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A Proof of VR-SGD’s convergence rate:

Assumption 1 (bounded gradient). ||[VL(0)|| < G
Assumption 2 (I-smooth). 3 > 0 satisfies || VL(x) — VL(y)|| <l||z — y||

Our assumptions are weaker than LARS/LAMB/DecentLaM and similar with SGD. We assume that
the training process satisfies Assumption][I] and Assumption[2] which are widely used in famous
optimizers (Table.1). Our derivations does not require the bounded variance. We confine the bound of
GSNR to r(#) < 1. GSNR upper bound is not strong and may exist in practise, e.g.,|Liu et al.|[2020]
found that GSNR will first grow and than decay over time. Layer level bound is also used in the
derivations of LARS/LAMB|You et al.||2020] and such assumption can be inferred under the overall
bound. For example, if it satisfies ||VL(0)|| < Gz, then 3G; < Gpaz,i € (1,2, ..., h) satisfy
[|IVL;(0)|] < G;. We define the expectation of stochastic mini-batch gradient as the true gradient,
ie., E(g®") = V,L(6).

Table 1: Assumptions comparing with widely used optimizers.
Asumption.1  Asumption.2 Other assumption
(bounded gradient) (I-smooth) (bounded variance)

Optimizer

SGD[Sal[2021]]
Adam[Kingma and Bal,2015]
SVRG[Johnson and Zhang:2013]
LARS[You et al.[[2020]
LAMB|You et al.,{2020]
EXTRAP-SGD|Lin et al.[[2020]
DecentLaM|[Yuan et al.,[2021]]
VR-SGD(ours)
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Proof. Inspired by [Sal 2021} |You et al.| 2020; [Shamir and Zhang, |2013; |(Ghadimi and Lanl 2013}
Allen-Zhu and Hazan| 2016; |Allen-Zhu et al.,|2019], the convergence of VR-SGD under general
nonconvex setting is derived below. VR-SGD’s updating rule is:

0 =00 = x i gf (1)
where 99 represents the i*" layer parameters of the model at ¢*" training step, r,gi) and ggi) represents
the corresponding GSNR and gradient mean.

From Taylor’s theorem and Assumption[2] there exists the upper quadratic bound:
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The 2™¢ term T of eq.(2):
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Applying the GSNR definition ") := 81, we have:
2 [g(i)}G
Ty =2 4=k
2 i=1 [UEZ)P
Taking expectation, we have:
2,.2 (12
E(Tg) < AtTuC; H€||1
The 1% term 7} of eq.(2):
) (2) (2)
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where 1(sign[V;] # signlg®]) = 1(sign([ViL(6,)];) # sign(g}})).

Taking expectation of 75 and Ty, we have:

h d; )
E(Ty) = =2t Y0 S E(IVil ()]s - [8f7))

i=1 j=1
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The probability is bounded by relaxing the condition, then using Markov’s and finally Jensen’s
inequality (inspired by Sign-SGD[Bernstein et al., 2018 |Nado et al.| 2021])):

P(sign([ViL(6:));) # sign(g;.)) (15)
<P (IIViL(0)]; — )] = [IV:L(0);]) (16)
_ E[vene); - el -
- [[ViL(62)];]
JEl0vz00) - 6l
< (18)
Vi L(6:)];]
(4)
04
= (19)
Vi L(61)]5]
Substituting this relation into 7}, we have
R N
E(Ty) <A E|[ViL(6,)]); - —2— - J (20)
t;é; EAROIPR LA
Sk
< /\tZZE 5) ] 1)
i=1 j=1 Otj
< ArEG? (22)
Rearranging eq.(2) and taking expectation, we have:
2 2 Lo NGl
E[L(Br+1)] < EIL(00)] = Mri[[VLO)I]" + Aerid G + —————— (23)
_ 2 2 3 2 At |[€]]1
= E[L(00)] = Mri [IVLO)I]™ + Aerid G- (1 + —— =) (24)
Summing this until step T', we have:
< Ard €]
1 T
E[L(07+1)] < L(01) = \r? S IVL(0)|* + TAri G- (1 + tTl) (25)

t=1

Rearranging this and assuming 6* to be the optimal model parameters satisfies L(6*) < E[L(0741)]:

