T Z Wimg,: — EP,ﬂ[thG,dHtl]}

fcoe =1

Note that by|[(a), we get the following upper bound:

T
1
< max {T > Wiu(Yr, Xy, Ay) — Ep,w[wtzm,xt,At)mu]} :
=1

(l,u)€Bs

By adding and subtracting Ep » [Wyu(Y;, Xy, A¢)|H¢—1] and triangle inequality,

T
< max {TZ o (Wi {u(Ye, Xo, Ap) — 1Yy, Xy, A} [Hoo 1]}

(l,u)€B5

T
1
— Y, X¢, Ap) —Ep o Y., X;, A _ .
+(l%%>%5{TZIWtU( 1 Xty Ar) P [Wiu(Yy, X, t)|7‘lt 1]}

Note that by ConditionH, W, = 7&% < \/Pmax With probability 1, so
= \/m]E'P‘n' [WQ {u(naXtaAt) (E;XtaAt)} ‘Ht—l}

Ep x [Wt {U(YhXt, At) - Z(Yt, XhAt } |,Ht—1}
_ Y, Xi, Ay) — 1Yy, X4, Ay)) < \/m(i the last equality holds by ConditionE

- mEP Tr"“[ (
and the last inequality holds by ((a). And since max;e. nj{ai} < Yo7y |adl,

315+Z

Pmax ) e,

T
1
T Z WtU(Yt» X, At) - ]EP,Tr [WtU(Yt, X, At)|Ht71]

t=1

By Lemma E and |(c)} for any (l,u) € Bs, %Zle Wi (Y, X, Ar)  —
Ep » [Wtu(}Q,Xt,At)‘Ht,l = opep(l) . Since |Bs| < oo by the convergence holds
for all (I,u) € Bs simultaneously, so

1
= pmaX6+0P€P(1).

Equation holds by choosing § = |/pmax€/2.

B.5 Least-Squares Estimator
We use ¢( X, A;) to denote a feature vector that constructed using context X; and action A;.
Condition 10 (Linear Expected Outcome). For all P € P, the following holds w.p. 1,

Ep [Vi| X1, Al = ¢(Xe, Ar) T0%(P).

Condition 11 (Moment Conditions for Least Squares). The fourth moments of
o(Xe, Ar) (Y — ¢(Xy, A))T0*(P)) and ¢(Xy, Ay) with respect to P and policy m% are
respectively bounded uniformly over P € P and t > 1.

Also the minimum eigenvalue of X7 (P) = - Zt VEp g |0(Ye, Xy, A) 92 (Vi — o(V, X, At)TG*(P))Q}

and % Zthl Ep ry |:¢(Xt7 At)®2] respectively are both bounded above constant some constant
greater than zero for all P € P.
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Condition 12 (Importance Ratios for Least Squares). Let ppin > 0 and pmaxr > 0 be a non-
random sequence such that 2% — 0. {m}*}_, are pre-specified and do not depend on data
{Ys, Xy, At YE_,. For all P € P, the following holds w.p. 1,

p S[a(At7Xt) p .
i = me (A, X, Heon) — 000

Note that Condition [E allows 71 (A, Xt, He—1) to go to zero at some rate for stabilizing policies
{m}"®}¢>1 that are strictly bounded away from 0 and 1.

We now define the AW-LS estimator for §*(P) € R

feRC

T
GAVLS . — argmax { Z Wy (Y; — ¢(Xq, At)TQ)Q} . (29)

Theorem 3 (Consistency and Asymptotic Normality of Adaptively-Weighted Least Squares Estima-
tor). Under Conditions and

T
1 ~
S (P)~1/?2 <\/T E Wip( Xy, At)®2> (G%W'LS - 9*(77)) B N(0, 1) uniformly over P € P,
t=1

where Sp(P) = L T ¢(X1, A)®2 (Y, — ¢(Xy, Ay)T0*(P))°.

Proof: By taking the derivative of Equation (29) with respect to the parameters, we have that

T
0= Z Wip(Xy, Ay) (Yt — ¢(Xt’At)79AWLS)

t=1

By rearranging terms, we have that

T
Z O(Xe, Ar) (Yo — 0(Xe, Ar) 107 (P))

IIMﬂ

O(Xy, A)E? (9AWLS 9*(73))‘ (30)

We first show that the following holds:

T
ET(P)A/Q\% Z Wi (X, Ay) (Yt — (X, At)TG*(P)) B N(0, 1) uniformly over P € P.
=1
(3D

Equation holds by a similar argument as that used in Section [B.3.2, for g (Y7, Xy, A;) =
d(Xy, Ay) (Y — ¢(Xy, Ar) T6*(P)) by showing that the conditions of Theorem [2 hold. It can
be checked that all the arguments hold even when we allow ppax 7 to grow at a rate such that
Pmax, T — 0.

T

By Equations and (31),

T
1 A
ET(P)_l/zﬁ Z Wip( Xy, Ag)®? (%W'LS - 9*(73)) RS N(0, I;) uniformly over P € P.

t=1

(32)

By Equation (32), to ensure that A5 5 9*(?) uniformly over P € P, it is sufficient to show that
the minimum eigenvalue of X7-(P)~ /2L Zt L Wip(Xe, Ar)®? goes to infinity uniformly over
PePasT — oo.
By Condition [I1} the maximum eigenvalue of ¥7(P) is bounded uniformly over P € P, so the
minimum eigenvalue of ¥7(P)~'/2 is bounded uniformly above 0. Thus it is sufficient to show
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that the minimum eigenvalue of % Zthl Wi (X, Ar)®? goes to infinity uniformly over P € P as
T — oco.

Note that by Lemma [I] and Condition [TT]

\f Z Wip(Xy, A)®? — Ep o [Wi( Xy, A))®? |Hio1] = Oper(1). (33)

Note that by law of iterated expectations,

Ep « [Wt(b(Xt;At)@Q’Htfl]

M|

Ht1:| .

=Ep {/ m(a, Xo, He—1)Ep [Wed( Xy, A))¥%[Hi1, Xy, a] da
acA

Tt (A, Xe)

By Conditionand since W; = ALK H )

™% (a, X0 )Ep [¢(Xe, Ar)®%| Xy, a] da

- mi(a, X, He 1)
EP sla a Xt

Since by Condition Tt ‘Zfé{;%:) ) > pmax — and B( Xy, A)®2 = 0,

1
—
o 1 pmax,T

Since 73" are pre-specified and since by our i.i.d. potential outcomes assumption (Condition |I) Xy
do not depend onH;_1,

Ep

/ Sta(a Xi)Ep [¢(XtaAt)®2‘Xt7a] da
a€A

1
= ——  Ep / 5% (a, X0 )Ep [d( Xy, Ar)®% X, a da} .
v/ Pmax, T a€A [ ]
By law of iterated expectations,
1
= pTx,TEP w [O(Xy, A)®%]

The above result and Equation implies that

T
1 /
— Y Wid( Xy, AN®? =0 Ep rp [0(Xe, A)®?] . 34
\/Tt; 1o(Xt, A)®" = Opep(1) + pmaxTTE P 0 Ar)®?) (34)

By Condition the minimum eigenvalue of S Ep o [({)(Xt7 A;)®?] is bounded above some
— 00. Thus by Equation (32)

constant greater than zero for all P € P. By Condition |12}

pIndX T

and Equation (34), we have that A% 5 ¢* (P) uniformly over P € P.
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C Choice of Stabilizing Policy

C.1 Optimal Stabilizing Policy in Multi-Arm Bandit Setting

Here we consider the multi-armed bandit setting where Ep [Y;(a)] = 0% (P) and Varp(Y;(a)) = o2
We consider the adaptively-weighted least-squares estimator where mg(Yt, Ap) = —14,-a (Y —
0:(P))2. By Theorem|[l] we have that

T —1/2
(;ZEPW?@ []lAt_a(Yt—G;(P))Q]> ( ZWt]lAt ) VT (OPS — 0:(P)) B N (0,1).

While the asymptotic variance of \/T(H?YZ‘LS

examine the following:

— 60%(P)) does not necessarily concentrate we can

-1

T T -1
<;2Wt]l,4t_a> < > Ep e [1a,=a(Ys — 05(P ) ( ZWt]lAt a)
t=1

t=1

By Lemma we have that % Zf,T:1 Wilg,—a — \/wim(a)ﬂ't(At, Hi 1) £0. Thus we have

(o) o )

As long as i (a), m; (Ay, Hy—1) are bounded away from zero w.p. 1, the 0, (1) term is asymptotically
-2
negligible and we can just consider ( Zt 1 m%(a)o ) ( Zt VT (@) (Ag, He 1)) .