T 3
1 L | L(61) — E[L(O7+1)] | 4 o Aeri |||
il L 2< - d G (1 + —— 2
7 L IVLEIP < L it 1+ 2| e
L | L(6) —L(O") | 1o A1l
< | T 7 2 . ML L el L3
< le T +riG°-(1+ 5 ) 27
Taking \; = %, we can get the bound of VR-SGD:
5 _ 1 \/[(L(Gl) “LONAL 4 oa, e \/[L(Hl) — L(6)]]1¢]]x
< = 2 -
E||VL(0,)||” < 2 7 +riGi 1+ - )
(28)
D . 1 IE(0) =LA .
enoting \/; = \/ T , we have:
r2G? 1
HVMMW<O<G+“ ) A> (29)
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B Generalization Gap Derivations of SGD and VR-SGD in LB Scenarios

Inspired by [Liu et all 2020], the generalization gap of SB and LB using SGD and VR-SGD is
derived below. Firstly, the derivations of one step generalization gap are briefly reviewed below and
the detailed derivations can be reached in [Liu ef al., 2020]]. The gradient mean over training set
D is denoted as gp(0). g;(0) denotes the gradient of a single data sample and g(6) to denote its
expectation over the entire data distribution. Similarly we denote gp/ () as the gradient mean over

test set D’.
8L[ |
Z g(zi,yi, 0) = 00
(30)
1 ;o OL[D']
gD’(a) - Hz_:g(xz’ymg) T 00
Using Assumption 0.0.1 in the main context, we have:
Ep~z~[gp(0)] = Ep p~zn[gp (0)] = &(0) (€29
Varp.z=[gp(0)] = o*(0) (32)

After one training step, the model parameters are updated by A8 = —Agp (). If X is small enough,
the reduction in one-step training and test loss can be approximated as:

AL[D] = —Af - 82[0 ] +0(\?) (33)
= Agp(0) -gn(0) + O(N\?)
AL[D'| = —Af - a]gf 1, O(\?) (34)

=Agn(9) - gp(6) + O(N?)
Empirically, AL[D] will be larger than AL[D’], and the generalization gap will gradually increase.
When A — 0, after one single training step the empirical generalization gap is denoted as 57 for
simplicity. Therefore we have

v = AL[D] — AL[D'] (35)
~ M gp(9) -gp(0) — A\gp(0) - gp(0) (36)
= \g(0) +e)(8(0) +e—g(0) —¢) (37)
= A(&(0) +€)(e — €) (38)

Note that € and €’ are random variables with zero mean (E(e) = E(€’) = 0) and the variance of € is
02(0). They are also independent. Therefore the expectation of 57 is simplified as:

Ep,pinzn(V) = E(he - €) + O(N?) (39)
—/\ZU )+ O0(\?) (40)

where o2 (6;) is the gradient variance of the parameters 6;. For simplicity, we use %, r;, and gp ; to
denote 02(0;), 7(6;), and gp(6;) respectively.
Next, we denote the empirical generalization gap at t' step as v/;, then we have the accumulated
generalization gap after training T steps for SB with SGD:

T

GAPspsap = Vi+Va+ - +Vr=Y Vi (41)
t=1
Taking expectation, we have:
T T T
E(GAPsp s6p) Z =Y E(V)~X Y. o (42)
=1 t=1 t=1 j
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where \o denotes the learning rate of SB. As for LB scenarios, we assume the batch size of LB is k
times as the SB, then we have the gradient variance of SB and LB are:

o?p(0) = Var[— Z gi(0 p°(0)
(43)

oip(0) = Var[;— Zgz kBp 2(0)

respectively. Similarly, using eq we have the accumulated generalization gap after training 7'/k
steps for LB:

T/k
E( (44)
t=1 3
If 0 ; is ¢ independent, eq 42| and eq[44]are simplified as:
E(GAPsp sop) = AT Z o? 45)
E(GAP L5 scp) Z o} (46)

respectively. Taking A = k? - \g, E(GAP[, B,scp) Will have the same accumulated generalization
gap as SB. This is known as the linear/square scaling rules. However, the assumption that "o ;
is ¢t independent" is unrealistic. Similarly, the accumulated generalization gap of VR-SGD in LB
scenarios can be written as:

T/k T/k

A
E(GAPLpvR-scp)~ > D T” Ars i _ kZZgw (47)

t=1 g t=1 g

2
When training converges, g; ; — 0, gfj < af ; because ry ; = = 0, which has been verified

experimentally (see Figure.4 of [Liu et al.,|2020]]). Therefore, we have

T/k T/k 2

A ,

- > gl <A Z —tie, E(GAPLpvr-sop) < E(GAPLpsap)  (48)
t=1 j t=1 j

This inequality demonstrates that the generalization ability of VR-SGD is much better than that of
SGD.
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C Notations

(i, y:)

g(0) or

AL;[D]

R(Z,n)

o oro?
T Or Ty
4

T

€

A data distribution satisfies X x Y

A single data sample

Training set consists of n samples drawn from Z

Test set consists of n’ samples drawn from Z

Model parameters, whose components are denoted as 0
The optimal model parameters

Parameters’ gradient w.r.t. a single data sample (z;,y;)

Mean values of parameters’ gradient over a total data distribution i.e.,
Es~z(g:(0)), or gradient over the data on device d.

Average gradient over the training dataset, i.e., + >"" | g;(6)
1 n’
> nt Lai=

Average gradient over the test dataset, i.e.

eq. ll we assume n’ = n

Variance of parameters’ gradient of a single sample, i.e., Vars.z(gs(0))

L €/(0). Note that, in

Variance of the average gradient over a training dataset of size n, i.e.,
VarDNZn [gD (0)]

Same as 02 (6;)

Gradient signal to noise ratio (GSNR) of model parameter 0
GSNR of model parameters 6 on [*" layer at ¢ step
Empirical training loss, i.e., £+ 3" | L(y;, f(4,6))
Empirical test loss, i.e., S Ly f(a),0)))

One-step training loss decrease

One-step training loss decrease caused by updating one parameter 6
One-step generalization gap increment, i.e., AL[D] - AL[D']

One-step generalization ratio (OSGR) for the training and test sets of size

Ep przn(AL[D'])

n sampled from data distribution Z, i.e., Bz (ALID)

Learning rate

Upper bound of the gradients w.r.¢ all training samples

Lower and upper coordinate bounded variance of the gradients
Lower and upper bound of the GSNR

Upper bound of V2L (6;) satisfies u € RY, [uT VZL(0;)u| < £;||ul|?
Max training steps

Random variables with zero mean and variance o2 (6)

GAPgsp sep Accumulated generalization gap of SGD during small batch scenario



70 D Algorithms and Experiments

Algorithm 1: SGD

Input: B = GlobalBatchSize/Device Number (k)
while 6; not converged do
for device d =11to k do

| 8a(0:) « & 37 VoL(yi, f(xi,0,—1)) (Get gradient on each GPU/TPU)

g(0:) « 1 ZZ=1 g4(0:) (Reduce gradient over all devices)
0y < 0;—1 — X\ - g(6;) (Update weights)

-

Algorithm 2: VR — Adam

Input: require device number k > 2
Input: B = GlobalBatchSize/k
Input: v; = 0.1
Input: 1, B2 € [0,1) (1°¢ and 2" order decay rates for momentum of gradient)
Input: 35 € [0,1) (1 order decay rates for momentum of GSNR)
1 while 6; not converged do
mg ¢ 0 (Initialize 1% order momentum of gradient)
vo < 0 (Initialize 2"¢ order momentum of gradient)
po < 0 (Initialize 1¢ order momentum of GSNR)
t < 0 (Initialize train step)
for device d = 1 to k do
CORE Eil VoL(yi, f(xi,0;_1)) (Get gradient on each GPU/TPU)
g2(0:) < 8a(6:) ® ga(6:) (Element-wise multiply, so as square terms below)

g(0;) « 1 Zszl g4(0;) (Reduce gradient over all devices)
of + & 25:1 g2(0;) — g%(0;) (Compute gradient variance)
r(8;) B (Compute GSNR)

for layer [ - 0tomdo

(1) NN
r(0f) % (Normalize GSNR so that r(6{") = 1)
T 225=1T0;
T(Q(l)) o mnoif 7'(0t(l)) <M
1 oifr(0"y>1

pt < B3 -pi_1 + (1 — B3) - 7(0;) (Update 1%¢ order biased momentum of GSNR)
pr < pi/(1 — B%) (Bias correction)

g(0;) < pr - g(0;) (Adapt gradient mean with GSNR)

my < B1-my_1 + (1 — B1) - g(0;) (Update 1%¢ order biased momentum)

v < Bo-vi_1 + (1 — B2) - 82(6;) (Update 2"? order biased momentum)

My < my/(1 — Bt) (Bias correction)

0y < v /(1 — B%) (Bias correction)

01 < 041 — X100t /(v/0r + €) (Update weights)

(Confine the max/min ratio within %)