By Cauchy-Schwartz inequality,
(# 2 VA @mla, He- 1)) (# i m(@) (% i mila, M) ).

1 T sta
ko s a
ThuS, . - 1 < TZf 1t ( ) . SO
T

i=1 mt(a,He—1) (% 23;1 i (a)me(a, He— 1))
T L3 T (a) . 1
2 = 1 T :
(% Yot Vi, Ht—l)ﬂita(a)) T L= Tl He)

Note that this lower bound is achieved when 73" (a) = 7;(a). However, since 7 is a function of H;_1
and stabilizing policies{7%}]_, are pre-specified, setting §'*(A;) = m; , is generally an unfeasible
choice. Thus we want to choose 7 to be as close to 7; as possible, subject to the constraint that the
stabilizing policies are pre-specified, i.e., not a function of the data {Y;, Xy, A; }1>1.

C.2 Approximating the Optimal Stabilizing Policy

One way to approximately choose the optimal evaluation policy is to select 7i?(a,z) =
Ep x[m(a,z, Hi—1)]. Note that Ep [m:(a, , H:—1)] depends on the P, which is unknown. Thus
it is natural to choose 7 (a, x) to be Ep [m(a, x,Hi—1)] weighted by a prior on P. Note that as
long as the evaluation policy ensures that weights 1, are bounded, the choice of evaluation policy
does not affect the asymptotic validity of the estimator.

In Figure[6] we display the difference in mean squared error for the AW-LS estimator in a two-armed
bandit setting for two different choices of evaluation policy: (1) the uniform evaluation policy which
selects actions uniformly from A and (2) the expected 7:(a, H:—1) evaluation policy for which
3% (a) = Ep [m(a, Hi—1)]. We can see in this setting that by setting w}(a) = Ep [m¢(a, Hi—1)]
we are able to decrease the mean squared error of the AW-LS estimator compared AW-LS with the
uniform evaluation policy. Note though that in some cases setting 7;*(a) = Ep [m:(a, Hi—1)] is
equivalent to choosing the uniform evaluation policy. For example, a two-armed bandit with identical
arms so under common bandit algorithms Ep . [m:(a, H—1)] = 0.5 for all t € [1: T, which will
make the evaluation policy 73" (a) = Ep [m(a, H;—1)] equivalent to the uniform policy.

33



Mean Squared Error for All Parameters

AW-LS (uniform stabilizing 1)
03 —— AW-LS (expected stabilizing 1)
$ho2
=
0.1
0.0
0 200 400 600 800 1000
T

Figure 6: Above we plot the mean squared errors for the adaptively-weighted least squares estimator
with evaluation policies: (1) uniform evaluation policy which selects actions uniformly from .4 and
(2) expected 7, (a, H,—1) evaluation policy for which 7$%(a) = Ep  [r(a)] (oracle quantity). In a
two arm bandit setting we perform Thompson Sampling with standard normal priors, 0.01 clipping,
0*(P) = [05(P), 05 (P)] = [0, 1], standard normal errors, and 7' = 1000. Error bars denote standard

errors computed over 5,000 Monte Carlo simulations.
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D Need for Uniformly Valid Inference on Data Collected with Bandit
Algorithms

Here we consider the two-armed bandit setting where Ep[R;(a)] = 6y (P), Varp(Ri(a)) = o2,
and Ep[R;(a)?] < ¢ < oo fora € {0,1}. The unweighted least squares estimator is asymptotically
normal on adaptively collected data under the following condition of [Lai and Weli|[1982], there exists

a non-random sequence {b; };>1 such that

T
br > A 5. (35)
t=1

Specifically, by Theorem 3 of [Lai and Wei| [1982], under (33),

_ ZtT:1 Ay(Ry — 07(P)) g/\/(O ).

However, as discussed in[Deshpande et al. [2018] and [Zhang et al./[2020], can fail to to hold for

common bandit algorithms when there is no unique optimal policy, i.e., when 6 (P) — 65 (P) = 0.

For example, in Figure we plot % Zthl Ay for Thompson Sampling and e-greedy for a bandit with
two identical arms.

T
> AG2T —65(P))
t=1

Distribution of Empirical Average Allocation Distribution of Empirical Average Allocation
Under Thompson Sampling Under e-Greedy
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Figure 7: Above we plot empirical allocations, % Zthl Ay, under both Thompson Sampling (standard
normal priors, 0.01 clipping) and e-greedy (e = 0.1) under zero margin 63 (P) = 65 (P) = 0. For
our simulations 7" = 100, errors are standard normal, and we use 50k Monte Carlo repetitions.