Algorithm 3: Adam

Input: 1, B2 € [0,1) (1°* and 2" order decay rates for momentum)
1 while 6, not converged do
mg + 0 (Initialize 1°* order momentum of gradient)
v < 0 (Initialize 2" order momentum of gradient)
t < 0 (Initialize train step)
for device d = 1 to k do

L ga(0:) «+ & Zle VoL(yi, f(z;,0:—1)) (Get gradient on each GPU/TPU)

g(0;) « 1 Z§=1 g4(0:) (Reduce gradient over all devices)

mg < B1-my_1 + (1 — B1) - g(0;) (Update 1°¢ order biased momentum of gradient)
v < B2 ve_1 + (1 — B2) - g2(6;) (Update 2" order biased momentum of gradient)
My < my /(1 — %) (Bias correction)

0y < v /(1 — B%) (Bias correction)

0; < 0;_1 — X -1/ (/O + €) (Update weights)

Algorithm 4: VR — LAM B

Input: require device number k > 2
Input: B = GlobalBatchSize/k
Input: v; = 0.1
Input: 3, B2 € [0,1) (1°¢ and 2"? order decay rates for momentum)
Input: 35 € [0, 1) (1 order decay rates for momentum of GSNR)
1 while 6; not converged do
mg ¢ 0 (Initialize 1% order momentum of gradient)
vo < 0 (Initialize 2"¢ order momentum of gradient)
po < 0 (Initialize 1¢ order momentum of GSNR)
t < 0 (Initialize train step)
for device d = 1 to k do
ga(0:) «— & Zil Vo L(yi, f(xi,0:—1)) (Get gradient on each GPU/TPU)
g2(0:) <+ 8a(0:) @ g4(6;) (Element-wise multiply, so as square terms below)

g(0:) + 1 Z§=1 g4(0:) (Reduce gradient over all devices)
o « LSk 82(6,) — 82(6;) (Compute gradient variance)
r(8) + B (Compute GSNR)

for layer [ - 0tomdo

@
r(0") « %) (Normalize GSNR so that r(6\") = 1)
T Zj:l T(@t’j)
. 0)
I v oifr(0;7) <vy
r(O0) < q )<
1 aifr6;,)>1

pt < B3 -pi_1 + (1 — B3) - 7(0;) (Update 1°¢ order biased momentum of GSNR)
pr < pi/(1 — BL) (Bias correction)

§(0;) < pr - g(0;) (Adapt gradient mean with GSNR)

my < B1-my_1 + (1 — B1) - &(0;) (Update 1%¢ order biased momentum)

v < Bo-vi_1 + (1 — B2) - 2(6;) (Update 27 order biased momentum)

my < my/(1 — Bt) (Bias correction)

0y < v /(1 — B%) (Bias correction)

G (60:) /(i +e)
for layer [ = 0 to m do

0 .
L Q,El) — 991 —-A- Qﬂ% )llll) - G(0;) (Update weights)

(Confine the max/min ratio within %)




Algorithm 5: LAM B

Input: 31, B2 € [0,1) (1°* and 2" order decay rates for momentum)
Input: scaling function ¢

1 while 6; not converged do

myg ¢ 0 (Initialize 1% order momentum of gradient)

vo + 0 (Initialize 2" order momentum of gradient)

t < 0 (Initialize train step)

for device d = 1 to k do

L ga(0:) «— & Eil Vo L(yi, f(xi,0:;—1)) (Get gradient on each GPU/TPU)

g(0:) « ¢ 25:1 g4(0;) (Reduce gradient over all devices)

my < B1-my_1+ (1 — B1) - g(6;) (Update 1°¢ order biased momentum)
Vg < B2 vi_1 + (1 — B2) - g2(6;) (Update 2" order biased momentum)
My < my/(1 — Bt) (Bias correction)

Dy + v¢ /(1 — BL) (Bias correction)

&(0:) « 1/ (Vir +¢)

for layer | = 0 to m do

! ! o) . .
L 9§ ) 9§21 - A % - g(6:) (Update weights)

Table 2: Hyper-parameters of BERT pretraining with VR-LAMB.

Batch Steps Warm-up Phase-1 Phase-1 Warm-up Phase-2 Phase-2 F1
Size Steps Phasel =~ LR  Acc-steps (k) Steps Phase2 LR  Acc-steps (k) Score
16k 31250 2800 0.0035 8 280 0.0035 32 91.42
32k 15625 2800 0.0053 8 280 0.0053 32 91.58
64k/32k 8599 2000 0.007 8 200 0.0045 32 91.49
64k 7820 2000 0.007 8 200 0.0055 64 91.30
96k/32k 6256 1870 0.007 12 200 0.00575 32 91.23
96k 5214 1870 0.007 12 187 0.0055 96 90.70
128k/64k 4301 1760 0.007 16 200 0.00575 64 90.85

Note that v = 0.1 for all batch size. Acc-steps in NVIDIA’s code is equivalent to device number £.

Table 3: Hyper-parameters of ImageNet trained with VR-LARS opti-

mizer on ResNet50.

Batch Warm-up Best Device Test
Size Epochs LR Number (k) Accuracy
2k 0.625 7.2 8 77.14%
4k 1.25 7.205 8 77.23%
8k 2.5 7.2! 16 77.36%
16k 5 7.5 32 771.27%
32k 14 7.22 64 76.81%
64k 40 37 128 75.86%
96k 41 38 192 74.82%

Note that v = 0.1 for all batch size.

Table 4: Hyper-parameters of DLRM trained with SGD and VR-SGD.

Batch Warm-u Test Batch Warm-u Test
Opt Size Epochsp L Accuracy Opt Size Epochsp Accuracy
32k 1/27 235 0.8014 32k 1/27 275 0.8026
A 64k 128 2% 08025 | B ek 1/2° 28 0.8048
2 128k 1/22 245 0.8021 ‘Q’.: 128k 1/22 245 0.8042
256k 1/2 25 0.7827 > 256k 1/2 25 0.8023
512k 3/4 255 0.7787 512k 3/4 255 0.8013

Note that v = 0.1 and device number k& = 8 for all batch size.



Table 5: Hyper-parameters of CIFAR10 trained with Momentum/Adam/LAMB/LARS
optimizers and their corresponding VRGD optimizers.

Batch Warm-up Test Batch Warm-up Test
Opt Size  Epochs LR Accuracy Opt Size  Epochs L Accuracy
256 2 w00 9368% | g 256 27 s 9379%

E 512 2% sTiemge  93:56% | 2 512 2% s 93.71%
E 1k 2% T 93.17% | 8 1k 2° srass 93.50%
E 2 20 Al 9219% | S 2k 2% s 93.28%
= 4k 2* oo 1740% | g 4k 2* o 92.70%
8k 20 S 1457% | 7 8k 25 A 90.57%

256 2’ s 91.88% 256 2’ e 92.46%

512 220 R 9224% | g 512 220 o2 9240%

E Ik 23 o 9202% | Ik 23 S22 92.43%
2 % 2% 2 91.98% | o 2k 25 SZ o 92.10%
4k 2t e 5938% | 7 4k 2t 2 91.74%

8k 2° 2 20.74% 8k 2° 12— 90.86%

256 2 o= 92.08% 256 2? o 9229%

512 225 P 9203% | g 512 225 P 9234%

g 23 SO o100% | 2 Ik 23 S 92.05%
< % 235 wos  9213% | 3 2k 235 A 92.43%
4k 24 STo—= 5835% | > 4k 24 ST 92.04%

8k 2° o 15.13% 8k 2° o 91.07%

256 2 oo 92.30% 256 2? 2o 92.35%

2.5 896 2.5 896

2 Ik 28 mam  9234% | < Ik 2% S 92.44%

Sk 28 B0 8239% | o 2k 285 B0 92.79%
4 896 4 896
4k 2 oo 2750% | 7 4k 2 oo 9235%
8k 2> S 1221% 8k 2% s 91.86%

Note that v = 0.1 and device number k = 8 for all batch size.

(a) so (b) 10
= SGD train loss
== VR-SGD train loss
—— SGD test loss

404

~ = VR-SGD test loss

Loss

1
1
1
1
1
[
1
i
|
1
] \
30 \
i
[l
\
204 !
]
\

Model parameters

0 0 2‘0 46 60 Sb 100 ¥ ¥ ‘ ‘ ‘ 4b Gb 8‘0 100
Steps Steps

Figure 1: Linear Regression experiments trained with SGD and VR-SGD: (a) training and test loss

(batch size = 256); (b) model parameters w;, i € [1,10] ; (¢) GSNR of model parameters before

max /min constraint used in VR-SGD. Note that w;, i € (2,4, 7,9) are omitted for simplicity. They

behave almost the same as their neighbors.
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