In order to construct reliable confidence intervals using asymptotic approximations, it is crucial that
that estimators converge uniformly in distribution. To illustrate the importance of uniformity, consider
the following example. We can modify Thompson Sampling to ensure that % Zle A, £ 0.5 when
03 (P) — 65(P) = 0. For example, we could do this by using an algorithm we call Thompson

Sampling Hodges (inspired by the Hodges estimator; see |Van der Vaart|[2000, Page 109]), defined
below:

ﬂt(LHt—l) = P(el > 00|Ht_1)]]'|/$1,t7l10,t|>t74 + 0'5]]'|M1,t7l140,t|§t74
Under standard Thompson Sampling arm one is chosen according to the posterior probability
that is optimal, so m¢ (1, H;—1) = P(61 > 6y|H.—1). Above, 1, denotes the posterior mean
for the mean reward for arm a at time ¢. Under TS-Hodges, if difference between the posterior
means, |M1,t — Ho,t|, is less than ¢t =%, 7, is set to 0.5. Additionally, we clip the action selection
probabilities to bound them strictly away from 0 and 1 for some constant 7,,;,, in the following sense
clip(my) = (1 — Tmin) A (7 V Tmin ). Under TS-Hodges with clipping, we can show that

L I L —min 107 (P) = 05(P) >0
7 >4 5 Tonin if 07 (P) — 65(P) < 0 (36)
=1 0.5 if 07 (P) — 03(P) =0

By equation (36)), we satisfy pointwise for every fixed P and we have that the OLS estimator is
asymptotically normal pointwise [Lai and Wei, [1982]. However, equation fails to hold uniformly
over P € P. Specifically, it fails to hold for any sequence of {P; }2°; such that 65 (P;)—05(P;) = t—*.
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In Figure [8, we show that confidence intervals constructed using normal approximations fail to
provide reliable confidence intervals, even for very large sample sizes for the worst case values of

01(P) — 65(P).

Empirical Undercoverage of 90% ClI Empirical Undercoverage of 90% Cl
Under Independent Sampling

Under Thompson Sampling Hodges
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Figure 8: Above we construct confidence intervals for 6 (P) — 6§ (P) using a normal approximation
for the OLS estimator. We compare independent sampling (m; = 0.5) and TS Hodges, both with
standard normal priors, 0.01 clipping, standard normal errors, and 7" = 10, 000. We vary the value of
03 (P) — 65 (P) in the simulations to demonstrate the non-uniformity of the confidence intervals.
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E Discussion of Chen et al. [2020]

Here we show formally that Theorem 3.1 in|Chen et al.|[2020], which proves that the OLS estimator
is asymptotically normal on data collected with an e-greedy algorithm, does not cover the case in
which there is no unique optimal policy.

They assume that for rewards R;, context vectors X;, and binary actions A; € {0, 1},
E[R| X, A] = AX/ By + (1 — A)X/ By.

They define 38 := B, — B,.
Specifically at part 1(b) of their proof on page 4 of the supplementary material, they claim that
g([:}t, €) Lt g(B, €), where ﬁt is the OLS estimator for 3 := 3; — 3, and g is defined as follows:

€

9(1607/6176) - 9 /VTXXTVd,PI + (1 - 6) / ]]'ﬁTXZOVTXXTVd,Pr

Above v € R? is arbitrary fixed vector and € R are the context vectors. P, is the distribution of
the context vectors X ;.

Specifically, they claim that g(83,, €) it 9(B, €) because (3, it 3 (Corollary 3.1) and by continuous
mapping theorem.

Recall the continuous mapping theorem for convergence in probability [[Van der Vaart| 2000, Theorem
2.3]:

Theorem 4 (Continuous Mapping Theorem). Let g : R¥ — R™ be continuous at every point of a set
C such that P(X € C) = 1. If X, 5 X, then g(X,)) 5 g(X).

Note that ¢ is not continuous in 3 at the value 3 = 0 € R?; this is due to the indicator term 1 BTx>0-
Thus, the standard continuous mapping theorem can not be applied in this setting. Note that the case
that 0 = 3 = 3, — B, is exactly when there is no unique optimal policy. This means that Theorem
3.1 in|Chen et al.|[2020] does not cover the setting in which there is no unique optimal policy.
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